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VALUE FUNCTION OF THE OPTIMAL CONTROL PROBLEM
FOR NONLOCAL BALANCE EQUATION!

Yu. Averboukh

This paper studies an optimal control problem for a system governed by a nonlocal balance equation, which
models the evolution of a particle distribution. In the examined model, particles move according to a vector
field and may disappear. The phase space for this problem is the space of non-negative measures. We prove the
existence of an optimal relaxed control, establish a dynamic programming principle, and demonstrate that the
value function is a viscosity solution of the corresponding Hamilton—Jacobi equation on the space of non-negative
measures.
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0. B. ABepOyx. @PyHKIusi LIeHbI B 3aJa4e ONTUMAJBLHOIO ynpaBJieHUusl ypaBHeHueM OaJiaHca.

JlanHas cTaTbsl IOCBSAIEHA 33/aY€ OINTUMAJJIBLHOIO YIPABJIEHUS IS CUCTEMBI, OINUCHIBAEMON HEJIOKAJIbHBIM
ypaBHeHHEM OaJiaHca, KOTOPOE MOJIE/IMPYET SBOJIIOIUIO PACIpe/e/IeHUs 4acTull. B paccMaTpuBaeMoil MoJiesin
YACTUIBI JBHXKYTCS B COOTBETCTBUM C BEKTOPHBIM IIOJIEM M MOIYyT ucYe3aThb. Pa30BbIM IIPOCTPAHCTBOM JIJIst
JAHHOW 3aJ1a4i SBJISETCH IIPOCTPAHCTBO HEOTPUIIATEJbHBIX Mep. Mbl JOKa3bIBaeM CYIIECTBOBAaHUE ONTHMAJIb-
HOrO OOOBIIEHHOIO YIIPABJIEHNs, YCTAHABINBAEM IPUHIMI JUHAMUYIECKOTO MPOrPAMMUPOBAHUS U MTOKA3bIBAEM,
97O (DYHKIMS 3HAYEHUS SABJISETCS BA3KOCTHBIM DEIIEHUEM COOTBETCTBYIOIIEro ypaBHeHus [aMuiabrona — AKobu
B IPOCTPAHCTBE HEOTPHUIATEJIBHBIX MeEp.

KuroueBsie coBa: ynpasisieMoe ypaBHeHHe OaJiaHca, 3a/ada ONTHMAJIbHOIO YIIPABJIEHHUsI, BA3KOCTHOE Pellre-
HUe, IPOCTPAHCTBO HEOTPUIIATEJIbHBIX Mep.
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1. Introduction

This paper considers the following control problem on the space of non-negative measures:

T
minimize G(mr) + /L(t,mt,u(t))dt (1.1)

S

subject to the nonlocal balance equation
Ogmy + div(f(t, x,my,u(t))my) = g(t,z,m(t), w(t))my, ms=p, u(t) € U. (1.2)

Here, t € [0, 7] is the time variable, m; is a measure on R?, and w(t) is an external control. We will
consider only the case of non-positive function g.

Nonlocal balance equation (1.2) has a natural interpretation. The measure m; describes the
distribution of particles in an infinite system, where each particle moves according to the vector
field f, which depends on time, the current distribution, and the external control u(t). Additionally,
each particle can disappear with a probability rate —g, which also depends on time, the particle’s
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state, the current distribution, and the control u(¢). Thus, the problem involves optimizing the
distribution of particles.

Note that, if ¢ = 0, the nonlocal balance equation reduces to the nonlocal continuity equation.
A key feature in this case is the conservation of particles. The control problem for the nonlocal
continuity equation is well studied; we refer to [5;8—11] and references therein for recent developments.

We now provide a brief survey of the literature on the nonlocal balance equation, where usually
the case of a general function ¢ is examined. The positive values of the function ¢ refer to the
appearance of particles. First, we mention papers [1;4;7;12;13;15;19;23;28|, which discuss various
models of crowd and opinion dynamics that lead to balance equations. Since the phase space for
the nonlocal balance equation is the space of non-negative measures, its mathematical analysis
requires an appropriate metric. A common approach is to generalize the celebrated Wasserstein
distance [29]. A concept based on the Kantorovich-Rubinstein duality was used in [25]. An extension
of the Benamou-Brenier formula was considered in [17]. Our approach relies on one proposed by
Piccoli and Rossi [20-24] where the metric on the space of measures involves the idea of alignment.
In [2], this metric was interpreted using the Wasserstein metric on the space of probability measures
over an augmented space. The properties of the nonlocal balance equation have been studied in
[2;20-25], where existence and uniqueness results were proved. Additionally, the solution can be
represented via a distribution of weighted curves; this superposition principle is derived in [2;18].

The control problem for the balance equation was recently studied in [16;26], where the authors
derived the Pontryagin maximum principle for the linear case (i.e., when f and g do not depend on
the measure variable).

