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RECOGNITION OF THE GROUP E;(2)
BY GRUENBERG-KEGEL GRAPH

W. Guo, A. S. Kondrat’ev, N. V. Maslova

The Gruenberg—Kegel graph (or the prime graph) of a finite group G is a simple graph I'(G) whose vertices
are the prime divisors of the order of G, and two distinct vertices p and ¢ are adjacent in I'(G) if and only if G
contains an element of order pq. A finite group is called recognizable by Gruenberg—Kegel graph if it is uniquely
determined up to isomorphism in the class of finite groups by its Gruenberg—Kegel graph. In this paper, we
prove that the finite simple exceptional group of Lie type Es(2) is recognizable by its Gruenberg—Kegel graph.
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B. T'o, A. C.Kouzaparses, H. B. MacsoBa. PacniosnaBaemoctsb rpynnel Fg(2) no rpady I'pros-
6epra — Kereus.

TI'pad TI'prontepra—Kerens (uam rpad OpocTbIX 9uces) KOHEIHOW rpymnnbl G — 3TO OOBIKHOBEHHBIH
rpad I'(G), B KOTOPOM BEPIIMHAMU CJLy?KAT IPOCTHIE ACIUTENH HOopsaKka rpynnbl G U 1Be pa3jInvHble BEPIIUHBI
P U g CMEXKHBI TOIJIa M TOJIBKO TOrjaa, Korga (G COmEepKUT 3JIEMEHT Iopsiika pqg. KoHedHast rpynmna Ha3bIBaeTCst
pacriosHaBaeMoit 1o rpady I'pronbepra — Keresisi, ecin oHa OJHO3HAYHO C TOYHOCTBIO 0 U30MOpdU3Ma OIpe-
nensiercst cBouM rpadom ['pronbepra — Kerenst B ki1acce KoHeUHBIX Ipymir. B aToit pabore MBI JOKa3bIBaEM, UTO
KOHEYHasl [IPOCTasi NCKJIIOYUTEbHAs Tpyna jJuesa tuna Fg(2) pacnosnasaema no rpady 'pronbepra — Kereis.

KitogeBble cI0Ba: KOHEYHas TPyTNa, IpocTas IPyTa, UCKIIOUUTeIbHAasA IpyIlia Jjuesa Tuma, rpad ['pion-
6epra— Keress (rpad npocTeix aucedn).
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Our terminology and notation are mostly standard and can be found, for example, in [1;3;4;6].
Throughout the paper we consider only finite groups and simple graphs, and henceforth the term
group means finite group, the term graph means simple graph (undirected graph without loops and
multiply edges).

Let G be a group. Denote by w(G) the spectrum of G, i.e., the set of all element orders of G.
The Gruenberg—Kegel graph (or the prime graph) of G is a simple graph I'(G) whose vertices are
the prime divisors of the order of G, and two distinct vertices p and ¢ are adjacent in I'(G) if and
only if pq € w(QG).

In the finite group theory, the direction of the study of the recognizability of finite groups by
spectrum or Gruenberg—Kegel graph is still dynamically developed. A group G is recognizable by
spectrum (or by Gruenberg—Kegel graph), if it is uniquely determined up to isomorphism in the class
of finite groups by its spectrum (or by Gruenberg—Kegel graph, respectively). It is clear that if
a group is recongizable by Gruenberg—Kegel graph, then the group is recognizable by spectrum,
but in general case the converse does not hold. For a group G which is not recognizable by its
Gruenberg—Kegel graph, the question on the structure of groups with the same Gruenberg—Kegel
graphs as I'(G) is of interest. In this paper, we make a one more step in the solution of the problem
of recognition of a simple groups by Gruenberg—Kegel graph. We prove the following theorem.

Theorem. The finite simple exceptional group of Lie type Eg(2) is recognizable by its Gruenberg—
Kegel graph.

