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ON C—>}L—IRREGULAR ORIENTED GRAPHS
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Let F' and G be simple finite oriented graphs (without symmetric arcs). A graph G is called F-irregular if
any two distinct vertices in G belong to a different number of subgraphs of G isomorphic to F. In this paper,

we investigate the problem of the existence of Cp-irregular graphs, where Cy, is an oriented cycle of order n (a
strongly connected oriented graph that is formed from a simple undirected cycle C), on n vertices by orienting
each of its edges). For every integer n > 3, we prove that there exists an infinite family of Cp-irregular graphs.
In addition, we show that the_o)rder of a non-trivial C-g—irregular graph can be any integer not less than 10 and
no others. We also construct Cy-irregular graphs of any order at least 7 and prove that there are no non-trivial
C_'Al)—irregular graphs of order less than 7.
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1. Introduction

In 1987, Chartrand, Holbert, Oellermann and Swart [1] generalized the classical concept of
vertex degree and introduced a new class of graphs: F'-irregular graphs.

Definition 1. Let F' and G be graphs. The F-degree of a vertex v in G, denoted as F degq(v),
is the number of subgraphs of GG that are isomorphic to F' and contain v. A graph G is called
F-irregular if the F-degrees of all its vertices are pairwise distinct.

For example, let F' be a complete graph K3 of order 3. The Kjs-irregular graph Dg of order 8
is depicted in Fig. 1. Indeed, any vertex i in Dg belongs to exactly ¢ subgraphs of Dg that are
isomorphic to K3, i.e., Kzdegp, (i) = i, and hence the K3-degrees of all vertices in Dg are distinct.

The concept of F-irregular graphs arose from an attempt to construct irregular graphs that
would be the opposite of regular graphs. However, in any non-trivial graph (of order 2 or greater),
there are two vertices with the same degree (see, for example, [2]). This has led to new approaches to
defining irregular graphs, a comprehensive overview of which is presented in the book “Irregularity
in Graphs” [3].
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Fig. 1. Ks-irregular graph Ds.

In the field of F-irregular graphs, for each graph F', the questions of existence, number and order
of F-irregular graphs are of great interest. It is known [4] that for the path Ps on three vertices,
there exists a Ps-irregular graph of any order starting from 6. Ks-irregular graphs of any order
starting from 7 were constructed in [5].

In [1], the existence of non-trivial F-irregular graphs was shown in the case where F' is a star
or a complete graph of order 3 or more, and the following conjecture was proposed.

Conjecture 1. For every connected graph F of order 3 or more, there exists a non-trivial F-
wrregular graph.

In 2024, Dovzhenok, Filuta, and Chuhai [6] proved that for any biconnected graph F' with
minimum vertex degree 2 there exist infinitely many F-irregular graphs. In particular, this result
holds for any simple cycle C,, on n > 3 vertices. Thus, the problem of F-irregular graphs was first
considered for a graph F' of arbitrarily large diameter. Additionally, a more general hypothesis than
Conjecture 1 was proposed in [6].

Conjecture 2 (Strong conjecture about F-irregular graphs). For any connected graph F of or-
der |F| > 3, there exist infinitely many F-irreqular graphs.

Recently, Conjecture 1 was verified for the n-vertex path P, (n > 3), while Conjecture 2 was
confirmed for the path Py [7].

In this paper, we consider the problem of F-irregular graphs in the class of oriented graphs.
By an oriented graph, we mean a directed graph without symmetric arcs. In other words, in such
a digraph, for any two of its vertices u and v, there are no arcs (u,v) and (v,u) at the same time
(here and below, for vertices u, v, the arc directed from u to v will be denoted by (u,v)). We will
consider only finite oriented graphs without loops and multiple arcs. An oriented graph is called
strongly connected (weakly connected) if for any two of its vertices u and v, there exists a directed
(undirected) path from u to v.

Let G be an oriented graph. We write the set of vertices of G as V(G), and the set of arcs of G
as A(G). The number of vertices in G (its order) is denoted by |G|. Also, for any set X, we use a
similar notation, | X/, for the number of elements in X. We say that a vertex v is incident to an arc
(a,b) € A(G) if v € {a,b}. The indegree and outdegree of a vertex v in a graph G are defined as

degg(v) = {u € V(G) | (u,v) € AG)},  degfi(v) = {u e V(G) | (v,u) € A(G)}],

respectively.
With regard to the question of the existence of F-irregular oriented graphs, we believe that a
statement similar to Conjecture 2 for undirected graphs is true.

Conjecture 3 (Strong conjecture about F-irregular oriented graphs). For every weakly con-
nected oriented graph F' of order |F| > 3, there are infinitely many F-irregular oriented graphs.
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In this paper, we confirm Conjecture 3 for each oriented cycle.

Definition 2. Let n > 3 be an integer. An oriented cycle of order n, denoted by C—>'n, is a
strongly connected oriented graph in which the indegree and outdegree of all vertices are equal to 1.
An oriented cycle with the vertex set {v1, va,...,v,} and the arc set {(v1, v2), (v2,v3), ..., (Vp_1,Vn),
(Un,v1)} will be written as (vq,va, ..., vy).

In addition, we also determine all the possible values for the order of a C -irregular graph when
n € {3,4}.

The structure of the article is as follows. In Section 2, for each integer n > 5, we construct an
infinite family of C),-irregular graphs. In Section 3, we provide examples of Cy-irregular graphs of
every order k > 7 and prove that there is no non-trivial Cy-irregular graph of smaller order. In
Section 4, we show that the minimal order of a non-trivial Cs-irregular graph is 10, and we present
constructions of Cg irregular graphs of every order starting from 10. Finally, in Section 5, we state
the main result.

Note that in this paper, we denote the number of k-element subsets of an n-element set by C’,’j ,

|
that is, for integers n > k > 0, Cﬁ:ﬁ,wherem:l, m =1-2-3-...-mifmisa
(n —k)!

positive integer, and C’,’j = 0 otherwise.

