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BHYTPEHHSS CTPYKTVYPA BBIIIYVKJIBIX MHO>KECTB U X I'PAHEIT!
B. B. T'opoxoBuk

Yale BCEro reOMEeTpHUYecKas CTPOCHHE BBIMYKJIBIX MHOXKECTB CBA3BIBAETCA C UX TPAHEBOH CTPYKTYPOIA.
B nepsoM pasjiesie HACTOSIIElH CTATHY PEJICTABIEH HECKOJIBLKO HHON TIO/IXO0/] K XApAKTEPUCTHKE MeOMETPUIECKO
CTPYKTYPHBI BBITYKJIBIX MHOYKECTB, OCHOBAHHBIH Ha MOHATHU OTKPBLITOH KOMIIOHEHTHI BBITYKJIOTO MHOYKecTBa. Vc-
CJIe/IOBaHue TIPOBOJUTCA B GECKOHEYHOMEPHBIX BEIIECTBEHHBIX MPOCTPAHCTBAX 6€3 TOMOJIOruH. JIjist TOro 9To6h!
OTIpeIe/INTh TTOHATHE OTKPBITOH KOMIIOHEHTBI, Ha BBIMYKJIOM MHOXKECTBe () BBOJUTCS OTHOIIEHHE TIPe/Iops/I-
ka < (cBOE IyIst KazKJI0rO MHOXKeCTBa (), HA3BAHHOE OTHOIIEHHUEM JOMUHUPOBaHUsl. OTKDPBITHIME KOMIOHEHTa-
MM BBIILyKJIOIO MHOXKECTBa () HA3BIBAIOTCS KJIACCH! S9KBUBAJICHTHOCTH (haKTOP-MHOXKECTBa (/<> MHOKECTBa
10 OTHOIUEHUIO SKBUBAJIEHTHOCTU <>, KOTOPOE SIBJISIETCsl CHMMETPUYHON YaCThIO OTHOIIEHHS JIOMHHHUPOBa-
must dg. Kaxkzas OTKpbITas KOMIIOHEHTA BBIILYKJIOIO MHOXKECTBA (Q SABJISIETCS OTHOCHTENIBHO AIreCpamdecKn
OTKPBITBIM TIOJIMHOXKECTBOM JAHHOTO MHOXKECTBa (), IPU 3TOM MHOYKECTBO () SABJISETCH JUZBHIOHKTHBIM 00b-
€/[HEHHEM BCEX HPHHAJIEXkKAIIUX €My OTKPBITBIX KOMIOHEeHT MHOKecTBa Q. OrHomenne nomunuposanus <
napynupyer Ha cemeiicree O(Q) := Q/<>@ BCeX OTKPBITBIX KOMIIOHEHT MHOXKECTBa () OTHOIICHHE aCTHH-
HOro nopsiaka <%, OTHOCHUTENBHO KOTOPOrO YaCTHYHO yHopsodeHHoe cemeiictso (O(Q), SI*Q) SIBJIIETCST BEPX-
Hell mostypemerkoii. JIJIst Moy IpoCTPaHCTE (BBITYKJIBIX MHOXKECTB H, JIOIOJIHEHHs] KOTOPBIX TAKZKe BBILYKJIBI)
COOTBETCTBYIOLIAs UM BepxHsad noiyperuerka (O(H), %) #ABiderca JUHEHHO yNOPHAIOYEHHBIM MHOXKECTBOM.
BHyTpeHHSsIA CTPYKTypa BBITYKJIOIO MHOXKECTBA () OTOXKJIECTBJIAETC B paboTe Co CTPYKTYPOR BEpXHEH MmoJrype-
merku (O(Q), 3122) Bo Bropom paszesie craTbu UCCIELYeTCs CBA3b MEXKY BHYTPEHHEH CTPYKTYPOIi BBIYKJIOrO
MHOYKECTBa U BHYTPEHHE{l CTPYKTYpOil ero rpaHeil. YCTaHABJINBAETCs, 9TO KayKJasg OTKPBITasg KOMIIOHEHTa BbI-
IIYKJIOTO MHOYKECTBa () sIBJISIeTCsl OTHOCUTENILHOM ainrebpandeckoil BHYTPEHHOCTbIO MUHMMAJbHOH (IO BKJIIOYe-
HUIO) TPAHU MHOYKECTBa (Q, CoJieprKalleil JJaHHYIO OTKPBITYI0 KoMInoHeHTy. O6paTHo, eciu Tpaib F BBITyKJIOTO
MHOKECTBa () MMeeT HEIyCTyIO OTHOCHTEIBHYIO ajredpanvecKyio BHYTPEHHOCTb, TO OHa (OTHOCHTEIbHAs aJj-
rebpanueckast BHYTPEHHOCTh T'DAHHU) COBIRJAeT C HEKOTOPO# OTKDBITONW KOMIIOHEHTOH MHOMKecTBa @, a cama
rpaib F sBISIETCS MHUHUMAJIBHONW I'DAHbBIO, COJEPIKAIIEl 9Ty OTKPBITYIO KOMIIOHEHTY (TaKue rpaHd Ha3BaHbI B
paboTe MUHMMAJIbHBIMU). B KOHEYHOMEPHBIX BEKTOPHBIX IMPOCTPAHCTBax Jiiobas rpadb F BBIIYKJIOrO MHOZKe-
cTBa (Q ABJIAETC MUHUMAJBHONW IPAHbBIO, B TO YK€ BPEMs B JIIO60M G6ECKOHEMHOMEPHOM BEKTOPHOM TPOCTPAHCTBE
CYIECTBYIOT BBITYKJIbIE MHOYXKECTBa, HE BCe TPAHW KOTOPLIX MUHUMAJbHBI. BMecTe ¢ TeM, KayKjas OTKPBITas
KOMIIOHEHTa JIIO60i rparu F' BBITYKJIOr0 MHOXKECTBa () ABJISETCS OTKPBITOH KOMIIOHEHTON CAMOTO MHOYXKECTBa (),
r.e. O(F) C O(Q), u, Kpome TOro, OTHOLICHHE YACTUYHOro Hopsaaka <}, onpezxenennoe na O(F'), coBuamaer
¢ cyxennem Ha O(F) OTHOLIEHUS YACTUIHOTO IOPIIKA 512‘9, sagannoro nHa O(Q). Takum obpa3om, BHyTpeH-
mss crpykrypa (O(F), <%.) moboit rpann F BBIIYKJIOrO MHOXKeCTBA (Q SABJISIETCS IOACTPYKTYPO# BHYTPEHHEH
crpykrypsl (O(Q), 5122) caMoro MHOXKeCTBa Q.

KiroueBble ctoBa: BBIIIyKJIbIE MHOYKECTBA, MTOJIYIIPOCTPAHCTBA, IPaHb, OTKPBITast KOMIIOHEHTA, IOJIypPelIeTKa,
IPEeAIIOPAI0K, JIMHEUHBIN MOPAIOK.

V. V. Gorokhovik. Internal structure of convex sets and their faces.

Most often, the geometric structure of convex sets is associated with their facial structure. In the first section
of this paper, we present a somewhat different approach to characterizing the geometric structure of convex sets
based on the concept of an open component of a convex set. In this paper, we consider convex sets in infinite-
dimensional real vector spaces endowed with no topology. To define the notion of an open component of a convex
set @, the preorder relation <¢ is introduced on Q (its own for each set Q) called a dominance relation. Open
components of a convex set @ are defined as equivalence classes of the quotient set Q/<>¢ of the set Q by the
equivalence relation <>, which is the symmetric part of the dominance relation <. Each open component of
a convex set () is a relatively algebraic open subset of the set Q under consideration, and the set @ is a disjoint
union of all open components belonging to Q. The dominance relation < induces a partial order relation 3122
on the family O(Q) := Q/<>¢ of all open components of the set Q with respect to which the partially ordered
family (O(Q), 5122) is an upper semilattice. For halfspaces (convex sets H whose complements are also convex),
the corresponding upper semilattice (O(H), <%;) is a linearly ordered set. The internal structure of a convex
set @ is identified in the paper with the structure of the upper semilattice (O(Q), SIZ)) In the second section of
the paper, the connection between the internal structure of a convex set and that of its faces is investigated. It
is established that each open component of a convex set @ is a relative algebraic interior of the minimal (with
respect to inclusion) face of @ containing the given open component. Conversely, if a face F' of a convex set @
has a nonempty relative algebraic interior, then it (the relative algebraic interior of the face) coincides with

IPabora, BBINOIHEHA TIPH HOJyIEPZKKe [0CY/IapCTBEHHOM IPOrpaMMbl HAYIHBIX HCCIIeI0BaHM Peciry6amkn
Bemapycn.
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some open component of the set @, and the face F' itself is a minimal face containing this open component
(such faces are called minimal in the paper). In finite-dimensional vector spaces, any face F' of a convex set Q
is minimal, whereas in any infinite-dimensional vector space, there exist convex sets whose faces are not all
minimal. Concurrently, each open component of any face F' of a convex set @ is an open component of @ itself;
ie., O(F) C O(Q). Moreover, the partial order relation <3}, defined on O(F) coincides with the restriction to
O(F) of the partial order relation <7, defined on O(Q). Thus, the internal structure (O(F"), <%) of any face I

of a convex set @ is a substructure of the internal structure (O(Q), ¢)) of Q itself.

Keywords: convex sets, halfspaces, faces, open component, semilattice, preorder, linear order.
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BBenenue

Berony auxke X — nerpusnasbuoe (X # {0}) neiicrBurenbHOe BEKTOPHOE MPOCTPAHCTBO, HPU-
9eM, eC/IM He OrOBOpeHo mHoe, X IpejroJaraeTcs becKkoHeaTHOMepHbIM. Kpome Toro, ne mpe/roJia-
raercsi, 4To Ha X 3aJaHbl KaKue-1u00 UHble (TOHOJIOTHYECKUe, TOPSJIKOBBIE U JIP.) CTPYKTYPHI.

