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A NOTE ON THE NON-SOLVABLE FORMATION J;T !

Wenxia Zhou, Long Miao, Baijun Gao, Ran Li

In this paper, we extend the formation S;W, which is generated by the class Jp, originally introduced by
Demina and Maslova. The class Jpr consists of finite groups in which every non-solvable maximal subgroup has
a primary index. Building upon this framework, we introduce and study two generalized formations, denoted by
3 and Jp, which are obtained by involving minimal non-solvable maximal subgroups and applying a localization
approach to maximal subgroups. We establish new sufficient conditions under which a finite group belongs to
these formations. In addition, we give examples of non-solvable groups to illustrate the distinctions between the
class Jpr and its generalizations.
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Bsubca Yxkoy, Jlyn Mso, Baiingions I'ao, Pan JIu. 3ameuanue o Hepaspemmmoii ¢opma-
ouu Jprr.

B 3T0it crarbe MbI paciupsieM (HhOPMAIUIO 3;,,~7 KOTOpasi MOPOXKIAETC KJIACCOM {Jpr, IEPBOHAYAIBHO BBE-
nennbiM emunoit u Maciosoit. Kiace Jpr cocTONT M3 KOHEYHBIX I'PYIII, B KOTOPBIX KaXK/as Hepa3perrmMast
MaKCUMaJIbHas TOATrPYIa MMeeT NPUMAPHLINA uujeKc. Onmupasch Ha 9Ty CTPYKTYPY, Mbl BBOIUM U U3ydaeM
nBe 0000IEeHHbIe (hopMaIi, 0003HaYaEMble e 3},, KOTOPBIE TOJIYYAIOTCHA IIyTEeM BKJIIOYEHUS MUHUMAJIbHBIX
HEPA3PENIUMbIX MaKCUMAJIbHBIX MOJAIPYIIl U IPUMEHEHUS JIOKAJMIAIMOHHOTO MOIX0Aa K MAKCUMAJILHBIM O]~
rpynnaM. Mbl ycTaHaBIMBaeM HOBBIE JIOCTATOYHBIE YCJIOBUS, MPU KOTOPBIX KOHEYHAsi IPYIa [PUHAJJIEXKUT
sruM hopmaruam. Kpome TOro, Mbl IPUBOIUM MIPUMEPBI HEPA3PEIINMBIX TPy, UJIIOCTPUPYIOIINE Pa3InInsd
MeKJy KJIaCCOM Jpr U €ro 0DOOIIEHUSIMHE.
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1. Introduction

Let G be a finite group. Standard notations follow [5;6]. The notation A < B signifies that
A is a proper subgroup of group B, and A < B denotes that A is a maximal subgroup of B. The
core of A in B, denote by Ap, is defined as the largest normal subgroup of B contained in A.
Let Maz2(G) denote the set of all second maximal subgroups of G, and Maxz(G, H) the set of all
maximal subgroups of G containing H. A subgroup H is called a strictly second maximal subgroup
of G if H< M for every M € Max(G, H), and the set of such subgroups is denoted by Maz}(G).
A subgroup H € Mazs(G) \ Max;(G) is called a weak second maximal subgroup of G.

It is well known that group chains serve as a significant tool for studying group structure. Of
particular interest is the concept of maximal chain [2]. Let H denote a subgroup of a group G.
A chain of subgroups, H = My < M} < My <--- < M, = @G, is called a maximal chain joining H
to G of length r» whenever M, is a maximal subgroup of M; fori =1,2,3,...,r. The maximal chain
not only reflects the local properties of the group but also provides insights into its global structure.
Recall that for a group GG and a second maximal subgroup H of G, if H = 1, then G is solvable
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(see Lemma 2.4 in [7]). This provides a powerful foundation for studying non-solvable groups by
focusing on non-trivial second maximal subgroups. Lytkina and Zhurtov [8] gave a description of
finite groups whose maximal subgroups possess only solvable proper subgroups. Denote the class of
all such groups by X. We define the following set AA(G) and consider the strictly second maximal
subgroups within it.

Definition 1. Let G be a group, we define

o AA(G)={H € Maxs(Q) | H is non-solvable};
o AAY(G) = AA(G) N Maxs(G).

Note that if AA(G) is non-empty, G is non-solvable. This paper is dedicated to the study of
non-solvable groups.

