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ON
−→
Cn-IRREGULAR ORIENTED GRAPHS

T. S.Dovzhenok, I. D. Lukashenko, Y. V. Filiuta

Let F and G be simple finite oriented graphs (without symmetric arcs). A graph G is called F -irregular if
any two distinct vertices in G belong to a different number of subgraphs of G isomorphic to F . In this paper,

we investigate the problem of the existence of
−→
Cn-irregular graphs, where

−→
Cn is an oriented cycle of order n (a

strongly connected oriented graph that is formed from a simple undirected cycle Cn on n vertices by orienting

each of its edges). For every integer n ≥ 3, we prove that there exists an infinite family of
−→
Cn-irregular graphs.

In addition, we show that the order of a non-trivial
−→
C3-irregular graph can be any integer not less than 10 and

no others. We also construct
−→
C4-irregular graphs of any order at least 7 and prove that there are no non-trivial

−→
C4-irregular graphs of order less than 7.
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графах.

Пусть F и G — простые конечные ориентированные графы (без симметричных дуг). Граф G называется
F -иррегулярным, если любые две различные вершины графа G принадлежат различному числу подгра-

фов из G, изоморфных графу F . В этой статье мы исследуем проблему существования
−→
Cn-иррегулярных

графов, где
−→
Cn — ориентированный цикл порядка n (сильно связный ориентированный граф, образован-

ный из простого неориентированного цикла Cn на n вершинах путем ориентации каждого из его ребер).

Для каждого целого числа n ≥ 3 мы доказываем, что существует бесконечное семейство
−→
Cn-иррегулярных

графов. Кроме того, мы показываем, что порядок нетривиального
−→
C3-иррегулярного графа может быть

любым целым числом не меньше 10 и только им. Мы также строим
−→
C4-иррегулярные графы любого по-

рядка начиная с 7, и доказываем, что не существует нетривиальных
−→
C4-иррегулярных графов порядка

меньше 7.
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1. Introduction

In 1987, Chartrand, Holbert, Oellermann and Swart [1] generalized the classical concept of
vertex degree and introduced a new class of graphs: F -irregular graphs.

Definition 1. Let F and G be graphs. The F -degree of a vertex v in G, denoted as F degG(v),
is the number of subgraphs of G that are isomorphic to F and contain v. A graph G is called
F -irregular if the F -degrees of all its vertices are pairwise distinct.

For example, let F be a complete graph K3 of order 3. The K3-irregular graph D8 of order 8
is depicted in Fig. 1. Indeed, any vertex i in D8 belongs to exactly i subgraphs of D8 that are
isomorphic to K3, i.e., K3 degD8

(i) = i, and hence the K3-degrees of all vertices in D8 are distinct.
The concept of F -irregular graphs arose from an attempt to construct irregular graphs that

would be the opposite of regular graphs. However, in any non-trivial graph (of order 2 or greater),
there are two vertices with the same degree (see, for example, [2]). This has led to new approaches to
defining irregular graphs, a comprehensive overview of which is presented in the book “Irregularity
in Graphs” [3].
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Fig. 1. K3-irregular graph D8.

In the field of F -irregular graphs, for each graph F , the questions of existence, number and order
of F -irregular graphs are of great interest. It is known [4] that for the path P3 on three vertices,
there exists a P3-irregular graph of any order starting from 6. K3-irregular graphs of any order
starting from 7 were constructed in [5].

In [1], the existence of non-trivial F -irregular graphs was shown in the case where F is a star
or a complete graph of order 3 or more, and the following conjecture was proposed.

Conjecture 1. For every connected graph F of order 3 or more, there exists a non-trivial F -

irregular graph.

In 2024, Dovzhenok, Filuta, and Chuhai [6] proved that for any biconnected graph F with
minimum vertex degree 2 there exist infinitely many F -irregular graphs. In particular, this result
holds for any simple cycle Cn on n ≥ 3 vertices. Thus, the problem of F -irregular graphs was first
considered for a graph F of arbitrarily large diameter. Additionally, a more general hypothesis than
Conjecture 1 was proposed in [6].

Conjecture 2 (Strong conjecture about F -irregular graphs). For any connected graph F of or-

der |F | ≥ 3, there exist infinitely many F -irregular graphs.

Recently, Conjecture 1 was verified for the n-vertex path Pn (n ≥ 3), while Conjecture 2 was
confirmed for the path P4 [7].

In this paper, we consider the problem of F -irregular graphs in the class of oriented graphs.
By an oriented graph, we mean a directed graph without symmetric arcs. In other words, in such
a digraph, for any two of its vertices u and v, there are no arcs (u, v) and (v, u) at the same time
(here and below, for vertices u, v, the arc directed from u to v will be denoted by (u, v)). We will
consider only finite oriented graphs without loops and multiple arcs. An oriented graph is called
strongly connected (weakly connected) if for any two of its vertices u and v, there exists a directed
(undirected) path from u to v.

Let G be an oriented graph. We write the set of vertices of G as V (G), and the set of arcs of G
as A(G). The number of vertices in G (its order) is denoted by |G|. Also, for any set X, we use a
similar notation, |X|, for the number of elements in X. We say that a vertex v is incident to an arc
(a, b) ∈ A(G) if v ∈ {a, b}. The indegree and outdegree of a vertex v in a graph G are defined as

deg−G(v) = |{u ∈ V (G) | (u, v) ∈ A(G)}|, deg+G(v) = |{u ∈ V (G) | (v, u) ∈ A(G)}|,

respectively.
With regard to the question of the existence of F -irregular oriented graphs, we believe that a

statement similar to Conjecture 2 for undirected graphs is true.

Conjecture 3 (Strong conjecture about F -irregular oriented graphs). For every weakly con-

nected oriented graph F of order |F | ≥ 3, there are infinitely many F -irregular oriented graphs.
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In this paper, we confirm Conjecture 3 for each oriented cycle.

Definition 2. Let n ≥ 3 be an integer. An oriented cycle of order n, denoted by
−→
Cn, is a

strongly connected oriented graph in which the indegree and outdegree of all vertices are equal to 1.
An oriented cycle with the vertex set {v1, v2, . . . , vn} and the arc set {(v1, v2), (v2, v3), . . . , (vn−1, vn),
(vn, v1)} will be written as (v1, v2, . . . , vn).

In addition, we also determine all the possible values for the order of a
−→
Cn-irregular graph when

n ∈ {3, 4}.
The structure of the article is as follows. In Section 2, for each integer n ≥ 5, we construct an

infinite family of
−→
Cn-irregular graphs. In Section 3, we provide examples of

−→
C4-irregular graphs of

every order k ≥ 7 and prove that there is no non-trivial
−→
C4-irregular graph of smaller order. In

Section 4, we show that the minimal order of a non-trivial
−→
C3-irregular graph is 10, and we present

constructions of
−→
C3-irregular graphs of every order starting from 10. Finally, in Section 5, we state

the main result.
Note that in this paper, we denote the number of k-element subsets of an n-element set by Ck

n,

that is, for integers n ≥ k ≥ 0, Ck
n =

n!

k!(n − k)!
, where 0! = 1, m! = 1 · 2 · 3 · . . . · m if m is a

positive integer, and Ck
n = 0 otherwise.