MuozkectBo @@ C X Ha3bIBACTCH 6bINYKABLM, €CIIU JJIsl JIOObIX X,y € ) orpe3ok [z,y] := {ax +
(1 —-a)y | a € [0,1]} uemukom comepxkurcst B Q. Ilycroe MHOXKECTBO & CUMTACTCS BBILYKJIBIM T10
OIIPEJIEIEHUIO.

[MomgmuoxkecrBo K C X HasbiBaercst konycom, ecian Ax € K juist Becex x € K u Bcex A > 0.

leomerpuaecknu nmommuokecTBo K C X sgBJIsieTcss KOHYCOM, €CJIN Hapsity ¢ J0b0it Toukoit © € K
ITOAMHOZKECTBO K COMEPKUT MEJIMKOM BECH JIy™, HCXOIAIINI U3 HYJI€BON TOUKN U MIPOXOIAIINI depes
TOYKY I, IPU STOM HYyJIeBasi TOUKa MOYXKET He MPUHAJJIEXKATh KOHyCy K.

Konyc K C X gaBisieTcsd BBIMYKJ/IBIM TOTJA W TOJBKO TOrda, Korja x + y € K upwu Jo0bix
x,y € K win, 970 9KBUBAJIEHTHO, TOTJa U TOJBKO Torja, korma K + K = K.

Beinykioe nogmuoxkecrso H C X BekTopHOro mnpocrpancrsa X HasbiBaercs [1] evinykavim
noaynpocmpancmeom ¢ X nnu [2-4| upocro noaynpocmparncmeom 6 X, eciu ero ponosnenne X \ H
TaKKe SBJIIETCA BLITYKJIBIM MHOXKECTBOM. Pazymeercs, 4o ecyim H mosrynpocTpancTso B X, TO #
X \ H Takke sIBJISIeTCs TIOJIyIIPOCTPAHCTBOM B X .

[TonynpocTpancTBo, KOTOPOE SIBJSIETCS KOHYCOM, HA3BIBAETCS KOHUYECKUM TMOAYNPOCTNDAH-
CMBOM.

Hemycroe Boinykiioe mojMuozkectso F Bbinyksoro muoxkecrsa () C X (e, Hanpumep, [5]) Hasbl-
BAETCS 2PaHBHI0 MHOKECTBA (), CJTH OHO YAOBJIETBOPSIET CJIEAYIOMEMY CBONCTBY: €CJIH JIJIsT HEKOTOPBIX
u,v € @ cymecrsyer « € (0,1) Takoe, uro au + (1 — a)v € F, 10 u,v € F. JIpyrumu cjaoBamu,
HEIyCTOe TOAMHOXKeCTBO F' C () siBJIsieTcsl TPaHbIO MHOXKeCTBa (), ec/ii KasKJblil 0Tpe3oK u3 @,
COJIEpKAIUil B CBOEHl OTHOCUTE/ILHOW BHYTPEHHOCTH 3JjieMeHT u3 F', neukom npuaaexut F. Ca-
MO MHOXKeCTBO () sIBJISIETCSI CBOEIl TPaHBbIO, IIyCTOE MHOXKECTBO TAKXKe CUMTAETCS I'PAHBIO JIEOOOTO
BBIITYKJIOTO MHO2KecTBa (). Hemycrasi rpanb F' MmHOXKecTBa () HA3BIBACTCsE COOCMBEHHOT, €CJIU OHA
He copnajiaer ¢ . Eciim F' — rpasb ), a G — rpanb I, 1o G sBjsiercss TakxKe rpanbio (. Jlerko
BHUJIETH, YTO KarK/iasl I'PAHb BBIITYKJIOIO KOHYCA TaKKe SBJISETCS BBIITYKJIBIM KOHYCOM.

[Tepecedenne J100O0OroO cemeiicTBa rpaHeil BBITYKJIONO MHOXKECTBa () TaK¥Ke SIBJISIETCS I'PAHbIO (),
B TO Ke BpeMsl O0be/IMHEHHE ceMeiicTBa TpaHeil BBIIYKJOrO MHOXKeCTBa () HE BCErJia sIBJISETCS
rpaspio (). OHAKO, ec/in CeMelCTBO I'paHeil JIMHEHO YIIOPsiIOYeHO OTHOIIEHNEeM BKJIFOUEHMS, TO
00'be/IMHEHNE TAKOTO CeMefiCTBa TaKKe SBJISIETCS 'PAHbI0 (). DTH yTBEPXK/IEHUS JIOCTATOIHO Ove-
BUJIHBI ¥ IPUBOJISATCS B OOJIBIIUHCTBE PAOOT, OCBSIIIEHHBIX UCCIe0BAHUSAM TpaHeii (CM., HalpuMeD,
[5-7]).

[eomerputeckoe cTpoeHME BBITYKJIBIX MHOZKECTB YAIlle BCEIO CBSI3BIBAIOT C UX I'PAHEBON CTPYK-
TYPOIi, T. €. ¢ CEMEICTBOM BCEX HEITYCThIX IPAHEl BBIITYKJIONO MHOXKECTBA, YACTHUIHO YIIOPSI0UCHHBIM
OTHOITIIEHUEM TEOPETUKO-MHOYKECTBEHHOI'O BKJIIOUeHusI. B HacTosIeit pabore mpejicraB/iena HeCKOIb-
KO JIpyrasi TOYKa 3PEHHsi HA MeOMETPUUYECKOe CTPOeHHe (PeOMETPUYECKYIO CTPYKTYDY) BBILYKJIBIX
MHOYXKeCTB U nX rpaneil. I[lockombKy Karkas I'paHb BBIMTYKJIOIO MHOXKECTBA SIBJISETCSA BBITYKJIBIM
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MHOXKECTBOM M, KPOME TOTO, JII000€ BBIIYKJI0€ MHOMKECTBO SIBJISIETCS CBOEI 7Keé I'DAHbIO, TO MbI Ha-
YUHAEM C U3y4eHUsI TeOMETPUYECKOrO CTPOEHUs POU3BOJIBHBIX BBITYKJIBIX MHOKECTB. DTOMY I0-
CBsIIIIeH 1IepBbIil pasjen crarbu. V3BecTHO [7;8|, 4TO BBIIYKJI0€ MHOXKECTBO HE UMeET COOCTBEHHBIX
rpafeil B TOM M TOJBKO TOM CJIydYae, KOIJIa OHO SIBJISIETCS OTHOCUTE/HLHO AJredpamdeckKu OTKPbI-
ThIM (OIIpejiesieHre OTHOCUTEIBHO aJrebpandecKi OTKPBITOIO MHOXKECTBa IIPUBOJUTCS B II€DBOM
pasjiesie Hacrosieii crarbn). Takum 06pa3oM, OTHOCUTENHLHO aJIreOPAnIecKi OTKPBITHIE BBIILYKJIbIe
MHOXKECTBA UMEIOT TOJIBKO OJHY HEIyCTYI0 I'DaHb — CAMO 9TO MHOXKECTBO. DyjieM cuurarh reo-
METPHYECKOE CTPOEHUE TAKUX BBIMYKJIBIX MHOMKECTB 3JIeMEHTapHbIM. B pabore MOKasbBaeTcst, 9TO
POU3BOJILHOE BBIIYKJI0€ MHOKECTBO () C X sIBJIsIeTCs O0beINHEHNEM YACTUIHO YIIOPSIOIEHHOTO
cemeiicta O((Q)) HelEPECEKAIOIINXCSE OTHOCUTENBHO aJrebpandecku OTKPBITBIX IIOJMHOXKECTB (OT-
KDPBITBIX KOMIIOHEHT) 3TOT0 MHOYKECTBa, KarKJ0e U3 KOTOPbIX, KAK MbI BBIIIE YCJIOBUIUChH, MMEET
9JIeMeHTapHOoe reoMeTpudeckoe crpoenue. Jljist Toro 4robbl onpeeanTs Takoe cemeiictso O(Q), Ha
BBLITIYKJIOM MHOYKeCTBe () BBOJUTCS OTHOMIeHHe npenopsaka’ g (cBoe s KayKI0To BBITYKJIOTO
MHOX)KeCTBa (Q), Ha3BAaHHOE OMHOWEHUEM OOMUHUPOSAHUA. XOPOIIO U3BECTHO, YTO CHMMeTPHIHAS
4acThb JIIOOOr0 OTHOIIEHUSI TIPETIOPSIJIKA sIBJISIeTCs OTHOIEHneM 3KBuBajieHTHOCTH. ClleoBaTe/bHo,
CHMMETPHYHAS 9acTh OTHOIIeHHs JoMuHIpoBanns g, 0b03HadaeMast CUMBOJIOM <>, €CTb OTHO-
menue sxksuBasenTHOCTH Ha (). CemeiictBo O((Q) ompezesiercss Kak GakTOp-MHOXKECTBO Q/<>@
MHOZKeCTBa () 110 OTHOIIEHHIO SKBUBAJIEHTHOCTH <>(, Ipu 3ToM Ha (O(()) 3a/aeTcst OTHOIIEHNE Ha-
cruaHOro nopsyika <p), MHLyLUpoBaiHoe oTHouenueM gomunuposanus Jq. lokaspizaercs (1pei-
noxkerne 3 u reopema 1), 9ro ssementol cemeiicrBa O(Q) sIBISIFOTCS OTHOCUTENBHO ajrebpande-
CKI OTKPBITBIMU TOJIMHOZKECTBAMI MHOKECTBa (), IPHYEM OTHOIIeHHe HacTHIHOro mopska <7
onpegensier Ha O(Q) cTpyKTypy BepxHeiil mosypemierku. Takum o6pa3oM, BEPXHsisl OJIYPEIIETKA
(O(Q), %), ee smemenTs! 1 ux ynopsiotenne ornomennem <f MOIHOCTBIO XaPAKTEPA3YIOT IEOMeT-
PUYECKOe CTPOEHHE BBIIYKJIOr0 MHOXKeCTBa ().