By using the idea of classification, we further establish an appropriate collection of maximal
subgroups. Recall that if a second maximal subgroup is non-solvable, then all maximal subgroups
containing it are also non-solvable. Moreover, Guralnick [4] studied maximal subgroups with prime
power index. As an application of the set AA(G), by combining the non-solvable properties and
quantitative characteristics of subgroups, we define the set B(G) and its corresponding second
maximal subgroups BB(G). Similarly, we consider the strictly second maximal subgroups within it,
as follows.

Definition 2. Let G be a group, we define

o B(G)={M <G| M is non-solvable} U{M < G | |G : M| is not a prime power};
e BB(G)={H |3IM € B(G),s.t.,,H < M};
o BB*(G) = BB(G) N Maxz}(G).

Now, we introduce group classes. All maximal subgroups of a solvable group are solvable and
have primary indices. However, the converse generally does not hold, with PSL(2,7) providing an
example. Demina and Maslova [3] defined the class J,,, in which all non-solvable maximal subgroups
have prime power index, as follows:

Jpr ={G | VM € Maxz(G), M is solvable or |G : M]| is a prime power}.

They further explored the possible nonabelian composition factors of non-solvable groups within it.
Clearly, J,, includes all solvable groups. Building on this, Zhang et al. [13] defined the formation J,,,
which is generated by J,,:

Jpr = (GG e 3pr>-

In the light of these work, it is natural to ask if the property of maximal subgroups in J,, could
be replaced or generalized to other. The answer to this question is positive. Recall that for a group
class F, a group G is called minimal non-F-group if G ¢ F while all maximal subgroups of G
belongs to F. This general concept specializes to the cases of minimal non-solvable and minimal
non-p-solvable groups, among others. Based on this, we define group classes J and J, respectively,
and obtain corresponding generating formations J and :“jp.

Definition 3. Let G be a group and p be a prime. We define the following group classes and
formations.

M s solvable,
e J=<¢G|VYM € Max(G), or M is minimal non-solvable  ;
or |G : M| is a prime power

e J=(G|GeJ);
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M is p-solvable,
e J, =G |VYM € Max(G), or M is minimal non-p-solvable » ;
or |G : M| is a prime power

¢ J,=(G|GeT,.

Clearly, 3, € J C J,. Note that fj and \fp are saturated formations. While the class J contains J,,
the two are different, J and J, are also different classes. These two points are demonstrated by the
following two examples respectively.

Example 1. Consider the projective special group G = PSL(2,9) of order 360. The structure
and related properties of the mazimal subgroups of G are shown in Table 1. A maximal subgroup As
has index 6 in G and is non-solvable, but As is minimal non-solvable. Hence, G € J\Jpr-

Table 1
Maximal subgroups of PSL(2,9)

Structure  Order  Solvable  Minimal non-solvable  Prime power index

As 60 F T F(2 x 3)
32:4 36 T F F(2 x5)
S, 24 T F F(3 x5)

Example 2. Consider the Mathieu group G = My of order 7920. Table 2 shows that
PSL(2,11) is not minimal non-solvable but minimal non-11-solvable. Hence, G € Jp\J.

Table 2
Maximal subgroups of M,

Structure ~ Order  Solvable p-Solvable  Prime power index

Mg 720 F T T(11)
PSL(2,11) 660 F F F(3 x 4)
My : 2 144 F T F(5 x 11)
S5 120 F T F(2x3x11)
Qs : 53 48 T T F(3x5x11)

2. Preliminaries

The following are the main lemmas and definitions we will be concerned with in this paper.

Lemma 2.1 [11, Lemma 2.13|. Let H be a second mazimal subgroup of a group G and X €
Mazx(G, H). Assume that N is a normal subgroup of G such that N < X. IfN £ H, then X = HN.

Lemma 2.2. Let G be a group. If H is a weak second mazimal subgroup of G, then there exists
a strictly second maximal subgroup of G containing H .

Proof. Let S ={T € Mazs(G) | H <T}. Let X be an element of S with the largest order.
We claim that X is a strictly second maximal subgroup of G. Suppose, for contradiction, that X is
a weak second maximal subgroup. There exists M € Max(G, X) such that X is not maximal in M.
Thus, there exists a maximal subgroup Y of M satisfying H < X < Y. This implies Y € S and
|Y| > | X|, which contradicts the choice of X as the element of S with the largest order and the
lemma is true. O
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Lemma 2.3 [5, Lemma 2.3.4]. Let N be a normal subgroup of a group G. A subgroup H of a
group G is a minimal supplement of N in G if and only if HN = G and HN N < ®(H).