2.
−→
Cn-irregular graphs in case n ≥ 5

Definition 3. Let l, n be integers such that l ≥ n ≥ 5. Consider the graph
−−−−→
A2l+2,n with the set

of vertices

V (
−−−−→
A2l+2,n) = V1 ∪ V2 ∪ {2l + 1, 2l + 2}, V1 = {1, 2, . . . , l}, V2 = {l + 1, l + 2, . . . , 2l},

and the set of arcs

A(
−−−−→
A2l+2,n) = {(i, j) | i, j ∈ V1, i < j} ∪ {(i, j) | i, j ∈ V2, i < j} ∪ {(2l + 1, i) | i ∈ V2}

∪ {(i, j) | i ∈ V2, j ∈ V1, i− j ≤ l}

∪ {(l, 2l + 1), (l + n− 2, 2l + 2), (2l + 2, 2l + 1)}.

For the sake of clarity, we place the vertices of the graph
−−−−−→
A2l+2, n on 3 levels as shown in Fig. 2.

In this case, the vertices of each level will be numbered in ascending order from left to right and so
that each vertex i ∈ V1 is located directly above the vertex l + i. Then, from each vertex of the top
and middle levels, there is an arc to any other vertex on the same level located to the right of it.
Furthermore, from any vertex i of the middle level, there is an arc to every vertex of the top level
located directly above it (vertex i − l) or to the right of i − l. From vertex l, there is exactly one
arc (l, 2l + 1). Finally, from vertex 2l + 1, there is an arc to every vertex of the middle level, and
vertex 2l + 2 is incident to exactly two arcs (l + n− 2, 2l + 2), (2l + 2, 2l + 1).

Definition 4. Let ai =
−→
Cn deg−−−−−→A2l+2, n

(i) for each i ∈ V (
−−−−−→
A2l+2, n).

Lemma 1. Let l, n be integers such that l ≥ n ≥ 5. Then the
−→
Cn-degrees of the vertices in the

graph
−−−−−→
A2l+2, n are equal to

1) ai = iCn−4

l−2
∀i ∈ {1, 2, . . . , l − 1};

2) al = lCn−3

l−1
;

3) ai = (2l − i)Cn−4

l−2
+ Cn−3

l−1
+ 1 ∀i ∈ {l + 1, l + 2, . . . , l + n− 2};

4) ai = (2l − i)Cn−4

l−2
+ Cn−3

l−1
∀i ∈ {l + n− 1, l + n, . . . , 2l};

5) a2l+1 = lCn−3

l−1
+ 1;

6) a2l+2 = 1.
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Fig. 2. Graph
−−−−−→
A2l+2, n.

Proof. In the proof of Lemma 1 and also in Corollary 1, any subgraph of the graph
−−−−−→
A2l+2, n

that is isomorphic to
−→
Cn will be called a contour. Let’s take a walk along the arcs of each contour,

following their direction. Based on the structure of
−−−−−→
A2l+2, n (see Fig. 2), the traversal of each contour

is subject to the following rules:

R1. On the top and middle levels of the graph
−−−−−→
A2l+2, n, movement is only possible from left to

right.

R2. Descent from the top level is only possible via the arc (l, 2l + 1).

R3. From any vertex i of the middle level, one can go along an arc to a vertex j of the top level
if and only if i− l ≤ j ≤ l.

R4. Descent from the middle level to the bottom level is only possible via the arc (l + n− 2, 2l + 2).

R5. From vertex 2l + 1, you can go along the arc to any vertex of the middle level, and only to
those vertices.

Proposition 1. There is exactly one contour containing vertex 2l + 2:

(l + 1, l + 2, . . . , l + n− 3, l + n− 2, 2l + 2, 2l + 1).

Proof. Based on the definition of
−−−−−→
A2l+2, n, every contour with vertex 2l + 2 must include the

arcs (l + n − 2, 2l + 2), (2l + 2, 2l + 1), and therefore cannot contain the arc (l, 2l + 1). Hence,
taking into account R2, such contours do not contain any top-level vertices. Then, by R1, R4, they
do not contain any vertices from the set {l + n− 1, l + n, . . . , 2l}. Thus, the vertices of each contour
containing 2l + 2 belong to the set V = {l + 1, l + 2, . . . , l + n− 2} ∪ {2l + 1, 2l + 2}. Clearly, there
is only one desired contour with vertices from V : (l + 1, l + 2, . . . , l + n− 2, 2l + 2, 2l + 1). �

By Proposition 1, a2l+2 = 1. Further, any contour without vertex 2l + 2 will be called a base

contour. From R1, R2, R4, R5 it follows that every base contour contains vertices l, 2l + 1 and at

least one vertex at the middle level of
−−−−−→
A2l+2, n.

Fix i ∈ V (
−−−−−→
A2l+2, n)\{2l + 2}. Let us call an [i, j]-contour any base contour with vertices i, j,

where j is the rightmost vertex of this contour in the middle level of
−−−−−→
A2l+2, n. It is easy to see that

the number of all base contours with vertex i is equal to the number of all [i, j]-contours, where

j ∈ {l + 1, l + 2, . . . , 2l}. Next, we say that an ordered pair of vertices [i, j] in
−−−−→
A2l+2,n is correct if

the following two conditions are satisfied:

j ∈ {l + 1, l + 2, . . . , 2l} and i = 2l + 1 or 0 ≤ j − i ≤ l,

and incorrect otherwise.
From R1–R4 and the definition of an [i, j]-contour, one can conclude that for any incorrect pair

[i, j] there is no [i, j]-contour.
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Proposition 2. For every correct pair [i, j], the number of [i, j]-contours is equal to Cn−3

l−1
if

i ∈ {l, 2l + 1, j}, and Cn−4

l−2
otherwise.

Proof. Let [i, j] be a correct pair. Based on R1-R4 and the definition of an [i, j]-contour, we
conclude that the vertices of any [i, j]-contour belong to the following set:

Vj = {j − l, j − l + 1, . . . , j} ∪ {2l + 1}.

Now, let’s consider two cases for i.

Case 1. i ∈ {l, 2l + 1, j}. First of all, we note that any [l, j]-contour has exactly 3 fixed
vertices l, j, 2l + 1, and the remaining n − 3 vertices for such contours can be chosen in Cn−3

l−1

ways from the set Vj\{l, j, 2l + 1}. Next, we show that from any n − 3 selected vertices, together
with the vertices l, j, 2l + 1, it is possible to construct exactly one [l, j]-contour, unique for each
set of n − 3 selected vertices. It is indeed true that if for some positive integer x ≤ n − 2, the
vertices u1 < u2 < . . . < ux = l belong to the set {j − l, j − l + 1, . . . , l}, and the vertices
v1 < v2 < . . . < vn−1−x = j belong to the set {l + 1, l + 2, . . . , j}, then, taking into account R1-R5,
we can construct only one unique [l, j]-contour with vertices u1, u2, . . . , ux, v1, v2, . . . , vn−x−1, 2l + 1:
(u1, u2, . . . , ux, 2l + 1, v1, v2, . . . , vn−x−1). Hence, the number of [l, j]-contours is equal to Cn−3

l−1
. It

remains to be noted that every [j, j]-contour and every [2l + 1, j]-contour is also an [l, j]-contour,
and vice versa. Therefore, the number of [j, j]-contours, as well as the number of [2l + 1, j]-contours,
is equal to Cn−3

l−1
.