As mentioned above, this paper explores the control problem for the nonlinear nonlocal balance
equation. The assumption that ¢ is non-positive means that the term only acts as a sink for particles.
The main results are as follows:

e the existence of an optimal control;
e the dynamic programming principle for the value function of the examined problem:;

e an infinitesimal necessary condition on the value function in the form of viscosity inequalities,
which can be regarded as a viscosity solution to a Hamilton—Jacobi equation in the space of
non-negative measures.

As a byproduct of the last result, we introduce some concepts of nonsmooth analysis in the space
of non-negative measures.

The rest of the paper is organized as follows. Section 2 contains general notation and various
concepts for extending the Wasserstein metric to the space of non-negative measures. In Section 3,
we discuss the properties of solutions to the nonlocal balance equation (1.2) and prove the existence
of an optimal control for problem (1.1), (1.2). The dynamic programming principle is derived in
Section 4. Finally, Section 5 provides the fact that the value function is a viscosity solution of a
Hamilton—Jacobi equation corresponding to control problem (1.1), (1.2).

2. Preliminaries

2.1. General notation

o If X1,..., X, are some sets, iy,...,i are indices from {1,...,n}, then p% : X3 x ... x
Xn — Xi, x ... x X, is the operator assigning to (z1,...,z,) the tuple (z;,...,x;,).
Furthermore, Id denotes the identity mapping.

o If X isaset, Y C X, then 1y is a characteristic function for the set Y.

o If (O, F), (O, F") are measurable spaces, m is a measure on F, whereas h: Q — Q' is a F/F’
mapping, then hfim stands for the push-forward measure defined by the rule: for each Y € F,

(hgm)(T) £ m(h™(T)).
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e If (X, px) is a Polish space, then Cy,(X) denotes the space of all bounded continuous functions.
We consider on Cp(X) the standard sup-norm.

e The Polish space (X, px) is always endowed with the Borel o-algebra which is denoted by
B(X). The space of non-negative finite measures on X is denoted by M(X). Recall that
m € M(X) is a probability provided m(X) = 1. The space of probabilities on X is denoted
by P(X). If m € M(X), then supp(m) denotes its support, i.e., the minimal closed set T s.t.
m(X \ T) = 0. We consider on M(X) the topology of narrow convergence, i.e., a sequence
{m,}5°, € M(X) converges narrowly to m € M(X) provided that, for each ¢ € Cy(X),

/gb(:ﬂ)mn(dx) — /¢(m)m(dx) as n — oo.
X X

Notice that P(X) is closed w.r.t. the topology of narrow convergence. In Section 2.2, we
introduce a different approach to the topology on M(X) based on an extension of the
Wasserstein metric. Notice that, if X is compact, then, due to the Prokhorov theorem, P(X)
is also compact.

e In what follows, we consider on on each time interval [s,r] the Lebesgue o-algebra, i.e., we
enlarge the Borel o-algebra on [s,r| by adding all null sets. Each function measurable h
defined on a time interval [s, 7] is assumed to be Lebesgue measurable.

e R? denotes the space of column-vectors, whilst R%* is the space of row-vectors. We denote
the standard Euclidean norm on R? by | - |. The same symbol is used for the norm on R%*, If
R > 0, then Bg denotes the closed ball in R? of the radius R centered at the origin.

o If p: RY = R, v € RY then V¢(x) denotes the derivative of ¢ at 2. We assume that V¢(z)
is a row-vector.

e The space of all continuously differentiable functions on R? which are bounded with its
derivative is denoted by C}(R?). Furthermore, C}(RY) stands for the set of all functions
from Cl} (RY) with a compact support.

2.2. Wasserstein distance and its extension

The aim of this section is to recall the celebrated Wasserstein distance on the space of probability
measures and its extensions to the space of non-negative measures. The standard Wasserstein metric
is defined on the space of probabilities measures with the finite p-th moment. In what follows, if
(X, px) is a Polish space, then we denote by %,(X) the set of probabilities m € P(X) s.t., for some
(equivalently, every) z, € X,

/p&(m,x*)m(d:ﬂ) < 0.
X

The Wasserstein metric on X is defined by the rule: if mq, mge € P,(X),

1/p
Wp(ml,mg)é[weninf )/p&(ml,xg)ﬂ(d(xl,xg))

(m1,ms2
XxX

Here TI(m1,m2) denotes the set of measures m on X x X such that p’fir = m;. It is well known
that the space 2,(X) endowed with the metric W), is Polish.

Now, let mi,me € M(X). We write my < mg provided, for each Borel set T C X, my(Y) <
ma(Y). Furthermore, ||m|| denotes the total mass of a measure m. Notice that, if mq,my € M(X)
are such that |[m| = ||mz||, then the set II(m,ms) is well-defined. Now, we introduce the PRW-
metric (Piccoli-Rossi-Wasserstein metric also known as generalized Wassesrstein metric) W, for
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the parameters p > 1 and b > 0 letting

(Wyp(m1,ma))” £ inf {prml — | + bP[|mg — | + / P (1, wo)m(d(x1, 22)) :
XxX

7mgmmmﬁ9mwmﬂ=wmmwemmmmﬁ.

