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CVYIIEPKOMITAKTHBIE ITPOCTPAHCTBA YJIBTPA®UJIBTPOB
N MAKCUMAJIbHBIX CHEIIJIEHHBIX CUCTEM!

A.T. Yenron

Paccmarpusatorcss MmakcuMadbible crervienablie cucreMbl (MCC) u yusrpaduibrper (y/d) mmupoko moHu-
MaeMbIx u3MepuMbix npocrpancts (UII); kaxaoe takoe UII onpenensiercss 3afaHueM Ha HEILyCTOM MHOXKECTBE
T-CHCTEMBI €r0 HOAMHOXKECTB C “HyseM” u “expuHuneil” (7-cHUCTeMa eCTh CEMEHCTBO MHOXKECTB, 3aMKHYTOE OTHO-
CUTEJIbHO KOHEYHBIX nepecedenuii). Cpenu m-CuCTeM BBIIEJISIIOTCS OJIyaareOphl 1 airebpbl MHOXKECTB, a TaKKe
TOITOJIOTMH M CEMECTBa 3aMKHYTBIX MHOXKECTB B TOIIOJIOTHYECKUX IIpocTpaHcTBax. Vccaenyercs npobiiema cy-
[IEPKOMIIAKTHOCTH IIPOCTPAHCTBA y/d B OCHAIIEHUU TOIOJIOIMENl BOJMSHOBCKOIO THIIA, & TaKKe HEKOTOPbIE
CBOMCTBa GUTONOJIONMYECKUX IIPOCTPAHCTB, TOYKaMu KoTopbix sapisiorcs MCC u y/d coorsercrsyromero MII.
Uccnenyrorces yenosus na UIT, npu koropeix MCC u y /b 0TOXKIeCTBUMBI, YTO HO3BOJISIET OCHAIIATH MHOYKECTBO
y/®d CynepkoMIakTHOi TOIOJIOTHel BOJIMIHOBCKOIO THIIA, HEIIOCPEICTBEHHO UCIIOJIb3Yysl aHAJIOTUIHYIO KOHCTPYK-
o tst npocrpascrBa MCC. Ykasans! Takke HekoTopble BapuaHThl V1 ¢ anrebpaMu MHOXKECTB, J1s1 KOTOPBIX
BOJIMSHOBCKOE OCHAIIEHHE [IPOCTPAHCTBA y/d CyIepKOMIIAKTHO, XOTsI, BOOOIIE TOBOPs, JJIsi COOTBETCTBYIOMIErO
NII cymecrBytor MCC, ne sinstiomuecss y/d. B ocHOBe JaHHONO MOCTPOEHHs! HAXOAUTCS CIEIUAJIbHAsS KOH-
CTpyKIusi TOMeoMOpdu3Ma BOIMIHOBCKUX Tonosoruit. [Ipusenenst koukpernsie npumepnt I, mjs koropbix
peau3yercsi CyNepKOMIIAKTHOE IIPOCTPAHCTBO y/d.

Korouessle cioBa: anrebpa MHOXKECTB, FOMeOMOPGMU3M, MaKCHMAaJIbHA CLEIIJIEHHAsT CUCTEMA, YILTPadUIbTp.
A. G. Chentsov. Supercompact spaces of ultrafilters and maximal linked systems.

We consider maximal linked systems and ultrafilters of broadly understood measurable spaces; each of these
measurable spaces is defined by a 7-system of subsets of a nonempty set with “zero” and “one” (a m-system is a
family of sets closed under finite intersections). There are specific types of m-systems: semialgebras and algebras
of sets as well as topologies and families of closed sets in topological spaces. The problem of supercompactness
of an ultrafilter space equipped by a Wallman type topology is studied, and certain properties of bitopological
spaces whose points are maximal linked systems and ultrafilters of the corresponding measurable space are
analyzed. We also investigate conditions on a measurable space under which maximal linked systems and
ultrafilters can be identified, which makes it possible to equip a set of ultrafilters with a supercompact topology
of Wallman type by means of a direct application of a similar construction of the space of maximal linked systems.
We also give some variants of measurable spaces with algebras of sets for which the Wallman topology of the
ultrafilter space is supercompact, although, in general, there exist maximal linked systems of the corresponding
measurable space that are not ultrafilters. This scheme is based on a special construction of homeomorphism
for Wallman topologies. We give specific examples of measurable spaces for which the supercompact ultrafilter
space is realized.
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1. Bsegenne

