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THE GIRTHS OF THE CUBIC PANCAKE GRAPHS!
Elena V. Konstantinova, Son En Gun

The pancake graphs P,,n > 2, are Cayley graphs over the symmetric group Sym,, generated by prefix-
reversals. There are six generating sets of prefix-reversals of cardinality three which give connected Cayley
graphs over the symmetric group known as cubic pancake graphs. In this paper we study the girth of the cubic
pancake graphs. It is proved that considered cubic pancake graphs have the girths at most twelve.
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1. Introduction

The pancake graph P, = (Sym,,, PR),n > 2, is the Cayley graph over the symmetric group
Sym,, of permutations m = [m;7my ... 7] written as strings in one-line notation, where m; = (i) for
any 1 < i < n, with the generating set PR = {r; € Sym,, : 2 < i < n} of all prefix-reversals r;
inversing the order of any substring [1,i],2 < i < n, of a permutation 7 when multiplied on the
right, i.e. [m1 ... TWi41 ... Tp|r; = [T ... T1Tig1 - . . 7). This graph is well known because of the open
combinatorial pancake problem of finding its diameter [3].

The graph P, is a connected vertex-transitive (n — 1)-regular graph of order n! with no loops
and multiple edges. It is almost pancyclic [4;9] since it contains cycles of length ¢, 6 < ¢ < n!l, but
doesn’t contain cycles of length 3,4 or 5. Since the length of the shortest cycle contained in the
graph is six, hence we have g(P,) = 6 for any n > 3, where g(P,) is the girth of P,,. The girths of the
burnt pancake graphs over the hyperoctahedral group was considered in [2]. The (burnt) pancake
graphs are commonly used in computer science to represent interconnection networks [1;10;11].

Importance of fixed-degree pancake graphs, in particular, cubic pancake graphs as models of
networks was shown in [1] by D. W. Bass and I. H. Sudborough. The authors have considered cubic
pancake graphs as induced subgraphs of the pancake graph P,. The necessary conditions for a set
of three prefix-reversals to generate the symmetric group Sym,, were found. In particular, it was
shown that the cubic pancake graphs over the symmetric group Sym,,, n > 4, are connected with
the following generating sets:

n)

BS1 ={ro,rn_1,rn}; BSy ={rn_o,rn_1,m}; BSs = {rs,rn_2,r,}, where n is even;

! This paper is based on the results of the 2021 Conference of International Mathematical Centers “Groups
and Graphs, Semigroups and Synchronization”.
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Table 1: The girths of the cubic pancake graphs PS¢, 5 < n < 19

n |56 7|89 |10|11 (1213|1415 |16 |17 | 18| 19
gPS) |6 |8|10[12]12|16[16 |16 | 20|20 |20 |24 |24 |24 | 28

BSy = {rs,rpn_1,mn}, where n is odd; BS5 = {r,_3,7n—1,7n}, where n is odd,;
BSs = {rp—3,mn—2,r,} for any n > 5.
The set BS; is known as ‘big-3’ flips, and the corresponding cubic pancake graph generated by this
set is called as the ‘big-3’ pancake network [10].
In this paper we study cubic pancake graphs and their girths. Our first result is obtained for

the cubic pancake graphs P! = Cay(Sym,,, BS;) that are Cayley graphs over the symmetric group
Sym,, generated by the sets BS;, i =1,...,5.

Theorem 1.

6, whenn =4;
P =g(P))=g(P3)={" ’ 1.1
o(P}) = 9(P) = 9(PY) {87 B (1)
=8, whenn =5 1s odd; .
g(PH =8, wh 5 is odd (1.2)
8 when n = 5;
P =" ’ 1.3
9(E) {12, when n > 7 is odd. (13)

The computational results on the girths of the cubic pancake graph PS = Cay(Sym,,, BSs) are
presented in Table 1 for 5 < n < 19. It was also computed that g(PS) = 28 for any 19 < n < 33.
One can conjecture that this is true for any n > 19.

The paper is organized as follows. The proof of Theorem 1 is based on the characterization
of small cycles in the pancake graphs. We present preliminary results with main definitions and
notation in Section 2, where two main results show that for any n > 7 there are no 10-cycles and
11-cycles in P2. Then we prove Theorem 1 in Section 3.

2. Preliminary results

The first results on a characterization of small cycles in the pancake graph were obtained in [5]
where the following cycle representation via a product of generating elements was used. A sequence
of prefix-reversals Cyp = r;, ...7;, ,, where 2 < i; < n, and i; # 741 for any 0 < j < £—1, such that
TTi ... Ti,_, =, Where m € Sym,,, is called a form of a cycle Cy of length £. A cycle Cy of length ¢
is also called an f-cycle, and a vertex of P, is identified with the permutation which corresponds to
this vertex. It is evident that any ¢-cycle can be presented by 2/¢ forms (not necessarily different)
with respect to a vertex and a direction. The canonical form Cy of an £-cycle is called a form with
a lexicographically maximal sequence of indices ig . ..4s_1. We shortly write Cp = (rarb)k for a cycle
form Cy = rery ... 147y, Where £ = 2k, a # b, r,1p appears exactly k times and wrery ... 747 = T
for any m € Sym,,. The form Cp, = (rqr)¥ is canonical if a > b. By using this description, the
following results characterizing 6- and 7-cycles were obtained.

Theorem 2 |5, Theorem 1, Lemma 3|. The pancake graph P,,n > 3, has (n!)/6 independent
6-cycles of the canonical form
Ce = (r3ry)’ (2.1)

and nl(n — 3) distinct T-cycles of the canonical form
C7 =TkTh—1Tk Thk—1Tk—2 Tk T2, (2.2)

where 4 < k < n. Each of the vertices of P, belongs to exactly one 6-cycle and T7(n — 3) distinct
T-cycles.



276 Elena V. Konstantinova, Son En Gun

The complete characterization of 8-cycles is given by the following theorem.

Theorem 3 [7, Theorem 1.3|. Each of vertices of P,,n > 4, belongs to N = (n® + 12n% —
103n + 176)/2 distinct 8-cycles of the following canonical forms:

Cf = T i) Tk Th—jri Ti Th—jtis 2<i<j<k-1,4<k<n (23)
C§ =Tk 1 T2 Th—1 TR T2 T3 T2, A<ks<n (24)
Cg = Tk Tk—i Th—=1Ti Tk Tk—i Tk—1 Ti, 2<i<k=2,4<k<n (2.5)
C§ = Tk Theit1 Tk i Tk Thei Th—1Ti—1, 3<i<k=2 5<k<n (26)
Cg;’ =Tk Tk—17i-1Tk Tk—it1 Tk—i Tk Tis 3<i<k—=25<k<n (27)
C§ = Tl The Th Thei Th—i—1 Tk T Ti1, 2<i<k=3,5<k<n (28)
Cg = Tk Th—jt 1 Th T4 Tk Th—ji 1Tk T 2<i<j<k-14<k<n (29)
CS = (7‘4 7‘3)4. (2'10)

The complete characterization of 9-cycles in the pancake graphs were obtained in [6].