There is an equivalent description of this metric |2]. It relies on the augmented space X U{x}, where
* is an external point. We assume that the distance on X U {x} is defined by the rule:

px(x1,22), 21,72 € X,
A
ps(T1,m0) = b, 1 € X, 29 =% 0r 11 =%, 29 € X,
0, T = To = *.

Furthermore, if R > ||m||, then (mp>p) is a probability on X U {x} defined by the rule: for each Borel
T e X U{x},
(meg)(T) £ R™H(m(Y N X) + (R~ [m])1r(%)).

It is proved |2, Proposition 1] that, for my,mge € M(X), R > ||mq]| V ||ma]l,
Wy p(m1,ma) £ RVPW,((mipr), (mabg))-
Below we consider only the case when p = 1. Additionally, let .#;(R?) denote the space of all

non-negative measures m € M(R?) s.t. / |z|m(dz) < co. Furthermore,
R4

M7 (RY) £ {m € My (RY) = |ml| < p}.

Certainly, ¢ (R) inherits the PRW-metric. However, it is convenient to consider a metric relying
on projections of probability measures on R? x [0, p]. In what follows, an element of R? x [0, p] is
regarded as a pair (z,w), where x € R?, w € R. We interpret a pair (z,w) as a ‘massed particle’;
where w represents a mass. If v € % (R? x [0, p]), then we let [v]| to be a measure on R? defined
by the rule: for each ¢ € Cy(R%),

)
MMMMé/wmwmw»

Rd Rd+1

Notice that, given m € M/ (R?), the probability v = (Id, |m||)4(||m|~'m) is s.t. |v] = m and
lies in %1 (R? x [0, p]) for sufficiently large p.
Definition 1. The first induced Wasserstein metric on . (R?) is defined by the rule: for
my,mg € ML (RY),
Wi ,(m1,mg) £ inf {Wl(yl,ug) cv e PLREX 0, p)), i) =mi, i = 1,2}.

The following statement can be proved in the same way as [2, Proposition 4].
Proposition 1. If vy, vy € P (R? x [0, p]), then

WLb(Llea LVQJ) < COWI(Vla VQ),
where Co 2 p V' b. In particular, if mq, mg € /%f(]Rd), then
Wip(mi,ma) < CoWy p(my,ma). (2.3)

Finally, given R,p > 0, we denote by MP?(Bg) the set of all measures m € M(R?) s.t. m is
concentrated on By and ||m|| < p. Notice that MP(Bg) C ¢ (R%). Thus, M?(R%) inherits the
metric Wy ,. Moreover, if m € MP(Bg), whereas v € 2 (R? x [0, p]) is s.t. |v] = m, then v is
supported on Bg x [0, p].
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3. Balance equation

In what follows, we fix p > 0 and consider the functions

F:00,T] x REFL 5 (R x U — RY,
g:[0,T] x R x t?(RY) x U — R,
L:[0,T] x M{(RY) x U — R,

o G:UM — R

We assume the following:
(H1) the set U is a metric compact;

(H2) the function f is bounded by a constant C?;

H3) there exists R > 0 s.t., for each t € [0, 7], |z| > R, m € M{(RY), w € U, f(t,z,m,u) = 0;

H4) the function g takes values in [—Cg, 0];

H5) the functions f and g are uniformly continuous w.r.t. ¢t and w;

(
(
(
(H6

)
)
)
) the functions f and g are Lipschitz continuous w.r.t. = and m, i.e., there exist constants C}
and C’; s.t., for every @1, 3 € RY, my,mg € ML (RY),

|f(t, 21, my,u) — f(t, 22, m2,u)| < C}(lﬂm — xa| + Wy p(m1,m2)),
lg(t, x1,m1,u) — g(t, w2, ma, u)| < Cy(|w1 — wa| + Wi ,(m1, ma));

(H7) the function G is continuous.

Remark 1. Certainly, one can consider that the functions f, g, L and G are defined on the
whole space M(R?) and the function f, g, L are considered w.r.t. the measure variable in the
metric W 5, while the function G is continuous in this metric. From Proposition 1, the hypotheses
of the paper will follow for each p > 0 and revised Lipschitz constants.

Remark 2. The assumption that the functions f, g, L are Lipschitz continuous w.r.t. the
measure variable when the corresponding space is endowed with the metric Wy , looks quite natural.

In particular, the functions .Zf(RY) 3 m +— F < / , zb(x)m(da:)) are Lipschitz continuous, whenever
F and v are Lipschitz continuous. This directly fil)%llows from the definitions of the operation |-] and
the metric Wy ,.