H
2. (y-irregular graphs in case n > 5

e
Definition 3. Let [,n be integers such that [ > n > 5. Consider the graph Ay 9, with the set
of vertices

e
V(Agiyon) =ViUVoU{20+ 1,20+ 2}, Vi={1,2,...,1}, Vo={l+1,1+2,...,2l},
and the set of arcs
A(Agryon) ={(i,4) | 4,5 € Vi,i < gy U{(i,5) | 4,5 € Va,i < jrUL(20+1,4) | i € Va}
U{(,20+1),(l+n—2,214+2), (20 + 2,21+ 1)}.

For the sake of clarity, we place the vertices of the graph Ay, 5 ,, on 3 levels as shown in Fig. 2.
In this case, the vertices of each level will be numbered in ascending order from left to right and so
that each vertex i € Vj is located directly above the vertex [ 4+ i. Then, from each vertex of the top
and middle levels, there is an arc to any other vertex on the same level located to the right of it.
Furthermore, from any vertex i of the middle level, there is an arc to every vertex of the top level
located directly above it (vertex i —[) or to the right of ¢ — . From vertex [, there is exactly one

arc (1,20 4+ 1). Finally, from vertex 2/ + 1, there is an arc to every vertex of the middle level, and
vertex 20 + 2 is incident to exactly two arcs (I +mn — 2,204+ 2), (20 +2,20 +1).

— _—
Definition 4. Let a; = C,, degm(i) for each i € V(Agiy2,n).

Lemma 1. Let I,n be integers such that | > n > 5. Then the C—>',L—degrees of the vertices in the
graph Ag4o p are equal to

1) a; = 'Cl"*;‘ Vie{1,2,...,1—1};

2) oy = 1]

3) ai=Q—)CI 3+ Cr P +1 Vie{l+1,1+2,...,0+n—2}

4) a; = (QZ—Z)Cl" Cf:l?’ Vie{l+n—-1,1+n,...,2l}

5) agip1 = O] + 1;

6) agio = 1.
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—
Fig. 2. Graph Ay 2 5.

—
Proof. In the proof of Lemma 1 and also in Corollary 1, any subgraph of the graph Ay o 5,
%
that is isomorphic to C,, will be called a contour. Let’s take a walk along the arcs of each contour,
following their direction. Based on the structure of Ag;yo ,, (see Fig. 2), the traversal of each contour
is subject to the following rules:
R1. On the top and middle levels of the graph Ay s ,, movement is only possible from left to
right.
R2. Descent from the top level is only possible via the arc (I,2] + 1).
R3. From any vertex i of the middle level, one can go along an arc to a vertex j of the top level
ifand only ifi —1 < j <I.
R4. Descent from the middle level to the bottom level is only possible via the arc (I +n — 2,20 + 2).

R5. From vertex 2] 4+ 1, you can go along the arc to any vertex of the middle level, and only to
those vertices.

Proposition 1. There is exactly one contour containing vertex 21 + 2:
(+1,0+2,...0l+n—=3,14+n—2,21+2,21 + 1).

—_—

Proof. Based on the definition of Ay o 5, every contour with vertex 2/ + 2 must include the
arcs (I +n — 2,2l +2), (2l + 2,2l + 1), and therefore cannot contain the arc (1,2l + 1). Hence,
taking into account R2, such contours do not contain any top-level vertices. Then, by R1, R4, they

do not contain any vertices from the set {I{ +n — 1,1+ n,...,2l}. Thus, the vertices of each contour
containing 2! + 2 belong to the set V.={l+ 1,1+ 2,...,l+n — 2} U{2l + 1,20 4 2}. Clearly, there
is only one desired contour with vertices from V: (I + 1,1+ 2,...,1+n—2,2l +2,2[ + 1). ]

By Proposition 1, ag4o = 1. Further, any contour without vertex 2! + 2 will be called a base
contour. From R1, R2, R4, R5 it follows that every base contour contains vertices [,2[ + 1 and at
least one vertex at the middle level of Ag 1o .

Fix i € V(Agy2,»)\{20 + 2}. Let us call an [i, j]-contour any base contour with vertices 4, j,
where j is the rightmost vertex of this contour in the middle level of Ay o . It is easy to see that
the number of all base contours with vertex ¢ is equal to the number of all [i, j]-contours, where
je{l+1,1+2,...,2l}. Next, we say that an ordered pair of vertices [i,j] in Agjya, is correct if
the following two conditions are satisfied:

je{l+1,1+2,...,20} and i=2+1or0<j—i<lI,

and incorrect otherwise.
From R1-R4 and the definition of an [7, j]-contour, one can conclude that for any incorrect pair
[i, 7] there is no [i, j]-contour.
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Proposition 2. For every correct pair [i,j], the number of [i, j|-contours is equal to Cl"__l?’ if
ie{l,2l+ 1,5}, and Cl":24 otherwise.

Proof. Let [i,j] be a correct pair. Based on R1-R4 and the definition of an [i, j]-contour, we
conclude that the vertices of any [i, j]-contour belong to the following set:

Vi={j—lLj—1+1,... 5 u{2l+1}.

Now, let’s consider two cases for i.

Case 1. ¢ € {l[,2l + 1,5}. First of all, we note that any [l, j]-contour has exactly 3 fixed
vertices [, 7,2l + 1, and the remaining n — 3 vertices for such contours can be chosen in Cl”:13
ways from the set V;\{l, j,2l + 1}. Next, we show that from any n — 3 selected vertices, together
with the vertices [, j, 2l + 1, it is possible to construct exactly one [, j]-contour, unique for each
set of n — 3 selected vertices. It is indeed true that if for some positive integer © < n — 2, the
vertices u; < ug < ... < uy = [ belong to the set {j — 1,7 — 1+ 1,...,l}, and the vertices
v] <9 < ...<Up_1-5 = j belong to the set {{ + 1,14 2,...,7j}, then, taking into account R1-R5,
we can construct only one unique [/, j]-contour with vertices uq, ug, ..., Uz, V1,02, ..., Vp—p—1,20 + 1:
(uy,ug, ..., Uz, 2l + 1,v1,v9,...,05—x—1). Hence, the number of [, j]-contours is equal to C’ln:l?’. It
remains to be noted that every [j, j]-contour and every [2] 4 1, j]-contour is also an [l, j]-contour,
and vice versa. Therefore, the number of [, j]-contours, as well as the number of [2] + 1, j]-contours,
is equal to Cl"__lg.

