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FORMATIONS OF FINITE GROUPS IN POLYNOMIAL TIME II:
THE §-HYPERCENTER AND ITS GENERALIZATIONS!

V. I. Murashka

For a wide family of formations § (which includes Baer-local formations) of finite groups it is proved that the
$-hypercenter of a permutation finite group of degree n can be computed in polynomial time in n. In particular,
the algorithms for computing the §-hypercenter for the following classes of groups are suggested: hereditary
local formations with the Shemetkov property, rank formations, formations of all quasinilpotent, Sylow tower
of type ¢, p-nilpotent, supersoluble, w-supersoluble and SC-groups. For some of these formations § algorithms
for the computation of the intersection of all maximal §-subgroups of a finite group are suggested.
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B. . Mypamko. PacriozuaBanue dopManuii KOHEYHbIX CPYII 3a IMOJUHOMHAaJbHOe Bpems II:
$-runepueHTp u ero o606IEHUS

s mmpokoro cemeiicrsa dbopmanuii § (BK/ogaronero B cebsi KOMIIO3UIMOHHBIE (OpMAI|N) KOHETHBIX
IPYII JIOKA3aHO, YTO F-THIEPIEHTP KOHEYHOM I'PYIIIbl IEPECTAHOBOK CTEIeHU 7 MOXKET ObITh BBIUKMCIIEH 3a
OJIMHOMMAJIBHOE BpPEMsi OT 1. B 9acTHOCTH, IPEJJIOXKEHBI aJIFOPUTMBbI BBIUYUCJIEHUs] §-TUMEPIIEHTPA JJIsl CJIe-
AYIOIUX KJIACCOB TPYIIIL: HACIEIACTBEHHBIE JIOKaJbHble (popmanuu ¢ yciaosuem lllemerkosa, panrosbie op-
Maru, POpMAaIH BCEX KBA3UHUJIBIIOTEHTHBIX, (-THCIIEPCUBHBIX, P-HUJIBIIOTEHTHBIX, CBEPXPA3PEIINMBbIX, wW-
cBepxpaspemmmMbix 1 SC-rpynm. st HeKOTOPBIX u3 3Tux dhopMaruil § IPeIJIoXKEeHbl AJITOPUTMbI BHIUUCICHU
Iepecedenns BCeX MaKCUMAJIbHBIX §-TOJAPYIIT KOHEYHON I'PYIIIbL.

Korouepbie cioBa: Koneunasi rpynma; §-runepreHTp; KOMIIO3UIMOHHAs (DOPMAIlWsl; BBIYUCIEHUs] B IPYIIIax
IIepEeCTaHOBOK; IOJIMHOMUAJIbHBIN aJIIOPUTM.
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1. Introduction

All groups considered here are finite. Recall that a class of groups is a collection X of groups
with the property that if G € X and if H ~ G, then H € X. The theory of classes of groups is
well developed nowadays (for example, see [1-4]) and has various applications (for example, in the
theory of formal languages [5], in the solution of Yang-Baxter equation [6] and etc.) The main its
tasks are to construct classes of groups and to recognize is a given group belongs to a given class
or not. With a class of groups X one can associate the canonical subgroups such as

— the X-residual, i.e. the smallest normal subgroup of a group such that the quotient group over
it belongs to X;

— the X-radical, i.e. the greatest normal X-subgroup;

— an X-projector, i.e. an X-maximal subgroup that keeps this property in every quotient group;

— an X-injector, i.e. an X-maximal subgroup which intersects with every normal subgroup by
its X-maximal subgroup;

— the X-hypercenter, i.e. the greatest normal subgroup of G such that all chief factors of G
below it are X-central.
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Even if a group does not belong to X, then these subgroups encode some of its properties
associated with X.

The algorithms for computing the X-residual and X-projectors (of a soluble group) were presented
in [7;8]. The computation of the X-residual of not necessary soluble groups was discussed in [9]. The
algorithms for computing the X-radical and X-injectors (of a soluble group) were presented in [8].

Nevertheless the algorithms for the computation of the §-hypercenter were not suggested before
for a formation §. Note that the §-hypercenter and its generalizations play an important role in the
theory of formations: they encode a significant information about the structure of a group associated
with a formation § (for example, see chapters of monographs |2, Chapter IV(6)], [3, Chapter 1] and
[4, §14], and papers [10-14]). That is why it is important to have the effective algorithms for the
computation of the §-hypercenter of a given group.

A group can be represented in different ways. In this paper we will consider only permutation
groups because the computational theory of permutation groups is well developed (see [15]). The
aim of this paper is to find effective algorithms (which runs in polynomial time for permutation
groups) for the computation of the F-hypercenter for a wide family of formations § of not necessary
soluble groups. We leave the reader to decide how our algorithms can be applied in the case of
non-permutation groups.