We follow the standard approach of control theory and consider a relaxation of problem (1.1), (1.2).
To this end, for s,r € [0,T], s < r, we denote by U, the set of all finite measures £ on [s,r] x U
s.t. p' € is equal to the Lebesgue measure. Each element of Us - is called a relaxed control. On U,
we consider the topology of the narrow convergence. The disintegration theorem [14, III-70] states

that, given a relaxed control & there exists, a weakly measurable function [s,r] > ¢t — &(:|t) € P(U)
satisfying the following condition: for each ¢ € C([s,r] x U),

/ o(t,u)€(d(t,u)) /qﬁtu (dult)dt (3.1)

[s,r]xU

Recall that a function 8 : [s,r] — P(U) is called weakly measurable provided that the mapping
/ ¢(u)B(t,du) is measurable for every ¢ € C(U). Conversely, given a weakly measurable function
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[s,7] 2t &(-|t) € P(U), one can define the measure £ on [s,7] x U by rule (3.1). Thus, we identify
a relaxed control £ with its disintegration.
Moreover, if u(-) : [s,7] — U is measurable, then one can define the relaxed control §u(-) by the

rule &, ([t) £ 0, (-). Hereinafter, 4, stands for the Dirac measure concentrated at z. Notice that,

for each ¢ € C([s,r] x U),

[ [ ety auityae = [ oteutear
s U S
Using the relaxation, one can rewrite nonlocal balance equation (1.2) as follows
0w+ aiv ([ £z, mi)é(ault) i) = [ atto.mpig@dty w32
U U

Definition 2. Let s, € [0,7T], s < r. We say that a function [s,7] 3 t = m; € M(R?) is a
solution of (3.2) provided, for each ¢ € C1((s,r) x RY),

/ / <8tq§(t,m)—i—v¢(t,x) / £t 2, wE(dult) + 6(t,7) / g(t,x,mt,u)g(dult)>mt(dx)dt:0.
U U

s Rd

From [2, Theorem 7|, it follows that, given u € ¢ (R%) and ¢ € U, there exists a unique
solution to (3.2) satisfying the initial condition

Mg = . (3.3)

We will show later (see Remark 3) that, in this case, m; € .4{ (R?).

Now, let us recall an equivalent description of the solution to the nonlocal balance equation.
To this end, we introduce the space of I's , that consists of all continuous curves v(-) = (z(-),w(-))
from [s,7] to R x [0, p]. If 4(-) = (x(-),w(-)) € T4, then e; is an evaluation operator assigning to
a curve (-) € I'f,. the vector v(t) € R4, Furthermore, if n € 2 (I'4,) we let [n]¢ = |eifn]. This
means that |n]; is a measure on R? defined by the rule: for every ¢ € Cy(R%),

/ o(x) ), 2 / w(t)d(a(t)n(d((), w(-))).
R4

Yol
Fs,r

In [2, Theorem 7| the following variant of the superposition principle was derived.

Proposition 2. A flow of probabilities t — my € MY (R?) is a solution of (3.2) for some relazed
control & € Uy, if and only if, for some C > 0, there exists a probability n € P1(I'% ;) satisfying the
following conditions:

(M1) my = |nl¢, t € [s,7];

(M2) n-a.e. curve (x(-),w(:)) solves

G0 = [ 1.0, Il we(dul,
U

St = [ o(t.a0), lnloswe(@ult) - w(0)
U

Moreover, [2, Theorem 6] states that given v € 2 (R? x [0,p]) there exists a unique measure
n € P (T5}) satisfying the initial condition esfin = v whenever p; is sufficiently large.
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Remark 3. Due to Hypothesis (H4), if w(s) € [0, p], then, for each t € [s, ], one has that

w(t) € [0, p].

Thus, we always can assume that 7 satisfying conditions (M1), (M2) is defined on % (I'5,). This
gives that, if m. is a solution of (3.2) for some relaxed control £ € U, , and the initial measure
p € MY (RY), then my € MY (RY) for each t € [s,7].

Notice also that, thanks to Hypothesis (H3), if z(s) € Bg, then, for each t € [s,r], z(t) € Bg.
Therefore, m; € MP(Bg) provided that supp(u) C Bg.

In what follows, we denote the solution of (3.2) satisfying (3.3) for the relaxed control £ by

s, o €]
Proposition 3. If n e % (I'Y ;) satisfies condition (M2), then, for each r € [s,T)],

W1(€sﬁ777 erfm) < Cl (T - S).
If, additionally, m; = |0, then
Wi ,(mg,my) < Ci(r —s).

Here Cy is a constant.
The first part of the proposition follows directly from condition (M2) and the fact that the functions f
and g are bounded. The second part is a consequence of condition (M1) and Proposition 1.

From now we restrict our attention to the space M?(Bpg). By Remark 3 it is invariant under
controlled dynamics (3.2).

The main result of this section is the following.

Theorem 1. Let

e 5,7 €[0,T], s<r;
e for each n € NU {oc}, u™ € MP(Bg), &" € Us,, m™ = m.[s, u™, &"].

Assume that Wy ,(p", p>°) — 0 and £" — £ as n — oo. Then,

sup Wy ,(mi',mi®) = 0 as n — oo.
tels,r]

Proof. For each n € NU {400}, we consider the following system of ODE

S0 = [ £t.a),m € @l
U

(3.4)
Do) = [ ott.a® i weaule) - wie.