Case 2.7 ¢ {l[,2l + 1, 7}. In this case, any [i, j]-contour has exactly 4 fixed vertices i, j,1, 2l + 1,
and the remaining n — 4 vertices for such contours can be chosen in Cl"__24 ways from the set
Vi\{4, j, 1,2l 4+ 1}. Similarly to case 1, it can be proven that from any n — 4 selected vertices and the
vertices 1, 7,1,2l + 1, one can form exactly one [i, j]-contour, with different selections corresponding
to different [4, j]-contours. Thus, the number of [7, j]-contours is C’l":24 ifi¢ {l,204+1,5}. O

Let us assume that ¢ € {1,2,...,l — 1}. By definition, [i,j] is a correct pair if and only if
je{l+1,14+2,...,l+i}. Thus, taking into account Propositions 1, 2, we find a;:

I+
ai= Y Cpyt=iCyyt vie{1,2,...,1-1}.
j=l+1
Ifie{l+1,1+2,...,2l}, then a pair [i, j] will be correct if and only if j € {i,i +1,...,2(}.
Hence, by Propositions 1, 2, we calculate a;:

2l
ai=CrP+ Y Cry+1=@2-)C 5 +Cr P +1 Vie {I+1,1+2,...,1+n—2},
j=i+1

2
a;i=CrP+ Y Ot =2 -0, + O Vie{l+n—11+n,... 2}
j=it+1
To find a;, we notice that a pair [l,j] is correct if and only if j € {l + 1,1 +2,...,2l}. Then,
based on Propositions 1, 2, we get

2l
_ n—3 __ n—3
=Y CrP=Icr
j=l+1

Finally, we compute a9 1. Since each base contour has vertices [, 2] + 1, and by Proposition 1,
the contour with vertex 2/ 4+ 2 contains vertex 2/ + 1 and does not contain vertex [, then

agy1 =a+ 1= lClniils + 1. ]
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Corollary 1. Letl > n > 5 be integers. Then the following inequalities are true:
Dli<a<ay<az<...<a_i;

2) ajp1 > e > apps > .0 > ag > 1

3) agp1 > ap > ajp1 > aj_q.

Proof. Inequalities 1), 2), as well as the inequalities ag; 1 > a; and a;11 > a;_1, follow directly

—_—
from Lemma 1. Let’s show that a; > a;y;. By the proof of Lemma 1, every contour in Ag o 5,
except one contains vertex [. On the other hand, two contours (1,21 + 1,1+ 2,1+ 3,...,l+n —1)
and (1,20 4+ 1,0+ 3,1+ 4,...,l 4+ n) do not contain vertex [ + 1. Hence, a; > a;41. O

Lemma 2. Let | > n > 5 be integers and | — 1 is not divisible by n — 3. Then a; # a; for all
(S m\{l}7 ] € V2-

Proof. Suppose, for the contrary, that a; = a; for some 7 € Vi\{l}, j € V5. We distinguish two
cases for j.

Case 1. Let je {il+n—1,l+n,...,2l}. By Lemma 1, for integers [ > n > 5, we have

a; = a; < Ol =2 —jort+or?
(1-2)! (1—1)!
=D —n+2)! (m—3)1—n+2)
e (i+j-2)n—3)=1—1.

—= (i+j—2l)

It follows from the last equality that [ — 1 is divisible by n — 3, which contradicts the condition of
Lemma 2. From this we conclude that a; # a; for all i € Vi\{l}, je {{+n—1,l4+n,... 20}

Case 2. Let j € {l+1,l+2,...,l+n —2}. Based on Lemma 1, for integers [ > n > 5, we can
equivalently transform the equality a; = a; as follows:
a; =a; <= iC)' =2l - )OS+ 0P +1
S (1—2)! (1—1)!
= -2l = 1
=) == ns 9~ —au—ns2l

(n=3)!(l —n+2)!

(1=2)! ’

must be an integer for integers

e (i+j-2)(n—3)—1+1=

(n=3)!(l —n+2)!
(1 —2)!
I > n > 5. However, this is not true since for the given [ and n, the following estimate holds:

From the last equality we obtain that the fraction

— NI — | — 3)! —3)!
O<(n 3)(1 n—|—2).: (n—3)! < (n—3)! _ 2 <1
(1—2) l-n+3)(l-n+4)...01-2) " 3-4-...-(n—2) n-—2
Consequently, a; # a; for all i € VI\{l}, j e {{+ 1,1 +2,...,l4+n—2}. O

Theor(in 1. For any integers I,n with 1 > n >5 and [ — 1 is not divisible by n — 3, the graph
Aoiyo p is Cy-irreqular.

Proof. Let I > n > 5 be integers and [ — 1 is not divisible by n — 3. Let us prove that the
graph Agyo 5, is Cp-irregular.