Lemma 2.4 [1, Theorem 2|. Let G be a finite group such that, for all primes p, Ng(P) is
nilpotent where P is a Sylow p-subgroup of G. Then G is nilpotent.

Lemma 2.5 [10, Theorem 3.2.2|. A group G is solvable if and only if Max’(G) C To(G), where
T5(G) ={H | H € Max2(G),3M € Max(G,H),s.t., Hz < M¢}.

Proof. This result was first proved in [10]. We now present a detailed proof for the reader’s
convenience.

Necessity. Let M be a maximal subgroup of G and H a maximal subgroup of M. Assume that G
is solvable and L is a minimal normal subgroup of G. To prove the necessity, it suffices to show that
for any strictly second maximal subgroup H satisfying Hg = Mg, we have H € To(G).

First suppose the special case Hg = Mg = 1. We have G = LM with LNM = 1 [12, Theorem 5.5
(Baer) Chapter IX]. Clearly, LN H = 1. Then HL < G. Note that HL/L = H/(H N L) = H and
G/L = ML/L = M/(M NL)= M, by the maximality of H in M, we have HL/L < G/L and
HL < G. Let My = HL, we get Hg < (My)¢-

Now suppose Hg = Mg # 1. We can assume that L < Hg without loss of generality, which
implies H/L is a second maximal subgroup of G/L, and G/L is not a group of prime order. Since
any finite group of non-prime order has a non-empty set of strictly second maximal subgroups, then
Max3(G/L) # @. By hypothesis, Max3(G/L) C To(G/L). We claim that H € T5(G). If not, then
for every M; € Max(G,H), Hg = (Mi)g. Since L < H, we have M,/L € Max(G/L,H/L) and
(H/L)q/ = (M1/L)q1, a contradiction. This completes the proof of necessity.

Sufficiency. We work by induction on |G|. Suppose G is a counterexample with minimal order.
Let L be a minimal normal subgroup of G. Clearly, Maz}(G) # @ and G is not simple.

Step I. Verifying that G/L is solvable.

Assume that Maxz3(G/L) # @. Suppose H/L € Max5(G/L), then H € Maxz3(G). By
hypothesis, Max3(G) C T5(G). Thus, there exists My € Max(G,H) such that Hg < (Ma2)g.
Then My/L € Max(G/L,H/L) and (H/L)g/, < (M2/L)q/1,- Therefore, Max3(G/L) C To(G/L).
Hence, G satisfies the hypothesis of the theorem and G/L is solvable. Thus, L is unique and
O(G) =1.If (G) # 1, then L < ®(G). Since G/®(G) = G/L/P(G/L). It follows that G/P(G) is
solvable and G is solvable, a contradiction.

Step II. Seeking a contradiction.

Let L, = LNP, where P € Syl,(G). By the Frattini argument, G = LNg(L,). But Ng(Lp) # G,
so G = LN¢(Ly,) = LMs, where Ng(L,) < M3z <G. Suppose H < Ms. It H € Max3(G), then there
exists My € Maxz(G,H) such that Hg < (My)g. By Lemma 2.1, we have My = HL. On the
other hand, if H € Max2(G)\Mazs(G), by Lemma 2.2, there exists a second maximal subgroup
I € Max3(G) such that H < --- < I} < Ms < G. There exists Mg € Max(G,1I;) such that
Hg < (I)g < (Mg)g and then Mg = HL.

In both case, HL < G. Then Ms is a minimal supplement of L in G. By Lemma 2.3, L N M3 <
®(M3). Note that, Ni(L,) = Ng(Lp) N L < MsN L. It follows that Np(L,) < ®(M3). Therefore,
N1, (Lp) is nilpotent. Applying the generality of p and using Lemma 2.4, we get that L is solvable
and G is solvable, a contradiction. O

Definition 4. Let G be a group and H be a normal subgroup of G. We call H is J-embedded
in G if there exists a chief series of G

l=Hy<H < QH(=H) < QH, =G

such that each chief factor H;/H;—1 of G below H belongs to the formation ‘j, where 1 = 1,2, .
Similarly, we have the definitions of H is ‘jp—embedded in G and H is \jpr—embedded in G
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Lemma 2.6 [9]. If a finite group G has a nilpotent mazimal subgroup M of odd order, then G
18 solvable.