U

We denote the solution of the first equation in (3.4) with the initial condition x(s) =y by z"(-,y).
Additionally, let w™(-,y, z) denote the solution of the second equation in (3.4) for z(-) = 2" (-, y) and
the initial condition w(s) = z. Furthermore, let X™(y, ) assign to (y, z) € R*! the whole trajectory
(@"(,y), w" (-, y,2)). If 1™ € P1(Bg x [0, p]) is s.t. [v7] = ", g & X"4", then |n™ |, = m}. This
follows from [2, Lemma §|.

For each (y,z) € Bg x [0, p], we denote by F;(t,y, z,u) the value f;(t,x>°(t,y), m;°,u). Here, f;
is the i-th coordinate of the function f. Furthermore,

Fd+1(t7y7 Z,U) é g(taxoo(tay)7mtoo7u)woo(t7y7 Z)

Notice that the function F;, i = 1,...,d + 1 are bounded and Lipschitz continuous on Bg x [0, p].
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Now, let us choose € > 0. Due to the Lipschitz continuity of the functions Fj, there exists
a finite number of points {(y5,25)}5", C Bg x [0, p| satisfying the following condition: for each
(y,z) € Bgr x [0, p] there exists a number k € {1,...,K®} s.t. given i = 1,...,d+ 1, t € [0,T],
ue U,

|Fi(t,y, z,u) = Fi(t,yps 2, u)| < €. (3.5)
Furthermore, the boundedness of the functions F; gives that there exists a partition of the time
interval [s,r] {t5}12 s.t., for every t € [t5,t5,4), 1 =0,...,1° =1,

|Fi(t,y, z,u) — Fi(15,y,z,u))| < e, (3.6)

whenever (y,z) € Bg x [0,p], u € U.
For each n, let v and v°>" be probabilities from P (Bg x [0, p]) s.t.
o [V =u"
o 1) =

o Wo,p(u",p>) +e = Wi(v",v>rn).

Finally, we denote by n" an optimal plan between v and ™.
As we mentioned above, there exist distributions of curves 7™, 7" € 2 (T'%,) s.t. n* = X",
" = X*4r°". Moreover, my' = [n"|¢, mg® = [n°" ;. Thus,

Wi p(mi',m®) < Wi(edin™, efn™"). (3.7)

Let N be s.t. for each n > N one has that

Wi ,(u", p>) <e. (3.8)
t t
[ [ i ogadn - [ [Reoggoeana <s 69
s U s U
whenever 1 € 0,...,I° =1, k€ 1,... K. Such an N exists because " converges narrowly to £*°.

From Hypothesis (H6), we have that, for each (y™, z"), (y*>°,2>°) € Bg x [0, p],
2" (t,y") — x| < [y =y~
t

+ C}/ (|z" (7, y"™) — a°(1,y™)| + Wy ,(m}, m3®))dr

s

t

d
+ FO(r, ™, 2, u)(€" (dult) — €°(dult))dt].

Similarly, thanks to Hypotheses (H4), (H6), we obtain the estimate:

|wn(t,yn’zn) - woo(t’yoo’zoo” < |Zn - ZOO|

t
+/ (C’g|w"(7, Yy 2" — w> (T, Y™, 2%°)| + Cg1|x"(7', y") — (T, y°°)|)d7'

S

t t
4 / Wy (m?, m)dr + ' / ! F, (7% 2%, ) (€ (dult) — €% (dult))d].
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Hence, from Gronwall’s inequality,
2" (t, ") — 2% (L y™) | + Jw" (", 2") — w (5>, 2%)| < Co(ly" =y + 2" — 2%))

d+1

t
e / ot mr + 013 / / FO(ryy™, 2%, u) (€ (dult) — €(dult))dt|.

Here C{), C{ are some constants.
From now on, we assume that n > N, where N is chosen according to (3.9). Take additionally
into account the choice of points (yf, 2;) (see (3.5)) and times ¢ (see (3.6)), we conclude that

'j/FZ'O(T’yOO’ZOO’“)(f"<dUIt)—fm(dult))dt‘ < be.
s U

Thus,
2" (&, y") — 2% (8 y™) [ + [w" (¢, ", 2") = w™ (¢, 4™, 2%))]

< Co(ly"™ =y + 2" = 2%|) + Cf /Wl,p(mﬁ,mio)dT + Che.

Here, C} = C[5(d + 1).
Integrating the latter inequality w.r.t. 7" and using the definition of ™ and n°™, we conclude
that

Wiledn”™, efn™") < CoWa(v",v>") + C /Wl,p(mﬁamio)dT + Coe.

Now, let us use (3.7), (3.8) and the fact that Wy (v",v°") < Wy ,(u", u>) + €. Thus,
Wl m) < CF [ Way(mim)dr + (G5 + 2Ch)e.