VlBanoBudy DBeppplnieBy — 3amedaTeIbHOMY
YUIEHOMY-MaTEMAaTUKy U OPraHU3aTOPY HAyKH.
Buranuit VBamoBuu gosroe BpeMsi  ObLI
nupekTopoM IHcTUTyTa M MHOroe cueJaJ
Ul Pa3BUTHUS HAyUIHBIX WCCJIEIOBAHUNA U
MaTeMaTHIEeCKOro o0pa3oBaHust Ha Y pajie.

[Ipenmerom wmcciie/ioBaHnsl B CTaTbe SABJSIOTCH BOIPOCHI, CBA3aHHBIE C CYHEPKOMIIAKTHOC-
b0 [1-3] Tomosornueckux npocrpancts (TII) m anamoramu cymneppacmupeHuil, peaan3yeMbIX B
6ostee 0BIIUX, [0 CPABHEHHIO ¢ TpajuluoHHbIME (cM. [1-4]), curyarnusx.

Pa6oTra Bemosmena npu noyiepkke POOU (mpoekt 18-01-00410).
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Peunr mner o6 yuaprpaduibrpax (y/¢) u makcumasbHbix cremienubix cucremax (MCC) wa
m-cucreMax [5, c¢. 14] ¢ “aynem” u “egumuneii”. B cepum pabor asropa (cm. [6-9] u ap.) mocste-
JIOBATEILHO PA3BUBAJICS TIOJXOJ, B PaAMKAX KOTOPOIO U MHOYKECTBO y/d Ha T-CHCTeMe, U MHOXKe-
crBo MCC ocHama uck mapoil CpaBHUMBIX TOIOJIOTHIA, 00pa3ysi OUTOIOJOTTIECKOe TPOCTPAHCTBO
(BTII); ynmoMsiHyTBIE TOIOJIOTUY Ha UIEHHOM YPOBHE CBSI3bIBAJIUCH CO cxeMamu Bosmvsna n CroyHa
(B cBsizu ¢ koHCcTpyKuusamu Ha ocHoBe BTII em. monorpaduwmio [10]). Camu yrnoMsiHyTbIE CXeMBbI IPH-
MEHSIJIUCh PaHee B CIEIUATBHBIX CIydasx (Tak, B YaCTHOCTH, [IepBasi CXeMa OTBEYaeT KOHCTPYKIIHH,
UCIHOJIb3YEMOfi IIPU [OCTPOeHnH paciiuperust Boavana; cM., sHanpumep, [11, §3.6]). Ilpu sTom mpo-
crpancto MCC ¢ Tonosiorueii BOJIM3HOBCKOrO Thla, (CJIydail, OTBEYAIONHI COMEPIKATETIHHO PEaIi-
3anun cxeMbl Bosmana) obiasiaer cBocTBOM cyniepkoMmakTHoOcTH (cM. [1-3], a takke [4, rur. VII]).
[Tocennee, BOOOIE TOBOPs, HE 00JIaMaeT HACIEICTBEHHOCTHIO. [l09TOMY pacupoCTpaHUTL yIIOMS-
HyTO€ CBOHCTBO Ha HPOCTPAHCTBO y/d B obIIeM ciaydae He yjuaercst (3aMeTuM, 4TO BCAKHM y/db
ectrb MCC) (cm. [12, c. 63]). Tem He MeHee BO MHOTHX CJIydasiX MMEETCsl BO3MOXKHOCTb OCHAIEHUS
npocTpaHcTBa y/d CynepKOMIIAKTHON TOMOJIOrHueli BOJIMIHOBCKOTO THUIIA; ITO KACACTCS CUTYAIUH,
korma Bce MCC paccmaTpuBaeMoro mpocTpancTBa sBisiiorcst y/&d. Janusiii ciaydail, orBedaronuii
HOJIOZKEHUIO, u3BjIeKaeMoMmy 13 |9, npeyiozkenue 5.1|, obcykpaercs u B HaCTOsIIIel paboTe.