Lemma 2.7. Let L be a minimal normal subgroup of group G. If there exist two proper subgroups
of L such that their indices in G are powers of distinct primes, then L = PSL(2,7) x PSL(2,7) x
-+ x PSL(2,7).

Proof. Suppose Xj, Xo are proper subgroups of L. Let |L : X;| and |L : X3| be powers of
distinct primes. It follows from X; < L and Xy < L that there exists maximal subgroups L, Lo
of L such that Xy < Ly and Xy < Lo. Noticing that |L : Ly| | |L : X1| and |L : La| | |L : Xa|, we
see the indices of L1 and Ls in L are powers of two distinct primes.

Let L = Ay X Ay x --- X A, where A1 = Ay = -.- =2 A,. Without loss of generality, assume
Ay £ Ly and Ay £ Ls. Clearly, ’L : Lz’ = ’Asz : Lz‘ = ‘Az : L ﬂAZ’ for i = 1,2. Since
L;NA; < A;, there exist maximal subgroups B; of A; such that L; N A; < B; for ¢ = 1,2. Thus,
|A; : Bi| | |Ai: LiN A;| and |A; : Bi| | |L : L;|. In particular, |A; : By| | |L: Li| when i = 1.

Furthermore, there exists an element g € G such that A; = (A2)Y. This implies that |A; :
(B2)9| = |(A2)9 : (B2)9] = |A2 : By|, which divides |L : Lg|. Therefore, A; is a simple group
with subgroups of two distinct prime power indices. Then, by a result of Guralnick [4], we see that
Ay =2 PSL(2,7). Hence, L =2 PSL(2,7) x PSL(2,7) x --- x PSL(2,7). O

Remark 1. Note that every maximal subgroup of PSL(2,7) is solvable and has primary
index. Hence, PSL(2,7) belongs to the class J,,. Additionally, since J,, C Jp» and J,, is a saturated
formation, it follows that the minimal normal subgroup L in Lemma 2.7 belongs to the formation J,,,..

3. Main results

Theorem 3.1. Let G be a group. If for every second mazximal subgroup H € .{lA*(G), there
exists a mazximal subgroup M € Max(G, H) such that Hg < Mg, and Mq/Hg is J-embedded in
G/Hg, then G € J.

Proof. Firstly, suppose that AA*(G) = @. For each maximal subgroup M of G, M is solvable
or non-solvable. If M is non-solvable, consider any maximal subgroup H of M. If H is non-solvable,
then H € AA(G), we conclude that H € Maxs(G)\Max3(G). By Lemma 2.2, there exists a second
maximal subgroup Iy € Max3(G) such that H < --- < I} < My < G. Since H is non-solvable,
it follows that I; is also non-solvable. In this case, I; € AA*(G), a contradiction. Therefore, any
maximal subgroup of M is solvable. Consequently, G € X C J.

Next, we can assume that AA*(G) # @. We work by induction on |G|. Suppose G is a
counterexample with minimal order. Clearly, G is not simple.

Step I. Prove that if L is a minimal normal subgroup of G, then G/L € 3.

Let L be a minimal normal subgroup of G' and consider the quotient group G/ L. For any second
maximal subgroup H/L € AA*(G/L), H/L is non-solvable and so is H, then H € AA(G). Since
H/L € Max3(G), it follows that H € Maxz(G) and H € AA*(G). By hypothesis, there exists
a maximal subgroup M; € Max(G, H) such that Hg < (M;)g and (M;)g/Hg is J-embedded in
G/Hg. Then there exists a maximal subgroup M;/L € Maxz(G/L,H/L) such that (H/L)q/1, <
(Ml/L)G/L- Given that (Ml/L)G/L/(H/L)G’/L = (Ml)G/Hg, it follows that (Ml/L)G/L/(H/L)G’/L
is J-embedded in (G/L)/(H/L)g/r- The minimality of G implies that G//L € J and L is unique.
Step II. Verifying that G/L is solvable.

We claim that L is non-solvable. If L is solvable, then L € j, and since G/L € fj, it follows
that G € J, a contradiction. For any H/L € Max%(G/L), there exists a maximal subgroup M/L
of G/L such that H/L < M/L, implying that L < H < M < G. Then, H is non-solvable and H €
AA(G). Clearly, H € AA*(G). By hypothesis, there exists a maximal subgroup My € Max(G, H)
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satisfying Hg < (Ma2)q. For any H/L € Max3(G/L), there exists a maximal subgroup Ms/L €
Max(G/L,H/L), s.t., (H/L)q/, < (M2/L)q/r, - By Lemma 2.5, G//L is solvable.