Using Gronwall’s inequality once again, we conclude that, for every n > N, where N satisfies (3.8), (3.9),
Wy p(mf, mi®) < Che,

where C% is a constant that does not depend on n. This gives the desired convergence. O

Corollary 1. If u € MP(Bg), then there exists an optimal relazed control for optimal control
problem (1.1), (1.2), i.e., a relaxed control £* s.t., for every & € Uy,

Glmrls, . €°) / / (£, mals, 1, €€ (dult)dt < Glmals, . € / / (t,mals, . €)E(dult)dt

This statement directly follows from the compactness of U 7, the continuous dependence of m.[s, p, &]
on the relaxed control ¢ (see Theorem 1) and the continuity of the functions L and G in the
metric Wy ,. The latter is a consequence of Hypotheses (H6), (H7) and inequality (2.3).
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4. Value function and dynamic programming principle

We introduce the value function as follows. First, if s € [0,T], p € MP(Bg), £ € Us 1, we put

J[s, 1, &) & G(mr[s,u, & // (t, my[s, pu, £])&(dult)dt

Furthermore,

Val(s, i) £ max {J[s, 1, €] : € € U7}

Due to Corollary 1, this definition is correct. Below we consider on M”(IBr) the metric Wy ,.

Proposition 4. The function Val is continuous on [0,T] x MP(Bg).

Proof. First, notice that inequality (2.3) and the assumptions imply that the functions L and
G are continuous w.r.t. the metric Wy ,. The fact that p — Val(s, 1) is continuous w.r.t. the metric
Wy, follows from this and Theorem 1. Proposition 3 give the continuity w.r.t. the time variable. [

Now let us establish the dynamic programming principle.
Theorem 2. Let s € [0,T], p € MP(Bg), r € (s,T]. Then,

Val(s, ;1) = min { Val(r,m,[s, u, &]) + //L(t,mt[s,,u,f],u)g(duﬁ)dt 1 €€ Us,r}.
s U

Proof. Notice that given & € Us ., {2 € U, T, one can define the concatenation of these relaxed
controls using their disintegration

51('“)7 te [S,?“),

(§10r &2)([E) = { &), telrT).

Moreover,

T
Val(s, u) = 5rerzljlrnT [G(mT ENTRS) +//L(t,mt[s,,u,f],u)f(t\du)dt
U

T

+]/L(t,mt[s,u,ﬁ],U)E(dUH)df}-
s U

Notice that each relaxed control { € Usr can be expressed in the form & = ¢ o, &, where &
(respectively, £”) is the restriction of the relaxed control £ on [s, 7] (respectively, [r, ]) Thus,

Val(s ) > min { Val(rm,fsju )+ [ [ Lltomloo € uéCaulnar € <,
s U
To derive the converse inequality, we first choose a control &; € U, s.t.

Val(r, my [s, 1, €1]) + / / Lt mfs, o €1, w)€ (dult)dt
s U

= min { Val(r, m,[s, 1, &]) +//L(t,mt[s,,u,f],u){(du\t)dt e Z/Iw}.
s U
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The existence of such a control follows from Corollary 1. Furthermore, we choose §; € U, 1 satisfying
T
Val(r, ) = Glmalr )+ [ [ LGt milr it o). wéa(tidu
r U

where 1/ £ m,[s, u, 1] Letting é £ £ 0, &, and taking into account the fact that

m [5 é] - mt[s7:u'7§1]7 te [877“],
ST &), e [T,

we conclude that

G(mrls, p, € // (t, my[s, p, €], w)€ (| du)dt
T r

—Glmrlr i &)+ [ [ Lemlr ) weattdde+ [ [ Liemds, e w6 o
r U s U

= min{Val(r me[s, i, & // (t, my[s, u, €], w)é(dult)dt : € € UM}.

Therefore,

Val(s, ) < min { Val(r, m,[s, p, &]) + //L(t,mt[s,,u,f],u)g(duﬁ)dt 1 €€ Us,r}. O
s U

5. Viscosity solution of the Hamilton—Jacobi equations

In this section, we give the infinitesimal characterization of the value function. It states that
a value function is a viscosity solution of a corresponding Hamilton—Jacobi equation in the space
of non-negative measures. To this end, we first introduce some concept of nonsmooth analysis
on J,(RY). First, we recall the following operation proposed in [3]. For a measure p € 1 (R%), a
function (&,¢) € LY(R?, u; RYxR) s.t. ¢ is p-essentially bounded and a number 7 > 0, ©,[€,¢] € M1 (1)
is defined by the rule: if ¢ € Cy(R?),

[ ool itdn) 2 [ oz +ré) exp [r¢(2)]nla).
R4 Rd

Below, we will consider only u € M?(Bpg). Additionally, for © € M?(Bg), we put
E(p) £ {(& Q) € LYRY, ;R x R) : £(x) = 0 for = ¢ Bp, ((z) € [—CS,O] for € R4},

We will consider on Z(1) the topology inherited from the standard L'-space. Notice that, for each
p € MP(BRr), (§,¢) € E(u) and 7 > 0, ©1(&, () € MP(Bg).