2. The Main Result

Recall that the hypercenter of a group is just the final member of its upper central series.
The formational generalizations of the hypercenter were developed in the papers of Baer [16],
Huppert [17], Shemetkov [18] and appeared in the final form in [4] (see also [3, Chapter 1]).
Let X be a class of groups. A chief factor H/K of G is called X-central in G provided that the
semidirect product (H/K)x (G/Cq(H/K)) of H/K with G/Cg(H/K) corresponding to the action
by conjugation of G on H/K belongs to X (see [4, p. 127-128]). The X-hypercenter Zx(G) is the
greatest normal subgroup of GG such that all chief factors of G below it are X-central.

From Barnes-Kegel Theorem |2, IV, Proposition 1.5 it follows that if § is a formation and
G € §, then G = Zz(G). The converse of this statement is false as we can see on the example of the
class of all abelian groups. Shemetkov [19] asked to described all formations § = (G | G = Zz(G))
(such formations are called Z-saturated [20]). The solution of this problem was started in [20;21].
The method for calculating the §-hypercenter of a given group may be a useful tool in the solution
of this problem.

In [22] the example of a permutation group of degree n was given such that it has a quotient
with no faithful representations of degree less than 2/4. That is why the given definition of the
X-central chief factor is not good from the computational point of view. Therefore we will consider
a more general definition:

Definition 1 [9, Definition 2|. Let f be a function which assigns 0 or 1 to every group G and
its chief factor H/K such that

(1) f(H/K,G) = {(M/N,G) whenever H/K and M /N are G-isomorphic chief factors of G;

(2) {(H/K,G) =1{((H/N)/(K/N),G/N) for every N < G with N < K.

Such functions f will be called chief factor functions. Let
Ct)=(G|G~1orf{(H/K,G) =1 for every chief factor H/K of the group G).

The class C(f) is a formation |9, Lemma 3|.

In particular if f(H/K,G) = 1 iff H/K is X-central, then f is a chief factor function. So Z-
saturated formations (and hence local and Baer-local formations) are the particular cases of this
construction. With each chief factor function we can associate the following subgroup:

Definition 2 [9, Definition 2|. Denote by Z(G,f) the greatest normal subgroup of G such that
f(H/K,G) =1 for every chief factor H/K of G below it.
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The subgroup Z(G, f) becomes the X-hypercenter of G with the right choice of f. In particular,
if f checks if H/K is central (resp. cyclic) in G, then Z(G, ) is the (resp. supersoluble) hypercenter.

Example 1. Let f; and fy check if H/K is abelian and if G/Cq(H/K) is soluble respectively.
Then C(f;) = C(f2) = & is the class of all soluble groups. Note that Z(G, 1) is the soluble radical of G
and Z(G, fa) is the soluble hypercenter of G. If we consider the semidirect product of the alternating
group Ajs of degree 5 and its faithful simple module over Fj (it exists by [2, B, Theorem 10.3|), then
we will see that these subgroups are different.

The main result of the paper is

Theorem 1. Assume that {(H/T,G) can be computed in polynomial time (in n) for every
permutation group G of degree m and its chief factor H/T. Then the subgroup Z(G/K,f) is well
defined and can be computed in polynomial time (in n) for every permutation group G of degree n
and its normal subgroup K by Algorithm 1.

In Section 5 we will discuss how this theorem can be applied to various formations.

3. Preliminaries

All unexplained notations and terminologies are standard. The reader is referred to [1-3] if
necessary. Recall that (X) denotes the subgroup generated by X; Z(G) denotes the center of G
O,(G) is the greatest normal p-subgroup of G; O™(G) is the smallest normal subgroup of G of
m-index; Q1 (G) denotes the subgroup that is generated by elements of order p for a p-group G; S,
denotes the symmetric group of degree n; &, denotes the class of all m-groups.

Recall that a formation is a class of groups § which is closed under taking epimorphic images
(i.e. from G € § and N < G it follows that G/N € §) and subdirect products (i.e. from G/N; € §
and G/Ny € § it follows that G/(N; N N2) € §). If § is a non-empty formation, then in every
group G there exists the F-residual, i.e. the smallest normal subgroup of G with G/G?S € §.