Case 2. i /∈ {l, 2l + 1, j}. In this case, any [i, j]-contour has exactly 4 fixed vertices i, j, l, 2l + 1,
and the remaining n − 4 vertices for such contours can be chosen in Cn−4

l−2
ways from the set

Vj\{i, j, l, 2l + 1}. Similarly to case 1, it can be proven that from any n− 4 selected vertices and the
vertices i, j, l, 2l + 1, one can form exactly one [i, j]-contour, with different selections corresponding
to different [i, j]-contours. Thus, the number of [i, j]-contours is Cn−4

l−2
if i /∈ {l, 2l + 1, j}. �

Let us assume that i ∈ {1, 2, . . . , l − 1}. By definition, [i, j] is a correct pair if and only if
j ∈ {l + 1, l + 2, . . . , l + i}. Thus, taking into account Propositions 1, 2, we find ai:

ai =

l+i∑

j=l+1

Cn−4

l−2
= iCn−4

l−2
∀i ∈ {1, 2, . . . , l − 1}.

If i ∈ {l + 1, l + 2, . . . , 2l}, then a pair [i, j] will be correct if and only if j ∈ {i, i + 1, . . . , 2l}.
Hence, by Propositions 1, 2, we calculate ai:

ai = Cn−3

l−1
+

2l∑

j=i+1

Cn−4

l−2
+ 1 = (2l − i)Cn−4

l−2
+ Cn−3

l−1
+ 1 ∀i ∈ {l + 1, l + 2, . . . , l + n− 2},

ai = Cn−3

l−1
+

2l∑

j=i+1

Cn−4

l−2
= (2l − i)Cn−4

l−2
+ Cn−3

l−1
∀i ∈ {l + n− 1, l + n, . . . , 2l}.

To find al, we notice that a pair [l, j] is correct if and only if j ∈ {l + 1, l + 2, . . . , 2l}. Then,
based on Propositions 1, 2, we get

al =
2l∑

j=l+1

Cn−3

l−1
= lCn−3

l−1
.

Finally, we compute a2l+1. Since each base contour has vertices l, 2l + 1, and by Proposition 1,
the contour with vertex 2l + 2 contains vertex 2l + 1 and does not contain vertex l, then

a2l+1 = al + 1 = lCn−3

l−1
+ 1. �
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Corollary 1. Let l ≥ n ≥ 5 be integers. Then the following inequalities are true:

1) 1 < a1 < a2 < a3 < . . . < al−1;

2) al+1 > al+2 > al+3 > . . . > a2l > 1;

3) a2l+1 > al > al+1 > al−1.

Proof. Inequalities 1), 2), as well as the inequalities a2l+1 > al and al+1 > al−1, follow directly

from Lemma 1. Let’s show that al > al+1. By the proof of Lemma 1, every contour in
−−−−−→
A2l+2, n

except one contains vertex l. On the other hand, two contours (l, 2l + 1, l + 2, l + 3, . . . , l + n − 1)
and (l, 2l + 1, l + 3, l + 4, . . . , l + n) do not contain vertex l + 1. Hence, al > al+1. �

Lemma 2. Let l ≥ n ≥ 5 be integers and l − 1 is not divisible by n − 3. Then ai 6= aj for all

i ∈ V1\{l}, j ∈ V2.

Proof. Suppose, for the contrary, that ai = aj for some i ∈ V1\{l}, j ∈ V2. We distinguish two
cases for j.

Case 1. Let j ∈ {l + n− 1, l + n, . . . , 2l}. By Lemma 1, for integers l ≥ n ≥ 5, we have

ai = aj ⇐⇒ iCn−4

l−2
= (2l − j)Cn−4

l−2
+Cn−3

l−1

⇐⇒ (i+ j − 2l)
(l − 2)!

(n − 4)!(l − n+ 2)!
=

(l − 1)!

(n− 3)!(l − n+ 2)!

⇐⇒ (i+ j − 2l)(n − 3) = l − 1.

It follows from the last equality that l − 1 is divisible by n − 3, which contradicts the condition of
Lemma 2. From this we conclude that ai 6= aj for all i ∈ V1\{l}, j ∈ {l + n− 1, l + n, . . . , 2l}.

Case 2. Let j ∈ {l + 1, l + 2, . . . , l + n− 2}. Based on Lemma 1, for integers l ≥ n ≥ 5, we can
equivalently transform the equality ai = aj as follows:

ai = aj ⇐⇒ iCn−4

l−2
= (2l − j)Cn−4

l−2
+Cn−3

l−1
+ 1

⇐⇒ (i+ j − 2l)
(l − 2)!

(n− 4)!(l − n+ 2)!
=

(l − 1)!

(n− 3)!(l − n+ 2)!
+ 1

⇐⇒ (i+ j − 2l)(n − 3)− l + 1 =
(n− 3)!(l − n+ 2)!

(l − 2)!
.

From the last equality we obtain that the fraction
(n− 3)!(l − n+ 2)!

(l − 2)!
must be an integer for integers

l ≥ n ≥ 5. However, this is not true since for the given l and n, the following estimate holds:

0 <
(n− 3)!(l − n+ 2)!

(l − 2)!
=

(n− 3)!

(l − n+ 3)(l − n+ 4) . . . (l − 2)
≤

(n− 3)!

3 · 4 · . . . · (n − 2)
=

2

n− 2
< 1.

Consequently, ai 6= aj for all i ∈ V1\{l}, j ∈ {l + 1, l + 2, . . . , l + n− 2}. �

Theorem 1. For any integers l, n with l ≥ n ≥ 5 and l − 1 is not divisible by n− 3, the graph
−−−−−→
A2l+2, n is

−→
Cn-irregular.

Proof. Let l ≥ n ≥ 5 be integers and l − 1 is not divisible by n − 3. Let us prove that the

graph
−−−−−→
A2l+2, n is

−→
Cn-irregular.

First of all, we note that by Corollary 1, in each of the sets V1\{l} and V2, the vertices have

different
−→
Cn-degrees. Furthermore, based on Lemma 1 and Corollary 1, we conclude that in the

graph
−−−−−→
A2l+2, n vertex 2l + 1 has the largest

−→
Cn-degree, vertex l has the second largest, and vertex

2l + 2 has the smallest
−→
Cn-degree. Finally, by Lemma 2, any two vertices, one of which belongs

to the set V1\{l} and the other to the set V2, also have different
−→
Cn-degrees in

−−−−−→
A2l+2, n. Thus, the

−→
Cn-degrees of all vertices in

−−−−−→
A2l+2, n are pairwise distinct. Hence, the graph

−−−−−→
A2l+2, n is

−→
Cn-irregular. �

Corollary 2. For each integer n ≥ 5, there are infinitely many
−→
Cn-irregular oriented graphs.