Step III. Seeking a contradiction.

For any maximal subgroup M of G, there are two possibilities: L < M or L « M. If L < M,
then |G : M| = |G/L : M/L| is a prime power as G/L is solvable. If L < M, we have G = LM and
Mg = 1. M is either solvable or non-solvable. If M is non-solvable, for any maximal subgroup H
of M, we claim that H is solvable. In fact, if H is non-solvable, we get that H € AA(G).

We will consider two cases.

1. H € Max3(G). Then H € AA*(G). By hypothesis, there exists a maximal subgroup Mj €
Maz(G,H) st., Hy < (Ms)g and (Ms)g/Hg is J-embedded in G/Hg. By Lemma 2.1,
M; = HL. Noticing that (Ms)g/Hg = (HL)g/Hg = (HL)g and 1 < L < (HL)g, by
Definition 4, we have L € Jand GeJ , a contradiction.

2. H € Mazy(G)\Mazs(G). By Lemma 2.2, there exists a second maximal subgroup I €
Max3(G) such that H < --- < Iy < My < G. We have that Hg = (I2)g = 1. If not, (I2)g # 1,
then (My)g # 1. By Lemma 2.1, My = HL < I, a contradiction. Since I is non-solvable,
we have I € AA*(G). By hypothesis, there exists a maximal subgroup M; € Max(G, I3)
st., (b)a < (Ms)g and (Ms)g/(I2)¢ is J-embedded in G/(Iy)g. Here, M5 = I,L. Since
(Ms)a/(I2)a = (I2L)g/(I2)g = (IaL)g and 1 < L < (IoL)g, we get L € §J and G € J, a
contradiction.

Hence, H is solvable, as claimed. Therefore, any maximal subgroup of non-solvable group M is
solvable. This implies that M is minimal non-solvable.

Consequently, for any maximal subgroup M of G, we obtain that M is solvable, or minimal
non-solvable, or |G : M| is a prime power. This implies that G € 3, a contradiction. O

Remark 2. In fact, we are primarily dealing with non-solvable groups. Since AA*(G) is the
set of non-solvable strictly second maximal subgroups of G, if this set is non-empty, it follows
from the definition of solvable groups that G is non-solvable. Therefore, more precisely, in the case
AA*(G) # @ considered in Theorem 3.1, the target groups consist exactly of the non-solvable
groups in the formation 3.

Apply the idea of localization to the set of second maximal subgroups AA(G) and the target
group class J, respectively. Specifically, from the perspective of the set AA(G), we consider the
prime factor p of the order of a group G and extract the second maximal subgroups with orders
divisible by p from this set. From the viewpoint of target group class, we localize the solvability of
the maximal subgroups within J to p-solvable, resulting in the group class J,.

Next, we seek to establish a connection between the localized second maximal subgroups and
the localized group class, leading to the following results.

Theorem 3.2. Let G be a group. If for every pd-subgroup H € AA*(G), there exists a maximal
subgroup M € Max(G,H) such that Hg < Mg, and Mg/Hg is jp—embedded in G/Hg, then
G € J,.

Proof. Assume that the set AA*(G) contains no pd-subgroup. For any maximal subgroup M
of G, M is either solvable or non-solvable. If M is non-solvable, for any maximal subgroup H
of M, H is solvable or non-solvable. In the later case, H € AA(G). Then we consider the two
possibilities. If H is not a pd-subgroup, then H is p-solvable. If H is a pd-subgroup, by assumption,
H € Mazy(G)\Mazh(G). By Lemma 2.2, there exists a second maximal subgroup I € Maz3(G)
s.t., H < --- < I} < My < G. Noting that I is a pd-subgroup and I; is non-solvable, contradicts
to the hypothesis. Thus, for any non-solvable maximal group M, we conclude that M is either
p-solvable or minimal non-p-solvable. Therefore, for any maximal subgroup M of G, we have that
either M is p-solvable or minimal non-p-solvable, then G € J,, as desired.
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Assume that there exists a pd-subgroup in AA*(G). We proceed by induction on |G|. Suppose G
is a counterexample with minimal order. Clearly, G is not simple. Let L be a minimal normal
subgroup of G, it is not difficult to see that G/L € jp, and L is unique. Now we prove that G/L is
solvable and then seek a contradiction.