First of all, we note that by Corollary 1, in each of the sets V;\{l} and V5, the vertices have
different ? degrees. Furthermore, based on L Lemma 1 and Corollary 1, we conclude that in the
graph Agjio p vertex 2I —|— 1 has the largest C’ -degree, vertex [ has the second largest, and vertex

2l 4+ 2 has the smallest C’ -degree. Finally, by Lemma 2, any two_) vertices, one of which belongs
to the set V1\{l} and the other to the set V3, also have different C),-degrees in Ay s ,,. Thus, the
— _—

Cp-degrees of all vertices in Ay o 5, are pairwise distinct. Hence, the graph Ao 5, is Cy-irregular. [

H
Corollary 2. For each integer n > 5, there are infinitely many Cy,-irreqular oriented graphs.
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_>
3. On the order of Cj-irregular graphs

In this section, we focus our efforts on determining all values of k for which there exists a

%
Cy-irregular graph of order k.
%
Definition 5. In our work, every graph that is isomorphic to Cy will be called a quadrangle.
= .
3.1. (Cjy-irregular graph of order 7
%
Definition 6. Let’s define the graph B7 (see Fig. 3) as follows:

V(B ={1,2,...,7}, A(Br) = {(1,6),(2,6),(3,7), (4,2),(4,3), (4,6), (5,1), (5,2)}
u{(5,3),(5,4),(5,6),(6,3),(6,7),(7,4),(7,5)}.

Fig. 3. Graph E;

= . =
Lemma 3. The graph By is Cy-irregular.

%
Proof. It is easy to see that the graph By contains exactly 7 quadrangles: (1,6,7,%
(2,6,7,4),(2,6,7,5),(3,7,4,6),(3,7,5,4), (3, 7,_5;),6), (4_,}67 7,5). The Cy-degrees of all vertices in Bz

are listed in Table 1. Since they are distinct, By is a Cy-irregular graph. U

_>
3.2. (j-irregular graph of order 8

— —
Definition 7. Consider the graph Bg (see Fig. 4) with the set of vertices V(Bg) = {1,2,...,8}
and the set of arcs

A(Bs) = {(1,2), (1,3),(2,3),(3,7),(3,8), (4,1),(4,2), (4,3), (4,5), (4,6), (4,8), (5,2)}
U{(5.3),(5,6), (5,8),(6,3),(6,8),(7,2),(7,4),(7,5), (7,6),(8,1),(8,7)}.

Remark 1. Here and below, when depicting graphs, an arc with a direction from the set of
vertices X to the set of vertices Y will denote the set of arcs {(x,y) | z € X, y € Y'}. For example, in

Fig. 4, the arc with direction from vertex 7 to the set of vertices {4,5,6} implies that the graph Bg
contains the arcs (7,4), (7,5), (7,6).

= —»
Table 1. Cy-degrees of vertices in graph By

vertex 1 2 3 4 5 6 7
Cidegree |1 |2 |3 [4 [5 |6 |7
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Fig. 4. Graph Bs.
= . =
Lemma 4. The graph Bg is Cy-irregular.

Proof. There are exactly 14 quadrangles in the graph E;: (1,2,3,8), (1,3,7,4), (2,3,7,4),
(2,3,7,5), (2.3,8,7), (3,7,4,5), (3,7,4,6), (3.7,5,6), (3,8,7,4), (3,8,7,5), (3,8,7,6), (4,5,8,7)
(4,6,8,7), (5,6,8,7). Next, from Table 2 we obtain that the Cy-degrees of the vertices in Bg are

H
pairwise distinct. Therefore, Bg is a Cy-irregular graph. U

— =
Table 2. Cy-degrees of vertices in graph Bg

vertex |1 |2 |3 |4 [5 |6 |7 |8
Chdegree |2 |4 [11]7 |6 |5 [13]8

_>
3.3. (jy-irregular graph of order 10

— —
Definition 8. We define the graph Bjg (see Fig. 5) of order 10 by: V(Byo) = {1,2,...,10},

A(Bio) = {(1,2), (1,3), (1,4), (2,3), (2,4), (3,4), (3,10), (4,9), (5,1), (5,2), (5,3), (5, 4)}
U{(5,6),(5,7), (5,8), (5,10),(6,2), (6,3), (6,4), (6,7),(6,8), (6,10), (7, 3)}
U{(7,4),(7,8),(7,10), (8,4), (8,10), (9,5),(9,6), (9,7),(9,8), (10,4), (10,9)}.

—_ >

5 6 7 8

—
Fig. 5. Graph Bjy.
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— =
Lemma 5. The graph Byg is Cy-irregular.

Proof. Let’s list all the quadrangles of the graph B—lgz (1,4,9,5), (2,4,9,5)

2? 4’ 9? 6)7

» (
(3,4,9,5), (3,4,9,6), (3,4,9,7), (3,10,9,5), (3,10,9,6), (3,10,9,7), (4,9,5,6), (4,9,5,7), (4,9,5,8),
(4,9,5,10), (4,9,6,7), (4,9,6,8), (4,9,6,10), (4,9,7,8), (4,9,7,10), (4,9,8,10), (5,6,10,9),

(5,7,10,9), (5,8,10,9), (6,7, 10,%(6,8, 10,9), (7,8,10,9).
From Table 3 it follows that Bjg is a Cy-irregular graph.

— —
Table 3. Cy-degrees of vertices in graph By

vertex 1 2 3 4 5 6 7 8 9 10
Chdegree |1 |2 |6 |16 11109 |7 [25]13

_>
3.4. (jy-irregular graphs of even order greater than 10

H
In this subsection, we present a Cy-irregular graph of order k for every even k > 12.

—
Definition 9. Let [ > 5 be an integer. Consider the graph By o (see Fig. 6) defined by:

V(Bya) =VAUVRU{20+ 1,20+ 2}, Vi ={1,2,....1}, Vo= {l+1,1+2,...,2l};

A(BQH-Q):{(Z’J) |Za.] €V1,2<J}U{(Z’J) |Za.] €V2,Z<]}U{(2l+17z) |Z€‘/2}
U{(,20+2)|ie Vo U{(i,j) |i€Va,j€eVi,i—j <I}

U120+ 1), (2L +2,1), (20 + 2,21 + 1)}

- >

L [FETY S

[+1 l+2 121-1 2l

2l+1 20+ 2

Fig. 6. Graph By o.
— —
Definition 10. Let b; = Cy degm(i) for all i € V(Bg42).