We use standard computational conventions of abstract finite groups equipped with polynomial-
time procedures to compute products and inverses of elements (see [15, Chapter 2|). For both input
and output, groups are specified by generators. We will consider only G = (S) < S,, with |S| < n?.
If necessary, Sims’ algorithm [15, Parts 4.1 and 4.2 can be used to arrange that |S| < n?. Quotient
groups are specified by generators of a group and its normal subgroup. For the rest of the paper n
18 used to denote the degree of the input permutations. A polynomial-time algorithm is an algorithm
whose running time is upper-bounded by some polynomial function of n. We need the following well
known basic tools in our proofs (see, for example [23] or [15, pp. 49-50]).

List of Some Known Algorithms. Given normal subgroups A and B of a permutation group G
of degree n with A < B, in polynomial time in n one can solve the following problems:

(A1) Find the centralizer Cq a(B/A) of BJ/A in G/A [23, P6(i)].

(A2) Find the soluble residual (G/A)® of G/A [23, P14(i)].

(A3) Find the order |G/A| of G/A |23, P1].

(A4) Find Z(G/A) [23, P14(iii)], O,(G/A) and O™(G/A) |23, P16].

(A5) Find a chief series for G containing A and B |23, P11].

(A6) Given H = (S1),K = (S2) < G find (H,K) = (S1,52) and [H,K| = ([s1,s2] | s1 €
51782 S SQ><H’K> [23, P3(i)].

(A7) Check if G/A is simple |23, P10(i)].

Note that (A1), (A4), (A5) and (A7) are obtained with the help of Classification of Finite Simple
Groups. The following lemma plays an important role in our proves.

Lemma 1 [24]|. If G < S, forn > 2, then the length of every subgroup chain in G is at most
2n — 3.
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Algorithm 1: GFHYPERCENTER(G, K, 1)
Result: Z(G/K,f).
Data: A normal subgroup K of a group G and a chief factor function f.
Z +— K;
Compute a chief series K = Gy < Gy 4 --- 4Gy, = G of G,
forie{l,...,m} do

if f(GZ'/Gz;l, G) =1 then

if ‘W(Gz/Gl_l)‘ > 1 then

C/Z «+ Cg,yz(Gi-1/2);

if ‘C/Z’ = ’Gz/Gz—1’ then
‘ 7+ C,

end

else

p < m(Gi/Gi-1)[1];

P/Z « W (Z(0y(Gi/2)));

For each generator g of G find the linear transformation which this element
induces on P/Z;

Let R be the algebra generated by above mentioned transformations.
Decompose the R-module P/Z into the sum P; & --- @ Py of indecomposable
submodules;

for j e {1,...,k} do

if P; is a simple module then

Find the corresponding to P; subgroup P;/Z;
if <P]/Z, szl/Z> == GZ/Z then

7 Pj;

Leave the current for cycle;

end
end
end
end
end
end
return Z/K

4. Proof of Theorem 1

The proof of Theorem 1 is based on the following 5 lemmas.

Lemma 2. Let f be a chief factor function. The following statements hold:

(1) Z(G, 1) is well defined for any group G.

(2) Let Z/K = Z(G/K,f). Then Z is the greatest normal subgroup of G such that it contains K
and f(H/T,G) =1 for every chief factor H/T of G with K <T < H < Z.

Proof. (1) Let M and N be normal subgroups of a group G. Then form [2, A, The Isomorphism
Theorems(b)]| it follows that every chief factor of G below M N is G-isomorphic to a chief factor
of G below either M or N. So if f{(H/K,G) = 1 for every chief factor H/K of G below M and N,
then f(H/K,G) = 1 for every chief factor H/K of G below M N by (1) of Definition 1. It means
that the subgroup Z(G,f) is well defined.

(2) Let Z be the greatest normal subgroup of G such that it contains K and f(H/T,G) =1 for
every chief factor H/T of G with K <T < H < Z. Now f((H/K)/(T/K),G/K) ={(H/T,G) =1
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for every chief factor H/T of G such that (H/K)/(T/K) is a chief factor of G/K below Z/K by (2)
of Definition 1. Hence Z/K < Z(G/K,f). Assume that f((M/K)/(Z/K),G/K) = 1 for some chief
factor (M/K)/(Z/K) of G/K. Then {(M/Z,G) = 1 for some chief factor M/Z of G by (2) of
Definition 1, a contradiction with the definition of Z. Thus Z/K = Z(G/K,f). O

Lemma 3. Let H/T be a chief factor of G, K A G, K <T, Z;/K = Z(G/K,f) N T/K and
Zy/K =Z(G/K,f)NH/K. Then Z2/Zy # 1 if and only if {(H/T,G) =1 and H/Z, =T/Z1 x Z|Z,
for some Z I G. In this case Zy = Z.

Proof. Note that Z1/K = Zy/KNT/K = (Z2NT)/K. Hence Z; = ZoN'T. Now
Z2/Z1 == ZQ/(ZQ ﬂT) ~ ZQT/T S H/T

Hence Zy/Z is G-isomorphic to either 1 or H/T.

