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OSCILLATION AND NON-OSCILLATION CRITERIA FOR SECOND ORDER
LINEAR NONHOMOGENEOUS FUNCTIONAL-DIFFERENTIAL EQUATIONS

G. A. Grigorian

The Riccati equation method is used to establish oscillation and non-oscillation criteria for second order
linear nonhomogeneous functional-differential equations. We show that the obtained oscillation criterion is
a generalization of J. S. W. Wong’s oscillation criterion for second order linear nonhomogeneous ordinary
differential equations. Two examples, demonstrating the aptitude of the obtained criteria, are presented.
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1. Introduction

Let p(t), q(t), f(t), rj(t), j = 1,n, be real-valued locally integrable, a;(t), j = 1,n, be locally
measurable functions on [tg, 00), and let p(t) > 0, «o;(t) <t, j =1,n, t > to. Consider the second
order linear functional-differential equation

(P (1) +a)¢' (1) + Y _ri()d(a;(t) = f(t), teR. (1.1)
j=1

Let 0(t) be a continuous function on (—oo, t1], for some ¢t; > ¢y and let ¢ € R. By a Cauchy problem
for Eq. (1.1) we mean to find a continuous on R function ¢(¢), which is continuously differentiable
on [t1,00) with its absolutely continuous derivative on [t1,00), satisfies (1.1) almost everywhere on
[t1,00) and satisfies the initial conditions ¢(t) = 0(t), t < t1, ¢'(t1) = (. Equation (1.1) should be
understood in the sense of its equivalence to the following linear system of functional-differential
equations

- L
# (1) = ()
_ & (v

(1) — LY
- 3 ri06(as(0) = S0 + £, 12t

which can be realized by involving a new dependent variable v (t) by

¥'(t)

P(t) =pt)¢'(t), = to.
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This fact, on the basis of Theorem 2.3 (see below), implies that for { € R,t; > ¢y and real-valued
continuous function #(¢) on (—oo, ;] the Cauchy problem for Eq. (1.1) with the initial conditions
o(t) =0(t),t <t1,¢'(t1) = ¢ has always a unique solution. By a solution of Eq. (1.1) we mean the
solution of a Cauchy problem for this equation (for any t; > t).

Definition 1.1. A solution of Eq. (1.1) is called oscillatory if it has arbitrarily large zeroes.

Definition 1.2. Eq. (1.1) is called oscillatory if all of its solutions are oscillatory, otherwise it
is called nonoscillatory.

Definition 1.3. Eq. (1.1) is called oscillatory on the interval [a, b] C [to, 00) if its every solution
has a zero on [a, b].

One of the most important problems in the study of linear functional differential equations, in
particular of Eq. (1.1), is that of finding conditions, providing oscillatory or nonoscillatory behavior
of their solutions. Many publications are devoted to this problem (see [1-3;5;9-12| and references
therein). One of approaches in studying of this problem is that of finding explicit conditions on
coefficients of the studying equation, providing its oscillation (or non-oscillation). Results in this
direction have been obtained in [1;3;9-12]. Another approach is that of comparing the considered
equation with the another (functional-differential or ordinary differential) equation. This approach
allows by means of properties of solutions of relatively simple equation to describe (to detect) wide
classes of oscillatory and (or) nonoscillatory equations. Results of this type have been obtained, for
example, in [1;5;10]. Finally, an interesting approach is that of reducing the oscillation problem
for functional-differential equations to the oscillation problem for ordinary differential equations.
A result in this direction has been obtained in (see [2, Theorem 2]).

In this paper we use the Riccati equation method to establish oscillation and non-oscillation
criteria for Eq. (1.1).

Let d(t) > 0, r(t) and g(t) be real-valued continuous functions on [tg, c0). Consider the second
order linear ordinary differential equation

d(t)g') +r(t)p = g(t), t>to. (1.2)

Combining the Riccati equation method with a variational technique in [13] J. S. W. Wong proved
the following oscillation theorem.