Lemma 6. For each integer [ > 5, C_ﬁ—degrees of vertices in BTH) are equal to
1)b=1i Vie{l,2,...,1—1}

2) b =12

Nbj=4—i—1 Vie{l+1,1+2,...,2l};

4) by =1(31—1)/2;

5) bojro =11 +1)/2.

N ~— — ~—

O
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Proof. We denote by z,y, z the numbers of quadrangles in the graph BTJr; that contain the
arcs (21 +2,1), (20 + 2,21 + 1), and (I, 2] + 1), respectively.

Calculate x,y, z. First of all, we note that every quadrangle with the arc (2 + 2,[) contains the
arc (I,2] + 1) and has the form (I,2] + 1,u, 2l + 2), where u € {I + 1,1+ 2,...,2l}. Thus, x = [.

Furthermore, the set of all quadrangles with the arc (21 + 2,21 + 1) is {(u,v,2l + 2,20 + 1)},
where u,v € {l+ 1,1+ 2,...,2l},u < v. It follows from this that y = C? = [(I — 1)/2.

To find z, we partition the quadrangles with the arc (I,2] + 1) into three groups. The first
group consists of [ quadrangles of the form (1,20 + 1,u,2l + 2), where u € {l + 1,1 + 2,...,2[}.
The second group contains exactly C# = [(I — 1)/2 quadrangles of the form (1,2l + 1,u,v), where
u,v € {I+1,1+2,...,2l}, u < v. The third group contains quadrangles of the form (u,l,2l + 1,v)
withu € {1,2,...,l—1},ve {l+ 1,14+ 2,...,l 4+ u}, and their number equals 25;:11 u=1(l-1)/2.
Thus, z =1+ 1(1—1)/2 +1(1 - 1)/2 =1

Let us find b;. It is clear that every quadrangle in m that contains vertex [ also has the arc
(1,21 + 1) and vice versa. Therefore, b; = z = [2.

Next we find bg;y 1. From the construction of the graph BTJFQ, it follows that

(=1, p_ 1811

bat1 =y +z2= 5

Now let’s calculate bojyo. It is easy to see that

(l—1 (l+1
bayo=x+y=1+ ( 5 ) (;— )

—
Let us fix i € {1,2,...,l — 1}. It is obvious that all quadrangles in By o with vertex i have the
form (i,1,21 + 1, j), where j € {{+ 1,0l 4+ 2,...,l+i}. From this we conclude that

bi=i Vie{l,2,...,1—1}.

—
To complete the proof of Lemma 6, consider i € {l + 1,1 + 2,...,2l}. In Bg 9, one can
distinguish exactly six types of quadrangles with vertex 1.

Type 1: (4,1,2l + 1,i), 7 € {i = l,i — 1+ 1,...,1 — 1}. Here and below we assume that the set

{a,a+1,...,b} of consecutive vertices a,a + 1,...,bin By 5 is empty if a > b. There are
2l — i quadrangles of type 1.

Type 2: (1,204 1,7,7), je{l+1,1+2,...,1—1}. BTJr; contains 7 — [ — 1 quadrangles of type 2.
Type 3: (I,20+1,4,5), j € {i + 1,7+ 2,...,2l}. We have 2] — i such quadrangles.
Type 4: (i,7,2l + 2,21+ 1), j € {i+ 1,7+ 2,...,2l}. There are 2] — i of them.
Type 5: (4,4,20+ 2,20+ 1), j € {l+ 1,1+ 2,...,i—1}. We have i — [ — 1 quadrangles of type 5.
Type 6: (1,20 + 1,4,20 4+ 2). There is exactly one quadrangle of this type.

Summing these contributions, we obtain:

bi=32l—i)+20i—1-1)+1=4—-i—-1 Vie{l+1,l+2,...,2l}. O
Theorem 2. For every integer | > 5, the graph m 18 a—irregular.

e
N Proof. Let [ > 5 be an integer. Let’s consider the graph Bg,9. By Lemma 6, we infer that the
Cy-degrees of the vertices in Bgjyo are pairwise distinct:

by <by<...<b1=1—-1<2l—1=by <by1<by o<...<by1,
I(1+1) [(3l—1)

biy1=31-2< =bypo <b=101< 5 = bort1-
— =
Hence, the graph By, o is Cy-irregular. U

%
Corollary 3. The number of Cy-irreqular oriented graphs is infinite.
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%
3.5. Ceriterion for the existence of a C-irregular graph of order k

H
Theorem 3. There exists a nontrivial Cy-irregular graph of order k if and only if k is an integer
and k> 7.

_}Proof. Sufficiency. For k = 7 and any even k > 8, by Lemmas 3-5 and Theorem 2, there exists
a Cy-irregular graph By, of order k. It is easy to see that all vertices of such graphs have positive
Cy-degrees. Therefore, a Cy-irregular graph of odd order k£ > 9 can be constructed by adding an
isolated vertex to the graph Bjy_; . The sufficiency is proven.

Necessity. Let us assume the opposite, that there exists a non-trivial a—irregular graph H of
order k < 7. Clearly, k € {4,5,6}. It is easily verified that any graph of order 4 contains at most
one quadrangle. Therefore, k # 4.

If & = 5, then for each v € V(H), there are exactly four 4-element subsets of V(H)
contalmng v. Since the vertices of each such subset belong to at most one quadrangle in H, we
have C4 degy(v) < 4. Therefore, in the C4 irregular graph H of order 5, there is a vertex u with
Cydegy(u) = 0. Given that at most one quadrangle can be formed from the vertices of the set
V(H) \ {u}, we obtain that the C_ﬁ—degrees of all vertices in H are at most 1. Contradiction.

Finally, if kK = 6, consider two vertices, x and y, in the graph H, with maximum and minimum
Cy-degrees a and b, respectively. It is clear that a > b + 5. Next, remove vertex y from H, and let the
resulting graph of order 5 be denoted by H;. In this case, the total number of quadrangles decreases
by exactly b. Therefore, C4 degy, () > a — b > 5. However, as previously noted, the Cy-degree of a
vertex in a graph of order 5 cannot exceed 4. This yields a contradiction.