In general, the complete characterization of small cycles in the pancake graphs presented in [5;6]
is based on the hierarchical structure of the pancake graphs. The graph P,,n > 4, is constructed
from n copies of P,_1(i),1 < i < n, such that each P,,_;(i) has the vertex set

V;' :{[Fl...ﬁn_li],
where m, € {1,...,n}\{i}: 1 <k <n—1}, |Vi| =(n—1)!, and the edge set

E; ={{[m ...mp—1t],[m1 ... mp_1i]rj} 12 < j <n—1},
—1l(n—2

where |E;| = (n=1ln -2)

edges presented as {[imy ... Tp—1]], [JTn-1 ... T2}, where [imy ... 7Tp_1j]rn = [Jn—1...m2i]. Prefix-

reversals 75, 2 < j < n — 1, defines internal edges in P,_1(i),1 < i < n, and the prefix-reversal

ry, defines external edges between copies. Copies P,,_1(i), or just P,,_1 when it is not important to
specify the last element of permutations belonging to the copy, are also called (n — 1)—copies.
The hierarchical structure of the pancake graphs is used to prove the following two results.

. Any two copies P,,_1(i) and P,_1(j),7 # j, are connected by (n — 2)!

Theorem 4. In the cubic pancake graphs P2 = Cay(Sym,,, {rn_3,7n_1,7n}),n = 7, there are
no cycles of length 10. For n =5 there are 10-cycles of the canonical form Cig = (r574)°.

Proof. Since the cubic pancake graphs P2 n > 5, are induced subgraphs of the pancake
graph P,, then let us consider all possible cases for forming 10-cycles in the pancake graphs with
taking into account that the generating set of PS contains only three elements r,,_3,r,_1, T, where n
is odd. If n = 5 then there are cycles of length 10 of the canonical form Cjg = (r574)° (see Lemma 1
in [8]). If n > 7 then due to the hierarchical structure of the pancake graph P,, cycles of length 10
could be formed from paths of length I, 2 <1 < 8, belonging to different (n — 1)—copies of P,.

Further, we consider all possible options for the distribution of vertices by copies.

Without loss of generality we always put 71 = I,, = [123 ... n— 1n].

Case 1: 10-cycle within P, has vertices from two copies of P,_;.

Suppose that a sought 10-cycle is formed on vertices from copies P,,_;(i) and P,_;(j), where
1 <i# j < n. It was shown in [5, Lemma 2| that if two vertices m and 7, belonging to the same
(n—1)—copy, are at the distance at most two, then their external neighbours 7™ and 7 should belong
to distinct (n — 1)—copies. Hence, a sought cycle cannot occur in situations when its two (three)
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Pn_1(n) Prn—1(n)

(a)

Fig. 1. (a) (4+6)-situation; (b) (5+5)-situation.

vertices belong to one copy and eight (seven) vertices belong to another one. Therefore, such a cycle
must have at least four vertices in each of the two copies. Hence, there are two following cases.
Case (4 + 6). Suppose that four vertices 7!, 72, 73, 74 of a sought 10-cycle belong to one copy,
and other six vertices 71,72, 73,74, 7%, 7% belong to another copy. Let 7' = 7', and 7% = 75¢,,.
Since 7! = I,, then 7! and 7* should belong to P,_1(1). Herewith, the four vertices of P,_1(1)

should form a path of length three whose endpoints should be adjacent to vertices from P, _1(n).

Consider all options for passing from 7! to 7% by internal edges in a copy P,_1(n). Since the
generating set of P2 consists of the elements r, 1 and 7,_3 corresponding to internal edges then
there are two ways to get paths of length five from 7! to 7¢ (see Fig. 1a).

The first path is presented as follows:

7! (rn—s rn_1)2 Tn_g = T° (2.11)

such that:

Tn—1 Tn—3

=123 . n—1n] =% n—3n—4...21n—2n—1n] =5 [n—1n—212 ... n—4n—3n] =%

n—5n—6...21n—2n—1n—4n—3n] =5 [n—3n—4n—1n—212 ... n—6n—5n] =

n—7Tn—-8...21n—2n—1n—4n—3n—6n—5n] =75

Since 7t = 767, then we have:
at=[nn—-5n—6n—-3n—4n—1n—-212...n—8n—17]. (2.12)
Note that 7! =717, = [nn—1 ... 21] with 7} = 1 for any n > 5. Hence, we immediately can

conclude that 7* given by (2.12) and 7! belong to different copies of P, since 7+ # 1 for any odd
n > 7. Forn =5 we get 7 = [53421] and there is no path of length three between 74 and !,
presented as 7,37y _1Tp_3 OF Iy 1 Ty 3T p_1,since T roryro = [42531] and w4 ryrory = [53241].
This gives a contradiction with an assumption that 7! and ©* belong to the same copy P, 1(1).
Thus, a sought cycle cannot, occur neither in P, nor in PJ.

The second path is presented as follows:

7l (rn—1 rn_3)2 T =T° (2.13)
such that

Tn—3 Tn—1

=123 .. . n—1n S n-1n-2...21n] 2% [34...n—2n—121n] =%
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[12n—1n—2...43n] =56 ...n—2n—12143n] = [3412n —1n—2 ... 65n] = 7°,
and hence
=757, =[n56...n—2n—12143],

which means that this permutation belongs to P,_1(3). However, 7! belongs to P,_1(1) which gives
a contradiction again. Thus, a sought 10-cycle cannot occur in this case.

Case (5 + 5). Suppose that five vertices 7!, 72, 73, 74, 75 of a sought 10-cycle belong to a copy

P,_1(1), and other five vertices 71, 72,73, 74, 7° belong to a copy P,_1(n), where 7! = I,,, 7! = 7lr,,
and 7% = 757,,. Then the five vertices of P,_1(1) should form a path of length four whose endpoints
should be adjacent to the vertices from P,,_;(n) (see Fig. 1b).

There are two ways to get paths of length four from 7! to 7°.

The first way is given as follows:

7—1 (Tn—?) 7qn—l)z = 7-57

more precisely, we have:

Tn—1 Tn—3

=123 . n—1n] =% n—3n—4...21n—2n—1n] =5 [n—1n—212 ... n—4n—3n] ==

[n—5n—6...21n—2n—1n—4n—3n] = [n—3n—4n—1n—212...n—6n—>5n] = 7°.

The second way is presented as follows:
T (1 7n-3)? =17,

and we have:

1 Tn—3 Tn—1

=123 n—1n] 25 n—1n-2...21n] 5 [34...n—2n—121n] =%

Tn—3 5

12n—1n—-2...43n] — [56...n—2n—12143n] =71°.

5

Since 7 = 7° r,, then we have either:

m=[nn-5n-6...21n—2n—1n—4n—-3] or 7°=[n3412n—-1n—2...65],

which gives a contradiction with an assumption that 7' and 7® belong to the copy P,_1(1) for any
odd n > 5. Thus, in this case a sought cycle cannot occur in P,, and hence in P2.

Case 2: 10-cycle within P, has vertices from three copies of P,_;.
There are four possible situations in this case.

Case (2 + 2 + 6). Suppose that two vertices 7!, 72 of a sought 10-cycle belong to one copy, other
two vertices 71,72 belong to another copy, and remaining six vertices v',v%,+2,9%,7°,7% belong to
the third copy. Let 7! = 727, 72 = A%, and 7! = 4, = I,,, then ' and ~° should belong to
P,_1(1) (see Fig. 2a). It is evident that there are two ways to get paths of length one from 7! to 72:

=123, . . n—1n =% n-3n-4..2ln—-2n—1n] =12

or
=123 .. n—1n S h-1n-2...21n =72

Since 7! = 721, we have either
m=nn-1n—-212...n—4n—3] or 7' =[n12...n—2n—1].