Benesersue Toro, 9To BBIMTYKJI0E MHOXKECTBO () SBJISETCS JIN3BIOHKTHBIM O0bEIMHEHUEM KJIac-
coB sxBuBasienTHOCTH 13 O(Q) 1= /<>, MBI MOXKeM, roBopst HeOPMAIBHO, PACCMATPUBATE OT-
KpbITbIe KOMIIOHEHTHI ceMeiicTBa O(Q)) Kak “crpouresibHble 6JIOKH’, U3 KOTOPBIX “cOOpaHO” MHOMKE-
c¢TBO (Q, mpudeM B () 911 OJI0KH “y/103KeHbl OTHOCUTEIBHO JIPYT APYra He MIPOU3BOJIbHBIM 00pa30M, a
B COOTBETCTBUY C T€M, KaK OHHM COOTHOCSITCSI MexKJ1y coboit B Bepxueii nosypemnierke (O(Q), <*). Pa-
Hee B asnrebpe (cum. Hanpumep, [9;10]) pemerku HasbiBagu CTPYKTypaMu. DTa TEPMUHOJIOTHS OlIPAB-
JIBIBAET B KAKON-TO Mepe TO, 9T BepxHss nosypemnierka (O(Q), <*) naszpana B TAHHOI CTATbE 6HYM-
pennets (zeomempueckots) cmpyrkmypot 6vnyka020 muodcecmea . Kpome roro, nanHoe Ha3BaHue,
KakK [IPeJICTAaBIISIeTCsI, OTpazkKaeT U CojepKaTesbHbli cMblcs BepxHeil nosypemerku (O(Q), <*).

B npegnoxkenusax 2 m 5 mOKa3aHO, YTO BHYTPEHHSS T€OMETPUYECKAsl CTPYKTYpPa IOJIYIIPO-
CTPAHCTB MMEET CrenuduIecKne 0COOEHHOCTH: OTHOIeHne JoMUHUpoBanus g7, OMPEJIEIeHHOE Ha
nosynpocrpancreax H C X, sBjIsieTcst MOJHBIM® I, KAK CJIe/[CTBHE, OTHOIIEHNE JaCTUTHOrO MOPsi-
ka <j;, onpenenentoe Ha cemeiicrBe O(H ) OTKPBITHIX KOMIIOHEHT MOJIYyIPOCTPAaHCTBa H , sBIsteTCst

JIMHENHBIM HOpH,HKOlVI4 .

Bo BTOpOM pasmesie mccieyeTcs CBSI3b MEXKIY BHYyTPEHHel reoMeTPpHYecKONl CTPYKTYPOil BbI-
IIYKJIOTO MHOYKECTBa U BHYTPEHHEH TeoMeTpUYecKkoil CTPyKTypoil ero rpaneii. [Ipex e Bcero, ycra-
HaBJMBaeTCsi (TeopeMa 2), UTO KayKjasi OTKPbITast KOMIIOHEHTA BBIILYKJIONO MHOXKeCTBa, () SBJISIeTCs
OTHOCHTEJILHON aJrebpandeckoil BHYTPEHHOCTHIO MUHUMAJBLHON (IO BKJIIOYEHHIO) I'DAHU MHOXKE-

2BuHapHOE OTHOIICHNE <, OIPEJICJCHHOE Ha HEKOTOPOM MHOYKECTBE Y, HA3BIBACTCS OMHOULEHUCM NPeo-
nopadka, ecan oHO pediiekcnBHO (y < y Juist go6oro y € Y) u TpaH3uTHBHO (1151 JIOOBIX Y1,Y2,Y3 € Y
U3 Yp < Yo U Yo < Y3 Cleayer y1 < y3). LIpeanopsiiku <, KOTOPBIE SIBJISIIOTCST AHTUCUMMETPUYHBIMU, T. €.
TAKUMU, 9TO I JIIOOBIX Y1,Y2 € Y W3 Y1 < Yo U Yo < Y1 CIEAYET Y1 = Y2, HASBIBAIOTCI OMMOUECHUAMU
YACMUYHO20 NOPAJKG.

3BuHapHOE OTHOIIEHME =, OIPEJEICHHOC Ha MHOXKECTBE Y, HA3BIBACTCH NOANGIM, CCIU JIIA  JIIO-
OBIX Y1,Y2 € Y BBIMOJTHSIETCS XOTs ObI OJIHO M3 JIByX COOTHOIICHUHN 41 < Yo U Y2 < Y1.

4 TTuneitnbiv (MM COBEPIIIEHHBIM ) TIOPSTKOM Ha MHOYKECTBe Y HA3BIBAETCs MOTHOE OTHOIIEHUE YaCTUTHOTO
TIOPSIJIKa, OIpeJie/ieHHoe Ha Y .
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cTBa (), cojepXKalieil JaHHY OTKPBITYI0 KOMIIOHEeHTY. OOpaTHO, ecin rpadb F' BBITYKJIOTO MHOXKE-
crBa () UMEeT HEIyCTYIO OTHOCHTEIbHYIO aJrefpanvecKyio BHYTPEHHOCTh, TO OHA (OTHOCHTEIbHASI
ajreOpamdeckass BHYTPEHHOCTH rpaHI/I) COBIIQ/IACT C HEKOTOPOU OTKPBITON KOMIIOHEHTOU MHOXKe-
crBa (), a cama rpaib F' coBlajiaeT ¢ MEHUMAJILHON IPaHbIO, COIEpIKaIleil 3Ty OTKPLITYIO KOMIIO-
menty. Jisg KpaTKOCTH TEPMUHOJIOIUN TPAHN C HEIIYCTOW OTHOCUTEILHON aJredpamdecKoil BHYy TPeH-
HOCTBIO HA30BEM MUHUMAJILHBIMUA. B KOHEYHOMEpPHBIX BEKTOPHBIX IPOCTPAHCTBAX Jiobasi rpaHb [
BBIITYKJIOTO MHOYXKeCTBa () MMEeT HeIyCTyI OTHOCUTE/bHYIO BHYTPEHHOCTH icrk’ u, cjemoBaTesibHO,
SIBJISIETCS] MUHHUMAJILHON rpanbio. B To ke Bpemsi B Ji000M OECKOHEYHOMEPHOM BEKTOPHOM IIPO-
CTpaHCTBe (9TO MOKA3aHO B TeopeMax 3 u 4 u upumepe 4) CyIecTBYIOT BBIILYKJIble MHOKECTBA, HE
BCE I'DAHK KOTOPBIX SIBJISIIOTCS MUHUMAJIBHBIMU. DTO JIOKA3bIBAETCS 1IOCTpoeHneM (CM. npumep 4) B
[IPOU3BOJILHOM OECKOHETHOMEPHOM BEKTOPHOM IIPOCTPAHCTBE TAKOTO KOHKPETHOI'O BBIITYKJIONO MHO-
JKeCTBa, KOTOPOE COJIEPYKUT I'PAHb C IIYCTOH OTHOCUTEILHON ajaredpantieckoil BHYTPEHHOCTBIO.
Bwmecte ¢ Tem (cM. TeopeMy 5) Kazkjiasi OTKpbITas KOMIOHEHTa JIF000i rpann F' BBIILYKJIOI0 MHO-
)kecTBa () SIBJISIETCsI OTKPBITOI KOMIIOHEHTOl camoro MuHoxkectsa @, T.e. O(F) C O(Q), u, kpome
TOro, OTHOIIEHNE YaCTUIHOro Hopsiaka <., oupesenennoe va O(F), coBuazgaer c cyzxkennem ua O(F)
OTHOIIEHNsT YacTHIHOro Topsika <7, 3agannoro Ha O(Q). Takum ob6pa3oM, BHYTpPEHHssS CTPYKTY-
pa (O(F), ﬂ}) J1060it rpann F' BBIIYKJIOTO MHOXKECTBa () SIBJISETCA IMOJACTPYKTYPOR BHYTpPEHHE

*

crpykrypsl (O(Q), %)) camoro MHOKecTBa Q.

1. FEOMETpI/I'-IECKOE CTpoeHune BbIIIYKJIbIX MHO>KeCTB

1.1. AJjrebpaumvecKkasi 1 OTHOCHUTEJIbLHO ajirebOpamdeckass BHYTPEHHOCTU BbI-
MMy KJIbIX MHO>KECTB

[Tpexie BCero, HAIIOMHUM HOHsITHE (OTHOCHUTEILHOI) ajredpandecKoil BHYTPEHHOCTH MOJMHO-
JKECTB JIeiCTBUTEJIbHBIX BEKTOPHBIX IpocTpaHcTs [11-15].

Aneebpauneckoti enympennocmuvio (nam sdpom (core)) muoxkecTBa ) C X Ha3bIBAETCS OJI-
MHOKECTBO, COCTOSIIIEE U3 BCEX TAKUX TOYEK T € (), KOTOPbIe MPUHAJJIEXKAT BHYTPEHHOCTH TIe-
peceuenus () ¢ 060t npsaMoit u3 X, Mpoxosieil depe3 TOUKy T; 0603HAYAeTCs anrebpandeckast
BHYTPEHHOCTb MHOYKECTBa () CUMBOJIOM CT().

Omuocumervholi anzebpauieckoli enympernrocmvto (W enympennum sopom (intrinsic core))
MHO)KecTBa, () C X, HA3BIBAETCSA MOJIMHOXKECTBO, COCTOSINEE M3 TAKUX TOYEK T € (), KOTOpbIe
[IpUHAJJIEXKAT BHYTPEHHOCTHU II€pecedeHnsl MHOXKEeCTBa () ¢ KaxkJjoil mpsimoil, jexareir B aff Q) u
npoxoieil yepe3 Touky = (31ech aff@) — addunnas obonouka mHONKecTBa (Q); 0603HAYAETCS
ayrebpandeckasi BHyTPEHHOCTh MHOYXKECTBa () CHMBOJIOM icr(@).

Bosiee dbopmanbao, x € cr@ Torma u TOJIBKO TOria, Korga s Jjioboro y € X \ {x} moxkHO
yKazarb Takoe 9ucyio § > 0, uro x + t(y — x) € Q mis Beex t € (—4,0), Torjga Kak x € icr@ Torga u
TOJILKO ToryIa, Korya st Jrodoro y € aff@ \ {x} cymecrsyer neiicrBuresibroe uucsio 6 > 0 Takoe,
aro x + t(y — ) € Q mist Beex t € (—0,9).