If n is a positive integer, then denote by 7(n) the set of all prime divisors of n.
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Let G be a group. The spectrum w(G) is partially ordered with respect to divisibility and
is uniquely determined by the set u(G) of its maximal elements. Denote by s(G) the number
of connected components of the graph I'(G), by {m(G) | 1 < i < s(G)} the set of connected
components of I'(G) (if |G| is even, then we assume that 2 € 71(G)). Let n(G) = «(|G|) and
wi(G) ={n € u(GQ) | 7(n) C m(G)} for 1 <i < s(G). If wis a set of primes, then G is a 7w-group if
m(G) C .

A set of pairwise non-adjacent vertices of a graph is called its coclique. Denote by t(G) the
maximal size of a coclique of I'(G) and by ¢(r, G), where r is a prime, the maximal size of a coclique
of I'(G) which contains the vertex r.

Let V be a G-module over a field. Remind that a non-trivial element g € G acts fized-point-free
on V if g does not fix non-zero vectors from V.

To prove the theorem we need the following series of lemmas.

Lemma 1 (the Gruenberg—Kegel theorem, see [13, Theorem Al). Let G be a group with disconnec-
ted Gruenberg—Kegel graph. Then one of the following statements holds:

(a) G is a Frobenius group;

(b) G is a 2-Frobenius group, i.e., G = ABC, where A and AB are normal subgroups of G, AB
and BC' are Frobenius groups with kernels A and B and complements B and C, respectively,

(¢) G is an extension of a nilpotent m1(G)-group by a group A, where P = Inn(P) < A < Aut(P),
P is a nonabelian simple group with s(G) < s(P), and A/Inn(P) is a w1 (G)-group.

Lemma 2 (see [5;7;8;11-13]). Let P be a nonabelian simple group with disconnected Gruenberg—
Kegel graph such that t(P) > 4 and t(2, P) > 4. Then the following statements hold:

(a) |ui(P)| =1 fori>1, and n;(P) denotes a unique element from p;(P), where i > 1,
(b) P, t(P), t(2,P), and the set {n;(P) | 2 <1i < s(P)} can be found in Table 1; here p is an odd
prime.

Lemma 3 (see [13]). Let G be a group with disconnected Gruenberg—Kegel graph such that G
18 not tsomorphic to a Frobenius group and a 2-Frobenius group, and let P is a unique nonabelian
composition factor of G. Then, for each i € {2,...,s(G)}, there exists j € {2,...,s(P)} such that
mi(G) = m;(P).

Lemma 4 (see [10, Theorem 1]). Let G be a group with t(G) > 3 and t(2,G) > 2. Then the
following statements hold:

(a) G is an extension of a solvable group K by a group A with nonabelian simple socle P
(b) if p is a coclique of the graph I'(G), then |p N (7(K)Uw(A/P))| <1, in particular, t(P) >
tG) -1,
(c) one of the following two statements holds:
(i) any prime r € w(G), which is non-adjacent to 2 in I'(G), does not divide |K||A/P|, in
particular, t(2, P) > t(2,G);
(ii) there is a prime r € w(K), which is non-adjacent to 2 in I'(G), P is isomorphic to Az
or A1(q) = PSLa(q) for some odd q, t(G) =3, and t(2,G) = 2.

Lemma 5 (Gerono’s lemma, see [2]). Let p and q be primes such that p* — ¢® = 1 for some
positive integers a and b. Then the pair (p®, ¢°) is one of the following: (3%, 23), (p, 2°), or (22, q),
where a is a prime and b is a power of 2.

Lemma 6 (Zsigmondy’s theorem, see [15]). Let ¢ > 2 and n > 3 be integers. If (q¢,n) # (2,6),
then there exists a prime r such that r divides ¢ — 1 and does not divide ¢* — 1 for each i < n.