Theorem 1.1 [8, Theorem 1|. Suppose that for every T > to there exist s1,t1, S2,t2, satisfying
the conditions T < s1 < t1 < 89 < 13,
<0, te [Sl,tl],
g(t)
205 te [525t2]‘

Denote D(s;,t;) = {u € Cls;, t;]|u(t) # 0,u(s;) = u(t;) = 0}, i = 1,2. If there emists u € D(s;,t;)
such that

/ (r(r)u(r)? — d(r)d (r)2)dr > 0

Si

fori=1,2, then Eq. (1.2) is oscillatory.

We show that the obtained below oscillation criterion is a generalization of Theorem 1.1.

2. Auxiliary Propositions

Let a(t), b(t), c(t), a1(t), bi(t), c1(t) be real-valued locally integrable functions on [tg,o0).
Consider the Riccati equations

y' (1) + a(t)y® () + b(t)y(t) + c(t) =0, (2.1)
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y'(t) + ar(t)y* () + bi(t)y(t) + ea(t) = 0, (2.2)
t > to and the differential inequalities

i () + a(t)n?(t) + b(£)n(t) +c(t) > 0, (2.3)

() + ar ()P (1) + bi()n(t) + e (t) > 0, (2.4)

i (t

t > to. By a solution of Eq. (2.1) (Eq. (2.2), inequalities (2.3), (2.4)) on [t1,t2) (to < t1 < to < 00) we
mean an absolutely continuous functlon on [t1,t9), satisfying (2.1) ((2.2)—(2.4)) almost everywhere
on [t1,t3). Since the function a(t)y?+b(t)y+c(t) (ai(t)y?+b1(t)y+ci1(t)) satisfies the Caratheodory
condition on [ty,00) X R, for every ¢t; > to, v € R there exists to > t; such that Eq. (2.1) (Eq. (2.2))
has a solution y(t) on [t1,t2) with y(t1) = 7. Note that every solution of Eq. (2.1) (Eq. (2.2)) is a
solution of the inequality (2.3) ((2.4)). Note also, that for a(t) > 0 (a1(t) > 0), t > tg, the real-
valued solutions of the equation 7/ (t) +b(t)n(t) +c(t) =0 (n/'(t)+b1(t)n(t) +c1(t) = 0) are solutions
of the inequality (2.3) ((2.4)). Therefore for a(t) > 0 (ai(t) > 0), t > to, the inequality (2.3) ((2.4))
has a solution on [tg, o), satisfying any initial real-valued condition. In the sequel we will assume
that the solutions of considered equations and inequalities are real-valued.

Theorem 2.1. Let yo(t) be a solution of Eq. (2.1) on [t1,t2), and no(t), m(t) be solutions of
inequalities (2.3) and (2.4) with no(t1) > yo(t1), m(t1) > yo(t1) respectively, and let ay(t) > 0,

T

)\—yo(tl)Jr/eXP{/ [a1(§)(770(§)+m(§))+bl(§)]d§}
x[(a(T) = a1 (M))y5 (1) + (b(7) = bi(T))yo(7) + ¢(7) — ea(7)|dr >0, t € [t1, t2),

for some X € [yo(t1),mi(t1)]. Then Eq. (2.2) has a solution yi(t) on [t1,t2) with y1(t1) > yo(t1),
morcover 1(8) = yo(t), ¢ € [1,12).

Proof. By analogy with the proof of Theorem 3.1 from [4]. O

Consider the equation

(2.5)
P T

By a solution of this equation on [t1,%2) (to < t1 < t2 < 00) we mean a continuous function y(t)
on (—oo,t2) that is absolutely continuous on [¢1,t2) and satisfies (2.5) almost everywhere on [t1,t2).
Let tg <t < tg < co. Denote T'(t1,t3) = min{ty, 1r<]run { inf «a;(t)}}.
<<

tefty t2)

Let ¢o(t) be a solution of Eq. (1.1) on [t1,t3), and let ¢g(t) # 0 t € [T'(t1,t2),t2). It is easy to

show that /

PO 4 ¢ 1)
_ do(t) o

. 2.6

Yo(t) plt)d(t) -

Go(tr) = 7

is a solution of Eq. (2.5) on [t1,t2), where A = ¢g(t1).