Ecnu muOXKecTBO () C X SBJIAETCSA BBITYKJBIM, TO T € icr() Torjaa m TOJBKO TOTJIA, KO Jjist
moboro y € @\ {z} cymecrsyer nosoxuresbaoe uncio 0 > 0 rakoe, uro x +t(y —x) € @ st Beex
t e (=9,9).

MuozkectBo ) C X HasbiBaercst (0OMHOCUMEADHO) AAEOPAUMECKY OTVKDBIMbIM, €CIIA OHO COBIIA-
JlaeT co cBoeii (OTHOCHUTENIbHOI) ajrebpandeckoil BHYTPEHHOCTBIO, T. e. ecyin () = cr@ (Q = icr@).

IIpennoxkenue 1. [lycmov QQ — sunyxaoe mroocecmeo 6 X. Toeda
z €icr@ <=z € Q u(Vy € Q)(35 > 0) makoe, wmo x —é(y — x) € Q. (1.1)
Ecau K C X swnyraviti xonyc, mo

z€icrK <=z € K u (Yy € K)(3IX > 0) makoe, wumo x — \y € K, (1.2)
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Hoxaszareusbctso. Cupaeympocrs uMmiumkaiyn (—) B xapakrepucruke (1.1) cite-
JIeT HEIIOCPEJICTBEHHO U3 OIPEJIEJICHIsS OTHOCUTEJIBHO ajiredpandecku BHyTpeHHuX Touek. Jjs j1o-
Ka3aTeJIbCTBA CIPAaBEUINBOCTH uMIumKanuy (<=) B (1.1) goctaTodHO 3aMeTHTb, YTO U3 IIPABOi
gacru (1.1) u BeIIYKIOCTH MHOXKeCTBa () ciexyer, uro = — t(y — x) € Q mst Beex t € (—dp,0) rae
dp = min{o, 1}.

[Mepeiinem k jpokazaresnberBy (1.2). Ilyers K — Bblnykiblii KoHyc Takoii, uro icrkK # &. Tak
kak K siBJIsiercsi BBILYKJIBIM MHOXKeCTBOM, TO B cuity (1.1) z € icr K Torja u ToJbKO TOrja, KOrja

0
st goboro y € K cymecrsyer qucio 6 > 0 rakoe, uro x — d(y — x) = (1 + 0) (:U — 1—4_5@/) eK

0
VaursiBas, aro K konyc, notydaem r— Ay € K, riie A = T35 Takum o6pazom ummukanus (=)

B (1.2) nokazana.

st nokaszaresscrsa obparnoii nMiunkanuu (<=) B (1.2) npeanosoxum, 4ro BekTop € K
TAKOB, UTO JyIst Jioboro y € K cymecrsyer A > 0, jist koroporo  — Ay € K. Tak kak (A —t)y € K
st Beex ¢t € (0, ), u3 Beimykioctu koryca K nosnydaem (x — Ay) + (A —t)y =z — ty € K s
Beex t € (0,A). Kpome toro, tr € K mus Bcex t > 0. CHOBa HCIOJB3Ys BBIIYKIOCT K, OTydaeM
x—tly—x) € K nus Beex t € (0, \). Hakoner, Tak kKak 06e TOYKM T U Y IPUHAJJIEIKAT BBIILYKJIOMY
konycy K, 1o x +t(y — x) € K jyist Beex t € [0,1]. Bnaunr, x + t(y — z) € K st Beex t € (—9,0),
riae 0 = min{\, 1}. D970 gokasbiBaer, uro = € icrK. O

V3BecTHO, 9TO B KOHEYHOMEPHBIX IIPOCTPAHCTBAX X OTHOCHTEbHAs ajredpandecKkasi BHYTPEH-
HOCTB JTIIOOOT0 HEIyCTOrO BBIIYKJIOTO TOAMHO)KecTBa (Q C X Hemycra. B TO e BpeMsi B KasKJI0M
6ECKOHETHOMEPHOM JeHCTBATEILHOM BEKTOPHOM MIPOCTPAHCTEE CYINECTBYIOT BBIILYKJ/IbIE MHOXKECTBA
(6onee TOTO, BBIIYKJIbIE KOHYCBI) C IIyCTOI OTHOCHTEJLHON airedpanvecKoil BHY TPEHHOCTHIO.

Mpumep 1[12, o 2, §7|. Ilycrs X — geiicrBuresibHOE BEKTOPHOE IIPOCTPAHCTBO U IIYCTh
{e;,i € I} — Gasuc lamenss 8 X. Pacmorpum Beinykisiii konye K B X, cocrosimuii u3 Takux
HeHyJIeBbIX BeKTOpoB € X, KoMmnoHeHTwl {x;,i € I} KOTOpbIX B 3amaHHOM Gasuce {e;,i € I}
HeoTpHIlaTe bHbL. Beitegcrsue Geckoneunoctn Gasuca {e;,i € I} kax/plii Bekrop € K umeer
HyJieBble KomronenTel. Ipeanonoxkum, uro x; = 0. Tak kak e; € K u a5 m060ro JeiicTBUTe/IbHOr0
nciaa A > 0 BekTOp = — Ae; He npuHaiexknt K, ro x ¢ icrK. B cuny mpoussosbHOTO BbIOOpA
BekTopa * € K u3 sksusasenrnocru (1.1) ciaeayer, aro icrK = .

1.2. OTHOIIeHWEe NOMWHUPOBAHUS HA BBIIMTYKJIOM MHOXKECTBE

[TycTh () — BBIMYKJIO€ MHOYKECTBO B BEKTOPHOM IIPOCTpaHCTBE X .

Onpemenenune 1 (cp.c|[16;17]). Bynem rosopurh, uro Touka x € Q) domunupyem Tod-
Ky ¥ € Q B MHOXKecTBe (), 1 0003HAYATH 9TO CUMBOJIOM Y () &, €CJIN CYIIECTBYET HOJIOKUTENIBHOE
BelecTBeHHoe uncio 6 > 0 rakoe, uro x — d(y — =) € Q.

Bunapnoe orxommenne g Oy/ieM HA3bIBATH OMHOWEHUEM JOMUHUPOSAHUA HA MHOKECTBE (.

Herpyano ybeaurbest, 9TO OTHOIIEHNEe JOMUHUPOBaHus g ABJISETCS OTHONICHHEM IIPeJIIOops/I-
Ka (T.e. pedpyIeKCUBHBIM U TPAH3UTHUBHBIM OMHAPHBIM oTHOMIeHneM) Ha (). CumBosoMm <> Gyuem
0003HaYaTh CUMMETPUYHYIO JacTh g, KOTOpas OIpe/e/iseTca CIeLyIomuM 00pasoM:

r1 <>@Q v2 <& 21 Jg x2, w2 Jg x1.

U3 onpenenenuii cieyer, 9T0 T1 <> T2 TOrJa U TOJILKO TOIJIA, KOIJIA CYIIECTBYIOT OJIOXKUTE/ILHbIe
Jgeficteuresibuble yucna g > 0 u v > 0 Takue, 4TO

x1—p(re —x1) €Q n xg—v(r) —x2) € Q.

Acnmvmerprunas gacth g, obo3HadaeMas CHMBOJIOM <lQ, ONPEIETIACTCA CIeIyIOMUM OOPa30M:
z1 g x2 & x1 g 2,22 Hg v1. Bunapusie ornHomenns <@ U <> SBIAIOTCS COOTBETCTBEHHO
CTPOTHMM YaCTHYIHBIM IIOPAJIKOM M OTHOIICHHUEM 3KBUBAJIECHTHOCTH Ha Q



60 B. B. 'opoxoBuk

W3 mannoro BoIle ompeeeHus U MPejIoyKeHust | CaeayeT, 9To JJid JI0O0r0 BBITYKJIOIO MHO-
kectBa () C X crpaBejinBa CIeyOast SKBUBAJIEHTHOCTD:

zeicrQ = v Quy<gx g Bcex y € Q, (1.3)

upudeM y <@ & st Beex y € Q) \ icr@ u Beex x € icr@.
Ha sumykiaom konyce K C X orHomienue JOMUHUPOBaHUS < MOXKET OBITH OMpPEJIEIEHO Clie-
JYIOIUM 00pa30M:

y <gx maa x,y € K <= cymecrsyer A > 0 takoe, uro x — Ay € K.

OTHoIIIEHUST IOMUHUPOBAHUSI, OIpEeJIeJIeHHbIe Ha MOJIYIIPOCTPAHCTBAX, 00JIaIa0T JOMOJTHIUTETbHBIM
CBO¥ICTBOM IOJIHOTHI.

IIpennoxkenue 2. Omuowenue domuruposarus <p, onpedeseHHoe HA NOAYNPOCTPAH-
cmee H C X, Asasemes noanvM OmHoweHuem npeonopaixa.

HoxkaszaTeasbcTso. Ham HyKHO m0Ka3aTh TOJHKO MOJMHOTY oTHOMeHud gy, Jlns moka-
3aTeJIbCTBA ITONO HAM MOHAJIOOUTCs CJIe/IyTolNast XapaKTEePUCTUKA MOy IPOCTPAHCTB [2—4]: BbITyK-
Jioe ogmuozkectBo H C X BekTOpHOrO npocrpanctBa X sBJISIE€TCs HOJIYIIPOCTPAHCTBOM B X TOrIa
U TOJILKO TOIJIa, Korja ero pereccusnblit konyc 0T H = {y € X |z +ty € HVx € H uVt > 0}
SABJISIETCS KOHUYIECKUM IIOJIYIIPOCTPAHCTBOM.