In notation system of Lemma 6, a prime r which divides ¢" — 1 and does not divide ¢* — 1 for
each i < n is called a primitive prime divisor of the number ¢ — 1.
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Table 1. Simple groups P with s(P) > 2, t(p) > 4 and ¢(2,P) > 4

P Restrictions to p and ¢ t(P) [t(2,P)] na(P),...,nyp(P)
2
“+q+1
A —1)3=3,¢g=2">14 4 4 L S e
—q+1
24 +1)5=3, ¢=2">8 4 4 T-97
2(q) (g+1)s q - EESY
2Dy(g)n = 2™ > 4, q is even, (n,q) # (4,2) [ nz— } 4 " +1
6 3 1
Es(q) q is even 5 4 %
¢ +1
’E —9om >4 5 4 ¢ -9
6(q) q zZ B+ 1)
2Fy(q) q=38 4 4 37, 109
g=2°"*tl > 8 5 4 |® —\/2¢3 +q—2q+1,
V2P g+ 20+ 1
Ex(2) 8 5 73, 127
Mo 4 4 11, 23
£ 5 4 19, 31
Ay (4) 4 4 3,5, 7
2Bs(q) g =22t > 9 4 4 q—1, q—2q+1,
q+v2q+1
2Fs(2) 5 4 13, 17, 19
10 5 1
Exs(q) ¢=2,3 (mod 5) 12 5| LI s gty
q“+q+1
41
?—q+1
Moo 4 4 5, 7, 11
J1 4 4 7, 11, 19
O'N 5 4 11, 19, 31
LyS 6 4 31, 37, 67
Fil, 6 4 17, 23, 29
Fy 11 5 41, 59, 71
10, 5 10_5
¢ +¢°+1 ¢ —q’+1
E, =0,1,4 (mod 5 12 5 , ,
s(q) q ( ) P R —
8 4 ) q10+1
¢ —q+1 Pl
Jy 7 6 23, 29, 31, 37, 43

Lemma 7 (Mazurov’s lemma, see |9, Lemma 1|). Let G be a group, N be a normal subgroup
of G such that G/N is a Frobenius group with kernel F' and cyclic complement C. If (|F|,|N|) =1
and F £ NCg(N)/N, then s|C| € w(G) for some s € m(N).

Lemma 8 [14, Proposition 2|. Let the group G = 3D4(q) act on a non-zero vector space V. over
a field of characteristic coprime to q. Then each element of order ¢* —¢®> 41 from G fizes a non-zero
vector from V.

The following easy-proving assertion is well-known.

Lemma 9. Let H be a simple group, F be a field of characteristic p > 0, V be an absolutely
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irreducible F'H-module and 8 be the Brauer character of V. If g € H with (|g|,p) = 1, then

1
dim Cy(g) = (Blig)s L(g)) = 7l > B(x).
I zetg)

Proof of the theorem. Let L = Eg(2). By [11;12], the graph I'(L) is the following

31

17

73
7 o

In particular, s(L) = 2, |n(L)| = 8, m(L) = {2,3,5,7,13,17,31}, ma(L) = {73}, t(L) = 5,
t(2,L) = 4, and the graph I'(L) has exactly two cocliques of maximal size, namely, {5,7,17,31,73}
and {5,13,17,31,73}.

Let G be a group with I'(G) = T'(L), and let G = G/F(G), where F(G) is the Fitting subgroup
of G. By Lemmas 1-4, we have P = Inn(P) < G < Aut(P), where P is a nonabelian simple group
such that s(P) > 2, 7(F(G)) Un(G/Inn(P)) C m1(G), and m2(G) = m(n;(P)) for some i such that
2 < i < s(P). Since mo(L) = {73}, the number n;(P) equals to 73* for some positive integer k.
Moreover, by Lemma 4, we have t(P) > ¢(L) —1=5—1=4 and (2, P) > 4.

Prove that P = F4(2). Using Lemma 2 and Table 1, consider possibilities for P.

Let P = A5(q) for € € {+,—} and ¢ = 2™ > 4 such that (¢ — €1)3 = 3. Since ny(P) = 73, we
have (¢° —€1)/((q — €1)(q — €1,3)) = (¢> —eq +1)/3 =73* i.e., ¢* —eq + 1 = 3- 73, Consider the
remainders dividing by 8 of the left part and of the right part of the latter equality. The right part
of the equality is compared with 3 modulo 8. Since ¢ = 2™ > &, the left part is compared with 1
modulo 8; a contradiction.