The constructions of the nonsmooth analysis presented below may depend on parameters R and p.
However, we do not indicate this dependence.

In what follows, we fix a function ¢ : MP(Bg) — R, s € [0,7] and a measure y € 4 (R?).
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Definition 3. Let o € R, (&,() € Z(u), then the lower directional derivative is defined by the

rule:
I Aah B
dpd(s, p;a,&,¢) = lim inf ¢(s + ho!, ©,[¢, ¢]) — ¢, )
hl0,0/ —a, h

(€ ,¢NEE(m), (6'¢)—=(60)

The upper directional derivative is defined similarly:

/ h _
dpo(s, mia,§,¢) £ lim sup ¢(s + ha', O4[¢, ) — s, 1)

hl0,0’ —a, h
(€'.¢NEE(), (¢',¢")—(6,0)

Definition 4. The directional subdifferential of the function ¢ at (s,u) contains all triples
(a,p,q), where a € R, (p,q) € L®(R?, p; R¥ 1) s.t., for each a € R and (£,¢) € E(u),

aa+ [ [pla)é(a) + alw)o()] n(da) < dp(s, 6.,

R4

The directional subdifferential of the function ¢ at p is denoted by 9,¢(s, p).

Similarly, the directional superdifferential of the function ¢ at (s, u) is denoted by 95é(s, 1)
and consists of all triples (a,p,q), where a € R, (p,q) € L®(R?, y; R4T1*) satisfying the following
condition: if & € R, (&,¢) € E(p),

ot [ [p)e(e) + al@)C ) ) 2 a6, ).
Rd

The Hamiltonian for the examined control problem is defined by the rule: for s € [0,T], pu € 4, (R?),
(p,a) € L¥(RY, s RTHLY),

H(supop) 2 min | [ (o) (5100 + al@)g(s, 2, 0) o) + Do)

R4

We consider the following Hamilton—Jacobi equation.
Oep + H(t, 1, V) = 0. (5.1)

This is a formal equation, where we assume that ¢t € [0,T], p € MP(Bg), V¢ is a function from
L®(R?, yi; R4T1*). We will interpret this equation in the viscosity sense following approach of [6;27].
Definition 5. We say that a function ¢ : [0,7] x MP(Bpg) is a viscosity supersolution to (5.1)
provided that
a+ H(s,p,a,p,q) <0

whenever (a,p,q) € dp¢(s, ).
A function ¢ : [0,T] x MP(Bg) is a viscosity subsolution to (5.1) if

a+ H(s,p,a,p,q) >0

for each (a,p,q) € 9} ¢p(s, p).
We say that a function ¢ : [0,7] x MP(Bgr) is a viscosity solution of (5.1) if it is a super- and
subsolution simultaneously.

The main result of this section is as follows.
Theorem 3. The value function of optimal control problem (1.1), (1.2) on [0,T] x MP(BR) is
a viscosity solution of (5.1).
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First, we need the following auxiliary statement.
Lemma 1. Let
e s€[0,7], u € MP(Bg);
o {h,}>° be a sequence of positive numbers converging to zero;

o for each n, &) € Us s1h,; ((n) be a time-averaging of §(,y over the interval [s,s + hy] defined
for each ¢ € C(U) by the rule:

[otm@n 25 [ st
U [s,r]xU
e for each n,
A 1 S n
@2 [ HEX)mlts e W), (5.2
n[s,s+hn]><U
A 1 s,t n
o) 2 5= [ 9t X ) mlts € e ), (53
n[s,s-{—hn]XU

where t — X(Snt) (y) stands for the solution map for the initial value problem

Zo0) = [ £(000)m ls. .60 ) @l (0) = .
U

Assume that () — ¢ asn — 0o and put

wwz/fm%mm«m» (5.4)
U

b@»:/gm%umxwm. (5.5)
U

Then, (v(n), b)), (v,0) € Z(1) and (v(n), bny) — (v,0) as n — oco.

Proof. First, notice that, due to Hypothesis (H2), the functions U(n), v are bounded; moreover,
b(n), b take values in [—Cg,O] (this is due to Hypothesis (H4)). Hypotheses (H3) implies that v,
and v are equal to zero outside the ball Bg. Thus, (v(,), b)), (v,0) € Z(u).

Now let us prove that v,y — v pointwise. Indeed, recall that Wi p(m[s, 1, §(ny], 1) < Coft — s

(see Proposition 3). Similarly, notice that ]X(sng (y) —y| < CY|t — s|, where C is a constant. Thus,
for each y € R%, we have that

ooy ) = 0] < | [ 5530 a) = [ F5. 00
U U

1
h,

/ Ty, s u)émy (d(t, u) — / f(&y,u,u)&(n)(d(M))‘+C}(Cz+Ci')hn-

[s,5+hn]xU [s,5+hn]xU

Using the uniform continuity of the function f w.r.t. the time variable and the fact that ;) — ¢
narrowly, we prove that v(,) — v pointwise.

The fact that b,y — b pointwise is proved analogously.