Assume that Zs/Z; % 1. It means that 1 = {(Zy/Z,,G) = {(H/T,G) by (2) of Lemma 2
and Z/Z is a minimal normal subgroup of G/Z; below H/Z; and not contained in T'/Z;. Hence
H/Zl = T/Zl X ZQ/Zl.

Assume now that f(H/T,G) =1 and H/Zy =T/Zy x Z/Z; for some Z 1 G. Now f(A/B,G) =1
for every chief factor A/B of G between Z; and K by (2) of Lemma 2. From H/T = ZT/T ~
Z/(ZNT)=Z/Z; it follows that f(Z/Z;,G) = 1. It means that

2K < Z)K < Z(G/K,f) N H/K = Z3 /K.
Therefore Z5/71 # 1 and Z = Zs. O

Lemma 4. In the notations of Theorem 1 and Lemma 3 if H/T is non-abelian and Zy is given,
then we can compute Zs in polynomial time in n.

Proof. Assume that H/T is non-abelian. If f(H/T,G) = 0, then Z; = Z by Lemma 3. So
we can assume that f(H/T,G) = 1. Let C/Zy = Cpyz,(T/Z1)®. We claim that Zy/Z; # 1 iff
|C/Z1| = |H/T|. In this case if Z2/Z1 % 1, then Zy/Zy = C/Z;.

Suppose that Zy/Z; % 1. From Lemma 3 it follows that H/Zy, = T/Zy x Z/Z; for some Z < G.
Then Z/Zy < Cyyz,(T/Z1). Hence

Cryz,(T/Zy) =TZ]Z1 0 Cryyz,(T)Z1) = (Criyz, (T/Z0) N T/ 20)(Z) Z1) = (T ) Z1) x (Z]Z1).
Recall that H/T ~ Z/Z; is a direct product of simple non-abelian groups. It means that
Crym (T)21)° = Z)Zy = Zy/ 7

by Lemma 3. Thus |C/Z,| = |H/T).
Suppose that |C/Z;| = |H/T|. Note that C/Z; is non-abelian (because it is the soluble residual)
and C/ZyNT/Zy < 7Z(T/Zy) is abelian. Therefore C/Z; £ T/Z;. From

C/Zl char CH/Zl(T/Zl) = CG/Zl(T/Zl) N H/Zl < G/Zl

it follows that C'/Z; < G. It means that H = TC and H/T = CT/T ~ C/(CNT). From |C/Z;| =
|H/T)| it follows that |[C NT| = |Z;|. Since Z; < CNT, we see that C N'T = Z;. It means that
H/Zy =T/Zy x C/Zy. Thus C/Zy = Z3/Z1 by Lemma 3.

By the statement of Theorem 1 we can compute f(H/T,G) in polynomial time. Now C/Z; =
Cyz,(T/Z1) can be computed in polynomial time by (A1l). We can compute (C/Z1)% by (A2).
With the help of (A3) we can check if |H/T| = |C/Z;| in polynomial time. O

Lemma 5. If K is a normal subgroup of a permutation group G of degree n such that G/K is
an abelian p-group for some prime p, then Q(G/K) can be computed in polynomial time in n.
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Proof. Recall that every abelian group can be presented as a direct product of its cyclic
subgroups (for example, see |2, A, Theorem 4.18]). Assume that G/K = (c1K) x -+ x (¢ K) is such
presentation. By Lemma 1 we have that ¢ < 2n. Note that if the order of a permutation of degree n
is a power of a prime, then it is not greater than n. It means that the order of every ¢; K is not
greater than n. If cK is an element of order p in G/K, then it can be expressed uniquely in the

form Hle C?iK where q; is less than the order of ¢; K. From ¢ € K it follows that c?ip € K for
[{ci K) |

every i. Hence ¢} K belongs to P;/K = ((¢; K) PR ) (here and later in the generation of subgroups,

i.e. {...), we use only the generating set of K). From % < n it follows that (¢; K) »IKT can be

computed in polynomial time by (A3). From the other hand every element from P/K = Hle P/K
has order p. Thus P/K = Q,(G/K). So if the presentation G/K = (c1K) x --- x (¢ K) is given,
then ©;(G/K) can be computed in polynomial time by (A6).

In the subsequent proof we need to use some algorithms with complexity in NC (“Nick’s Class”).
For our proof it is enough to know that problems solved in NC can be solved in polynomial time
(for example, see |25, Lecture 12]).