Let P = 2D,(q) for n = 2™ > 4 and even q. Since ny(P) = 73%, we have ¢" + 1 = 73% and,
therefore, 73 — ¢" = 1. By Lemma 5, we have k = 1 and ¢" = 72; a contradiction.

Let P be one of the groups Fs(q), F7(2), Eg(2™) or 2Eg(2™), where 2™ > 2. This case does not
appear since by Lemma 6, in this case |7(P)| > |7(L)| = 8.

Let P be one of the sporadic simple groups, As(4), or 2Fg(2). This case does not appear since
73 & 7(P).

Let P = 2Fy(q), where ¢ = 22"+l > 2. Then 24m+2 — 23m+2 4 92m+1 _ om+l 4 1 — 73k or
24m+2 4 93m+2 4 92m+1 4 gmtl 1 1 = 73F for some natural number k. Note that the number
q—1 = 2?7+1 _ 1 divides |P|, and the number 22"*! — 1 has a primitive prime divisor which
is contained in the set {3,5,7,13,17,31}. Therefore, 2m + 1 € {3,5}, i.e. m is 1 or 2. But the
numbers 26 — 2% 423 —22 11 =37,26 425423 4224 1=109, 20 —28 125234 1="793 and
210 1 98 1 925 4+ 23 4 1 = 1321 are not powers of 73; a contradiction.

P = 2Bs(q), where ¢ = 22"*1 > 2. Since t(P) = 4 = t(G) — 1, by Lemma 4, each coclique of
maximal size of I'(G) contains a coclique of maximal size of I'(P). But by [12], each coclique of
maximal size of I'(P) contains 2 and any coclique of maximal size in I'(G) consists of odd primes;
a contradiction.

Thus, we have proved that P = Eg(2) and therefore, by [1], G/F(G) is isomorphic to either
FEs(2) or Aut(Eg(2)) = E6(2).2. Suppose that G/F(G) = Aut(Es(2)). Then the centralizer C' in P
of an involutive graph automorphism of P is isomorphic to Fy(2) (see [4, 4.9.2]), and |C]| is divisible
by 13 (see [1]), therefore, the vertices 2 and 13 are adjacent in I'(Aut(Eg(2))). But the vertices 2
and 13 are not adjacent in I'(L); a contradiction. Thus, G/F(G) = Eg(2).
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Prove that F(G) = 1. Suppose that O,(G) # 1 for some prime p. By Lemma 1, we have
p € mi(L). Since the Gruenberg-Kegel graphs of the groups G and G/(Oy (G) x ®(0,(G))) are the
same, without loss of generality we can assume that F'(G) = O,(G) and O,(G) is an elementary
abelian p-group.

Suppose that p € {7,13,17}. Note that the vertices 5 and 31 are adjacent in I'(L) only with
the vertices 2 and 3. By [1], we have A4(2) = PSL5(2) < Eg(2), and the group PSL;5(2) has a
subgroup which is isomorphic to a Frobenius group of the shape 31 : 5. Since Cg(O,(G)) = Oy(G),
by Lemma 7, vertices p and 5 are adjacent in I'(G); a contradiction.

Thus, p € {2,3,5,31}. Suppose that p is odd. By [1], we have 3D4(2) < Fy(2) < Eg(2). Now
by Lemma 8, an element of order 2% — 22 + 1 = 13 from G centralizes an element of order p from
Op(G), i.e., vertices 13 and p are adjacent in I'(G); a contradiction.

Therefore, p = 2. By [1], we have PSL4(3) = A3(3) < F4(2) < Eg(2). Therefore, a subgroup from
Es(2) which is isomorphic to PSL4(3) acts on Oz(G) with the property that an element of order 13
acts fixed-point-free on the elementary abelian 2-group O2(G). By Lemma 9, this contradicts to
the table of 2-modular Brauer characters of the group PSL4(3) (see [6]). Thus, F(G) = 1 and,
therefore, G = L.

The theorem is proved.
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