From the foregoing, it follows that k is an integer and k& > 7. The necessity has been proven. [J

_>
4. On (Cs-irregular graphs

We continue our investi gatlon by examining C’3 irregular graphs. We address the question of
what values the order of a Cs-irregular graph can have.

H
Definition 11. In this section, every graph isomorphic to Cj is called a triangle.

_>
4.1. (js-irregular graph of order 10

— —
Definition 12. Consider the graph Djo with the set of vertices V(Dyo) = {1,2,...,10} and
the set of arcs

A(D—l(;) - {(1 3)7 (17 4)7 ( )7 (27 3)7 (27 4)7 (27 9)7 (37 8)7 (37 9)7 (37 10)7 (47 3)7 (47 9)7 (47 10)}

UA(5:1),(5,2),(5,3), (5,4),(5,6), (6, 2), (6,3), (6,4), (6,7),(7,3), (7,4), (7,5)}
U {(8:4),(9,5),(9,6),(9,7),(9,8), (9,10), (10, 1), (10, 2), (10,5), (10, 6)}.

—
We depict graph Dqg in Fig. 7. In Section 4, we also use the notation from Remark 1.

— =
Lemma 7. The graph Dy is Cs-irregular.

Proof. Let’s list all the triangles in D—lgz (1,3,10), (1,4,10), (1,9,5), (1,9,10), (2,3,10),
(2,4,10), (2,9,5), (2,9,6), (2,9,10), (3,8,4), (3,9,5), (3,9,6), (3,9,7), (3,10,5), (3,10,6), (4,9,5),
(4,9,6), (4,9,7), (4,9,8), (4,10,5), (4,10,6), (567)

Based on Table 4, we conclude that D—lg is a Cg irregular graph. O
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—
Fig. 7. Graph Dy.

— —
Table 4. Cs-degrees of vertices in graph Dy

vertex |1 |2 |3 |4 |5 |6 |7 [8 |9 |10
Ci-degree |4 |5 |8 |9 [7 [6 [3 |2 |12]10

_>
4.2. (js-irregular graph of order 12

Definition 13. We define the graph 51_2) (see Fig. 8) as follows: V(]__)_l_;) ={1,2,..., 12},

A(E_)w) = {(17 3)7 (17 4)7 (17 9)7 (27 3)7 (27 4)7 (27 9)7 (37 4)7 (37 9)7 (37 10)7 (47 9)7 (47 10)}
u{(4,12),(5,1),(5,2),(5,3),(5,4), (6,2),(6,3),(6,4),(7,3),(7,4),(8,4)}
U{(9,5),(9,6),(9,7),(9,8),(9,11), (10,1), (10, 2), (10,5), (10,6), (10,9)}
U{(10,12), (11,10), (12,1), (12,2), (12,3), (12,5), (12,6), (12,7), (12,8)}.

—
Fig. 8. Graph Dis.
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— =
Lemma 8. The graph Do is Cs-irregular.

Proof. It is not difficult to verify that 51_; contains exactly 27 triangles: (1,3,10), (1,4, 10),
(1,4,12), (1,9,5), (2,3,10), (2,4,10), (2,4,12), (2,9,5), (2,9,6), (3,4,12), (3,9,5), (3,9,6), (3,9,7),
(3,10,5), (3,10,6), (3,10,12), (4,9,5), (4,9,6), (4,9,7), (4,9,8), (4,10,5), (4,10,6), (4,12,5),
(4,12,6), (4,12,7), (4,12,8), (9,11,10). From Table 5 it follows that 51—5 is a @—irregular graph. [J

— —
Table 5. Cs-degrees of vertices in graph Dy

vertex 1 2 3 4 5 6 7 8 9 10 | 11 | 12
Ch-degree |4 |5 |9 [15|7 |6 |3 |2 [11]10]1 |38

%
4.3. C(s-irregular graphs of order k£ > 14, k = 2 (mod 4)

_)
In this subsection, for every integer k > 14 with & = 2 (mod 4), we construct a Cs-irregular
graph of order k.

s
Definition 14. For an arbitrary integer m > 3, consider the graph Dy, 12, which is shown in
Fig. 9 and given by the following vertex and arc sets:

—
V(Dymy2) = ViUV UV3U VLU {4m + 1,4m + 2}, where
Vi={1,2,...,m}, Vo={m+1,m+2,...,2m},
Va={2m+1,2m +2,...,3m}, Vi={3m+1,3m+2,...,4m};

Dymi2) ={(i,5) i € Vi,j € Va} U{(i,)) | i —j <2m,i € (V3UVL),j € (V1 UVa)}

A(
U{(,4m +1) |ie (ViUVa)fU{(dm +1,i) | i€ (V3UVy)}

U{(@,4m +2) |ie VLu{(dm+2,4) |ie (V1 UV3)}.

JERIE
Fig. 9. Graph Dyy,19.

— ——
Definition 15. Let d; = C3 degD4—+2> (2) for each i € V(Dym+2).
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Lemma 9. For every integer m > 3, the a—degrees of the vertices in m are equal to
1)di=m+1i VieVy;

2)d; =2m+1i Vie Vs,

3)di=5m—i+1 Vie Vs

4) di=4m —i+1 Vie Vy;

5)
6) dimi2 = 2m?2.