On
−→
Cn-irregular oriented graphs 7

3. On the order of
−→
C4-irregular graphs

In this section, we focus our efforts on determining all values of k for which there exists a
−→
C4-irregular graph of order k.

Definition 5. In our work, every graph that is isomorphic to
−→
C4 will be called a quadrangle.

3.1.
−→
C4-irregular graph of order 7

Definition 6. Let’s define the graph
−→
B7 (see Fig. 3) as follows:

V (
−→
B7) = {1, 2, . . . , 7}, A(

−→
B7) = {(1, 6), (2, 6), (3, 7), (4, 2), (4, 3), (4, 6), (5, 1), (5, 2)}

∪ {(5, 3), (5, 4), (5, 6), (6, 3), (6, 7), (7, 4), (7, 5)}.

Fig. 3. Graph
−→
B7.

Lemma 3. The graph
−→
B7 is

−→
C4-irregular.

Proof. It is easy to see that the graph
−→
B7 contains exactly 7 quadrangles: (1, 6, 7, 5),

(2, 6, 7, 4), (2, 6, 7, 5), (3, 7, 4, 6), (3, 7, 5, 4), (3, 7, 5, 6), (4, 6, 7, 5). The
−→
C4-degrees of all vertices in

−→
B7

are listed in Table 1. Since they are distinct,
−→
B7 is a

−→
C4-irregular graph. �

3.2.
−→
C4-irregular graph of order 8

Definition 7. Consider the graph
−→
B8 (see Fig. 4) with the set of vertices V (

−→
B8) = {1, 2, . . . , 8}

and the set of arcs

A(
−→
B8) = {(1, 2), (1, 3), (2, 3), (3, 7), (3, 8), (4, 1), (4, 2), (4, 3), (4, 5), (4, 6), (4, 8), (5, 2)}

∪ {(5, 3), (5, 6), (5, 8), (6, 3), (6, 8), (7, 2), (7, 4), (7, 5), (7, 6), (8, 1), (8, 7)}.

Remark 1. Here and below, when depicting graphs, an arc with a direction from the set of
vertices X to the set of vertices Y will denote the set of arcs {(x, y) | x ∈ X, y ∈ Y }. For example, in

Fig. 4, the arc with direction from vertex 7 to the set of vertices {4, 5, 6} implies that the graph
−→
B8

contains the arcs (7, 4), (7, 5), (7, 6).

Table 1.
−→
C4-degrees of vertices in graph

−→
B7

vertex 1 2 3 4 5 6 7
−→
C4-degree 1 2 3 4 5 6 7
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Fig. 4. Graph
−→
B8.

Lemma 4. The graph
−→
B8 is

−→
C4-irregular.

Proof. There are exactly 14 quadrangles in the graph
−→
B8: (1, 2, 3, 8), (1, 3, 7, 4), (2, 3, 7, 4),

(2, 3, 7, 5), (2, 3, 8, 7), (3, 7, 4, 5), (3, 7, 4, 6), (3, 7, 5, 6), (3, 8, 7, 4), (3, 8, 7, 5), (3, 8, 7, 6), (4, 5, 8, 7),

(4, 6, 8, 7), (5, 6, 8, 7). Next, from Table 2 we obtain that the
−→
C4-degrees of the vertices in

−→
B8 are

pairwise distinct. Therefore,
−→
B8 is a

−→
C4-irregular graph. �

Table 2.
−→
C4-degrees of vertices in graph

−→
B8

vertex 1 2 3 4 5 6 7 8
−→
C4-degree 2 4 11 7 6 5 13 8

3.3.
−→
C4-irregular graph of order 10

Definition 8. We define the graph
−−→
B10 (see Fig. 5) of order 10 by: V (

−−→
B10) = {1, 2, . . . , 10},

A(
−−→
B10) = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), (3, 10), (4, 9), (5, 1), (5, 2), (5, 3), (5, 4)}

∪ {(5, 6), (5, 7), (5, 8), (5, 10), (6, 2), (6, 3), (6, 4), (6, 7), (6, 8), (6, 10), (7, 3)}

∪ {(7, 4), (7, 8), (7, 10), (8, 4), (8, 10), (9, 5), (9, 6), (9, 7), (9, 8), (10, 4), (10, 9)}.

Fig. 5. Graph
−−→
B10.
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Lemma 5. The graph
−−→
B10 is

−→
C4-irregular.

Proof. Let’s list all the quadrangles of the graph
−−→
B10: (1, 4, 9, 5), (2, 4, 9, 5), (2, 4, 9, 6),

(3, 4, 9, 5), (3, 4, 9, 6), (3, 4, 9, 7), (3, 10, 9, 5), (3, 10, 9, 6), (3, 10, 9, 7), (4, 9, 5, 6), (4, 9, 5, 7), (4, 9, 5, 8),
(4, 9, 5, 10), (4, 9, 6, 7), (4, 9, 6, 8), (4, 9, 6, 10), (4, 9, 7, 8), (4, 9, 7, 10), (4, 9, 8, 10), (5, 6, 10, 9),
(5, 7, 10, 9), (5, 8, 10, 9), (6, 7, 10, 9), (6, 8, 10, 9), (7, 8, 10, 9).

From Table 3 it follows that
−−→
B10 is a

−→
C4-irregular graph. �

Table 3.
−→
C4-degrees of vertices in graph

−−→
B10

vertex 1 2 3 4 5 6 7 8 9 10
−→
C4-degree 1 2 6 16 11 10 9 7 25 13

3.4.
−→
C4-irregular graphs of even order greater than 10

In this subsection, we present a
−→
C4-irregular graph of order k for every even k ≥ 12.

Definition 9. Let l ≥ 5 be an integer. Consider the graph
−−−→
B2l+2 (see Fig. 6) defined by:

V (
−−−→
B2l+2) = V1 ∪ V2 ∪ {2l + 1, 2l + 2}, V1 = {1, 2, . . . , l}, V2 = {l + 1, l + 2, . . . , 2l};

A(
−−−→
B2l+2) = {(i, j) | i, j ∈ V1, i < j} ∪ {(i, j) | i, j ∈ V2, i < j} ∪ {(2l + 1, i) | i ∈ V2}

∪ {(i, 2l + 2) | i ∈ V2} ∪ {(i, j) | i ∈ V2, j ∈ V1, i− j ≤ l}

∪ {(l, 2l + 1), (2l + 2, l), (2l + 2, 2l + 1)}.

Fig. 6. Graph
−−−→
B2l+2.

Definition 10. Let bi =
−→
C4 deg−−−→B2l+2

(i) for all i ∈ V (
−−−→
B2l+2).