Since the functions (v(,), b)) are uniformly bounded, we have that (v(,), b)) — (v,b) in the
L'-sense. O
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Proof of Theorem 3. First, we prove that Val is a viscosity supersolution to (5.1). To this
end, we fix s € [0,T], p € MP(Bg) and (a,p,q) € 0, Val(s, ). Now, let 7 > 0. Due to the dynamic
programming principle, there exists a relaxed control &, € U 41, s.t.

s+h
Val(s, 1) = Val(s + hy myals, s €n)) + / / Lt mals, s &), w)En(dul). (5.6)
s U

As above, let t — X ;’t(y) denote a solution map for the initial value problem

G0 = [ fta(0.mils.p. &l 0 dult). (o) =

U
We put
1 / P8 X5 ), mals, ), DEn (dus ),

[s,5+hn]xU

) 25 [ o )l ). 06 (0. ).
[s,8+hn]xU

Now we define the averaging of the measure &, over [s,s + h] by the rule: for ¢ € C(U),
1

Jowa@n2s [ swetw).
U [s,s+h|xU

Notice that, due to the compactness of P(U) (this is a consequence of the celebrated Prokhorov
theorem) there exists a sequence {h, }>°; C (0,+00) s.t.

e h, — 0asn— oo
e () £ (,, converges narrowly to some ¢ € P(U).

In what follows, we put §(,) 2 & U(n) 2 vn,s b(n) £ vy, . By Proposition 1, (V(n)» b(n)) converge to
(v,b), where

o) 2 [ s, )l ) 2 [ gl 0)C(a).
U U
Furthermore,

Mg h[8, 1, En) = O (vn, bp). (5.7)

Finally, from the very definition of the measures ((,), the fact that the sequence {C(n)}g":l converges
narrowly to ¢, Proposition 3 and Hypothesis (H5), (H6), we obtain that

s+hn
/ / Lt s, 1, € )€y (dult)dt — o / L(&u,u)C(dU\t)‘ < e,
s U U

where ¢, — 0 as n — oo. Thus, from (5.6), (5.7), it follows that, for each n,

hnon > Val(s + hn, O (v(n), b)) — Val(s, ) + by / L(s, p, u)¢(du).
U
Recall that, by the definition of the lower directional derivative,

liminf Val(s + hn, @Z(v(n)’ b(n))) - Val(s, //J)

N—00 hn,

> dp Val(s, u; 1,v,b).
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Since (a,p, q) € 9, Val(s, u),
0> liminf Val(s + hy, @Z(v(n), b(n))) — Val(s, p)

n—00 hy,

+ / L(s, p,u)C(du)

U

>a+ [ [pw)el) + awbw]utdy) + [ Lis.pw)(du)

R4 U

ot [ [ s 0 + ol o)) + Lo, 0]l
U R4
In the last step, we used the definition of the functions v, b and applied the Tonelli theorem.
Since, for each u € U,

/ (W) f(s,y, myw) + q(y)g(s, y, pyw)) u(dy) + L(s, p,w) > H(s, 1, p,q),
Rd

we conclude that Val is a viscosity supersolution to (5.1).
To prove the fact that Val is a viscosity subsolution to (5.1), we fix s € [0,T], u € MP(Bg) and
(a,p,q) € 85 Val(s, pt). There exists u s.t.

[ 0155, ve10) + a0 5,y )y + Lis, 1) = Hs. s pea). (53)

R4
Let ¢ = 0z and let € be a constant relaxed control s.t. £(-|t) £ ((-) = dg(-). Furthermore, let
{hn}22) C (0,400) converge to 0. Now we use notation (5.2)~(5.5) for £, £ &, () =¢, ¢ =(. In
this case, Proposition 1 gives that (v(,),b(,)) converge to (v,b). Furthermore, notice that

Mg, [5 11,E] = O (00, b))
Hence, the dynamic programming principle (see Theorem 2) gives that
s+hn
Val(s, u) < Val(s + hy, @Z"(v(n), bny)) + / L(t, mq[s, u, €], w)dt. (5.9)

As above, from Proposition 3 and Hypothesis (H5), (H6), it follows that, if ¢ € [s, s + hy],
|L(t,mels, p, €], w)dt — L(s, p, )| <,
where ¢/ — 0 as n — oco. Therefore, thanks to (5.9), we conclude that
—hns)y < Val(s + hp, O1 (), b)) — Val(s, 1) + hn L(s, 1, 0). (5.10)
Recall that (see Definitions 3, 4) that
Val(s + hy, @Z” (V(n)> bny)) — Val(s, )

iy i
< df Val(s, p; 1,0,0) < a+ / [p(y)o(y) + q(q)b(y)] u(dy).
Rd

This and (5.10) imply that

0< / (pW) f (s, y, 1. 0) + q(y)g(s,y, p, @) p(dy) + L(s, p, @).
Rd

Taking into account the choice of the control @ (see (5.8)), we derive the fact that Val is a viscosity
subsolution to (5.1). O
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