Similar, there are two ways to get a path of length one from 7! to 72 such that the first way is
given by 7lr,_3 = 72, where we have either 72 =[n —6n—7...21n—2n—1nn—5n —4n — 3]
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Pn—l(n) P’n—l(n)

(a)

Fig. 2. (a) (2+246)-situation; (b) (2+3+5)-situation.

orm?=[n—4n—-5...21nn—3n—2n — 1], and the second way is given by w'r,_; = 72, where

we have either 72 = [n—4n—5...21n—2n—1nn—3]lorm>=[n—-2n—3...21nn— 1], and

since 7% = 72 r,, we get:

[n—3n—4n—5nn—1n—-212...n—7Tn—6]=+54) or
¢ Jn—1n—2n—-3n12...n—-5n—4] =+5B) or
T [n—3nn—1n—-212...n—5n—4] =~5C) or
[n—1n12...n—3n—2] =~5D).

To get a sought 10-cycle there should be a path of length five between v% and !, where y! =
7lr, = [nn —1...21]. Let us check this. If n = 5 the vertices 7%(B), 7v%(C) and v' = [54321]
belong to the copy P,_1(1), and there are two ways to get a path of length five from % and ~!.
Namely, applying (72 74)%r2 to v% we have either:

7(B) =[43251] % [34251] ™5 [52431] 2 [25431] 5 [34521] 2 [43521] # '
or

FO(C) =125431] 2 [52431] =5 [34251] 3 [43251] =5 [52341] == [25341] £ 47,
and applying (r472)%r4 to 4% we have either:

75(B) =[43251] ™ [52341] 25 [25341] =5 [43521] 2 [34521] ™5 [25431] # !
or

A0(C) =[25431] ™5 [34521) 2 [43521] 5 [25341] 2 [52341] 5 [43251] # 47

Hence, a path of length five does not occur between ¢ and ~!.
If n = 7 the vertices 75(A4) and v* = [7654321] belong to the copy P,_1(1), and the following
two cases are possible:

VS(A)(ryre)Pry = [4327651](rg 76)% s = [6527431] #~*

or
VO (A) (g ra) 6 = [4327651) (16 74)%r6 = [2743561] # 1
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Again, a path of length five does not occur between 7% and ~!.
If n > 9, there is a contradiction with an assumption that ! and 7% belong to the copy P,_1(1).
Thus, a sought cycle cannot occur in this case.

Case (2+ 3+ 5). Suppose that two vertices 71,72 of a sought 10-cycle belong to one copy,

other three vertices 7!, 72, 7% belong to another copy, and remaining five vertices !, 72,73, 7%, ~°

belong to the third copy. Let 7' = 72r,, m3 = 4°r,, and 7' = y'r, = I, then 7' and +° should

belong to P,_1(1) (see Fig. 2b). There are two ways to get a path of length two from 7! = I, to 7'
such that either

1 1

Tlrn_grn:[nn—ln—212...n—4n—3]:7r or Tlrn_lrn:[n12...n—2n—1]:7r.

Similar, there are two ways to get a path of length two from 7! to 73. The first one is presented
as follows:
Tl _arn_1 = 75, (2.14)

such that either

Tn—3 Tn—1

ml=nn-1n-212...n—4n-3] =5 [n—6n—-7...21n—2n—1nn—5n—4n — 3] -

n—4n—5nn—1n—-212...n—7Tn—6n—3] =73

or
=n12.. . n-2n-1 "% n-4n-5...21nn—3n—2n—1] =%

n—2n—-3n123...n—5n—4n—1] =7
The second way is presented as follows:

g = 7, (2.15)

such that either

=nn—1n—-212.. . n—4n—-3 25 [n—4n—5...21n—2n—lnn—3] ==

n—2123...n—4n—1nn—3]=7°
or

1

=n12..n—2n—15 m—2n—-3...2lnn—1] %23 ... n—21lnn—1] = =°.
Since 73 = ¥° r,,, then by (2.14) and (2.15) we obtain:

n—3n—6n—7...21n—2n—1nn—>5n—4] =4°(A) or
[n—1n—4...321nn—3n—2]=+°(B) or
[n—3nn—1n— ...321n—2]=~%(0) or
[n—1nln—-2...32 =~°D).

To get a sought 10-cycle there should be a path of length four between 7° and v!, where 7! =

77, = [nn —1...21]. Let us check this. If n = 5 the vertices 7°(A) = I, 7370 Tn_37Tn_17n =

[24531] and 4! = [54321] belong to the copy P,_1(1), and the following cases are possible:
V(A (g 1)? =[24531)(ro14)? = [42351] # !

V(A (rp_17n3)? = [24531)(ram2)? = [42351] #~!
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Hence, a path of length four does not occur between 7° and v'. However, let us note that in this
case we have a cycle of length eight given by the canonical form Cg = (r472)* obtained from (2.9)
by putting k =4, j =3, i =2.

If n > 7, there is a contradiction with an assumption that ! and 7% belong to the copy P,_1(1).
Thus, a sought cycle cannot occur in this case.

Case (2+ 4+ 4). Suppose that two vertices 71,72 of a sought 10-cycle belong to one copy,

other four vertices 7!, 72,73, 7 belong to another copy, and remaining four vertices v, ~v2,~v3,~v4

belong to the third copy (see Fig. 3a). Let 7! = 7lr, = [nn —1n -2 ... 21], 7* = 4%, and

72 = 41r,. Then both ' and 7% should belong to either P,_1(n—1) or P,_1(n — 3), since either
' =7l _yry or ¥ = 7lr,_3r,. More precisely, we have:

1 {[n12...n—2n—1]:71(A) or (2.16)

On the other hand, there are two ways to get a path of length three from 7' to 7. The first

way is presented as follows:

LA BTSITESS (2.17)

such that we have:

Tn—3 Tn—1

ml=[nn—-1n—-2...54321] =5 [45...n—1n321] %

Tn—3

[23nn—1...541] =567 ...n—1n32541] =7

The second way is presented as follows:
7Tl'r'n—lrn—37an—1 = 774, (218)

where we have:

Tn—1 Tn—3

m=[nn—-1n-2...21] 23 ...n—2n—1n1]

m—2n—3...32n—1n1] =% nn—123 ... n—3n—21] = 7*.

Since 7* = y%r,,, then by (2.17) and (2.18) we obtain:

. {[14523%—1...76]:74(0) or (219)

T \ln—2...32n—1n] = 4(D).

Fig. 3. (a) (2+4+4)-situation; (b) (3+3+4)-situation.
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To get a sought 10-cycle there should be a path of length three between ' and 7* (see Fig. 3a).
Let us check this.

If n =5 or n > 11, there is a contradiction with an assumption that both 4! and 7* belong to
either P,_1(n —1) or P,_1(n — 3).

If n = 7 then by (2.16) and (2.19) we have v}(B) = [7123456] and v*(C) = [1452376], but
there is no path of length three between them, since we have either

AHC)ryrgry = [4137526] #+1(B) or vH(C)rgrare = [1473256] #~Y(B).

If n = 9 then by (2.16) and (2.19) we have v'(A4) = [987123456] and v*(C) = [145239876],
but there is no path of length three between them, since we have either

YA C)rergre = [254187396] #~41(A) or YH(C)rgrers = [147893256] # ~L(A).

Thus, a sought cycle cannot occur in this case.