Definition 2.1. An interval [t1,t2), tg < t1 < ta < 00, is called the maximum existence interval
for a solution y(t) of Eq. (2.5) if it exists on [t1,t2) and cannot be continued to the right from ¢y as
a solution of Eq. (2.5).
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Lemma 2.1. Let y(t) be a solution of Eq. (2.5) on [t1,t2) with to < +oo. If the function
¢
F(t) = / %dﬂ t1 <t < tg, is bounded from below, then [t1,t2) cannot be the mazimum
t1 p\T

existence interval for y(t).

Proof. By (2.6) ¢(t) = exp{F(t)}, t1 <t < ts, is a solution to Eq. (1.1). From here and the
condition of the lemma it follows that ¢(t) # 0, t € [t1,t3), for some t3 > to. Then by (2.6) the
t)e' (t
function %, t1 <t < ts, is a solution of Eq (2.5) on [t1,t3), that is a continuation of y(¢).
p

Therefore, [y, t2) is not the maximum existence interval for y(¢).
The lemma is proved.

Let r1(t), 7 =1,n, t > to, be real-valued locally integrable functions on [tg, 00). Consider the
equation

y/(t) + —y2(t) — %y(t) + ;TLJ‘(T) exp{— / %dT} =0, t>t (>ty). (2.7)

;(t)
Lemma 2.2. Let y1(t) be a solution of Eq. (2.7) on [t1,t2), and let the following conditions be
satisfied.
(1) 7“17j(t) > Tj(t), t e [tl,tg), 7 =1n.
(2) Ifrj(t) <0, then rij(t) > 0 or oj(t) =t for every t € [t1,t2), j=1,n.

(3) @ >0, te [tl,tg).

Then for every real-valued continuous function y(t) > yi(t), t < ty, y(t1) > vi(t1), Eq. (2.5) has a
solution y(t) on [t1,ta) with y(t) = ~(t), t < t1, and

y(t) > yl(t), t e [tl,tg). (2.8)

Proof. Let y(t) be a solution of Eq. (2.5) with y(t) = ~(¢), t < t1, and let [t1,t3) be its
maximum existence interval. Suppose t3 < to. Show that

y(t) > yi(t), T € [ty t3). (2.9)
We set . .
—n'Tex — M7-—@ex — wT
o =j:17’]( ) p{ 4) p(T)d } A p{ !P(T)d }’
Ri(t)=) ri;(7) exp{— / y;((:)) dT}, t € [t1,t3).
a 8,1

Suppose (2.9) is not true. Since y(t1) > yi(t1), there exists t4 € (t1,%3) such that

y(t) > yl(t), t e [tl,t4), and y(t4) = yl(t4). (2.10)

Let us show that
R(t) < Rl(t), te [tl,t4). (2.11)

Denote

p(7)

Aj(t)zrl,j(t)exp{— j yl(T)dT}—Tj(t)eXp{— / @df}, t€ [t t3).
5
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Obviously if 1 ;(t) > 0, r;(t) < 0, then A;(¢t) > 0. If 7;(t) < 0 and «;(t) = t, then by the
condition (1) we have A =7y ;(t) —7;(t) > 0. Assume 7;(¢) > 0. Then

Aj(t) = [r(t) — exp{ /tzg }+Tj(t)exp{— j ]%df}

a;(t) a;(t)

|1 o /’EﬂigééﬂﬁﬂdT}]

a;(t)
This together with the condition (1) and (2.10) implies that A;(¢t) > 0. Hence, (2.11) is valid.
Consider the Riccati equations

wa%f+ww+mw=&temmx (2.12)
y' + Z%yQ + q(t)y + Rl(t) = 0, t e [tl,tg). (2.13)