Tak xax 0" H U (=0T H) = X, 10 ais mobbix z,y € H sumonnsercs mubo x —y € 0T H,
6o y —x € 0YH wmm u to, u apyroe. Ecom 2 —y € 0TH, o z —t(y —x) € HYt > 0 u,
cinenosarensio, y Uy x. Ananoruuno, ecin y —x € 0T H, o o <y y. Takum o6pasoM, [Ist JTI0OBIX
x,y € H Boimomaserca xots Obl 0710 u3 AByX cooTHomennit y g x u x gy y U, 3HAYUT, OTHOIIEHHE
<y sBJIFeTCs HOJHBIM Ha H. ]

[Iycts Q C X — BoIykJI0e MEHOXKeCTBO B X . JIj1st jitoboro & € () orpeiesiuM MHOXKECTBA

Fo(r) ={y€Q|ydqa} n Fyz) ={y€Q|y<qa}

Tak xak x € Fg(z), To muoxecrso Fg(x) # @ mis moboro xz € Q. Bosee roro, nerpyauo ybGe-
JATHCS B TOM, 9TO JIJIsl KAKIOT0 & € () MHOXKeCTBO F(z) sIBIISIETCS BBILYKJIBIM IIOJMHOZKECTBOM
MHOKeCTBa (). YTO K€ Kacaercss MHOXKECTBA ﬁQ(x), TO JIJISI HEKOTOPBIX T € () OHO MOXKeT ObITh
IyCTBIM, B TOM K€ CJIydae, KOrjia F\Q (x) He 1mycTo, OHO, BOOOIIE TOBODSI, MOXKET HE OBITH BBIILYKJIBIM.

IIpumep 2. Pacemorpum Boimykistii konye K = {(z1,z2) | 21 > 0,22 > 0} \ {(0,0)}. dns
ero F(z) = @ st mobbix @ = (21, 23) € K maxux, uro z1 > 0,29 = 0 wim 21 = 0,2 > 0. st
2= (z1,33) € K ¢ 21 > 0,29 > 0 muozkecto F(2) = {(z1,22) | 21 > 0,29 = 0} U {(z1,22) | 21 =
0,29 > 0} — KOHyC, KOTODBIii HE SIBJISIETCSI BBIILYKJIBIM.

I3 rpamsurusaocTu orHomenust g cienyer, uro Fo(y) C Fo(z), ecm y 1o x. OdeBnano, 4ro
obparHasi UMILIHKAIMsT TaKzKe clpaBeimBa. Takum obpasom, st J00bIX &,y € () BBIIOJIHSIIOTCS
CJIEJIYTOIIHE SKBUBAJIEHTHOCTH:

ydoz e Foly) CFo(z); y<qz e Foy) C Fo(z); y<>qz e Foy) = Fo(z).

MuoxectBo Gg(x) = {y € Q | v g y} Takke SABJISETCS HEIyCTHIM BBILYKJIBIM MHOMKECTBOM
JUTs KazKJ0ro T € (), TP 9TOM JIJIs JIFOObIX X,y € () MMEIOT MECTO SKBHBAJIEHTHOCTH:

y<doz e Goy) 2Gq(z); y<gze Goy) 2 Ger); y<>qz e Goly) = Golz),

XapaKTepu3yIolue OTHOIIeHNe JOMUHUPOoBanusa <G U IPOU3BOAHbIE OT HErO OTHOIICHUA <1 U <>().

N3 (1.3) u onpenenennsi muoxecrsa Fg(z) cieayer, 9ro ajisi OTHOCUTEIBHO asrebpanmdecKn
BHYTPEHHUX TOUEK JIIOOOTO BBLIMYKJIOT0 MHOXKecTBa () C X crpaBeimBa CJIeIyIONas XapaKTepu-
CTHUKA:

z€ia@ <=2 € Q u Fy(z) = Q.
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1.3. OTKpI)ITI)Ie KOMIIOHEHTDBI BbIIIYKJIBIX MHO2KECTB

st Boimykitoro muozkectsa () C X cumsosiom O(Q) := (/<> 0603HAYINM MHOKECTBO KJIACCOB
SKBHBAJIEHTHOCTH () 1O OTHOIIEHHUIO SKBHBAIEHTHOCTH <>().

MuoxkecTBo () ABJIAETCA IU3BIOHKTHBIM OObLEIUHEHNEM BCEX KJIACCOB SKBUBAJECHTHOCTH W3
0@), re. @ =\{F | E€0O(Q)}, upu arom E1 N By = @ juis mobbix Ep, Fy € O(Q), By # Es.
Ornomntenne npemnopsiika g, onpefenentoe Ha (), umaymupyer Ha O(()) OTHOIIEHNE YaCTUYHOIO
nopska <7, KOTOpoe oupejiesistercs ciejyiomum obpasom: By 5 Ep s By, By € O(Q) rorma
U TOJBKO TOrja, Korja x1 Jg 2 [l BCeX (JOCTATOYHO, 4TOOBI JJIs HEKOTOpOoro) xy € Fj u Bcex
(nekoroporo) xg € FEj.

Kiracc skBuBajleHTHOCTH, cojep:Kaluil Touky = € (), OymeM obo3HavYaTh Kak [, T.e. F, =
{lye@|y<>quz}

Ilpengioxkenne 3. Kaoswcowli xaace sxsusasenmuocmu E us O(Q) asasemces ommocumens-
HO AA2eOPAUMECKYU OMKEPLIMVLM BUNYKALM NOOMHONHCECTNEOM MHodcecmea Q. Boaee moeo, E =
icrFg(E), ede F(E) :=U{E € O(Q) | E I E}.

HJoxkaszareascrtso. Paccmorpum mpomsBosbHbLl Kiace skBuBasenTanoctn F € O(Q) n
upoussosibyio Touky ¢ € E. Torna E = E, := {y € Q | y <> «}. Bamernm, uro E, = Fy(z) N
Go(x), tne Fo(z) =={y e Q |y<gz} u Gg(z) :=={y € Q| I y}. Kak 6bu10 0T™MeUeHO BblILE,
muoxectBa Fg(x) n Gg(x) ABIAIOTCS BBILYKILIME U, CI€0BATE/bHO, [, Kak IepecedeHne IBYX
BBIITYKJIBIX MHOYKECTB TaK’Ke SIBJISIETCS BBIILYKJIBIM MHOMKECTBOM. Tak Kak y <>qx [yist Beex y € [,
T0 U3 BhIyKJI0cTUH F, n skBuBajienTHoctr (1.3) caemyer, uro x € icrE,. Beseacrsue npousBobHOTO
Boibopa F € O(Q) u roukn x € E 3akiovaeM, yuauTbiBas paBeHCTBO F = FE,, 4T0 KaxK/plil Ki1acc
9KBUBAJIEHTHOCTU F SBJISIETCS OTHOCUTENILHO aJredparndecKu OTKPBITHIM MHOKECTBOM.

Ilepeiinem K gokasarenncTBy pasencrsa E = icrFg(E). Beibepem mekoTopyio Touky = € E u
IPOMU3BOJIBHYIO TOUKY Yy € icrFg(x). 3amernn, 9ro ajs KazkI0ro & € E BBINOIHIETCS PaBEHCTBO
Fo(F) = Fg(z). Tak xax muOo)kecTBO F(2) BBIIYKI0, TO U3 (1.3) U onpenerenus ornomerns g
CJIeJLyeT, 9To Jyist Kaxkaoro z € F(z) cymecrByer A, > 0 takoe, 110 y — A, (2 —y) € Fg(z). Suaunr,
st © € Fg(x) cymecrByer Ay > 0 Takoe, ato y — Ay (z —y) € Fo(x) C Q. D10 Biteder, uro x 4 y.
Kpowme roro, Tak kak y € Fg(x), o y g . Takum obpasom, y <>q x, T.e. y € E,. [Tockonbky y —
pousBoJIbHast ToUKa U3 icrFg(z), To icrFg(x) C B, = E.

Hokazkem obparnoe Brimodenne. Taxk kaxk y Jg = mas Becex y € Fg(x), o u3 (1.3) ciexnyer,
4T0 = € icrF (). Paccmorpum nponsBosibhyio Touky z € E,. Ilockonbky o <> z u, Kpome TOro,
y g x nis Beex y € Fg(x), o us rpansurusnocT g noaydaeM, 4to y g 2 11 Beex y € Fo(x).
Cuosa npumenstst (1.3), sakimodaeM, uro z € icrFg(x) u, cienosarensho, E, CicrFg(z). O

Huzke kiaccbl sxBusasienTHoctu u3 O((Q) Gyiem HasblBaTh, MCXOJs U3 UX CBOWCTB, OMHOCU-
MEABHO AN2EOPAUNECKU OMKEPOIMBLMU KOMNOHEHMAMU (WU, KOPOTKO, OMKPOIMbLMU KOMNOHEHMA-
MU) BBIILYKJIOTO MHOXKeCTBa ().

IIpeniioxkenue 4. Bunykaoe mrooicecmeo Q@ C X umeem HENYCMYO OMHOCUMEALHYIO An2€0-
PAUNECKYIO BHYMPERHOCTND 1CTQ) 8 TOM U MOALKO TOM CAYYaE, K020a CEMETCTNB0 €20 OMKEPLIMHLY
womnonenm O(Q), wacmuwno ynopadouennoe omnowenuem <, umeem nauboavwutd saemenm,
m. e. maxoti anemenm Egp, € O(Q), wmo E I* Egy, das ecex E € O(Q). Boaee moeo, 6 smom
cayuae, icr@ = Egyp.

CHpa,Be,ILHI/IBOCTI) yYTBEpKJACHNA JTaHHOI'O IIPpEIJIO2KCHNA CJIEJYET U3 IKBUBaAJIEHTHOCTHU (13) n
TOro, 9To Esup ABJIAETCA OTHOCHUTEJILHO anre6pa1/1quKI/I OTKPBITBIM MHOZKECTBOM.