Step I. Verifying that G/L is solvable.

Clearly, L is non-solvable. We claim that L is a pd-subgroup. Otherwise, L is p-solvable and
L €3,. Since G/L € J,, it follows that G € J,, a contradiction. For any H/L € Max}(G/L), there
exists a maximal subgroup M/L of G/L such that H/L < M /L, implying that L < H < M < G.
Then, H is non-solvable and H € AA(G). Obviously, H € AA*(G). Since L is a pd-subgroup, we
also have H is a pd-subgroup. By hypothesis, there exists a maximal subgroup M; € Maxz(G, H)
satisfying Hg < (Mi)g. Hence, for any H/L € Maxz3(G/L), there exists a maximal subgroup
My/L € Max(G/L,H/L), s.t., (H/L)g/ < (M1/L)g/r- By Lemma 2.5, we conclude that G/L is
solvable.

Step II. Seeking a contradiction.

For any maximal subgroup M of GG, there are two possibilities.

1. L< M. Then |G: M|=|G/L:M/L| is a prime power as G/L is solvable.

2. L £ M. We have G = LM and Mg = 1. M is either p-solvable or non-p-solvable. If M is
non-p-solvable, we consider any maximal subgroup H of M. If H is non-p-solvable, then H is
a pd-subgroup and H € AA(G). Then we consider the following two cases: H € Max3(G) and
H € Mazo(G)\Maz3(G). Similar to the proof of Step I1T in Theorem 3.1, we see that L € J,
and G € jp, a contradiction. Hence, for any non-p-solvable subgroup M, every maximal
subgroup H of M is p-solvable. Then M is minimal non-p-solvable.

Consequently, for any maximal subgroup M of G, we obtain that M is p-solvable, or minimal
non-p-solvable, or |G : M| is a prime power, which implies that G € J,, a contradiction. O

As an application of AA(G), we define the set BB(G). By analyzing the core relation and index
relation among subgroups, we establish a sufficient condition for the formation Jp,.

Theorem 3.3. Let G be a group. If for every second mazximal subgroup H € BB*(G), there
erists a maim'mal subgroup M € Max(G, H) such that Hg < Mg, and |M : H| is a prime power,
then G € Jp,.

Proof. We work by induction on |G|. Suppose G is a counterexample with minimal order.
(1) Assume that BB*(G) = @.
Case I. G is a simple group.

For any maximal subgroup M of G, M is either solvable or non-solvable. If M is non-solvable,
for any maximal subgroup H of M, we have H € BB(G), then H € Maxo(G)\Maxs(G). By
Lemma 2.2, there exists a second maximal subgroup I € Maz3(G) st. H < --- < I < M; < G.
Then I; ¢ BB(G), it follows that M; is solvable and |G : M| is a prime power, set as p®. There
exists a maximal subgroup Mj such that P < My, where P € Syl,(G).

1. P = M. In this case, p = 2. Otherwise, M5 is a nilpotent maximal subgroup of odd order of G,
by Lemma 2.6, G is solvable and G € 3;”, a contradiction. For any P, < P, if P € Max3(G),
then |G : P| is a prime power, and let |G : P| = p{". Since P; < P and |G| = |G : Py||Py],
then |G| is the product of two prime powers and G is solvable, a contradiction. If P, €
Mazo(G)\Maxs(G), by Lemma 2.2, there exists a second maximal subgroup Iy € Max3(G)
s.t. P < -+ < [s<M3<@. Similarly, I ¢ BB(G) and |G : M3| is a prime power. Let |G|y = 2°.
Given that P; is a maximal subgroup of the Sylow 2-subgroup P of G and P; C Mj3 with
Mz # P, we have |M3|s = 2°~1. By Lagrange’s theorem, |G| = |G : Ms||Ms|. It follows that
|G : M3| =2 and M3 < G, contradicting the case G is a simple group.



A note on the non-solvable formation J,, 297

2. P < M. In this case, there exists a maximal subgroup H; of M, such that P < Hy. If
H, € Maz$(G), then |G : Ms| is a prime power, set as p5?, with ps # p, then G = PSL(2,7)
and G € Jpy, a contradiction. If H; € Maxa(G)\Mazh(G), there exists a second maximal
subgroup I3 € Maxz5(G) s.t. Hy < --- < I3 < My <G. Then |G : My| is a prime power, which
is different from p, then G = PSL(2,7) and G € J;W, a contradiction.