Note that y(¢) and y;(t) are solutions of the equations (2.12) and (2.13) respectively on [t1,3).
Then since y(t1) > yi(t1) by Theorem 2.1 from (2.11) it follows that y(t4) > wyi(ts4), which
contradicts (2.10). The obtained contradiction proves (2.9). It follows from (2.9) that the function

t
F(t) = / %, t € [t1,t3), is bounded from below on [t1,%3). In virtue of Lemma 2.1 from
here it folliz)ws that [t1,t3) is not the maximum existence interval for y(¢), which contradicts our
supposition. The obtained contradiction shows that y(t) exists on [t1,?2) and the inequality (2.8) is
valid. If t3 > to then the existence y(t) on [t1,t2) is clear and the inequality (2.8) follows from the
already proven fact, that for any t5 € (¢1,t2) the inequality y(t) > y1(t), t € [t1,15), is valid.

The lemma is proved.

The following statement can be justified similarly to the proof of Lemma 2.2.

Lemma 2.3. Let y(t) be a solution of Eq. (2.5) on [t1,t2], and let the following conditions be
satisfied.

(1/) Tl,j(t) < T‘j(f), te [tl,tQ), j=1n.

(2) If r1,j(t) <0, then r;(t) > 0 or a;(t) =t for every t € [t1,t2], j =1,n.

t

Then for every real-valued continuous function y(t) > y(t), t < ti, v(t1) > y(t1), Eq. (2.7) has a
solution yy(t) on [t1,ta] with y1(t) = ~(t), t < t1, and

< Oa te [tlyt2]‘

yi(t) > y(t), tE [t ta].

Let 3;(t), 7 = 1, n, be locally measurable functions on [tg, c0) and let tg < t1 < to < t3 < t4 < c0.
We set: wy = {k € Q|Br(t) > t, t € [t1,ta]}; wy ={k € Q:ty < B(t) <ttt ta]}; wy, ={k e
Q: B(t) <t,t € [ts, ta]};

= inf Bi(t); 1o = sup Br(t); t;r = sup Bi(t); t5 = inf Bi(t).

te[tl tal telty,ty] telty,to] t€ltstal
ke keQ k€wy kewy

Consider the equations

(PO () + D re()e(Br(1)) = f(1), = to. (2.14)
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B (t) to
, , dr
()8 (1)) + %rk(t)exp{ / e / (kzkm)d}
/ﬁk(wd_TJr (2.15)
+ 37 () P(7) E(;S(t) 0, te[t,t
_T’ T =0, 1, 2], e > 0;
kew] /t1 p(T) + e
(PO (1)) + ( 3 rk<t>)¢<t> ) (2.16)
k€wy

Theorem 2.2 [5, Theorem 2.6]. Let wy Uw; # &, w, # & and the following conditions be
satisfied:

(a) rp(t) >0, t € [T1,Ts], k € Q;
(b) t3 <tg;
(c) for some g9 > 0 Eq. (2.15) is oscillatory on [t1,ts] for all € € (0,&0);
(d) Eq. (2.16) is oscillatory on [t3,t4].
Then Eq. (2.14) is oscillatory on [Ty, Ts).

Let apjm(t), bi(t), k,j =1,n, m =1, N, be real-valued locally integrable functions on [ty, c0)
and let ay(t), t > tg, k=1,n, j =1, N, be locally measurable functions on [ty, 00), satisfying the
retorsion condition

agj(t) <t, t>ty, k=1,n, j=1,N.

Consider the linear system of functional differential equations

o, (1) Z Z akjm (D) (m () + be(t), t>to, k=T,n. (2.17)

j=1m=1

Let r(t), k= 1,n, be real-valued continuous functions on (—oo,tg]. By a Cauchy problem for the
system (2.17) we mean to find a real-valued continuous vector function (¢1(t),. .., ¢,(t)) on R that
is absolutely continuous on [ty,c0), and that satisfies (2.17) almost everywhere on [tg, c0) and the
initial conditions

¢k(t) = Tk(t), t S to, k= 1,7”1,.