Lemma 6. For each integer l ≥ 5,
−→
C4-degrees of vertices in

−−−→
B2l+2 are equal to

1) bi = i ∀i ∈ {1, 2, . . . , l − 1};

2) bl = l2;

3) bi = 4l − i− 1 ∀i ∈ {l + 1, l + 2, . . . , 2l};

4) b2l+1 = l(3l − 1)/2;

5) b2l+2 = l(l + 1)/2.
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Proof. We denote by x, y, z the numbers of quadrangles in the graph
−−−→
B2l+2 that contain the

arcs (2l + 2, l), (2l + 2, 2l + 1), and (l, 2l + 1), respectively.
Calculate x, y, z. First of all, we note that every quadrangle with the arc (2l + 2, l) contains the

arc (l, 2l + 1) and has the form (l, 2l + 1, u, 2l + 2), where u ∈ {l + 1, l + 2, . . . , 2l}. Thus, x = l.
Furthermore, the set of all quadrangles with the arc (2l + 2, 2l + 1) is {(u, v, 2l + 2, 2l + 1)},

where u, v ∈ {l + 1, l + 2, . . . , 2l}, u < v. It follows from this that y = C2
l = l(l − 1)/2.

To find z, we partition the quadrangles with the arc (l, 2l + 1) into three groups. The first
group consists of l quadrangles of the form (l, 2l + 1, u, 2l + 2), where u ∈ {l + 1, l + 2, . . . , 2l}.
The second group contains exactly C2

l = l(l − 1)/2 quadrangles of the form (l, 2l + 1, u, v), where
u, v ∈ {l + 1, l + 2, . . . , 2l}, u < v. The third group contains quadrangles of the form (u, l, 2l + 1, v)
with u ∈ {1, 2, . . . , l − 1}, v ∈ {l + 1, l + 2, . . . , l + u}, and their number equals

∑l−1

u=1
u = l(l − 1)/2.

Thus, z = l + l(l − 1)/2 + l(l − 1)/2 = l2.

Let us find bl. It is clear that every quadrangle in
−−−→
B2l+2 that contains vertex l also has the arc

(l, 2l + 1) and vice versa. Therefore, bl = z = l2.

Next we find b2l+1. From the construction of the graph
−−−→
B2l+2, it follows that

b2l+1 = y + z =
l(l − 1)

2
+ l2 =

l(3l − 1)

2
.

Now let’s calculate b2l+2. It is easy to see that

b2l+2 = x+ y = l +
l(l − 1)

2
=

l(l + 1)

2
.

Let us fix i ∈ {1, 2, . . . , l − 1}. It is obvious that all quadrangles in
−−−→
B2l+2 with vertex i have the

form (i, l, 2l + 1, j), where j ∈ {l + 1, l + 2, . . . , l + i}. From this we conclude that

bi = i ∀i ∈ {1, 2, . . . , l − 1}.

To complete the proof of Lemma 6, consider i ∈ {l + 1, l + 2, . . . , 2l}. In
−−−→
B2l+2, one can

distinguish exactly six types of quadrangles with vertex i.

Type 1: (j, l, 2l + 1, i), j ∈ {i − l, i − l + 1, . . . , l − 1}. Here and below we assume that the set

{a, a+ 1, . . . , b} of consecutive vertices a, a+ 1, . . . , b in
−−−→
B2l+2 is empty if a > b. There are

2l − i quadrangles of type 1.

Type 2: (l, 2l + 1, j, i), j ∈ {l + 1, l + 2, . . . , i− 1}.
−−−→
B2l+2 contains i− l − 1 quadrangles of type 2.

Type 3: (l, 2l + 1, i, j), j ∈ {i+ 1, i + 2, . . . , 2l}. We have 2l − i such quadrangles.

Type 4: (i, j, 2l + 2, 2l + 1), j ∈ {i+ 1, i + 2, . . . , 2l}. There are 2l − i of them.

Type 5: (j, i, 2l + 2, 2l + 1), j ∈ {l + 1, l + 2, . . . , i− 1}. We have i− l − 1 quadrangles of type 5.

Type 6: (l, 2l + 1, i, 2l + 2). There is exactly one quadrangle of this type.

Summing these contributions, we obtain:

bi = 3(2l − i) + 2(i− l − 1) + 1 = 4l − i− 1 ∀i ∈ {l + 1, l + 2, . . . , 2l}. �

Theorem 2. For every integer l ≥ 5, the graph
−−−→
B2l+2 is

−→
C4-irregular.

Proof. Let l ≥ 5 be an integer. Let’s consider the graph
−−−→
B2l+2. By Lemma 6, we infer that the

−→
C4-degrees of the vertices in

−−−→
B2l+2 are pairwise distinct:

b1 < b2 < . . . < bl−1 = l − 1 < 2l − 1 = b2l < b2l−1 < b2l−2 < . . . < bl+1,

bl+1 = 3l − 2 <
l(l + 1)

2
= b2l+2 < bl = l2 <

l(3l − 1)

2
= b2l+1.

Hence, the graph
−−−→
B2l+2 is

−→
C4-irregular. �

Corollary 3. The number of
−→
C4-irregular oriented graphs is infinite.
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3.5. Criterion for the existence of a
−→
C4-irregular graph of order k

Theorem 3. There exists a nontrivial
−→
C4-irregular graph of order k if and only if k is an integer

and k ≥ 7.

Proof. Sufficiency. For k = 7 and any even k ≥ 8, by Lemmas 3–5 and Theorem 2, there exists

a
−→
C4-irregular graph

−→
Bk of order k. It is easy to see that all vertices of such graphs have positive

−→
C4-degrees. Therefore, a

−→
C4-irregular graph of odd order k ≥ 9 can be constructed by adding an

isolated vertex to the graph
−−−→
Bk−1 . The sufficiency is proven.

Necessity. Let us assume the opposite, that there exists a non-trivial
−→
C4-irregular graph H of

order k < 7. Clearly, k ∈ {4, 5, 6}. It is easily verified that any graph of order 4 contains at most
one quadrangle. Therefore, k 6= 4.

If k = 5, then for each v ∈ V (H), there are exactly four 4-element subsets of V (H)
containing v. Since the vertices of each such subset belong to at most one quadrangle in H, we

have
−→
C4 degH(v) ≤ 4. Therefore, in the

−→
C4-irregular graph H of order 5, there is a vertex u with

−→
C4 degH(u) = 0. Given that at most one quadrangle can be formed from the vertices of the set

V (H) \ {u}, we obtain that the
−→
C4-degrees of all vertices in H are at most 1. Contradiction.

Finally, if k = 6, consider two vertices, x and y, in the graph H, with maximum and minimum
−→
C4-degrees a and b, respectively. It is clear that a ≥ b+ 5. Next, remove vertex y from H, and let the
resulting graph of order 5 be denoted by H1. In this case, the total number of quadrangles decreases

by exactly b. Therefore,
−→
C4 degH1

(x) ≥ a− b ≥ 5. However, as previously noted, the
−→
C4-degree of a

vertex in a graph of order 5 cannot exceed 4. This yields a contradiction.