Case (3 + 3 +4). Suppose that three vertices 71, 72, 73 of a sought 10-cycle belong to one copy,

other three vertices 7', 72,73 belong to another copy, and remaining four vertices v',~2,~3,~v*

belong to the third copy (see Fig. 3b). Let 7! = 71r,, m% = 4%r,, and 7 = 4'r,. Then both
y' and +* should belong to either P, _i(n — 1) or P,_1(3), since either 4! = 7lr,_1r,_3r, or
vt = 7lr,_3rn_17,. More precisely, we have:

1 {[len—ln—Z...43]:71(A) or (2.20)

B [nn—3n—4...21n—2n—1] =~4B).

On the other hand, since 7! = 7'7, = [nn—1n—2 ... 21], then by (2.14) and (2.15) there are
two ways to get a path of length two from 7! to 72 such that either

T g1 = [23nn—1...541] =7 or Tlry_1rp_3 = [n—2n—-3...32n—1nl] = 73,

and since 7 = y*r,, then we have:

. {[145...n—1n32]:’y4((7) or (221)

" \llnn—123...n—3n—2 =+4D).

To get a sought 10-cycle there should be a path of length three between 4! and v*. Let us check
this. If n = 5 then by (2.20) and (2.21) we have v}(A4) = [51243] and v*(D) = [154 23], but there

is no path of length three between them, since we have either
Y (D)rarary = [42153] # 41(A) or YH(D)rarary = [15243] # 7' (A).

If n > 7 then by (2.20) and (2.21) there is a contradiction with an assumption that both 4! and v*
belong to either P,,_1(n — 1) or P,_1(3). Hence, a sought cycle cannot occur in this case.

Case 3: 10-cycle within P, has vertices from four copies of P, ;.
There are two possible situations in this case.

Case (2 + 2+ 2+ 4). Suppose that two vertices 7!, 72 of a sought 10-cycle belong to the first
copy, two vertices 71,72 belong to the second copy, two vertices !, 42 belong to the third copy and

remaining four vertices o', 02,03, 0% belong to the fourth copy (see Fig. 4).
Let 7t = 72r,, 72 = o*r,, 7' = 4'r, and ¥* = o'r,, then both ¢! and o* should belong to
either P,_1(4) or P,_1(2), since either ot = tlryrp_iry or ot = 7hr,r,_3r,. More precisely, we

have:

1 {[1nn—1n—2...32]:01(A) or (2.22)

T \123nn—1n—2...654] = o(B).
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Pn_1(n)

Fig. 4. (2+2+2+4)-situation.

On the other hand, similar to Case (2 4+ 2 + 6) there are four ways to reach ¢* by a path of length
four from 7! such that we have:

[n—3n—4n—-5nn—1n—-212...n—7n—6] =c*C) or
[n—1n—-2n—-3n12...n—5n—4] =o*D) or
[n—3nn—1n—-212...n—5n—4] = c}(E) or
[n—1n12...n—3n—2] =o*(F).

0'4:

(2.23)

To get a sought 10-cycle there should be a path of length three between o' and . Let us check
this. If n = 5 then by (2.22) we have o!(B) = [12354] and ¢*(C) = I, (rh—37,)* = [21354], but
there is no path of length three between them, since we have either

o (C)raryre = [35214] # 0'(B) or o (C)ryrery =[21534] # o' (B).

If n > 7 then by (2.22) and (2.23) there is a contradiction with an assumption that both ¢! and
o belong to either P, 1(4) or P,_1(2). Hence, a sought cycle cannot occur in this case.

Case (2 + 2+ 3 + 3). There are two subcases due to a sequence of vertices from copies forming
a cycle: 1) (2,3,3,2); 2) (3,2,3,2) (see Fig. 5)

Subcase 1. Suppose that two vertices 71, 72 of a sought 10-cycle belong to the first copy, three
vertices 7!, 72, 72 belong to the second copy, three vertices o', 02, 0% belong to the third copy and
remaining two vertices !, v2 belong to the fourth copy (see Fig. 5a).

Let 7! = 727, 03 = mr,, and ' = 711, 0! = 4%r,. Similar to Case (2 + 3 + 5) there are
four ways to reach o3 by a path of length five from 7' such that we have:

[n—3n—6n—7...321ln—2n—1nn—5n—4 =03(A) or
[n—1n—4n—5...321nn—3n—2]=d*(B) or
[n—3nn—1n—4n—5...321n—2]=a3(C) or
[n—1nln—2n-3...32]=ad3D).

0'3:

On the other hand, since ! = 7! 7, and 7! = I, then v! = [nn—1n—2 ... 21], and there are two
ways to get a path of length one from y! to 42 such that either

1 Tn—3

Yr=mn—-1n-2...54321] =5 [45...n—2n—1n321] =+*
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P,_1(n)

Fig. 5. (2+2+3+3)-situation.

or
1 Tn—1

Y=hn—-1n-2...321] 25 23...n—2n—1nl1] =~%

and since o' = ¥2r, then we have either
ol =[123nn—1n—-2...654 =c"(E) or c'=[Ilnn—1n—-2...32 =o' (F).

As one can see, vertices 0! (F) and 03(D) belong to the same copy P,_1(2). Let us check whether
there is a path of length two between these two vertices. Indeed, there are two ways to get a path
of length two from o' (F) to 03(D). The first way is presented as follows:

ol _1rp_g = 03, (2.24)
where
cl(F)=[lnn—-1...32] "5 34.. . n—1n12 ™ [n—1n—2...43n12] £ o>(D).
The second way is presented as follows:
olry_srp_1 = 0>, (2.25)

where

Tn—3

o' (F)=[1lnn—-1...32 [56...n—1n1432 2“5 [341nn—1...652] # o°(D).
Thus, a sought cycle cannot occur in this subcase.

1 72 73 of a sought 10-cycle belong to the first copy,

Subcase 2. Suppose that three vertices 7
two vertices !, w2 belong to the second copy, three vertices o', 0%, o3 belong to the third copy and
remaining two vertices ', 42 belong to the fourth copy. Let 7! = 73r,,, 0% = 72r, and 4! = 7lr, =
I, o' = ¥%r, (see Fig. 5b). There are two ways to get a path of length two from 7! to 73. The first
way is given as follows:

Ty gty =T, (2.26)
where

=123 . n-1n =% n—3n—4...21n—2n—1n] =% n—1n—212 ... n—4n—3n] = r°.
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The second way is given as follows:
’7'17"”_17'”_3 = 7_37 (227)

where

1 Tn—3

=123..n—1n] “Hn-1n—-2...21n] 2% 34 ... n—2n—121n] = 7°.

Since 7! = 737, then by (2.26) and (2.27) either 7' = [nn —3n —4...21n —2n —1] or

al=[n12n—1n—2...43], and since either 72 = 7! r,_1 or 72 = 7! r,_3 we have:

23...n—4n—3nln—2n—1]=7%(A) or
67...n—2n—121n543] = 7%(B) or
n—212...n—4n—-3nn—1]=7*C) or
45...n—2n—121n3] = 73(D),

2

such that with 0% = 72r,, we obtain:

[n—1n—21nn—3n—4...32] =
3 [345n12n—1n—2.. 76] 03() or
g =

[n—1nn—-3n—4...21n—2]

[

3nl2n—1n—-2...54] =0o3(D )

On the other hand, there are two ways to get a path of length three from 7! to o! such that
either

ot =T rrpory = [123n ... 654 =0'(E) or o' =7 rrp_ir=[Inn—1...32] =o'(F).
It is easy to see that vertices o!'(E) and o3(D) belong to the copy P,_1(4). Let us check whether
there is a path of length two between these two vertices. By (2.24) and (2.25), there are two ways
to get a path of length two from ¢!(E) to o3(D) such that either

cW(E)=[123n...654 5 [56...n—1n3214] = Bnn—1...65214] £ o3(D),
or
c(B)=[123n...654 2% [78 ... n—1n321654] “[56123nn—1...874] # o°(D).