Let show that the described above presentation can be computed in polynomial time. If K =1,
then the required algorithm is suggested in [26, Theorem 8.7]. If we repeat this algorithm directly
for our situation, then it will work in polynomial time if we can solve the following problems:

(AGM) given a set of permutations ¢i,...,g, with » < p(n) for some polynomial p and a
permutation g, test if gK € (¢1,...,9r, K)/K;

(AGM X) given an abelian group H/K = (h1 K) x --- x (hK) with ¢t < 2n, order of every h; K
is not greater than n and hKK € H, find a; such that hiX = ngl hi'K.

To do (AGM) we need only to test if g € (g1,...,gr, K). The solution to this problem is well
known (for example, see [15, p. 49]). Let H; = (h;, K). It is clear that H; < H for all i. Therefore by
[27, Theorem 7.1(6)] we can find in polynomial time 2; € H; such that h = [['_, z; and t < 2n. Now
z; K € (h;K) for every i. Hence in polynomial time in n we can find a; < n with 2; K = h;" K. Thus
(AGM X)) can also be solved in polynomial time. It means that the described above presentation
of G/K can be computed in polynomial time in n as so do Q;(G/K). O

Lemma 6. In the notations of Theorem 1 and Lemma 3 if H/T is abelian and Zy is given,
then we can compute Zy in polynomial time in n.

Proof. Assume that H/T is abelian. If f{(H/T,G) = 0, then Z; = Z> by Lemma 3. So we can
assume that f(H/T,G) = 1. Note that H/T is a p-group for some prime p and every minimal normal
p-subgroup of a group is centralized by its the greatest normal p-subgroup [2, A, Lemma 13.6].
Since every minimal normal p-subgroup is generated by elements of order p, all minimal normal
p-subgroups of H/Z; are subgroups of P/Z; = Q(Z(0,(H/Zy))).

WP <T,then H/Z) #T/ZyxZ/Z for all Z < G. Thus Zy = Z; by Lemma 3. Assume now that
P £ T. From the Krull-Remak-Schmidt Theorem |2, A, Theorem 4.9] it follows that P/Z; is the
direct product of G-indecomposable subgroups P, /Z1, ..., P,,/Z;. Note that H/Z, =T/Z, x Z|Z,
for some Z <4 G iff P/Zy = (PNT)/Zy x Z/Z; for some G-simple subgroup Z/Z; of P/Z;. Let
(PNT)/Z; be the direct product of G-indecomposable subgroups 71 /71, ...,T;/Z;. If the required Z
exists, then P/Z; is the direct product of G-indecomposable subgroups T1/Z1,...,1;/Z and Z/Z;.
Hence [ = m—1. Moreover if P/Z; is the direct product of G-indecomposable subgroups Q1/71, ...,
Qm/Z1, then these subgroups can be numbered in such way that P/Z; is the direct product
of '/Z1,...,Tn—1/Z1 and Q,,/Z1 by the Krull-Remak-Schmidt Theorem [2, A, Theorem 4.9].
In this case Q,,/Z1 is G-simple and not contained in T'/Z;. Therefore the required subgroup Z
exists only in case when any direct decomposition of P/Z; into the product of G-indecomposable
subgroups has G-simple subgroup not contained in 7'/7;.

Note that P/Z; can be viewed as a G-module over F, and G-indecomposable and G-simple
subgroups of P/Zy < G/Z; are in one to one correspondence of indecomposable and simple
submodules of a G-module P/Z;.
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From (A4) it follows that we can compute Z(O,(H/Z1)) in polynomial time. Since Z(O,(H/Z1))
is abelian, we can find P/Z; in polynomial time by Lemma 5. According to [15, p. 155| for each
generator g of GG in polynomial time we can find the linear transformation which this element
induces on P/Z;. Let R be the algebra generated by the above mentioned transformations. Now by
[28, Theorem 5| we can decompose P/Z; into the sum P} @ - - - @ Py, of indecomposable submodules
in polynomial time. For each P; we can check either it is simple or not by |29, Corollary 5.4] and
for each simple P; we can find the subgroup P;/Z; of P/Z to which it corresponds. If P;/Z £ T/Z,
then P;/Z is the required subgroup. O

Proof of Theorem 1

Note that Z(G, f) is well defined by (1) of Lemma 2. We can compute a chief series K = Gy <
Gy < --- < Gy, = G of G in polynomial time by (A5). Let Z; = G; N Z(G/K,f). We see that
Zi 1= 2;NG;—1 and Zy = K. Now using Lemmas 4 and 6 if we know Z; 1 then we can compute
Z; in polynomial time. Since m < 2n by Lemma 1, we can compute Z(G/K,f) in polynomial time.