IIpumep 3. Bepuemcsa k npumepy 1. Ilycts X — GeckoHedHOMEPHOE BEIIECTBEHHOE BEK-
TOPHOE IIPOCTPAHCTBO U 1ycTh {e;,i € I} 6asuc Famesnst 8 X. PaccMoTpuM BbIIYyKJI0€ MHOMXKECTBO
(BBIIYKJIBI KOHYC, Ha camoM Jiesie) ( C X, cocTosiiiee u3 HeHYJIEBbIX BEKTOPOB & € X , KOOP/IMHATI
koropbiX {x;,7 € I} B BeIOpanuom Gasuce {e;, i € I} neorpunarenvusl. Tinsg z € ¢ cumsosiom I(z)
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0603HAYUM [OJIMHOZKECTBO TeX MHJIEKCOB u3 I, jyst Koropbix z; > 0, te. I(z) := {i € I | z; > 0}.
IMogmuoxkecTBO I(x) HEmycro m KOHEYHO Jyist Kaxkaoro Bekropa x € (). Herpyamo Bumers, |arto
yLoz e I(y) CI(z) ny <>k x < I(y) = I(x). Crenosarensho, E sBiisieTcss OTKPLITOIT KOMIIO-
HeHTOl MHOXKecTBa (), T.e. B € O(Q), Torga n rosnbko torga, korja E = {x € Q | I(x) = J}, rae
J — HeKoTOpOoe KOHEeYHOe IIOAMHOXKECTBO MHOXKeCTBa HHJEKCOB I. Bojiee TOro, OCKOIBKY KaxK0e
KOHEYHOE TIOJIMHOXKECTBO MHOXKeCTBa I siBJIsleTCsl COOCTBEHHBIM TIOJIMHOXKECTBOM JIPYTOr'O KOHEUTHOTO
noamuoKecTBa 13 I, 1o cemeiicrBo O(()) OTKPBITHIX KOMIIOHEHT MHOXKeCTBa () He mmeer HanboJib-
mero (orHocuTespHO <*) 9j1eMeHTa W, 3HAYWT, B CUILy Hpeioxkenns 4 icr@) = &. lannoe cBoiicTBo
PacCMaTpPUBAEMOrO BBIIIYKJIOI0 MHOXKeCTBa () ObLIO yCTAHOBJIEHO paHee B rpumepe 1.

Caencreue 1. Bunyxaoe mmooicecmeo Q C X ABAACMCA OMHOCUMEALHO AA2EOPAUMECKY O~
Kpumvim mozda u moavko mozda, xozda cemeticmeo O(Q) e20 omEPLIMBLT KOMNOHENM codeparcum
eQUHCTBEHHDIT INCMEHT, PAGHBIL CAMOMY MHodcecmey (Q, m.e. moada u MoAvKO Mo2da, Ko020a

0(Q) ={Q} = {icr@Q}.

Crenyronast TeopeMa HMOKA3bIBAET, YTO YACTHIHO yHopsinodennoe MuoxkecTBo (O(K), %) sB-
JIsleTCd BepXHell HOJIyPelIeTKOM].

Hanomuum [18], 4ro yacTuvHO ynopsijioueHHOe MHOXKeCTBO (Z, <) Ha3bIBaeTCsl 6eprHeli noAy-
pewemkotll, eciin KazxKJias napa 3J1eMeHTOB {21, 2o} U3 Z MMeeT HAMMEHbIIYIO0 BEPXHIOW I'DaHb B Z,
KOTOpasi OOBITHO 0DO3HAYAETCST CUMBOJIOM 21 V Z9.

Teopema 1. Cemeticmeo O(Q) omrpoMbLT KOMNOHENM BUNYKA020 MHOdHCECMEA (), YnopAdo-
YEHHOE OMHOWEHUEM “acmuyroeo nopadka <f), asasemca sepruell noaypewemkol, npuiem dis
mobwiz x,y € Q u mobozo o € (0,1) evnoansemes pasencmeo Ep V Ey = Eqoy i (1_q),, 6 “acmno-
cmu, B,V E, = E%y

HJoxaszarenancTso. PaccMorpuM nponsBo/ibHbIE OTKPLITBIE KOMIOHEHTB! Ey u Fy. Ilpn
mobom a € (0,1) Touka x4 := ax + (1 — o)y npuHAIEKUT BHYTPEHHOCTH OTpe3Ka [x, y]. HerpyaHo
BUJIETDH, 9TO NPH JOCTATOYHO MasbiX 01 > 0 u d2 > 0 ToUKE Ty — 01(T — o) U T — 01(Y — T4)
OpUHAJJIEXKAT OTPE3KY [, ], a MOCKOJIbKY MHOXKECTBO () BBIIYKJIO, TO U MHOXKeCTBY (). Besencrsue
onpejiesienns: 1 umeeM, 9T0o QT 1 Y 9T, @ 9TO PABHOCUIILHO TOMY, 9TO Fy Slngxa u by _’éEM.
Takum o6pasom, B BepxHeii nosrypermterke (O(Q), 5122) OTKpBbITast KOMIOHEHTa Fy,  sIBIIAETCS BepXHei
I'PaHBIO ISl APl OTKPBITHIX KOMIOHEHT {Fy, Fy}.

[TokaxkeMm, uro Ha camoMm Jene [, sIBisieTcss HaMMeHbINel BepxHeil I'DaHbIO JJisi OTKPBITHIX
kommonent {E,, By }. Ilpeanonoxum, aro E, ﬁ’é E and E, 5122 F it HeKOTOPOil OTKPBITOI KOMIIO-
uentsl E € O(Q). Torma x g u u y g u jy1st HeKoTopoii (y060it) Toukn v € F 1, CieJJoBaTeJILHO,
x,y € Fg(u). Tak xak MHOKecTBO F(u) BeIIyKI10, TO 0 + (1 — @)y € Fip(u) mpu srobsix o € (0, 1)
u, 3HaUT, Eqyy(1_q), <° E npu mobeix a € (0,1). O

Jltst TIOJTyIIPOCTPAHCTB BePXHsisl PEIIeTKa X OTKPBITHIX KOMIIOHEHT MMeeT 00jiee TOHKYIO II0-
PAJIKOBYIO CTPYKTYDY.

IIpengioxkenue 5. Cemeticmseo omxpvmoir komnonenwm O(H) aobozo noaynpocmparcmea H
Aunetino ynopadovero ommoweruem ;.

Jokasarenanbctso. CHpaBeInBOCTh JAHHOIO yTBEPIK/IEHNS HEIOCPEJICTBEHHO CIIEILyeT
U3 IIOJHOTBI OTHOIIEHHsI JJOMUHUPOBaHUst <f7, OIpeesIeHHOro Ha mosynpocrpanctee H C X (cm.
[peJIoXKeHne 2). O

Huzke Gyj1eM 0TOXKJIeCTBIIATE CTPYKTYPY BepxHeii nosyperterku (O(Q), <*) ¢ enympennets (2eo-
Mempureckot) cmpykmypots 6vnyki020 mnoscecmea Q. Paziuaus u pojcTBEHHAS CBI3b MEXKILY
BHYTPEHHEIl U I'PDAHeBOil CTPYKTYpPaMU OJIHOI'O U TOI'O YK€ BBIILYKJIOI0 MHOYXKECTBA OyJLyT 00CY K/ I€HbI
B cyejytomeM pajiesie (cM. 3amevanue 2).
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2. OTKprTI)Ie KOMIIOHEHTBbI M I'PaHW BBIIIYKJIBIX MHO2>KECTB

[Iycts (Q — BBIMyKI0e MHOKecTBO B X 1 S C X — moamuoxkectBo (). Tak Kak caMo MHOZKe-
cTBO () sIBJIIETCsI CBOEHl COOCTBEHHOI I'DAHbIO, TO CeMEeHCTBO TexX rpameil MHOXKecTBa (), KOTOpbIe
CoepKAT TOAMHOXKECTBO S, HemycTo. [lockombKy mepecetenne 060TO ceMeficTBa TpaHeil MHOXKe-
cTBa () SBJIETCS I'PAHBIO (), TO Iepecevenne ceMefcTBa TeX I'paHell MHOXKeCTBa (), KOTOPbIe COJIEP-
JKAT TIOJMHOZKECTBO S, TaKKe sIBJISIeTCsl TPAHBIO (), IPUYeM MUHUMAALHOT (N0 8KAIOUEHU) 2DAHBIO
MmHoocecmea QQ, codeporcaryets nodmrootcecmao S.

Teopema 2. /Jlas moboti omxpwmots komnonenmo. E € O(Q) 6vinykaozo mmostcecmea Q mo-
arcecmeo Fo(E) == U{E € 0(Q) | E <G B} asasemea munumanvnoti (no 6xmouenuno) 2parnvio
mroorcecmsa @, codepoicawets E, npu smom icrFg(E) = E.

Obpammno, das kaxcdol epanu F evinyraozo mmoocecmsa QQ maxot, wmo icrF # &, cywe-
cmeyem edurncmeernnas omrpoimas Komnonenwma E € O(Q) maxas, wmo F = Fo(E) u, 3nawum,
icrkF =F.

Hoxasareanncrso. Ilyers E € O(Q). Tak xaxk Fo(E) = Fg(x) mns Becex z € E,
to F(FE) siBiIsieTcst BBIILYKJIBIM MHOXKECTBOM (BBIIYKJIOCTH MHOXKeCTB F(z) mpu mobom z € @
ObL1a ycranosieHa panee). st gokasarenncrsa Toro, uto Fg(E) saBisiercs rpanbio (), paccMOTPUM
POU3BOIIBHYI0 TOUKY & € F(E) u npesmonozku, 4ro = au+ (1 —a)v mms nekoropsix « € (0, 1)
u u,v € Q. U3 reopemnr 1 3akiouaem, uro F, = FE, V E,, a tak kak F, = FE, T0 F, ﬂa En
E, <G E. Cnegnosarensio, u € E, C Fo(E) nv € E, C Fo(E). 9to nokaswsaet, 1ro Fo(E) —
rpaHb MHOXKeCTBa ().

st Toro 4robsel 0Ka3arh, 4T0 F(FE) sBIIseTcss MUHIMAJIBHOI IPaHbi0 MHOXKECTBA (), cozep-
JKallleil OTKPBITYIO KOMIOHEeHTY E, Heobxoaumo mokasars, uto Fo(E) C F mus moboit rpanu F
MHOXKecTBa () Takoii, aro F C F.