Hence, there is no path of length two between these two vertices.

One can also see that vertices o' (F') and 0®(A) belong to the copy P,_1(2). Let us check whether
there is a path of length two between these two vertices. By (2.24) and (2.25), there are two ways
to get a path of length two from o!(F) to o3(A) such as either

Tn—1 -3

o' (F)=[lnn—1...32] "5 34.. . n—1n12 2 [n—1n—2...43n12] £ c>(A),

or

Tn—3 Tn 1

ol (F)=[lnn—1...32 56 ...n—1n1432] 5 [341nn—1...652] # o>(A).

Hence, there is no path of length two between these two vertices, and a sought cycle cannot
occur in this subcase.

Case 4: 10-cycle within P, has vertices from five copies of P,_;.

There is the only possible situation if each of five copies has two vertices.
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Case (2 + 2+ 2+ 2 + 2). Suppose that vertices 7!, 72 of a sought 10-cycle belong to the first
copy, vertices 71,72 belong to the second copy, vertices v',7? belong to the third copy, vertices
81,62 belong to the fourth copy and vertices o', 2 belong to the fifth copy.

Let 7' =720, vt =11 ry, 0l =21y, 62 = w21, and 6' = 02 ry,. Since T
71 by either r,_1 or 7,_3, and the same we have for 72 and 7', then there are four ways to get a
path of length three from 7! = I,, to 72 (see Fig. 6) such that:

2 can be reached from

n—6n—-7...2In—2n—1nn—5n—4n—-3] or

[
9 [n—4n—5...21nn—3n—2n—1] or
m =
[n—4n—5...21n—2n—1nn — 3] or
[n—2n—-3...21nn—1],

2

and since 6% = 72 r,, we have:

n—3n—4n—-5nn—1n—-212...n—7n—6] or
n—1n—2n—-3nl12...n—5n—4] or
n—3nn—1n—212...n—5n—4] or
n—1nl2...n—3n—2].

[

6% = ; (2.28)
[
[

On the other hand, there are two ways to get a path of length two from 7! to ¥2 such that either

TlTnTn_3:[45 ...nm—1n321] =~% or Tlrnrn_1:[23 c..n—1nl] =2,

and since o' = ¥?r,, we have:
. {D23nu..654] or

g =
[lnn—1...32],

and since either 02 = ol r,_; or 62 = ¢! r,,_3 we also have:

[78...n—1n321654] or
9 56 ...n—1n1432] or

56 ...n—1n3214] or

B4...n—1n12],

2

which gives us ' = 0?1, as follows:

456123nn—1...87 or

[
[2341nn—1...65] or
[
[

ot = (2.29)

4123nn—1...65] or
2lnn—1...43].

To get a sought 10-cycle, either 6' = 6% r,_3 or §' = 8% r,,_; should hold. Let us check this.
If n =5, then by (2.28) and (2.29) we have:

[45312) = L,(rnrn_s)?rn oL [43251] or

sl [23415] or 52 — [45123] or

) [41235] or [21354] or
[21543], [25431]

As one can see, there are two vertices [2154 3] and [4512 3] belonging to the same copy, and
there is the only way to get a sought 10-cycle containing these vertices by the canonical form
010 = (7"5 7"4)5.
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Po_1(n)

Fig. 6. (2+2+42+42+2)-situation.

If n =7, then by (2.28) and (2.29) we have:

[4561237] or [4327651] or
sl [2341765] or 52— [6547123] or

[4123765] or [4765123] or

[2176543], 6712345,

It is evident that neither [6547123] nor [4765123] could not be reached from [217654 3] neither
by r4 nor by rg. Thus, a sought 10-cycle can not occur in this case. By using similar arguments,
one can check that for n = 9,11, 13 there is no 10-cycle in the graph. For any odd n > 15, there is
a contradiction with an assumption that both 6! and 62 belong to the same copy.

This complete the proof since all possible cases are considered. A 10-cycle in the graph P2 occurs
only in the case when n =5 and with the canonical form Cg = (r574)°. g

Theorem 5. In the cubic pancake graphs P2, n > 5, there are no cycles of length 11.

Proof. To prove this theorem, we use the same arguments as we used to prove Theorem 4.
Namely, we consider all possible cases for forming 11-cycles in the pancake graphs P, with taking
into account that the generating set of PS contains only three elements r,_3,7,_1,7,, where n is
odd. Due to the hierarchical structure of P,, cycles of length 11 could be formed from paths of
length I, 2 <1 <9, belonging to different (n — 1)—copies of P,. Further, we consider all possible
options for the distribution of vertices by copies.

Within the proof without loss of generality we always put 7' = I, = [123 ... n — 1n].

Case 1: 11-cycle within P, has vertices from two copies of P, ;.

Suppose that a sought 11-cycle is formed on vertices from two different copies of P,_1. By [5,
Lemma 2|, such a cycle cannot occur if its two (three) vertices belong to one copy and nine (eight)
vertices belong to another one. Therefore, a sought cycle must have at least four vertices in each of
the two copies. Hence, there are two following cases.

Case (4 + 7). Suppose that four vertices 7!, 72, 73, 74 of a sought 11-cycle belong to one copy,
and other seven vertices 71, 72,73, 7%, 7°, 75, 77 belong to another copy. Let 7! = 71r,, 7% = 771y,
then 7! and 7* should belong to P,,_1(1). Herewith, the four vertices of P, _1(1) should form a path
of length three whose endpoints should be adjacent to vertices from P,_1(n). On the other hand,

it is obvious that there are only two ways to get path of length six from 7! to 77, namely, either:

T rpsrn 1)) =n—-5n—-6n-3n—-4n—1n—-212...n—8n—Tn]=1'
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or
(a1 3)? =78 ...n—2n—1214365n] = 7'.
Since 7 = 77 r,, then we have either:
at=[nn-Tn—-8...21n—-2n—1n—4n—3n —6n — 5
or
7 =[n563412n—1n—2...87].
Note that 7' = 77, = [nn — 1 ... 21] with 7} = 1 for any n > 5. Hence, we immediately

can conclude that 7* and 7! belong to different copies of P, since 7 # 1 for any odd n > 5. This
gives a contradiction with an assumption that 7' and 7* belong to the same copy P,_1(1). Thus,
a sought 11-cycle cannot occur in this case.

Case (5 + 6). Suppose that five vertices 7!, 72, 73, 4, 7 of a sought 11-cycle belong to copy
P,_1(1), and other six vertices 71, 72,73, 7%, 7° 75 belong to copy P,_1(n), where 7! = 7!, and
7® = 79r,,. Herewith, the five vertices of P,_1(1) should form a path of length four whose endpoints
should be adjacent to vertices from P,_1(n). By (2.11) and (2.13), there are two ways to get paths

of length five from 7! to 76. Moreover, since 7® = 757, then we have either:
™ =nn—5n—6n—-3n—4n—1n—-212...n—8n — 1T

or
™ =[n56...n—2n—12143].

Since 7! = 7lr, = [nn —1...21] with 7} = 1 for any n > 5, then we immediately can

conclude that 7° and 7! belong to different copies of P, since 72 # 1 for any odd n > 5. This
gives a contradiction with an assumption that 7! and 7® belong to the same copy P,_1(1). Thus,
a sought 11-cycle cannot occur in this case.

Case 2: 11-cycle within P, has vertices from three copies of P,_;.