Theorem 2.3 |7, Corollary 3.1|. The Cauchy problem (2.17), (2.8) has a unique solution.

3. Oscillation and Non-Oscillation Criteria

Along with Eq. (1.1) consider the equation

n

(Pt (1) +at)¢'(t) + Y r15(D)¢las() =0, ¢ > to. (3.1)
j=1
Theorem 3.1. Let the following conditions be satisfied.
(1) r5(t) > 7i(t), t >to, j=1,n.
(2) If rj(t) <0, then rij(t) > 0 or aj(t) =t for every t > ty, j =1,n.
(3) f(t) 20, t = to.
4)

If E’q. ( 1) is nonoscillatory, then Eq. (1.1) is also nonoscillatory.

1m ozj() oo, j=1,n.
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Proof. Let Eq. (3.1) be nonoscillatory. Then it has a solution ¢;(t) such that ¢1(t) # 0,t > ¢,
for some t; > ty, and, therefore, the condition (4) implies that

¢(a;(t) #0, t>T, j=1In
p()¢'(t)

p(t)
on [T',00). Then by Lemma 2.2 it follows from the conditions (1), (2) and (3) that Eq. (2.5) has a

solution y(t) on [T, 00). Hence by (2.6)

t
_exp{/y—T } teR,
p(7)
T

is a nonoscillatory solution of Eq. (1.1) on [T, 00). Therefore Eq. (1.1) is nonoscillatory.

for some T' > t;. By virtue of (2.6) from here it follows that Eq. (2.7) has a solution y; (t) =

The theorem is proved.

We set r;'(t) = max{0,7;(t)}, t > tog, j = 1,n. Consider the equation

(P(0)¢' (1) +a(®)' (1) + Y rf (B)d(ay(t) =0, ¢ > to. (3:2)
j=1

The theorem is proved.
Since 7; t(t) >0, t >ty, j=1,n, from Theorem 3.1 we obtain immediately

Corollary 3.1. Let the conditions (3) and (4) of Theorem 3.1 be satisfied. If Eq. (3.2) is
nonoscillatory, then Eq. (1.1) is also nonoscillatory.

Example 3.1. Consider the equation
¢ (t) +sin®t ¢y (t)) + cos’t ¢(aa(t)) — ¢(t) = cos(sin(In(1 +t))), >0, (3.3)

. 11£Ln a;(t) = +oo, j = 1,2. For establishing non-oscillation of this equation we compare it with
_)

the following homogeneous one
§'(t) + sin? £ §(an () + cos?t Blaa(t)) — B(t) =0, >0, (3.4)

It is not difficult to verify that for r11(t) = ri(t) = sin?t, r12(t) = ra(t) = cos?t, r13(t) = rs(t)
—1, f(t) = cos(sin(In(1+1¢))), t > 0, the conditions (1)—(4) of Theorem 3.1 for Egs. (3.3) and (3.4)
are satisfied. Obviously, ¢(¢t) = 1 is a nonoscillating solution for Eq. (3.4). Then by Theorem 3.1
Eq. (3.3) is nonoscillatory.

Theorem 3.2. Let the following conditions be satisfied.

D) ri(t) >r (), t>to, j=1,n.
II)  Ifri(t) <0, thenrj(t) >0, or a;(t) =t, for every t > to, j=1,n.
III) L (t) = i =1.n.
) Jim a;(t) = o0, j=1,n
IV) For every T >ty there exist si,t1, S2,ta, satisfying the conditions T < s1 < t1 < s9 < ta,

SO, t e [Sl,tl],

f(t)

>0, tcl[s,ta].