[Iycts F' — mpousBojibHAs I'paHb MHOXKecTBa (), cojepxKamast F, u nyctb x € £ C F, ay €
Fo(FE) = Fg(z). Tak xak y Jg , T0 B cuily ompeiesenusi ornomenuss Jg cymecrsyer A > 0

1
T
CaenoBarensro, x € (y,z), upudeMm y,z € Q. I[lockonbky = npuHajyeRnT rpanu [ BBILYKIOro
MHOXKeCTBa, (), TO U3 OIpEJIeJICHIsT IPAHU CJIE/LYeT, 9TO TOUKH Y, 2 Takke npuHayiexkar F. Tak kak
Y — IPOHU3BOJIBLHEL ssteMent u3 Fo(E) = Fg(z), To TeMm caMbiM j10Kazamno, uro Fg(E) C F.

Yeaosue icrF (E) # @ n paBencrso icrF(E) = E 6blin 10Ka3aHbl paHee B IIPEJJIOKeHNH 3.

JlokazkeM BTOpOE yTBEPKJICHUE TEOPEMBI.

[Iycts F' — Takast TpaHb BBIIYKJIOTO MHOXKecTBa (), uro icrF' # &, u nycrsb x € icrF. Tak kak
rpaHb F' sIBJISIeTCs BBILYKJIBIM MHOXKeCTBOM, TO B cuiay (1.3) y <g « st Bcex y € F' u, 3uHaqur,
F C Fo(z) = Fo(E,). ITokazkem,aTo BepHO I 06paTHOe BK/OUeHne. /st 9Toro cHavama yoemmcst
B TOM, uTO I, C icrF pya moboro x € icrF'. JleiicrBurensho, eciu z € Iy, 10 £ <> 2, a IIOCKOJIbKY
y g = g Beex y € I, To u3 TpamsuTusHOCTH < HosydaeM, uTo y g z 114 Beex y € F. Cnosa
npumensis (1.3), 3akimodaem, uro z € icrF'. Takum obpasom, umeem E, C icrF' C F, oTKyna cieiyer
Fg(E,) C F. Urak, F = Fg(E;) n, suaunr, icrF' = E, (mocie/Hee paBeHCTBO CJIELyeT U3 IEPBOIO
YTBEDZXKJIEHUs JTAHHON TeOpPEeMbI).

EauncrBennocts oTKpbiTOil KOMonenTsl F € O(Q), yaosiersopsioreii st rpanun F' paBen-
crBaM F' = Fg(F) n ictF = E, caeayer u3 TOro, 9T0 Pa3JNIHble OTKPBITBIE KOMIIOHEHTHI MHOXKE-
cTBa () HE MMEePECeKAIOTCS. 0

SBameuganunel. U3 TeopeMpl 2 creayeT, ITO CeMEHCTBO OTKPBITBIX KOMIIOHEHT BBITYKJIOTO
MHO2KeCTBa, () COBIIQJIAET C CEeMECTBOM HEIYCTBhIX OTHOCHUTEBHO AJreOpanvdecKuX BHYTPEHHOCTE
rpaneii MHOXkecTBa @, T.e. O(Q) = {icrF' | F — rpanb @ Takas, uro icrF # @}. Takum obpasom,
YTBEPK/IEHUE, ITO BBIITYKJIOE MHOXKECTBO SABJISIETCs JU3bIOHKTHBIM OObEMHEHUEM CEMEHCTBa ero
OTKPBITHIX KOMITOHEHT MOXKET OBITEH MepPehOpPMYyTUPOBAHO CICAYIONIM 00Pa30M: KayKJI0€ BBITYKJIOe
MHOXKECTBO MPEJICTABIUMO B BUJIE JU3BIOHKTHOIO OObEIMHEHUsI HEIIYCThIX OTHOCUTEJIHHO ajredpan-
YeCKUX BHyTPeHHOCTeil ero rpaneil. B takoii ¢opme sror dakr 6b11 oTMeueH paHee B cTarbsx [7;8].

Takoe, 4o z = = — Ay — x) € Q. HemnocpeicrBeHHo npoBepsieTcst, 910 T =
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CaenctBue 2. [lycmv Q — evinykaoe mroocecmeo. Jlas 4060t mouku x € QQ MHOMCECMBO
Fo(z) == {y € K | y <g x} asasemca munumanvrot (no 6KA04enu10) epanvio mHuostcecmss @,
codeporcawets mowky x, npu omom icrFi (z) = By # @.

st bOpMyIUpPOBKY CJIELYIONIEH TEOPEMbI HAM HEOOXOIUMO CJIeIYIOIIee TOHITHE.

[Tycrs (Y, %) — smneitno ynopsipouenHoe MHOKecTBO. [oBopsit [19], uro ymnopsinodentnas napa
(U, V) menycrbix noamuoxkects u3 Y spisiercst cevenuem (Y, =), ecru UNV = g, UUV =Y,
npu sroM u < v st Beex u € U u Beex v € V. (Kak 06bruHO, u < v 03Ha4aeT, 4To % < v, HO
v A u). MuoxkecrBa U u V' Ha3bIBAIOTCSI COOTBETCTBEHHO HUMNCHUM KAGCCOM U GEPTHUM KAACCOM

ceuenust (U, V).

Teopema 3. IIpednoaoorcum, wmo cemeticmeo O(Q) oOmEPLIMBIT KOMNOKEHT, 6BINYKA020 MHO-
orcecmea QQ AUHETHO YnopAadoueHo OMHOWEHUEM JOMUHUDOBAHUS S]*Q' s aobozo cevenus X =

(O(Q),0(Q)) cemeticmea (0(Q), 2p) mmoorcecmeo Fo(X) == {E | E € O(Q)} seasemes epa-
nwvio Q, npuvem

(i) ecau nuosrcrnut xaace O(K) umeem nauvborvwuts snemenm Enax, mo FQ(X) = Fo(Emax) U,
snavum, icrFg(X) = icrFo(Emax) = Emax # 95

(ii) 6 cayuae, Kozda O(K) ne umeem naubosvwezo sremenma, icrFo(X) = @.

HokaszarTennbcTso B cuty reopemsl 2 kaxiaomy E € O(Q) coorBeTcTByeT rpamb
Fo(E) = U{E € 0(Q) | E <} E}. Jlerko susers, uto Fo(X) = {Fo(E) | E € O(Q)}, re.
Fo(X) aBisiercst 00beiMHEHIEM JIUHEHHO yIOPSI0YeHHOro (0 BKJIIOYEHHIO) CeMeficTBa rpaneit (),
U, CJIe/I0BATEIbHO, MHOXKeCTBO Fg(X) sB/sercsa rpaHbio Q.

Vreepaenne (i) cpasy e caeayer us pasencrsa Fo(3) = J{Fo(E) | E € O(Q)} u Teope-
MBI 2. J1j1st Toro 9ro6sl gokasars (ii), HPeIosIoKnM B IPOTHBOIOIOKHOCTD JTAHHOMY yTBEPZK ICHUIO,
gro O(Q)) me nMeer Hanbosbirero smeMenta u icrFg(X) # &. Torma u3 BTOpOil 4acTH TEOPEMBI 2
CJleJlyeT, UTO CyIIeCTBYeT OTKphiTas xommonenta £ € O(Q), ais KoTopoii Fo(2) = FQ(E) U3z
[IOCJIE/JHETO PABEHCTBA 3aK/IodaeM, uto E € O(Q) u, xpome Toro, E <K E ansa Beex E € O(Q).
Do nporuBopednT mpenosoxkenuio, uro O(()) He nMeeT HANOOJIBIIETO JIEMEHTA. O

HacTHBIM CJIydaeM TeopeMbl 3 SIBJISETCs CJIEJIYIONIee YTBEPKIEHHe.

Teopema 4. IIpednoaoorcum, wmo cemeticmeo omrpvomux komnonenm O(Q) 6vinyk.a020 MHO-
srcecmea Q aunetino ynopadovero ommnowenuem domunuposarus .. Tozda das 10601 omrpoimot
Komnonenmo B € (’)(Q),~7€0mopa.ﬂ ne asasemea naumernvuum saemenmom O(Q), mmoocecmeo
Fo(E) == U{E € O(Q) | E <) E} asaaemesa epanvio Q, npu amom

(i) ecau {E € O(Q) | E <* E} umeem naubosvwuis saemenm Fyay, mo F\Q(E) = Fo(Emax) 4,
caedosamenvro, icrﬁQ(E) = icrF(Fmax) = Emax # 9;

(ii) 6 cayuae, xozda {E € O(Q) | E <* E} ne umeem naubosvuiezo snemenma, icrﬁQ(E) =o.

Hokaszareanctso. s qoKka3zaresbCTBa TONH TEOPEMBI JIOCTATOYHO 3aMETHTh, U4TO €C-
a1 OTKpbITas KomnoHeHTa F € O((Q)) He siBjisieTcsi HAMMEHBIIUM 3JIEMEHTOM JIMHEHHO YIODsI0YeH-
noro cemeiicrsa (O(Q), Ip)), To yuopsouennas napa ({E € O(Q) | E<*E} {E € O(Q) | ES*E})
ecTb cedeHne JnHeitno ynopsigodennoro cemeiicrsa (O(Q), Sl’é), a 3aTeM NPUMEHUTHb Teopemy 3. []

Mpumep 4. Ilycrp X — OecKOHETHOMEPHOE BEIECTBEHHOE BEKTOPHOE IIPOCTPAHCTBO, U
nycrb B = {e;}ie; — 6asuc Tamenss B X. Boibepem B B 1pOU3BOJIbHOE CYETHOE MOJMHOYKE-
ctBO By C B, a3arem B By — IPOU3BOILHBII 9JIEMEHT, KOTOPDIH 0003HATIM 9epes e o,. OcTanrmmecs
9JIEMEHTBI, T. €. 3j1eMeHThl u3 By \ {€1 }, epenyMepyem npon3BoJibHBIM 06PA30M HEJIBIMUA THCIAMU
U YIOPSIIOYNM B COOTBETCTBUU C UX HyMmeparueil. BoiOpaHHbiil pamnee 971eMEHT €4, OyJIeM CInTaTh
HanbosibM B MHOXKecTBe By = {€;,1 € Z,e100} (31€Ch Z — MHOXKECTBO IEJIbIX 4ucest). Takum
06pa3oM, Mbl JHHEHHO yropsiounan MaOoKecTBO By. s kaxmoro x € X vepes {x;,i € Z, Ty}
0003HAYNM T€ €ro KOOpAMHaThl B Haszuce B, KOTOPbIE COOTBETCTBYIOT HGa3MCHLIM BeKTOpaM u3 By.
Tak xkak KaxKIbIil BeKTOp © € X MMeeT TOJILKO KOHETHOE YUC/IO0 HEHYJIEBBIX KOOpPAUHAT B Oasuce B,



BHyTpeHHAS CTPYKTypa BBITYKJIBIX MHOXKECTB 65

TO CYMMBI Ttoo + D ez Ti U ey Tis TA€ Z(m) = {i € Z | i < m}, KOPPEKTHO ONPEJIeIICHDI st
moboro x € X u jmoboro uesnoro uncia m. Oupegesnn cieLyomue MHOKECTBA:

Eivw:={r € X |lic(x) >0}

Ep={z € X |lyo(z) =0;ls(x) = 0,5 € Z,m < 8; Ly (x) > 0} st m € Z,

r7ie loo(®) = Tyoo + Y iy Ti U ls(T) 1= ZiEZ(s) x; uid s € 7.