There are five different situations in this case.

Case (24 2+ 7). Suppose that two vertices m!, 72 of a sought 11-cycle belong to one copy,

other two vertices 71, 72 belong to another copy, and remaining seven vertices v', 72,73, 7%, 7%,~75,~7

belong to the third copy. Let 7! = 72r,, 72 = 47r,, 7' = 4'r,, then 4! and 47 should belong to

P,,_1(1). Using similar reasoning shown in the proof of Theorem 4, Case (2+24-6), one can conclude
that there are four ways to reach 47 by a path of length four from 7! = I,, such that we have:

n—3n—4n—5nn—1n—-212...n—Tn—6] =~7(A) or
n—1n—-2n-3n12...n—5n—4]=+7(B) or
n—3nn—1n—-212...n—5n—4]=~7(C) or
n—1n12...n—3n—2]=+7(D).

7

[
[

To get a sought 11-cycle there should be a path of length six between 77 and ', where v =
tr, = [nn—1...21]. Let us check this. If n = 5 then the vertices v7(B) = [43251], 47(C) =
[25431] and v = [54321] belong to the copy P,_1(1), and the following cases are possible:

YT(B)(rar4)® = [25341] £~ or 47(C)(rora)® = [43521] # 41,

and

YT(B)(rar2)® = [52431] #~ or 7(C)(rare)® = [34251] # 4.

Hence, a path of length five does not occur between 77 and ~!.
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If n = 7 the vertices 77(A) = [4327651] and v! = [7654321] belong to the copy P, (1),
and the following two cases are possible:

AT(A)(rare)® = [3472561] #~% or 47(A)(re¢rs)® =[4372561] #~*

Again, a path of length five does not occur between v and ~.
If n > 9, there is a contradiction with an assumption that ! and 47 belong to the copy P,_1(1).
Thus, a sought cycle cannot occur in this case.

Case (2 + 3 + 6). Suppose that two vertices 71, 72 of a sought 11-cycle belong to the first copy,

other three vertices 7!, 72, 73 belong to the second copy, and remaining six vertices v, ~2, 72,74,

7?, % belong to the third copy. Let 7! = 72r,, m = v5r,,, 7' = 47, then v' and 7% should belong
to P,—1(1). Taking into account similar reasoning used in the proof of Theorem 4, Case (2+ 3+ 5),
one can conclude that there are four ways to reach 7% by a path of length five from 7! = I,, such

that we have:

[n—3n—6n—7...21n—2n—1nn—5n—4] =+%A) or
[ln—1n—4...321nn—3n—2]=+%DB) or
[n—3nn—1n— ...321n 2] =~%0) or
[n—1nln—-2...32 =+5D).

To get a sought 11-cycle there should be a path of length five between 4% and ~!, where ' =
7ir, =[nn—1...21]. Let us check this. If n = 5 the vertices 7%(4) = [24531] and 4! = [54321]
belong to the copy P,—1(1), and the following cases are possible:

VO (A) (rp—3mn_1)?Tn_g = [24531](ro 74)%ro = [24351] # ~

or
V(A (rp_1mn3) 1 = [24531)(rare)%ry = [53241] # 4!

Hence, a path of length five does not occur between 7 and ~!.
If n > 7, there is a contradiction with an assumption that ! and 7% belong to the copy P,_1(1).
Thus, a sought cycle cannot occur in this case.

Case (2 +4+5). Suppose that two vertices 7', 72 of a sought 11-cycle belong to the first

copy, other four vertices !, 72, 73, 74 belong to the second copy, and remaining five vertices v',~?2,

73,v*, 7% belong to the third copy. Let 7' = 7lr,, m* = 457, 72 = 4!, then 4! and +® should

belong to either P,_1(n — 1) or P,_1(n — 3), since either vt =7rlr,_1ry, or 4t = 7lr,_3r,, where:

1 {[n12...n—2n—1]:71(A) or (2.30)

T T mn—1n—-212 . n—4n 3] =4'(B).

By the same reasoning used in the proof of Theorem 4, Case (244 + 4), one can see that there
are two ways to reach 7° by a path of length five from 7! = I,, such that we have:

5 {[14523%—1...76]:75(0) or (231)

T T\ n-2...32n—1n] = (D).
To get a sought 11-cycle there should be a path of length four between ! and 7°. Let us check
this. If n =5 or n > 11, there is a contradiction with an assumption that both ’y and v° belong to

either P,,_1(n—1) or Pn_l(n 3). If n = 7 then by (2.30) and (2.31) we have y'(A) = [7123456]
and 7°(C') = [1452376], but there is no path of length four between them, since we have either

75(0)(7"4 7"6)2 =1[2573146] # 71(14) or 75(0)(7‘6 7‘4)2 =1[3741256] # WI(A).
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If n = 9 then by (2.30) and (2.31) we have v'(B) =[987123456] and v*(C) = [145239876],
but there is no path of length four between them, since we have either

V(O (rgrg)* =[937814526] # 4 (A) or ~*(C)(rgrs)? = [398714256] # ~1(A).

Thus, a sought cycle cannot occur in this case.

Case (3 +3+5). Suppose that three vertices 71,72, 73 of a sought 11-cycle belong to the
first copy, other three vertices m!, 72, 73 belong to the second copy, and remaining five vertices
742, 42,44, 4% belong to the third copy. Let 7! = 7lr, = [nn —1... 21], m = 7r,, 75 = ylr,,
then 7! and ~°® should belong to either P,_1(n —1) or P,_1(3), since either 4! = 717, 37, 17, or

' =71l ry_1 rp_g Ty, where

1 {["n—3n—4...21n—2n—1]=’yl(A) or (2.32)

T T 120 —1n—2... 43 =1(B).

Taking into account the same arguments as we used in the proof of Theorem 4, Case (3 + 3 + 4),
one can conclude that there are two ways to reach v° by a path of length five from 7! = I,, such
that we have:

5 {[145...n—1n32]:75(0) or (2.33)

~° = [1nn—123...n—3n_2]:,},5(D)'

To get a sought 11-cycle there should be a path of length four between ~' and 7°. Let us check
this. If n = 5 then by (2.32) and (2.33) we have v!(B) = [51243] and (D) = [15423], but there
is no path of length four between them, since we have either

Y (D)(rars)? = [51243] #~'(B) or 7°(D)(rars)* = [51243] #v'(B).

Hence, a path of length four does not occur between 7° and v'. However, let us note that in this
case we have a cycle of length eight given by the canonical form Cg = (r472)* obtained from (2.9)
by putting k =4, j =3, i =2.

If n > 7 then by (2.32) and (2.33) there is a contradiction with an assumption that both v and
7% belong to either P, 1(n — 1) or P,_1(3). Hence, a sought cycle cannot occur in this case.

Case (3 +4+4). Suppose that three vertices 71,72, 73 of a sought 11-cycle belong to the

first copy, other four vertices 7!, 72, 72, 7* belong to the second copy, and remaining four vertices

7,72, 72,7* belong to the third copy. Let 7! = 7lr, = [nn —1...21], 7* = v, 73 = y*r,,
then ! and * should belong to either P, _1(n — 1) or P,_1(3), since either v = 717, _17r,_3r, or

71 = 717,37 _17n, Where

1 {[nn_3n—4...21n—2n—1]=71(14) or (2.34)

T T \m12n—1n—2...43 = (B).
On the other hand, it is obvious that there are two ways to get a path of length five from 7' to 4°:

74 = {Tl " Th—3Tn—-1"Tn—-3Tn = []‘4523nn o 1 e 76] - 74(0) or (235)

Tty 1 Th 3 ho1mn = [In —2...32n — 1n] = ~4(D).