Kpowme Toro, mceaenyiorcss M HEKOTOPBIE CIIyUaHl, MJisT KOTOPBIX CBOMCTBO OTOYKIECTBIMOCTH
MCC u y/d orcyrcrByer; umMeercss B Buiy curyanusi, korga cymecrsyior MCC, He sBistrorue-
cst y/d. Bynem nmenosars Takue “ocobbie” MCC cobcmeennbimu. OKa3bIBAETCsI, YTO B Psijie TAKUX
CJIyHdaeB IPOCTPAHCTBO Y /& ¢ TOoI0rnel BOJIMIHOBCKOIO THIIA TAKYKE OKA3bIBAETCsI CYTIEPKOMITAKT-
HBIM. DTO yJIaeTCsl YCTAHOBUTH, MPUBJIEKAsT TO 0OCTOATENBCTBO, YTO CYIMEPKOMIIAKTHOCTD SIBJISETCS
TOIOJIOTMIECKAM CBOWCTBOM, U KOHCTPYUPY$SI €CTECTBEHHBI roMeoMopdHu3M MPOCTPAHCTBa Y/ ] Ha
u3mepumom npocrpanctse (MIT) ¢ mopxosieit moyanrebpoii MHOXKECTB Ha IPOCTPAHCTBO y /&b Ha
UNII ¢ anrebpoii, MOPOXKIAEHHON YIOMSIHYTO# mosryaaredpoii. OKa3bIBaeTCs1, ITO JaHHOE IOCTPOEHHE
yJIaeTCsI OCYIIECTBUTD JIJIsT 1IEJI0r0 psajia KoHKpeTHbIX WIT BeImeymoMsiHyToro tuna. BaskHyo poJib
UTPAET TIPU ITOM OIEPAITUS JIEKAPTOBA, MTPOU3BEICHNUsI, COXPAHSIONIAS CJIEIYIONTee KIIOIeBOE CBO-
CTBO: €CJIN MPOCTPAHCTBA-COMHOXKUTEN ObLIM TakuMu, 9T0 cobecTrBentnbie MCC B HUX OTCyTCTBOBa-
JIM, TO TAKUM 2Ke OyJIeT M COOTBETCTBYIOIEe TPOU3BeieHne. B pabore oTMedeHo, ITO JAHHBIH MO/
XOJI, TO3BOJISIET TMOJIYYUTDh YCJIOBHs CYNMEPKOMIIAKTHOCTH JIISi MIPOCTPAHCTBA KOHEYHO-a [ TATHBHBIX
(k.-a.) (0,1)-Mep B OCHAINEHMH OTHOCUTEJLHON *-C1aboil Tomosorueit. B cBs3u ¢ uccienoBanneM
npocTpaHcTB y /¢ anrebpbl MHOXKECTB oTMeTuM paborsl [13-15].

2. Obmiue onpenesieHns 1 0003HAYEHUS

B crarbe HCIIOJIB3YEeTCd CTaHdapTHad TEOPETUKO-MHO2KECTBEHHasdA CHUMBOJIULKA (KBaHTOpr, CBA3-

KU 1 JIp.); depe3 & 0603HaTaeM IIyCTOe MHOXKECTBO, 2 paBeHCTBO 10 onpeaeaennto. Cemeticmeom
Ha3bIBAEM MHOYKECTBO, BCE 9JIEMEHTHI KOTOPOT'O CaMHM SIBJISIIOTCsSI MHOXKecTBaMmu. IIpuHuMaeM akcmo-
My BbIGOpa. Ecimu  u y — o6bekTsl, To Yepe3 {x;y} 0bo3HATaEM MHOXKECTBO, COJEPIKAIllee B BHIE
CBOHUX 3JIEMEHTOB I, Y W HE Cojep:Kalllee HUKAKUX JIPYIUX 3JIeMeHTOB. s Kak1oro obObekTa z B