5. Applications

Recall [14] that Intz(G) denotes the intersection of all F-maximal subgroups of G for a forma-
tion §. Shemetkov posed the following question on Gomel Algebraic seminar in 1995: “For what
non-empty (normally) hereditary local (Baer-local) formations § do the equality Intz(G) = Zz(G)
hold for every group G?7” The solution to this question in case when § is a hereditary saturated
formation was obtained in [14]. For some class of Baer-local formations the answer to this question
was given in [30]. Nevertheless this problem is still open. We will show that Theorem 1 can be used
to compute Intz(G) for some formations §.

5.1. Baer-local and local formation

The notion of F-hypercenter plays an important role in the study of Baer-local and local
formations. Let f be a function which assigns to every simple group J a possibly empty formation f(.J).
Now extend the domain of f. If GG is the direct product of simple groups isomorphic to J, then let
f(G) = f(J). If J is a cyclic group of order p, then let f(p) = f(J). Such functions f are called Baer
functions [2, IV, Definitions 4.9]. A formation § is called Baer-local (or composition, see |3, p. 4]
and [18]) if for some Baer function f holds:

§=(G|G/Cq(H/K) € f(H/K) for every chief factor H/K of G).

Theorem 2. Let § be a Baer-local formation defined by f. Assume that (G/K)) can be
computed in polynomial time for every K < G < S,, and a simple group J. Then Zz(G/K) can be
computed in polynomial time for every K I G < S,.

Proof. Here we assume that if f(J) = @, then the computation of (G/K)//) returns “is not
defined”. Let f(H/K,G) = 1 iff G/Cq(H/K) € f(H/K). This condition is equivalent to Gf(H/K) ig
defined and [G/(#/K) H] C K. Hence it can be checked in polynomial time by (A3), (46) and the
statement of the theorem. By analogy with the proof of |9, Theorem 7| one can show that f is a chief
factor function. Then § = C(f). Hence we can compute G¥ in polynomial time by [9, Algorithm 4].

Let H/K be a chief factor of G and T' ~ (H/K) x G/Cqg(H/K). Note that T is a primitive
group of type 1 or 3 (see [2, A, Theorem 15.2]). Then T/Cr(H/K) ~ G/Cq(H/K) by [2, A,
Theorem 15.2(1, 3)]. So if T' € §, then G/Cq(H/K) € f(H/K) N §. From the other hand if
G/Cq(H/K) € f(H/K)NF, then T € §. It is clear that

G/Co(H/K) € (f(H/K)N3F)
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iff [GSGIH/K) H] C K. Let f;(H/K,G) = 1 iff GIH/K) is defined and [GSG/(H/K) H] C K. Note
that we can check this condition in polynomial time by (A3) and (A6), f; is a chief factor function
and Z(G, 1)) = Zz(G) for any group G. Thus Zz(G/K) can be computed in polynomial time for any
K <G < S, by Theorem 1. O

A Baer-local formation defined by Baer function f is called local if f(J) = Nyer(y) f(p) for every
simple group J. In this case to define § we need only to know the values of f on primes.

Corollary 1. Let § be a local formation locally defined by f. Assume that (G/K)f(p) can be
computed in polynomial time for every K < G < S,, and a prime p. Then Zz(G/K) can be computed
in polynomial time for every K I G < .S,,.

According to [9, the proof of Corollary 1] for the class il of supersoluble groups, the class wil of
widely supersoluble groups [31], the class 914 of groups G such that all Sylow subgroups of G/F(G)
are abelian [31], the class smil of groups with submodular Sylow subgroups [32;33], the class of
strongly supersoluble groups sil [32| and the class shil of groups all of whose Schmidt subgroups
are supersoluble [34] we can compute the described in the statement of Corollary 1 f(p)-residuals
in polynomial time.

Corollary 2. Let § € {4, wil, stl, smil, NA, shil}. Then Zz(G/K) can be computed in a poly-
nomial time for every K 1 G < .S,,.

Recall [37] that a group is called c-supersoluble in the terminology of Vedernikov (SC-group in
the terminology of Robinson [35]) if every its chief factor is a simple group. It was proved the the
class Y, of all c-supersoluble groups is a Baer-local formation [37].

Theorem 3. In polynomial time one can compute Zg (G/K) for K <G < S,.