Case II. G is not a simple group.

Let L be a minimal normal subgroup of G and we consider the quotient group G/L. Then the
quotient group G/L plainly satisfies the hypothesis of our theorem. By hypothesis, we see that
G/L € 3;,r and L is unique. We claim that L is non-solvable. If not, then L € 3;”, and it follows
from G/L € 3;,r that G € 3;”, a contradiction.

For any maximal subgroup M of G, M is either solvable or non-solvable. If M is non-solvable,
for any maximal subgroup H of M, we have H € BB(G), then H € Maxs(G)\Max3(G). By
Lemma 2.2, there exists a second maximal subgroup Iy € Maz5(G) st. H < -+- < Iy < M5 < G.
Then Iy ¢ BB(G), it follows that Ms is solvable and |G : Ms| is a prime power, set as ¢°. We
claim that (Ms5)g = 1. Otherwise, it follows from the uniqueness of L that L < M;s. Since L is
non-solvable, then M5 is non-solvable and Iy € BB*(G), a contradiction. Then G = LM; and
|G : Ms| = |L: LN Ms|=q°.

Using the Frattini argument, we have G = LNg(L,) for any ¢ € 7(L), here L, is a Sylow ¢-
subgroup of L. There exists a maximal subgroup Mg of G such that Ng(L,) < Mg and (Mg)g = 1.

1. If |G : Mg| is a prime power, set as qfl, then |G : Mg| = |LMg : Mg| = |L : L N Mg|. By
Lemma 2.7, L & PSL(2,7) x PSL(2,7) x --- x PSL(2,7) and L € J,,, a contradiction.

2. If |G : Mg| is not a prime power, then Mg € B(G). Pick a maximal subgroup
H of Ms containing (Mg),, where (Mg), € Syly(Ms). We have H € BB(G), then
H € Mazy(G)\Mazs(G) and there exists a second maximal subgroup I5 € Maz3(G) s.t. H <
-+ < Is < M7 < G. Similarly, M7 is solvable and (M7)g = 1. Thus, |G : M7| = |LM7 : M| =
|L: LNM;| = q§2, where ¢2 # q. By Lemma 2.7, L = PSL(2,7)x PSL(2,7)x--- x PSL(2,7)
and L € J;W, a contradiction.

(2) Assume that BB*(G) # .

Clearly, G is not simple. We will now establish that the hypothesis is quotient-closed, leading
to a contradiction.

Step I. Prove that if L is a minimal normal subgroup of G, then G/L € G;,T.

Let L be a minimal normal subgroup of G, and consider the quotient group G/ L. For any second
maximal subgroup H/L € BB*(G/L), there exists a maximal subgroup M/L € B(G/L) such that
H/L < M/L, implying L. < H< M < G and H € Maxz%(G). For such an M/L, there are two
possibilities:

1. M/L is non-solvable. In this case, M is non-solvable and H € BB*(G).
2. |G/L : M/L| is not a prime power. Since |G : M| = |G/L : M/L|, it follows that M € B(G)
and H € BB*(G).

Therefore, for any second maximal subgroup H/L € BB*(G/L), we get that H € BB*(G).
By hypothesis, there exists a maximal subgroup Mg € Max(G, H) satisfying Hg < (Msg)g and
|Msg : H| is a prime power, which also holds for the quotient group G/L. Hence, G/L € 3;” and L
is unique.

Step II. Verifying that G/L is solvable.

Clearly, L is non-solvable. For any H/L € Max3(G/L), there exists a maximal subgroup M /L
of G/L such that H/L < M/L, implying that L < H < M < G. Then, M is non-solvable and
H € BB(G). Obviously, H € BB*(G). By hypothesis, there exists a maximal subgroup My €
Max(G, H) satisfying Hg < (Mg)qg. Then, for any H/L € Max3(G/L), there exists a maximal
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subgroup My/L € Max(G/L,H/L), such that (H/L)g,;, < (My/L)g/r- By Lemma 2.5, G/L is
solvable.

Step III. If there exists a maximal subgroup Ly of L, such that the index of Ly in L is a power of
prime, then L € J,,.

Assume that |L : Li| = a®. Applying the Frattini argument, for any maximal subgroup M
of G satisfies L £ Mg, we have G = LNg(L,) = LMjy, here L, is a Sylow a-subgroup of L,
P< NG‘(La) < Mjp and P € Syla(G)

We will consider two cases.