To get a sought 11-cycle there should be a path of length four between ~' and 7. Let us check
this. If n = 5 then by (2.34) and (2.35) we have y!(B) = [51243] and v*(C) = [14523], but there
is no path of length three between them, since we have either

Y (C)rerary = [52143] £ 41 (B) or v{(C)rarara=[14253] #+'(B).

Hence, a path of length three does not occur between v* and ~!.
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If n = 7 then by (2.34) and (2.35) we have y'(A4) = [7432156] and v*(C) = [1452376], but
there is no path of length three between them, since we have either

Y CYryrers =[4137526] £ 41 (A) or v C)rgrare = [1473256] # ~L(A).

Again, a path of length three does not occur between v* and ~?.
If n > 9 then there is a contradiction with an assumption that both 4! and v* belong to either
P,—1(n—1) or P,_1(3). Hence, a sought cycle cannot occur in this case.

Case 3: 11-cycle within P, has vertices from four copies of P,_;.
There are three possible situations in this case.

Case (24 2+ 2+ 5). Suppose that two vertices 7', 72 of a sought 11-cycle belong to the first
copy, two vertices 71,72 belong to the second copy, two vertices 7!,7? belong to the third copy

and remaining five vertices o', 02,03, 0%, 0® belong to the fourth copy. Let 7! = ylr,, 2 = o'r,,
0% = ?r, and ' = 72r,, then ¢! and ¢® should belong to either P,_1(2) or P,_1(4), since either
ot =1lryrp_1rp or ol = 7lr, 1,37, where
1 [1nn—1n—2...32]:101(A) or (2.36)
[123nn—1...54] =0 (B).

Taking into account the same arguments as we used in the proof of Theorem 4, Case (2+2+2+4),
one can conclude that there are four ways to reach ¢° by a path of length four from 7' = I,, such
that we have:

[n—3n—4n—-5nn—1n—-212...n—7n—6]=0°(C) or
[ln—1n—-2n—-3n12...n—5n—4] =0°(D) or
[n—3nn—1n—-212...n—5n—4] = o°(E) or
[n—1n12...n—3n—2] =a>(F).

0'5:

(2.37)

To get a sought 11-cycle there should be a path of length four between o' and o®. Let us check
this. If n = 5 then by (2.36) we have o'(B) = [12354], and ¢°(C) = I, (r,_37,)? = [21354], but
there is no path of length four between them, since we have either

o9(C)(rory)? = [12534] # 0'(B) or o°(C)(rare)* =[21534] # o'(B).

If n > 7 then by (2.36) and (2.37) there is a contradiction with an assumption that both o and
0% belong to either P, _1(2) or P,_1(4). Hence, a sought cycle cannot occur in this case.

Case (2 + 3 + 3 + 3). Suppose that three vertices 71,72, 72 of a sought 11-cycle belong to the
first copy, three vertices 7', 72, 72 belong to the second copy, three vertices v, v2,v3 belong to the
third copy and remaining two vertices o', 02 belong to the fourth copy. Let 71 = wlr,, 73 = o2r,,
73 = 4'r, and 42 = o'r,. Taking into account the same arguments as we used in the proof of
Theorem 4, Case (3 + 3 + 4), one can conclude that there are two ways to reach o2 by a path of

length three from 7' = I,, such that we have:

O'2 = {Tl TnTn—-3Tn—1Tn—-3"Tn = [14523nn —-1... 76] = 02(A) or (238)

T a1 3T 1 =[1n—2...32n — 1n] = o%(B).

On the other hand, by (2.26) and (2.27), and since y; = 731, there are two ways to get paths
of length three from 7! to 7' such that either

Yl=nn-3n-4...21n—-2n—-1] or ¥' =nl12n—1n—-2...43].

Then there are two ways to get paths of length two from ! to 43 such that the first way is

presented as follows:

1 3
Y Tn—3Tn—1 =7 -
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Namely, we get either

Tn—1

V=nn—-3n—-4...21n-2n—-12%123...n—4n—3nln—2n—1] ==

n—21nn—3n—4...32n—1] =43
or

Tn—3 Tn—1

Yl=[n12n—1n—2...43] =5 [67...n—2n—121n543] 5 [45n12n—1n—2 ... 653] = >.
The second way is presented as follows: y'7,_17,_3 = 3. Namely, we get
1 Tn—1 Tn—3

v =Mmrn-3n—-4...21ln—-2n—-1 — [n—-212...n—4n—-3nn—-1] —

[n—4n—5...21n—2n—3nn—1] =~>

or
V'=n12n—1n—-2...43 545 ... n—2n—121n3] =5 2n—1n—2...541n3] =~°.
Since o' = ~3r,, we get
n—123...n—4n—-3nln—2]=o(C) or
1 356 ...n—2n—121n54] = o'(D) or

(2.39)

g =

[
[
[n—1nn—3n—-212...n—5n—4] =0 (E) or
[3n145...n—12] =o!(F).

To get a sought 11-cycle vertices o' and o2 should be adjacent by an internal edge. However,
if n = 5 then by (2.39) and (2.38), we have two non-adjacent vertices o!(C) = [42513] and
02(A) = [14523]. If n > 7 then by (2.38) and (2.39) there is a contradiction with an assumption
that ¢! and o2 belong to the same copy. Hence, a sought cycle cannot occur in this case.

Case (2+ 2+ 3+4). There are two subcases due to a sequence of vertex from the copies
forming a cycle: 1) (2,3,4,2); 2) (3,2,4,2).

Subcase 1. Suppose that four vertices 7!, 72, 73, 7 of a sought 11-cycle belong to the first copy,
two vertices 71,72 belong to the second copy, three vertices 4!, 42,73 belong to the third copy and
remaining two vertices o', o2 belong to the fourth copy. Taking into account the same arguments
as we used in the proof of Theorem 4, Case (24 3 4+ 2 + 3), one can conclude that there are four
ways to reach o by a path of length five from 7! = I,,:

[n—3n—6n—7...321ln—2n—1nn—5n—4 =0*(A) or
4 JIn—1n—4n—-5...321nn—-3n—-2]=0"(B) or
7= [n—3nn—1n—4n—>5...321n—2]=0*(C) or
[n—1nln—2n-3...32]=d*D).

On the other hand, there are two ways to reach o' by a path of length three from 7! such that we

have:
. {[123nn—1n—2 .. 654 =c'(E) or

g =
[lnn—1n—2...32] =c\(F).
As one can see, vertices o (F) and o*(D) belong to the same copy P,_1(2). Let us check whether

there is a path of length three between these two vertices. Indeed, there are two ways to get a path
of length three from o' (F) to o*(D). The first way is presented as follows:

Ulrn—lrn—3rn—1 = 0'4, (240)
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where

Tn—1

o' (F)=[lnn—1...32 B4..n—1n12 > [n—1n—-2...43n12 =%

[1n34...n—2n—12] # (D).

The second way is presented as follows:
Ulrn—3rn—lrn—3 = 047 (241)

where

Tn—3

c'(F)=[1nn—1...320 % [56...n—1n1432 % 341nn—1...652] =%

[78...n—1n143652] # o*(D).

Thus, a sought cycle cannot occur in this subcase.