Proof. Let f; checks if H/K is simple. Then f;(H/K,G) can be computed in polynomial time
by (A7). Therefore Y, = C(f;). It is easily seen that an abelian chief factor is U.-central iff it is
simple. If H/K is a non-abelian factor, then T'= (H/K) x (G/Cg(H/K)) has two minimal normal
subgroups whose quotients are isomorphic to G/Cq(H/K) by [2, A, Theorem 15.2(3)]. Now T' € .
iff G/Cq(H/K) € U,.. The last is equivalent to [G*, H] C K. According to [9, Theorem 1] we can
compute G*¢ in polynomial time. Therefore we can check if H /K is $l~central in G in polynomial
time and hence compute Zg (G/K). O

Recall that a group is called quasinilpotent if every its element induces an inner automorphism
on every its chief factor. The class of all quasinilpotent groups is denoted by 91*.

Theorem 4. In polynomial time one can compute Inty«(G/K) = Zy«(G/K) for K <G < S,,.

Proof. According to [30, Corollary 1| Inty«(G) = Zn+(G) holds for every group G. From
[30, Remark 2] Zn«(G) is the greatest normal subgroup of G such that every element of G induces
an inner automorphism on every chief factor of G below Zy«(G), i.e. Zyn-(G) = Z(G,f) where f
checks if every element of G induces an inner automorphism on H/K that is G = HCg(H/K) or
G/K = (H/K)Cg x(H/K). This condition can be checked in polynomial time by (A1), (A3) and
(A6). It is straightforward to check that f is a chief factor function. Thus in polynomial time one
can compute Inty«(G/K) = Zy«(G/K) for K I G < S,, by Theorem 1. O

5.2. Formations with the Shemetkov property

Recall [36] (see also |1, Chapter 6]) that a formation § has the Shemetkov property (resp. in
the class of all soluble groups &) if every (resp. soluble) F-critical group (i.e. non-F-group all whose
proper subgroups belong to §) is either a Schmidt group (i.e. non-nilpotent group all whose proper
subgroups are nilpotent) or a cyclic group of prime order. If a hereditary local formation § has the
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Shemetkov property (and contains all nilpotent groups) then it can be locally defined by f where
f(p) = &y, and g assigns to a prime p a set of primes g(p) with p € g(p) [1, Corollary 6.4.5]. The
converse is not true. Nevertheless a hereditary local formation § of soluble groups has the Shemetkov
property in & and contains all nilpotent groups iff § is locally defined by f where f(p) = Sy(p) and
g assigns to a prime p a set of primes g(p) with p € g(p) [36]. With the help of the next result one
can compute the §-hypercenter and the intersection of all maximal F-subgroups of a (resp. soluble)

group G where § is a hereditary formation with the Shemetkov property (resp. in &).

Theorem 5. Let g be a function which assigns to a prime p a set of primes g(p) with p € g(p)
and h(p) = & 4(,). Assume that g(p) 7 (G) can be computed in a polynomial time for every p € m(G).
Let § be a local formation defined by h. Then Intz(G/K) and Zz(G/K) can be computed in a
polynomial time for every K <G < S,,.

Proof. Let prove that H/K < Int;(G/K) iff G/Cq(H/K) € h(p) for every p € m(H/K).

Assume that G/Cq(H/K) € h(p) for every p € n(H/K). Let M/K be an §-maximal subgroup
of G/K. Let T = MH. Note that T/Cr(U/V) € h(p) for all p € m(U/V') and every chief factor
U/V of T/K below H/K. From T/H € § it follows that T/Cp(U/V) € h(p) for all p € n(U/V)
and every chief factor U/V of T/K above H/K. Thus T/K € §. Hence T/K = M /K. Therefore
H/K < Intz(G/K).

Assume that H/K < Intgz(G/K). It means that 7(H/K) C g(p) for all p € n(H/K). Let M /K
be an §-maximal subgroup of G/K and K = Hy < Hy < --- < H,,, = H be a part of chief series of
M/K.Then (M/K)/Cyy(Hi/Hi—1) € h(p) forallp € m7(H/K). Let C/K = 02 Cyyyic(Hi/Hi-1).
Now (C/K)/Cuny/k (H/K)is am(H/K)-group by [2, A, Corollary 12.4(a)]. Since h(p) is a formation,
(M/K)/(C/K) € h(p) for all p € 7(H/K). Thus (M/K)/Cyy/x(H/K) € G4y = h(p) for all
p € m(H/K). Since g(p) # @ for all prime p, we see that every element of G/K belongs to some
its §-maximal subgroup. From (M/K)/Cy/x(H/K) ~ MCq/x(H/K)/Cq/x(H/K) it follows that
G/Cc(H/K)is a &y -group for every p € n(H/K),i.e. G/Cq(H/K) € h(p) for every p € m(H/K).