V) Eq. (3.1) is oscillatory on the intervals [sg,tx], k= 1,2.
Then Eq. (1.1) is oscillatory.
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Proof. Suppose Eq. (1.1) is not oscillatory. Then there exists its a solution ¢(¢) and t; > t
such that ¢(t) # 0, t > t;. Therefore it follows from the condition III) that

d(a;(t) £0, t>T, j=T,n, (3.5)

for some T" > t1. Consider the equations

¢
po Loy dt) N { / y(7) ft)
v+ —yt 2y + ri(t) exp< — dr p = , 2T, (3.6)
p(t)”  p(t) Zl ’ p(7) ¢(T)
! a; ()
Lo ) [ (o)
, 5, q(t y(7
v+ —=y + —=y+ > r1;t) exp{— / —dT} =0, t>T. (3.7)
p(t)”  p(t) ]Zl ! p(7)
a;(t)
By Lemma 2.1 it follows from (3.5), that Eq. (3.6) has a solution on [T, 00). Suppose ¢(t) > 0 (< 0),
t > t;. Then % <0, t € [s1,t1] (t € [s2,t2]). By Lemma 2.3 it follows from here and the

conditions I) and III) that Eq. (3.7) has a solution y;(t) on [s1,t1] (on [se2,t2]). By (2.6) it follows

¢
from here that ¢1(t) = exp{/ yl((T)) }, t <ty (t <ty),is a nonoscillating on [s1,¢;] (on [sg,t2])
T P\T

solution of Eq. (3.1). Hence, Eq. (3.1) is not oscillatory on [sy,t1] (on [s2,?2]), which contradicts the
condition V). The obtained contradiction completes the proof of the theorem.
Consider the equations

(P () + )¢’ () + > rf (H)(a;(t) =0, t>to, (3.8)
j=1
(p(t)¢' () +q(t)¢'(t) + er(t)qﬁ(aj(t)) = f(t), t=>to. (3.9)
j=1

The theorem is proved.

From Theorem 3.2 we obtain immediately

Corollary 3.2. Let the conditions 111) and IV) of Theorem 3.2 be satisfied. If Eq. (3.8) is
oscillatory on the intervals [s;, t;], i = 1,2, then Eq. (3.9) is oscillatory.

In the case n =1, aq(t) =t and continuous 7y 1(t) = ri(t), t > tp, Theorem 3.2 is the same as
Corollary 3.1 from [6]. It was shown in [6] that Corollary 3.1 of [6] is a generalization of Theorem 1.1.
Therefore Theorem 3.2 is another generalization of Theorem 1.1.

Example 3.2. Let ¢ (t), hi(t), k = 1,n, be real-valued locally integrable functions on [0, cc).
Consider the equation

&"(t)+ Y cp(t)p(t — hi(t)) =sin(t/3), t>0. (3.10)
k=1

n
Assume ¢ (t) =0, t € [3nl,3nl + 1], k=1,n, cx(t) >0, > cp(t) >2, t € B3nl+1,3n(l+1)], I =
k=1
0,1,2,..., 0<hg(t) <1/2, t >0, k=1,n. Weset: t1;, =3nl+1/2, to; =Bl +2)7+1/2, t3; =
Bl+2)r+1, ty;=3w(l+1), L=0,1,.... Then

Tiy= inf (t—h(t) > 32l Toy= sup (t—he(t) <3n(+1), 1=01,.... (3.11)

telty 1ty ] te(ty 1ptg]
keQ i
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It is not difficult to verify that for ts = ¢5;, s = 1,4, the conditions of Theorem 2.2 for the
homogeneous equation

¢"(t) + Y ex(t)o(t — (1)) =0, ¢ >0, (3.12)
k=1

are satisfied for every [ = 0,1, .... Then by Theorem 2.2 it follows from (3.11) that the last equation
is oscillatory on each of intervals [37l,3w(l + 1)], | = 0,1,2,... . It follows from here that the
conditions of Theorem 3.2 for equations (3.10) and (3.12) are satisfied. Therefore, Eq. (3.10) is
oscillatory. O
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