From the foregoing, it follows that k is an integer and k ≥ 7. The necessity has been proven. �

4. On
−→
C3-irregular graphs

We continue our investigation by examining
−→
C3-irregular graphs. We address the question of

what values the order of a
−→
C3-irregular graph can have.

Definition 11. In this section, every graph isomorphic to
−→
C3 is called a triangle.

4.1.
−→
C3-irregular graph of order 10

Definition 12. Consider the graph
−−→
D10 with the set of vertices V (

−−→
D10) = {1, 2, . . . , 10} and

the set of arcs

A(
−−→
D10) = {(1, 3), (1, 4), (1, 9), (2, 3), (2, 4), (2, 9), (3, 8), (3, 9), (3, 10), (4, 3), (4, 9), (4, 10)}

∪ {(5, 1), (5, 2), (5, 3), (5, 4), (5, 6), (6, 2), (6, 3), (6, 4), (6, 7), (7, 3), (7, 4), (7, 5)}

∪ {(8, 4), (9, 5), (9, 6), (9, 7), (9, 8), (9, 10), (10, 1), (10, 2), (10, 5), (10, 6)}.

We depict graph
−−→
D10 in Fig. 7. In Section 4, we also use the notation from Remark 1.

Lemma 7. The graph
−−→
D10 is

−→
C3-irregular.

Proof. Let’s list all the triangles in
−−→
D10: (1, 3, 10), (1, 4, 10), (1, 9, 5), (1, 9, 10), (2, 3, 10),

(2, 4, 10), (2, 9, 5), (2, 9, 6), (2, 9, 10), (3, 8, 4), (3, 9, 5), (3, 9, 6), (3, 9, 7), (3, 10, 5), (3, 10, 6), (4, 9, 5),
(4, 9, 6), (4, 9, 7), (4, 9, 8), (4, 10, 5), (4, 10, 6), (5, 6, 7).

Based on Table 4, we conclude that
−−→
D10 is a

−→
C3-irregular graph. �
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Fig. 7. Graph
−−→
D10.

Table 4.
−→
C3-degrees of vertices in graph

−−→
D10

vertex 1 2 3 4 5 6 7 8 9 10
−→
C3-degree 4 5 8 9 7 6 3 2 12 10

4.2.
−→
C3-irregular graph of order 12

Definition 13. We define the graph
−−→
D12 (see Fig. 8) as follows: V (

−−→
D12) = {1, 2, . . . , 12},

A(
−−→
D12) = {(1, 3), (1, 4), (1, 9), (2, 3), (2, 4), (2, 9), (3, 4), (3, 9), (3, 10), (4, 9), (4, 10)}

∪ {(4, 12), (5, 1), (5, 2), (5, 3), (5, 4), (6, 2), (6, 3), (6, 4), (7, 3), (7, 4), (8, 4)}

∪ {(9, 5), (9, 6), (9, 7), (9, 8), (9, 11), (10, 1), (10, 2), (10, 5), (10, 6), (10, 9)}

∪ {(10, 12), (11, 10), (12, 1), (12, 2), (12, 3), (12, 5), (12, 6), (12, 7), (12, 8)}.

Fig. 8. Graph
−−→
D12.
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Lemma 8. The graph
−−→
D12 is

−→
C3-irregular.

Proof. It is not difficult to verify that
−−→
D12 contains exactly 27 triangles: (1, 3, 10), (1, 4, 10),

(1, 4, 12), (1, 9, 5), (2, 3, 10), (2, 4, 10), (2, 4, 12), (2, 9, 5), (2, 9, 6), (3, 4, 12), (3, 9, 5), (3, 9, 6), (3, 9, 7),
(3, 10, 5), (3, 10, 6), (3, 10, 12), (4, 9, 5), (4, 9, 6), (4, 9, 7), (4, 9, 8), (4, 10, 5), (4, 10, 6), (4, 12, 5),

(4, 12, 6), (4, 12, 7), (4, 12, 8), (9, 11, 10). From Table 5 it follows that
−−→
D12 is a

−→
C3-irregular graph. �

Table 5.
−→
C3-degrees of vertices in graph

−−→
D12

vertex 1 2 3 4 5 6 7 8 9 10 11 12
−→
C3-degree 4 5 9 15 7 6 3 2 11 10 1 8

4.3.
−→
C3-irregular graphs of order k ≥ 14, k ≡ 2 (mod 4)

In this subsection, for every integer k ≥ 14 with k ≡ 2 (mod 4), we construct a
−→
C3-irregular

graph of order k.

Definition 14. For an arbitrary integer m ≥ 3, consider the graph
−−−−→
D4m+2, which is shown in

Fig. 9 and given by the following vertex and arc sets:

V (
−−−−→
D4m+2) = V1 ∪ V2 ∪ V3 ∪ V4 ∪ {4m+ 1, 4m+ 2}, where

V1 = {1, 2, . . . ,m}, V2 = {m+ 1,m+ 2, . . . , 2m},

V3 = {2m+ 1, 2m + 2, . . . , 3m}, V4 = {3m+ 1, 3m+ 2, . . . , 4m};

A(
−−−−→
D4m+2) = {(i, j) | i ∈ V1, j ∈ V2} ∪ {(i, j) | i− j ≤ 2m, i ∈ (V3 ∪ V4), j ∈ (V1 ∪ V2)}

∪ {(i, 4m + 1) | i ∈ (V1 ∪ V2)} ∪ {(4m+ 1, i) | i ∈ (V3 ∪ V4)}

∪ {(i, 4m + 2) | i ∈ V2} ∪ {(4m + 2, i) | i ∈ (V1 ∪ V3)}.

Fig. 9. Graph
−−−−→
D4m+2.

Definition 15. Let di =
−→
C3 deg−−−−→D4m+2

(i) for each i ∈ V (
−−−−→
D4m+2).
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Lemma 9. For every integer m ≥ 3, the
−→
C4-degrees of the vertices in

−−−−→
D4m+2 are equal to

1) di = m+ i ∀i ∈ V1;

2) di = 2m+ i ∀i ∈ V2;

3) di = 5m− i+ 1 ∀i ∈ V3;

4) di = 4m− i+ 1 ∀i ∈ V4;

5) d4m+1 = 2m2 +m;

6) d4m+2 = 2m2.

Proof. Let’s fix an integer m ≥ 3 and consider the graph
−−−−→
D4m+2.

First of all, note that each vertex i ∈ V1 belongs to exactly two types of triangles in
−−−−→
D4m+2:

(i, j, 4m + 2), where j ∈ V2, and (i, 4m+ 1, j), where j ∈ {2m+ 1, 2m + 2, . . . , 2m+ i}. Thus,

di = |V2|+ i = m+ i ∀i ∈ V1.

Next, let i ∈ V2. Observe that
−−−−→
D4m+2 contains exactly two types of triangles with vertex i:

(i, 4m + 2, j), where j ∈ (V1 ∪ V3), and (i, 4m + 1, j), where j ∈ {2m + 1, 2m + 2, . . . , 2m + i}.
Hence,

di = |V1 ∪ V3|+ i = 2m+ i ∀i ∈ V2.