From [14, Theorem C(e)] it follows that if I < Intz(G), then Intz(G/I) = Intz(G)/I. Therefore
Intz(G/K) = Z(G/K,f) where f checks if G/Cq(H/K) € h(p) for every p € n(H/K). The last
condition is equivalent to [09(P)(G), H] C K and can be checked in polynomial time by (A3), (A4)
and (A6). Thus the statement of theorem follows from Theorem 1 and Corollary 1. [

Let ¢ be some linear ordering on P. Recall [2, IV, Examples 3.4(g)| that a group G is called a
Sylow tower group of type ¢ if it has normal Hall {p1,...,p;}-subgroups for all 1 < ¢ < k where
7(G) ={p1,...,pr} and p; >, p; for i < j. Let g(p) = {q | ¢ <, p}. Note that the class of all Sylow
tower group of type ¢ can be locally defined by h(p) = &,).

Corollary 3. Let ¢ be a linear ordering on P such that we can check in polynomial time if
p <, q for any primes p,q < n. If § is the class of all Sylow tower group of type ¢, then Intg(G/K)
and Zz(G/K) can be computed in a polynomial time for every K I G < S,,.

It is well known that the class of all p-nilpotent groups can be locally defined by h where
h(p) = &, and h(q) = & for ¢ # p.

Corollary 4. Let p be a prime. If § is the class of all p-nilpotent groups, then Intz(G/K) and
23(G/K) can be computed in a polynomial time for every K <G < S,,.

5.3. Rank formations

If H/K is a chief factor of G, then H/K = Hy/K X --- x Hy/K where H;/K are isomorphic
simple groups. The number k is called the rank of H/K in G.

Definition 3 [2, Chapter VII, Definition 2.3|. A rank function R is a map which associates
with each prime p a set R(p) of natural numbers. With each rank function R we associate a class
of soluble groups
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S(R)=(G €S| G~1or for all p € P each p-chief factor of G has rank in R(p)).

This class is a formation of soluble groups. If R(p) = {1,2} for all p € P, then formation §(R)
is non-local by [2, Chapter VII, Theorem 2.18] and hence is non-Baer-local. If R(p) = {1} for all
p € P, then F(R) = 4L

Theorem 6. Let R be a rank function. Assume that one can test if n € R(p) in polynomial

(in n) time for every p € P. Then Zgr)(G/K) can be computed in polynomial time for every
KJ1G<S,.

Proof. With the help of (A3) we can compute the rank of H/K in polynomial time. Hence we
can check if G/K € §(R) for any K < G < S,, in polynomial time by (A3) and the statement of
the theorem. Note that a chief factor H/K is §(R)-central iff H/K is a p-group for some prime p,
the rank of H/K is in R(p) and G/Cq(H/K) € §(R). Since Cq(H/K)/K = Cg/k(H/K), we
can check if H/K is §(R)-central in polynomial time by (A1), (A3),(A5). Thus the statement of
Theorem 6 follows from Theorem 1.

6. Final Remarks an Open Questions

This work belongs to a series of works devoted to the computational recognition of the formation §
of finite groups and subgroups associated with §. The first step [9] was to construct the §-residual. In
this paper we constructed the §-hypercenter. In the core of these two works was a definition of chief
factor function. The §-residual and the §-hypercenter are analogues to the final terms of the lower
and the upper central series for a formation § respectively. The ideas of the construction of these
objects were different. This is well illustrated by the fact that Z(G,f), and hence the computation
of the §-hypercenter, depends on the choice of f, when the formation defined by f is fixed, but the
computation of the §-residual does not depend on f.

For a formation § = C(fy) it is natural to ask can one find a good from the computational point
of view chief factor function that defines it.

Question 1. Given formation § = C(fy) is it possible to construct a function f with § = C(f)
such that f(H/K,G) can be computed in a polynomial time for every permutation group G of
degree n and its chief factor H/K. In particular, do there exists formations § = C(f) such that there
is no polynomial time algorithms to check if G/K belongs to § or not?

Looking through known algorithms for permutation groups [15] one can note that there is no
polynomial time algorithm for finding the exponent.

Question 2. Given a permutation group G of degree n and its normal subgroup K can one
find in polynomial time the exponent of G/K?

Corollary 1 and |9, Corollary 1] were dedicated to the formations of supersoluble type. In [38] a
formation vil of groups with cyclic primary P-subnormal subgroups was introduced. This formation
is local and its local definition involves formation of groups of exponent dividing m.

Question 3. Given a permutation group G of degree n and its normal subgroup K can one in
polynomial time test if G/K € vil, compute the vil-residual and the vil-hypercenter of G/K?

The constructed in the paper algorithm is purely theoretical. It is reduced to some well known
algorithms about permutation groups. Not all of these algorithms were implemented in computer
algebra systems. So the next step in this research is to implement Algorithm 1.
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