Taxk kak dyskiun Iy : X = Ruls: X = R, s € Z, simneitnbl na X, To MHOXKecTBa F o 1
E,,,m € Z, BbIlyKJIbI, 60JI€€ TOIO, 3TO BBILYKJ/IbIE KOHYCHI. 3aMETHM TaKKe, 9TO €CJU 1 > M s
n € ZU{+o00} um € Z, ro aus kaxporo x € E, uy € E,, somoausiercst x+y € E,,. leificrBurenbho,
ecn Yy € Epy, 10 l1oo(y) = 0;l5(y) = 0,s € Z,m < s, u eciit © € Eyy, 10 l1oo(x) = 0;15(x) = 0,5 €
Zyn < s ul,(x) > 0. Hosromy mst x + y umeeM lioo(x +y) = 0;l(x +y) =0,s € Zyn < su
ln(x +y) > 0. Buauur, z +y € E,.

U3 s1ux coiicTs caemnyer, uro muoxkectso K := (| E,,) U E « sBISIETCS BBITYKJIBIM KOHY-

z
coM (6oJiee TOro, KOHMYECKUM HOJIyIIPOCTPAHCTBOM) B )7?'6

Ornomenne pomunauposanust <y Ha K olpesessiercs cieayomuM obpasom: y <k & Torja u
TONBKO TOrza, Korja (x € Eio ny € U,,cq Em) wm (x € E, uy € E,, upu takux n,m € 7Z,
910 M > m); & <>k Y TOIJA U TOJBKO TOrJa, Korma ,y € E,, 1 sekoroporo m € Z U {400}
Crenosarensno, O(K) = {Ep,m € Z, E,«}, a <}, — nuneitabiii nopsgok xa O(K), nsomopdmbrii
ecTecTBEHHOMY yiopsiodennio Z U {400}

OrkpsiTast KoMmronenTa F o, siBisieTcs HanbosbimnM siuementoM B (O(K), <} ), B TO ke Bpemst
nozncemeiicto {E € O(K) | E <} By} = {Em, m € Z} ne umeer nanboJbinero sjieMenTa. Takum
06pasoM, B cuity yTeepxKicHust (ii) u3 Teopembl 4 MHOKeCTBO Fr(Eyoo) = Unez Em aBisiercs

rpanbio K, Jyist KOTopoii He cyiiecTByeT oTKpbITol Komuonentsl £ € O(K) Takoti, 4to Fy (Fioo) =
Fr(E) u, 3naunt, icrFg (Fio) = .

Bameuganune?2 Teopema 2 nmokaseiBaer, uro orobpakenne E — Fg (F) HHbEKTHBHO 0TOO-
pakaer BepxHioo nosypemterky (O(Q), ﬂa) OTKPBITHIX KOMIIOHEHT BBIITYKJIOTO MHOXKeCTBa () B
YACTUIHO YIIOPSIIOMEHHOE OTHOIIEHNEM BKJIIOUEHUsI CEMeMCTBO BCEX TpaHeil TOro »Ke BBIMYKJIOTO
MHOXKECTBa, (), TIPU 9TOM JIAHHOE OTOOPAYKEHUE SBJISETCsI U30TOHHBIM, T.€. COXPAHSAET OPSIKOBbIE
orHomeHusi. OHAKO, B OECKOHETHOMEPHOM CJIydae 9T0 0ToDpaskeHre He siBJIsSeTcsi, BOOOIIEe MOBOPSI,
CIOPBEKTUBHBIM, TaK KaK ero MOJIHBI 00pa3 BKJIYAeT TOJbKO I'PaHU, OTHOCUTEIbHASI ajredpantie-
cKast BHyTPEHHOCTb KOTOPBIX HelycTa. B To Ke BpeMsi, KaK 9TO CJeJlyeT U3 TeOpeMbl 3 u npumepa 4,
B KayKJIOM OECKOHETHOMEPHOM BEKTOPHOM IIPOCTPAHCTBE CYIIECTBYIOT BBIIYKJIbIEé MHOYKECTBA, KO-
TOpBIE UMEIOT rpaHu (1 Jlazke MHOXKECTBO I'DaHeii) ¢ IyCTON OTHOCUTEIBHOl ajaredbpandecKoi BHYT-
PEHHOCTBIO. 3HAYHUT, BHYTPEHHsIsI CTPYKTYPa BBIMYKJIOTO MHOXKECTBA HE SIBJISIETCSI, BOOOIIE MOBOPSI,
MOPSIIKOBO M30MOP(QHOI €ro IpaHeBoil CTPYKTYpE.

B CHe,ILyIOHJ,efI TeopeMe pPpaCKPbIBACTCA CBA3b MEXK/Yy BHYTPEHHUM I'€OMETPHUYECKHUM CTPOCHHEM
BBIIIYKJIOTO MHO2KECTBa U BHYTPEHHUM I'€OMETPUICCKUM CTPOECHHEM €ro rpaHeﬁ.

Teopema 5. Ilycmv F' — eparv sunyksozo mmooicecmsa (Q C X. Tozda

(i) swobas omrpumasn xkomnonenma E € O(Q) mmoorcecmea QQ makas, wmo ENF # & npunad-
seotcum F

(il) ommowerue domunuposanus g, onpedesennoe na F kax na svnykiom mmoocecmse, cos-
nadaem c cyorceruem na F ommnowenus domunuposarus ¢, onpedesennozo na Q;

(iil) wroban omrpwmasn xomnonenma D € O(F) epanu F asasemcs omxpoimots Komnonenmot
mmooicecmea @, m.e. O(F) C O(Q);

(iv) ommowenrue wacmuunozo nopadka <%, onpedeaernnoe na O(F'), cosnadaem c cysrcenuem Ha
O(F) ommnowenus wacmuwrnozo nopadka ), sadannozo na O(Q).

Hoxkaszareansbcro. (i) IIycre E € O(Q) — OTKpbITasi KOMIOHEHTa MHOXKeCTBa (),
yJoBJIeTBOpsitomast yeaoputo ENF # &, u nycrs x € ENF (HanoMHuM, 4To B ciydae, Korjia © € EF
s B ucnonbsyercs obosnadenne Ey ). Tak kak B cumy ciaeacrsus 2 Fo(z) == {y € K | y dg =}
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SIBJISIETCS MEHIMAJIBHOM IPAHbIO MHOXKeCTBa (), comepxkarieil Touky x u « € F, to Fg(z) C F. U3
pasencts Fg(z) = Fo(E,;) u E = E, nony4aem E C F.

(i) Herpymuo Buzers, 4ro ajst mobbix x,y € F' Bepra nviuukarus y px == y<Jgx. Jokaxem
obparmyio umirkamio. Ilycrs x,y € F rakue, aro y<gx. Ilo onpenenennto ornomenust g uMeeM
torga © — d(y — x) € @ upu Hexkoropom 6 > 0. ITockonsky z € (v — 6(y — x),y), u3 Toro uro F —
rpaHb MHOXKeCTBa (), 3akjodaeM, 4to & — 0(y — x) € F u, cienoarenbno, y <p x. Takum obpasom,
y px <=y Jg x J1a mobuIxX z,y € F.

(iii) ITycrs D C O(F). Tak xak D C F C @, a cemeiicreo O(Q) siBiisiercsi pazbuenueM (Q, To
cymecrsyer E € O(Q) Takoe, uro E N D # & u, caenosarensuo, £ N F # &. I3 yreepxkuenus (1)
sakiodaeM, uro E C F. TlockosbKy B cuity yrBepxKenust (ii) oTHOIeHHs HoMUHUpOBaHust p 1
<@ cosnagator Ha F', To u3 EN D # & cnenyer pasenctso F = D.

(iv) HJamnoe yrBepKaenue sisiercst ciaegcrsueM (ii). O

U3 yrBepxK/eHnii TeopeMbl b cJleyer, 9To KaxK/as rpaib F BBIIYKJIOIO MHOXKECTBa () siBJIseT-
Csl IM3BIOHKTHBIM O0HEIMHEHNEM NPUHAJJIEXKAIUX el OTKPBITBIX KOMIIOHEHT MHOKeCTBa (), T.e.
F =|HF € O(Q) | E C F}. Kpome Toro, mist yio6oii rpanu F' BBIIYKJIOro MHOXKeCTBa ()

nozicemeiicrso {E € O(Q) | E C F'}, wactuino ynopsiiodentnoe orHomenueM <7, (PaBHOCHILHO

orHomrenneM <%,), TAKrKe sBJISIETCS BEPXHEN IIOJIyPENIeTKOil (Todiee, OOy PEIIeTKOM BepXHeil
*

nosypemterku (O(Q), SlQ)) u cosmagaer ¢ (O(F), 1%,).
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