—_—
Proof. Let’s fix an integer m > 3 and consider the graph Dy, 2.
First of all, note that each vertex i € Vi belongs to exactly two types of triangles in Dy, o:
(1,7,4m + 2), where j € V;, and (i,4m + 1,5), where j € {2m + 1,2m + 2,...,2m + i}. Thus,

Next, let i € V5. Observe that Dyy,1o contains exactly two types of triangles with vertex i:
(i,4m + 2,7), where j € (V4 U V3), and (i,4m + 1,j), where j € {2m + 1,2m + 2,...,2m + ¢}.
Hence,

di =|ViUVs|+i=2m+i Viels.

e
If © € V3, there are exactly two types of triangles in Dy,,42 containing vertex i: (i,7,4m + 1),
where j € {i —2m,i —2m +1,...,2m}, and (7, j, 2m + 2), where j € V5. This yields

di=4m —i+1+|Vo|=4dm —i+1+m=5m—i+1 Vie Vs

—_—
Now consider ¢ € Vj. Since vertex ¢ in the graph Dyy,42 belongs only to triangles of the form
(i,7,4m + 1), where j € {i — 2m,i —2m + 1,...,2m}, we have

di=4m—i+1 VieV,.

e
Let’s find dgmy2. Since all triangles in the graph Dy,,192 containing vertex 4m + 2 are of the
form (u,v,4m + 2), where u € V3 U V3 and v € Vb, it follows that

dymy2 = |V1 U V5| - |V3] =2m - m = 2m>.

R
To find dyy,+1, we note that in the graph Dyy,,42, all triangles of the form (u,4m + 1,v), where
ue (ViUW),ve{2m+1,2m+2,...,2m + u}, and only these, contain vertex 4m + 1. Thus,

2m

dym+1 :Zu:QmQ—i—m. O

u=1
— =
Theorem 4. For every integer m > 3, the graph Dymo is Cs-irregular.

—
Proof. Let’s fix an integer m > 3 and consider the graph D4ﬂ_¢2.
Next, for each i € {1,2,3,4}, we denote by X (V;) the set of Cs-degrees of all vertices from V;
. F=a— .
in the graph Dy, 49. From Lemma 9, it follows that

X(Va) ={1,2,...,m}, XWV)={m+1,m+2,...,2m},
XVs)={2m+1,2m+2,...,3m}, X(Vo)={3m+1,3m+2,...,4m},
dm < 2m? = damyo < damy1 = 2m? +m
— — T
Thus, the Cs-degrees of all vertices in Dy, 1o are distinct, and hence Dy, o is Cs-irregular. ]

%
Corollary 4. The number of Cs-irreqular oriented graphs is infinite.
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4.4. a—irregular graphs of order k£ > 16, k = 0 (mod 4)

%
We now exhibit a Cs-irregular graph of order k for each k£ > 16 divisible by 4.
e
Definition 16. Let m > 3 be an integer. We define the graph Dy,14 as follows:

V(D4m+4) = V(D4m+2) U {4m + 3,4m + 4},

A(Damya) = A(Damy2) UL{(i,2m) | i € (Vo \ {2m})}
U{(dm+3,i) i€ ({1,2,...,4m}\ {2m})} U{(2m,4m + 3)}
u{@2m —2,2m —1),2m — 1,4m +4), (4dm +4,2m — 2)}.

—_—
The graph Dy, 14 is illustrated in Fig. 10. Note that in this case, we show schematically the set
of arcs {(i,7) |i—j <2m,i € (V3UVy),j € (V1 UVa)}.

Im+1 Im+ 2 im+ 4

4m+ 3

Fig. 10. Graph D4y, 14.
— —
Definition 17. Let df = C3 degD4—+4>(z') for all i € V(Duayyy4).

— ey
Lemma 10. Let m > 3 be an integer. For C3-degrees of the vertices in Dypm14, the following
equalities are hold:

1)df=di+1 Vie{1,2,...,4m}\ {2m —2,2m — 1,2m};
2)df =d;+2 Vie{2m—1,2m — 2};
3) d3,, = doy +4m —1;

) d

) d

4) df =d; Yie{dm+1,4m + 2};
)
)

ot

— —

Proof. By construction, every triangle in Dy, 42 is also a triangle in Dgpyq. Furthermore,
Dyp+4 contains exactly 4m new triangles that do not belong to Dy, q2: (2m — 2,2m — 1,4m + 4),
and 4m — 1 triangles of the form (i,2m,4m + 3), where i € ({1,2,...,4m} \ {2m}). This ensures
the validity of Lemma 10. O
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—_— =
Theorem 5. Let m > 3 be an integer. The graph Dy 4 is Cs-irreqular.

— —
Proof. For each H C V(Dypm+4), we denote by X*(H) the set of Cs-degrees of all vertices from

—
H in the graph Dy, 44. From Lemmas 9, 10 it follows that

dZm+4:17
X*(Va) = {2,3,....m+1},
X' V)={m+2,m+3,...,2m+ 1},
X*(Vs)={2m+2,2m +3,...,3m + 1},
X' {m+1,m+2,....2m—3}) ={3m+2,3m+3,...,4m — 2} for m >4,
iz =4m —1, d3,, o =4m, dy, | =4m+1,

oy =8m — 1, djyo =2m?  di,q =2m* +m.

—_— —
Obviously, the vertices from the set V(Dyp44) \ {2m,4m + 1,4m + 2} have different C3-degrees
in Dgpy4. In addition,

—
Dypmta

d; >d; Vie{2m,4m +1,4m +2}, je V( N\{2m,4m + 1,4m + 2}.

Next, if m = 3, then dj,, ,» < dj,, .1 < d3,,. If m >4, then d3, < dj, .o <dj, .. From the
above we conclude that the graph Dyp,14 is Cs-irregular. U

%
4.5. Criterion for the existence of a Cs-irregular graph of order k

H
In this subsection, we will finally answer the question concerning the order of a Cs-irregular
graph (Theorem 6), and for this, we will need two additional lemmas.

Lemma 11. Let G be a graph of order k and v € V(G). Then
1
Cs degg(v) < yikhe 1)%

Proof. Note that any triangle in G with a vertex v has a pair of arcs (u,v), (v, w), where
u,w € V(G). On the other hand, for any two arcs (u,v),(v,w) € A(G), there is at most one
triangle in G containing these arcs. Therefore

Cs degg(v) < degl(v) - degg(v) < degly(v)(k — 1 - degiy(v)) <

H
Definition 18. For any graph G, let S(G) denote the sum of the Cs-degrees of all its vertices.
For every positive integer k, let Sy be the maximum value of S(G) among all graphs G of order k.