L 72 13 of a sought 11-cycle belong to the first copy,

Subcase 2. Suppose that three vertices 7
two vertices 7!, w2 belong to the second copy, four vertices o', 02, 02, 0% belong to the third copy and
3 2 4

remaining two vertices y',~? belong to the fourth copy. Let 7' = 73r,, 72 = o*r,, and 7' = v,

% = o'r,. Taking into account the same arguments as we used in the proof of Theorem 4, Case

(34 2+ 3+ 2), one can conclude that there are four ways to reach o* by a path of length five from
=1,
[ln—1n—21nn—3n—4...32]=0*A) or
4 J[B45n12n—1n—2...76] = 0c*(B) or
7= [n—1nn—3n—4...21n—-2]=0%C) or
[Bnl12n—1n—2...54] =o*(D).
On the other hand, there are two ways to reach o' by a path of length three from 7' such that we

have:
1 [123n ...654] = o'(E) or

7= {[1nn—1n—2 .32 = ol(F).

It is easy to see that vertices o'(F) and o*(D) belong to the copy P,_1(4). However, there is
no path of length three between these two vertices. Indeed, by (2.40) and (2.41), there are two ways
to get a path of length three from o' (E) to o*(D) such that either

Tn—3 Tn—1

cW(B)=[123n...654 556 ...n—1n3214] = Bnn—1...65214] =%

(1256 ... n—1n34] # (D), or
or

Tn—3 Tn—1 Tn—3

o (BE)=[123n...654] % [78 ...n—1n321654] =5 [56123nn —1...874] ==

910 ...n—1n32165874] # o*(D).

Hence, there is no path of length three between these two vertices.

One can also see that vertices o' (F') and 0*(A) belong to the copy P,_1(2). Let us check whether
there is a path of length three between these two vertices. By (2.40) and (2.41), there are two ways
to get a path of length three from o!(F) to o*(A) such as either

Tn—3 Tn—1

c'(F)=[nn—1...320 5 34..n—1n12) "5 n—1n—2...43n12) =%

[1n34...n—2n—12] #o'(A),
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or

Tn—1

o'(F)=[nn—-1...320 % [56...n—1n1432 % 341nn—1...652] =%

(78 ...n—1n143652] # o*(A).

Thus, a sought cycle cannot occur in this subcase.
Case 4: 11-cycle within P, has vertices from five copies of P,_;.
There is the only possible situation in this case.

Case (2 + 2+ 2+ 2+ 3). Suppose that two vertices !, 72 of a sought 11-cycle belong to the
first copy, two vertices 7!, 72 belong to the second copy, two vertices v, ¥2 belong to the third copy,
three vertices §',82, 6% belong to the fourth copy and remaining two vertices o', 0?2 belong to the
fifth copy. Let 7! = 72r,, 72 = °r,, 6' = o?ry,, o' = ~?r, and 4! = 71r,,. Taking into account the
same arguments as we used in the proof of Theorem 4, Case (2 + 2 + 2 + 2 + 2), one can conclude
that there are four ways to reach 63 by a path of length four from 7' = I,,:

[n—3n—4n—-5nn—1n—-212...n—7n—6] or
5= [n—1n—-2n—-3nl12...n—5n—4] or (2.42)
) ln-3nn—1n—-212...n—5n—4] or '
[

n—1nl2...n—3n—2].

On the other hand, there are four ways to reach §' by a path of length five from 7! such that
we have:
456123nn—1...87 or
2341nn—1...65] or

[

[

[4123nn—1 .. 65] or (243)
[

To get a sought 11-cycle, either ' = 6% r,,_57r,_1 or ' = 63 r,_1 7p—3 should hold. Let us check
this. If n = 5, then by (2.43) and (2.42) we have:

[45312] = L,(rprn_3)®m, or [43251] or

) [23415] or 53: [45123] or

T [41235) or [21354]  or
21543), [25431]

As one can see, there are no path of length two between §' and 3. Thus, a sought 11-cycle can
not occur in this case. If n = 7, then by (2.43) and (2.42) we have:

[4561237] or [4327651] or

1 ) [2341765] or 3 ) [6547123] or

"~ )[4123765] or ~ )[4765123] or
[2176543], [6712345].

Again, a sought 11-cycle can not occur in this case, since there is no path of length two between §!
and 63. By using similar arguments, one can check that for n = 9,11, 13 there is no 11-cycle in the
graph. For any odd n > 15, there is a contradiction with an assumption that both §' and 63 belong
to the same copy. This complete the proof of the last case of Theorem 5. l
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3. Proof of Theorem 1

It is obvious that any cycle of the cubic pancake graphs P!, i = 1,...,5, does belong to the
pancake graph Py,,n > 4, and should be described by one of the canonical formulas from Theorem 2
and Theorem 3. Let us check which cycles appear in P! for each i € {1,...,5}.

Case (1.1). Any cycle of P},n > 4, is formed by prefix-reversals from the set BS; = {rs,
Tn—1,"n}. If n =4 then by Theorem 2 the prefix-reversals ro and r3 give 6-cycles of the form (2.1).
For n > 4, by (2.2) there are no 7-cycles in P!, but there are 8-cycles of the form (2.4) when n = 4
and there are 8-cycles of the form (2.9) for n > 5 if we put k =n, i =2, j = n — 1. The canonical
form in the last case is given by (7, 72)* for any n > 5. Hence, the formula (1.1) holds.

Using similar arguments, one can see that any cycle of P2, n > 4, is presented by prefix-reversals
from the set BSy = {rn_o,7n—1,7}. If n = 4 then obviously P? has 6-cycles. If n > 4 then
by (2.2) there are no 7-cycles in P2, however by Theorem 3 there are 8-cycles of the canonical
form (2.3). Indeed, if we put k = n, j = n—1,7 = n— 2 in (2.3) then we have the sequence
Tn Tn—1Tn—2Tn—1"nTn—1Tn—2Tn—1. Lhus, the formula (1.1) holds in this case.

The same arguments appear for the graph P23 n > 4 is even, whose generating set contains
prefix-reversals r3, m,—o and 7,. It has 6-cycles of the form (2.1) and 8-cycles of the form (2.10) if
n = 4, but it does not have 7-cycles for n > 4. Moreover, for any even n > 6 in P> there are no
6-cycles, but there are 8-cycles of the form (2.9) if we put k = n, i = 3, 7 = n — 2. The canonical
form of 8-cycles in this case is given by (r,, 73)* for any even n > 6. Thus, the formula (1.1) holds.

Case (1.2). In the case of the graph P n > 5 is odd, its generating elements 73, 7,1 and 7,
give 8-cycles of the canonical form (r,, 7,1 7, 73)? if we put k = n, j = 2 and i = 3 in the form (2.9).
Obviously, there are no 6-cycles in the graph since 9 does not belong to the generating set for any
n > 5. Hence, the formula (1.2) holds for any odd n > 5.

Case (1.3). The generating set BS5 = {r,_3,7n_1,7n} of the graph P> where n > 5 is
odd, gives the canonical form (r5ryrsre)? of 8-cycles if we put k = 5, 5 = 2 and i = 2 in the
form (2.9). By Theorem 2 there are no 6-cycles in the graph for any n > 5. By Theorem 3 and by
the characterization of 9-cycles in the pancake graph [6, Theorem 4] there are no 8- and 9-cycles in
P? for any n > 7. By Theorem 4 and Theorem 5 for any n > 7 there are no 10-cycles and 11-cycles in
P35 and the smallest cycle in P? is 12-cycle of the canonical form Cio = (7 71 70 Tn1Tn_3 Tn_1)>.

This complete the proof of Theorem 1. O
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