. |G : My is a prime power. Let |G : Mig| = a% (a1 # a), then |G : Myg| = |LMp : M| =
\L . LNMyo| = a®*. By Lemma 2.7, L 22 PSL(2,7) x PSL(2,7) x - - x PSL(2,7) and L € J,,.

2. |G : Mjp| is not a prime power. In this case, Myy € B(G). Pick a maximal subgoup H of My
s.t., (M1o)a < H, where (Mjg), € Syla(Mp), then H € BB(G).

2(a) H € Maxz3(G). Then H € BB*(G). By hypothesis, there exists a maximal subgroup
My € Max(G, H) satisfying Hg < (Mi1)g and |My; @ H| is a prime power. Notice
that L £ H and L < My, by Lemma 2.1, we have My; = HL, and |My; : H| = |HL :
H|=|L:LNH|=aP, with ay # a. By Lemma 2.7, L = PSL(2,7) x PSL(2,7) x - -+ X
PSL(2,7) and L € J,.

2(b) H € Mazs(G)\Mazh(G). By Lemma 2.2, There exists a second maximal subgroup
Is € Max3(G) st. H < -+ < Ig < Mg < G. If (Mi2)g = 1, then G = LMs. If |G :
Mis| = |L : LN Mjs| is a prime power, then G € J;W, a contradiction. If |G : Mys| is not
a prime power, then Ig € BB*(G). There exists a maximal subgroup M3 € Max(G, Ig)
satisfying (lg)a < (Mis)g and |Mis : Ig| is a prime power. Since (Mi2)g = 1, it
follows that (Ig)¢ = 1. By the uniquness of L, we have L & Is. Then Lemma 2.1 yields
M3 = IgL. Therefore, we get that |Mis : I6| |IgL : Ig| = |L : L N Is| = ag , Where
az # a. Thus, L 22 PSL(2,7) x PSL(2,7) x --- x PSL(2,7) and L € Jp,. If (My2)g # 1,
by the uniqueness of L, we have L < Mjs. Since L is non-solvable, and so is Mis, we
have Is € BB*(G). By hypothesis, there exists a maximal subgroup M4 € Maz(G, Ig)
satisfying (Is)g < (Mia)g and |Myy : Ig| = |L : L N Ig| is a prime power. Clearly,
L= PSL(2,7) x PSL(2,7) x --- x PSL(2,7) and L € J,,.

Step IV. Seeking a contradiction.

For any maximal subgroup M of G, there are two possibilities: L < M or L £ M. If L < M,
then |G : M| = |G/L: M/L]| is a prime power as G/L is solvable. If L £ M, we have G = LM and
Mg = 1. M is either solvable or non-solvable. If M is non-solvable, for any maximal subgroup H
of M, we have H € BB(G).

We will consider two cases.

1. H € Maz5(G). Then H € BB*(G). By hypothesis, there exists a maximal subgroup
M5 € Max(G, H) satisfying Hg < (M15)c and [Ms : H| is a prime power. Let |M;5 : H| =
c‘lh. It follows from Lemma 2.1 that M5 = HL and |My5: H| = |HL: H|=|L: LNH| = c‘lh.
By Step III, L € J;W, leading to G € J;r, a contradiction.

2. H € Mazy(G)\Maz3(G). By Lemma 2.2, there exists a second maximal subgroup I7 €
MamE(G) st. H< - <I; < Mg <.

Assume that (Mig)g # 1. Since L is unique, L < Mjs and Mjg is non-solvable. Then,
Mg € B(G) and I; € BB*(G). Assume that (Mjs)g = 1. In this case, (I7)¢ = 1 and L £ I7.
If |G : Mgl is a prlme power, set as qﬁ2 it follows from G = LM that |G : M16] = |LM¢ : Myg| =
|L: LN Mg|= 02 By Step III, using Frattini argument, we may get G € J,,, a contradiction. If
|G : Mjg| is not a prime power, then I7 € BB*(G).
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Thus, Iy € BB*(G). By hypothesis, there exists a maximal subgroup M;; € Max(G,I7)
satisfying (I7)g < (Mi7)g and | My : I7| is a prime power, set as cgg. By Lemma 2.1, My7; = I;L
and |Myy : I;| = |I;L : I;| = |L : LN I;| = ¢&. Step III implies that L € J,, and G € J,r, a
contradiction. O
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