If i ∈ V3, there are exactly two types of triangles in
−−−−→
D4m+2 containing vertex i: (i, j, 4m + 1),

where j ∈ {i− 2m, i− 2m+ 1, . . . , 2m}, and (i, j, 2m + 2), where j ∈ V2. This yields

di = 4m− i+ 1 + |V2| = 4m− i+ 1 +m = 5m− i+ 1 ∀i ∈ V3.

Now consider i ∈ V4. Since vertex i in the graph
−−−−→
D4m+2 belongs only to triangles of the form

(i, j, 4m + 1), where j ∈ {i− 2m, i − 2m+ 1, . . . , 2m}, we have

di = 4m− i+ 1 ∀i ∈ V4.

Let’s find d4m+2. Since all triangles in the graph
−−−−→
D4m+2 containing vertex 4m + 2 are of the

form (u, v, 4m + 2), where u ∈ V1 ∪ V3 and v ∈ V2, it follows that

d4m+2 = |V1 ∪ V3| · |V2| = 2m ·m = 2m2.

To find d4m+1, we note that in the graph
−−−−→
D4m+2, all triangles of the form (u, 4m + 1, v), where

u ∈ (V1 ∪ V2), v ∈ {2m+ 1, 2m + 2, . . . , 2m+ u}, and only these, contain vertex 4m+ 1. Thus,

d4m+1 =

2m∑

u=1

u = 2m2 +m. �

Theorem 4. For every integer m ≥ 3, the graph
−−−−→
D4m+2 is

−→
C3-irregular.

Proof. Let’s fix an integer m ≥ 3 and consider the graph
−−−−→
D4m+2.

Next, for each i ∈ {1, 2, 3, 4}, we denote by X(Vi) the set of
−→
C3-degrees of all vertices from Vi

in the graph
−−−−→
D4m+2. From Lemma 9, it follows that

X(V4) = {1, 2, . . . ,m}, X(V1) = {m+ 1,m+ 2, . . . , 2m},

X(V3) = {2m+ 1, 2m+ 2, . . . , 3m}, X(V2) = {3m+ 1, 3m+ 2, . . . , 4m},

4m < 2m2 = d4m+2 < d4m+1 = 2m2 +m

Thus, the
−→
C3-degrees of all vertices in

−−−−→
D4m+2 are distinct, and hence

−−−−→
D4m+2 is

−→
C3-irregular. �

Corollary 4. The number of
−→
C3-irregular oriented graphs is infinite.
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4.4.
−→
C3-irregular graphs of order k ≥ 16, k ≡ 0 (mod 4)

We now exhibit a
−→
C3-irregular graph of order k for each k ≥ 16 divisible by 4.

Definition 16. Let m ≥ 3 be an integer. We define the graph
−−−−→
D4m+4 as follows:

V (
−−−−→
D4m+4) = V (

−−−−→
D4m+2) ∪ {4m+ 3, 4m+ 4},

A(
−−−−→
D4m+4) = A(

−−−−→
D4m+2) ∪ {(i, 2m) | i ∈ (V2 \ {2m})}

∪ {(4m + 3, i) | i ∈ ({1, 2, . . . , 4m} \ {2m})} ∪ {(2m, 4m + 3)}

∪ {(2m − 2, 2m− 1), (2m − 1, 4m+ 4), (4m + 4, 2m− 2)}.

The graph
−−−−→
D4m+4 is illustrated in Fig. 10. Note that in this case, we show schematically the set

of arcs {(i, j) | i− j ≤ 2m, i ∈ (V3 ∪ V4), j ∈ (V1 ∪ V2)}.

Fig. 10. Graph
−−−−→
D4m+4.

Definition 17. Let d∗i =
−→
C3 deg−−−−→D4m+4

(i) for all i ∈ V (
−−−−→
D4m+4).

Lemma 10. Let m ≥ 3 be an integer. For
−→
C3-degrees of the vertices in

−−−−→
D4m+4, the following

equalities are hold:

1) d∗i = di + 1 ∀i ∈ {1, 2, . . . , 4m} \ {2m− 2, 2m− 1, 2m};

2) d∗i = di + 2 ∀i ∈ {2m− 1, 2m− 2};

3) d∗2m = d2m + 4m− 1;

4) d∗i = di ∀i ∈ {4m+ 1, 4m + 2};

5) d∗4m+3 = 4m− 1;

6) d∗4m+4 = 1.

Proof. By construction, every triangle in
−−−−→
D4m+2 is also a triangle in

−−−−→
D4m+4. Furthermore,

−−−−→
D4m+4 contains exactly 4m new triangles that do not belong to

−−−−→
D4m+2: (2m− 2, 2m − 1, 4m + 4),

and 4m − 1 triangles of the form (i, 2m, 4m + 3), where i ∈ ({1, 2, . . . , 4m} \ {2m}). This ensures
the validity of Lemma 10. �
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Theorem 5. Let m ≥ 3 be an integer. The graph
−−−−→
D4m+4 is

−→
C3-irregular.

Proof. For each H ⊆ V (
−−−−→
D4m+4), we denote by X∗(H) the set of

−→
C3-degrees of all vertices from

H in the graph
−−−−→
D4m+4. From Lemmas 9, 10 it follows that

d∗4m+4 = 1,

X∗(V4) = {2, 3, . . . ,m+ 1},

X∗(V1) = {m+ 2,m+ 3, . . . , 2m+ 1},

X∗(V3) = {2m+ 2, 2m+ 3, . . . , 3m+ 1},

X∗({m+ 1,m+ 2, . . . , 2m− 3}) = {3m+ 2, 3m+ 3, . . . , 4m− 2} for m ≥ 4,

d∗4m+3 = 4m− 1, d∗2m−2 = 4m, d∗2m−1 = 4m+ 1,

d∗2m = 8m− 1, d∗4m+2 = 2m2, d∗4m+1 = 2m2 +m.

Obviously, the vertices from the set V (
−−−−→
D4m+4) \ {2m, 4m + 1, 4m + 2} have different

−→
C3-degrees

in
−−−−→
D4m+4. In addition,

d∗i > d∗j ∀i ∈ {2m, 4m+ 1, 4m + 2}, j ∈ V (
−−−−→
D4m+4)\{2m, 4m + 1, 4m + 2}.

Next, if m = 3, then d∗4m+2 < d∗4m+1 < d∗2m. If m ≥ 4, then d∗2m < d∗4m+2 < d∗4m+1. From the

above we conclude that the graph
−−−−→
D4m+4 is

−→
C3-irregular. �

4.5. Criterion for the existence of a
−→
C3-irregular graph of order k

In this subsection, we will finally answer the question concerning the order of a
−→
C3-irregular

graph (Theorem 6), and for this, we will need two additional lemmas.

Lemma 11. Let G be a graph of order k and v ∈ V (G). Then

−→
C3 degG(v) ≤

1

4
(k − 1)2.