Lemma 12. S5 = 15, S = 24.

Proof. Figure 11 shows the graphs G and G9 of order 5 and 6, respectively, with S(G1) = 15,
S(G2) = 24. Hence, it suffices to verify that S5 < 15 and Sg < 24.

To prove S; < 15, assume for contradiction that there exists a graph L of order 5 with
S(L) > 15. Then L has a vertex v with C—gdegL(v) > 4, otherwise S(L) < 5-3 = 15. Since
C_gdegL(v) < 4 by Lemma 11, we have @degL(v) = 4, which implies deg} (v) = deg; (v) = 2.
Let (v,a), (v,b),(c,v),(d,v) € A(L). Then (a,c), (a,d),(b,c),(b,d) € A(L), and the subgraph of L
induced by the set of vertices {a,b,c,d} is triangle-free. Thus, L contains exactly 4 triangles, i.e.,
S(L) =4-3 = 12. This contradicts the assumption S(L) > 15, showing that S5 < 15.
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Fig. 11. Graph G; with |G1| =5, S(G1) = 15 and graph G with |Ga| = 6, S(G2) = 24.

To prove Sg < 24, assume S(M) > 24 for some graph M of order 6. Then M has a vertex u
with C_gdegM(u) > 5, otherwise S(M) < 6 -4 = 24. Thus, {deg},(u),degy,(u)} = {2,3}. Without
loss of generality, let deg},(u) = 3 and deg);(u) = 2. With (u, a), (u,b), (u,c), (d,u), (e,u) € A(M),
assume for definiteness that (a,d), (a,e), (b,d), (b,e), (¢,d) € A(M). Then all triangles in M, except
(a,d,u),(a,e,u), (b,d,u),(b,e u),(c,d,u), belong to the set

A ={(a,b,c),(a,c,b),(a,e,c),(be,c),(cde),(ceu)}.

It is clear that in each of the three pairs of triangles {(a,c,b), (a,e,c)}, {(a,b,c), (b,e,c)}, and
{(e,d,e),(c,e,u)}, at most one triangle belongs to M. Consequently, A contains at most three
triangles of M, and so M contains at most 5+ 3 = 8 triangles in total. Thus, S(M) <8 -3 = 24.
This contradicts the inequality S(M) > 24, completing the proof for Sg < 24. U

%
Theorem 6. There exists a non-trivial Cs-irreqular graph of order k if and only if k is an
integer and k > 10.

Proof. Sufficiency. For any even k > 10, according to Lemmas 7, 8, Theorems 4, 5, and their
proofs, there exists a Cs-irregular graph Dy of order k with positive Cs-degrees of vertices. Adding
an isolated vertex to all such graphs yields Cs-irregular graphs of any odd order, starting from 11.
Sufficiency is proven.

Necessity. Let’s consider any non-trivial C—g—irregular graph G of order k. It is clear that k is
an integer and k > 4. Suppose, by way of contradiction, that k < 9. Let H be the graph of order
m € {3,4,...,9} obtained from G by removing a vertex with Cs-degree equal to 0 (if no such vertex
exists, then H = G). By construction, the graph H is Cs-irregular and has positive C_g—degrees of
vertices, which we denote as @, > a;—1 > ... > a1 > 0. It is easy to see that a,, > m. On the other
hand, Lemma 11 implies a,, < (m — 1)?/4. As a consequence, (m —1)2/4 > m, so m € {6,7,8,9}.
We now proceed to investigate all 4 possible cases, categorized by the value of m.

If m =6, then ag > a1 + 1,a3 > a1 +2,...,a6 > a1 + 5, and therefore S(H) > 6a; + 15. Next,
we consider the graph Hj of order 5, formed from H by removing a vertex with C_g—degree equal
to ay. The following estimate contradicts S5 = 15 from Lemma 12:

Sy > S(Hl) = S(H) —3a1 > 3a1 + 15 > 18.

If m =7, then as 2_)&1 +1l,a3 > a1 +2,...,a7 > a; + 6, and S(H) > Taj + 21. Now, remove
from H a vertex with C3-degree equal to a;. Let the resulting graph of order 6 be denoted by Ho.
Since Sg = 24 by Lemma 12, we obtain a contradiction:

S > S(HQ) = S(H) —3a; > 4a; + 21 > 25.

If m =8, then ag > a1 + l,a3 > ao + l,a4 > ao + 2,...,a8 > as + 6, and therefore the
inequality S(H) > a; + Taz + 21 holds. Let Hs be the graph of order 6 obtained from H by

removing the vertices with Cs-degrees a1, as. The following estimate contradicts Lemma 12:

Sg > S(Hg) > S(H) —3a1 — 3ay > 4ay — 2a1 + 21 > 2a1 + 25 > 27.
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If m=09, then as > a1+ 1,a3 > as + 1,a4 > a3+ 1,a5 > a3+ 2,...,a9 > a3z + 6. It follows
that S(H) > a1 + a2 +3}13 + 21. Consider the graph Hy of order 6, obtained from H by removing

the three vertices with Cs-degrees aq, a2, ag. As before, we reach a contradiction with the equality
Se = 24 from Lemma 12:

Sg > S(H4) > S(H) —3a1 — 3ag — 3ag > 4asz — 2ao — 2aq1 + 21 > 2a9 — 2a7 + 25 > 27.

H
Thus, for every positive integer k < 9, there does not exist any non-trivial Cs-irregular graph of
order k. The necessity is proven. O

5. Main result

From Corollaries 2, 3, and 4, we oﬁ}ain the main result of our work, Theorem 7, that confirms
Conjecture 3 for every oriented cycle C,.

—
Theorem 7. For any integer n > 3, there exists an infinite family of Cy-irreqular oriented
graphs.
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