Proof. Note that any triangle in G with a vertex v has a pair of arcs (u, v), (v,w), where
u,w ∈ V (G). On the other hand, for any two arcs (u, v), (v,w) ∈ A(G), there is at most one
triangle in G containing these arcs. Therefore

−→
C3 degG(v) ≤ deg+G(v) · deg

−
G(v) ≤ deg+G(v)(k − 1− deg+G(v)) ≤

1

4
(k − 1)2. �

Definition 18. For any graph G, let S(G) denote the sum of the
−→
C3-degrees of all its vertices.

For every positive integer k, let Sk be the maximum value of S(G) among all graphs G of order k.

Lemma 12. S5 = 15, S6 = 24.

Proof. Figure 11 shows the graphs G1 and G2 of order 5 and 6, respectively, with S(G1) = 15,
S(G2) = 24. Hence, it suffices to verify that S5 ≤ 15 and S6 ≤ 24.

To prove S5 ≤ 15, assume for contradiction that there exists a graph L of order 5 with

S(L) > 15. Then L has a vertex v with
−→
C3 degL(v) ≥ 4, otherwise S(L) ≤ 5 · 3 = 15. Since

−→
C3 degL(v) ≤ 4 by Lemma 11, we have

−→
C3 degL(v) = 4, which implies deg+L (v) = deg−L (v) = 2.

Let (v, a), (v, b), (c, v), (d, v) ∈ A(L). Then (a, c), (a, d), (b, c), (b, d) ∈ A(L), and the subgraph of L
induced by the set of vertices {a, b, c, d} is triangle-free. Thus, L contains exactly 4 triangles, i.e.,
S(L) = 4 · 3 = 12. This contradicts the assumption S(L) > 15, showing that S5 ≤ 15.
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Fig. 11. Graph G1 with |G1| = 5, S(G1) = 15 and graph G2 with |G2| = 6, S(G2) = 24.

To prove S6 ≤ 24, assume S(M) > 24 for some graph M of order 6. Then M has a vertex u

with
−→
C3 degM (u) ≥ 5, otherwise S(M) ≤ 6 · 4 = 24. Thus, {deg+M (u),deg−M (u)} = {2, 3}. Without

loss of generality, let deg+M (u) = 3 and deg−M (u) = 2. With (u, a), (u, b), (u, c), (d, u), (e, u) ∈ A(M),
assume for definiteness that (a, d), (a, e), (b, d), (b, e), (c, d) ∈ A(M). Then all triangles in M , except
(a, d, u), (a, e, u), (b, d, u), (b, e, u), (c, d, u), belong to the set

A = {(a, b, c), (a, c, b), (a, e, c), (b, e, c), (c, d, e), (c, e, u)}.

It is clear that in each of the three pairs of triangles {(a, c, b), (a, e, c)}, {(a, b, c), (b, e, c)}, and
{(c, d, e), (c, e, u)}, at most one triangle belongs to M . Consequently, A contains at most three
triangles of M , and so M contains at most 5 + 3 = 8 triangles in total. Thus, S(M) ≤ 8 · 3 = 24.
This contradicts the inequality S(M) > 24, completing the proof for S6 ≤ 24. �

Theorem 6. There exists a non-trivial
−→
C3-irregular graph of order k if and only if k is an

integer and k ≥ 10.

Proof. Sufficiency. For any even k ≥ 10, according to Lemmas 7, 8, Theorems 4, 5, and their

proofs, there exists a
−→
C3-irregular graph

−→
Dk of order k with positive

−→
C3-degrees of vertices. Adding

an isolated vertex to all such graphs yields
−→
C3-irregular graphs of any odd order, starting from 11.

Sufficiency is proven.

Necessity. Let’s consider any non-trivial
−→
C3-irregular graph G of order k. It is clear that k is

an integer and k ≥ 4. Suppose, by way of contradiction, that k ≤ 9. Let H be the graph of order

m ∈ {3, 4, . . . , 9} obtained from G by removing a vertex with
−→
C3-degree equal to 0 (if no such vertex

exists, then H = G). By construction, the graph H is
−→
C3-irregular and has positive

−→
C3-degrees of

vertices, which we denote as am > am−1 > . . . > a1 > 0. It is easy to see that am ≥ m. On the other
hand, Lemma 11 implies am ≤ (m− 1)2/4. As a consequence, (m− 1)2/4 ≥ m, so m ∈ {6, 7, 8, 9}.
We now proceed to investigate all 4 possible cases, categorized by the value of m.

If m = 6, then a2 ≥ a1 + 1, a3 ≥ a1 + 2, . . . , a6 ≥ a1 + 5, and therefore S(H) ≥ 6a1 + 15. Next,

we consider the graph H1 of order 5, formed from H by removing a vertex with
−→
C3-degree equal

to a1. The following estimate contradicts S5 = 15 from Lemma 12:

S5 ≥ S(H1) = S(H)− 3a1 ≥ 3a1 + 15 ≥ 18.

If m = 7, then a2 ≥ a1 + 1, a3 ≥ a1 + 2, . . . , a7 ≥ a1 + 6, and S(H) ≥ 7a1 + 21. Now, remove

from H a vertex with
−→
C3-degree equal to a1. Let the resulting graph of order 6 be denoted by H2.

Since S6 = 24 by Lemma 12, we obtain a contradiction:

S6 ≥ S(H2) = S(H)− 3a1 ≥ 4a1 + 21 ≥ 25.

If m = 8, then a2 ≥ a1 + 1, a3 ≥ a2 + 1, a4 ≥ a2 + 2, . . . , a8 ≥ a2 + 6, and therefore the
inequality S(H) ≥ a1 + 7a2 + 21 holds. Let H3 be the graph of order 6 obtained from H by

removing the vertices with
−→
C3-degrees a1, a2. The following estimate contradicts Lemma 12:

S6 ≥ S(H3) ≥ S(H)− 3a1 − 3a2 ≥ 4a2 − 2a1 + 21 ≥ 2a1 + 25 ≥ 27.



18 T. S.Dovzhenok, I.D. Lukashenko, Y.V. Filiuta

If m = 9, then a2 ≥ a1 + 1, a3 ≥ a2 + 1, a4 ≥ a3 + 1, a5 ≥ a3 + 2, . . . , a9 ≥ a3 + 6. It follows
that S(H) ≥ a1 + a2 + 7a3 + 21. Consider the graph H4 of order 6, obtained from H by removing

the three vertices with
−→
C3-degrees a1, a2, a3. As before, we reach a contradiction with the equality

S6 = 24 from Lemma 12:

S6 ≥ S(H4) ≥ S(H)− 3a1 − 3a2 − 3a3 ≥ 4a3 − 2a2 − 2a1 + 21 ≥ 2a2 − 2a1 + 25 ≥ 27.

Thus, for every positive integer k ≤ 9, there does not exist any non-trivial
−→
C3-irregular graph of

order k. The necessity is proven. �

5. Main result

From Corollaries 2, 3, and 4, we obtain the main result of our work, Theorem 7, that confirms

Conjecture 3 for every oriented cycle
−→
Cn.

Theorem 7. For any integer n ≥ 3, there exists an infinite family of
−→
Cn-irregular oriented

graphs.
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