Bugie {z} 2 {z; 2z} nmeem cunreron, comepxkammii z: z € {z}. Cuenys [16, c. 67| n yaursisast, 9To
KazKJ[0e MHOYKECTBO €CTh OOBEKT, ToJIaraeM, 4To eCIu & U Y — OObeKThI, TO (x,Yy) 2 {{z}; {z;y}},
nosyvas ynopsigodennyio napy (YII) ¢ mepBbIM 9j1eMEHTOM & M BTOPBIM 3jeMeHTOM Y. Ecin z —
kakast-ymbo YII, To uepes pri(z) u pra(z) obozHadaeMm nepsblii u BTOPOii 9JIEMEHTBI 2 COOTBETCTBEH-
HO; OHM KaK OOBbEKThI OJIHOZHAYHO ONpPEENATCs yeaosueM z = (pri(z),pra(z)). Ecan u, v m w —
06beKTHI, TO {u;v; W} 2 {u;v} U{w}.

Ecim X — muOxkecTBO, TO uepe3 P(X) obosnauaeM cemeiicTBO Beex MOoAMHOKecTB (11/M) X u
nosaraem, aro P’ (X) = P(X)\ {@}; Fin(X) ecrb mo onpeaeneHnio ceMEHCTBO BCEX KOHEUHBIX
muOKecTB 13 P'(X), T.e. ceMeHCTBO BCEX HEMYCTBIX KOHEUHBIX 11/M X.

Ecim A u B — mHO)ecTBa, TO uepe3 B4 o6o3HauaeM MHOXKECTBO Beex oTOOpazkeHmii n3 A B
B; coornomenue f € B4 toxnecrsenno bipazkennio f: A —s B (mpu f € B4 ua € A B Buzge
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f(a) € B, xax oberano, nmeeM 3uadenne f B Touke a). Ecim A u B — muoxkectsa, f € BA u

CeP(A), To
FNC) 2 {f(x): x € C} € P(B)

(obpaz C' upu geiicteun f); npoobpas /M B obo3Hauaercst TpaIUIUOHHO. [IJisl BCSIKMX MHOXKECTB
U,V u orobpaskenns f € VU

(F'4) £ {fHX): X eU} e P'(P(V)) VU € P(P(D))) &
(FIVI £ {f1Y): Y €V} € PI(P(U)) WV € P'(P(V))). (2.1)

CewmeiicrBa, nostydatorumecs B (2.1), umenyem 06pa3oM u poobpa3oM COOTBETCTBYIOIIETO HEILy-
CTOTO ceMeiicTBa MHOXKeCTB. [ljist JioOBbIX JBYX HEIycThIX MHOXKeCTB X u Y moJiaraem, 9To

A
YE 2 {fevYX| fi(x) =Y}, (2.2)
HoJtyuasi MHOYKECTBO Bcex ciopbekiuii X Ha Y. B repmunax (2.2) ompejiesieHO MHOKECTBO

MY Y] 2 {f € Y | Vay € X Van € X (f(e1) = f(22) = (1 = 22)) (23)

Bcex Oueknuit X Ha Y (MBI He MCKJIIOYaeM TOTO, YTO Kakoe-TO u3 MHOXKecTB (2.2), (2.3) Gyuer
ILyCTBIM).

MeI ucnosb3yeM HuzKe onepanun Haj cemeiictamu [9, pasa. 1]. Hemycromy cemeficrBy X como-
crasisieM (cM. [8, pasz. 2|):

UI®E{ U X:xeP@), MR E{N X:xeP@),
XeXx XeX

A e A e 24)
(UR@ 2 { U X KeFn@®),  {nh@2{ N X:KeFm@)},
XeK XeK

oJIydast 9eThbIpe CeMelcTBa, KaxKioe u3 KoTopbix cogepxkuT X. Ecaum Ml — muoxkectBo u M €
P/(P(M)), 10
Cu[M] £ (M\ M: M e M} € P'(P(M)).

Kpowme Toro, memycromy cemeiictBy A 1 MHOXKecTBY B cormocrasiisieM ciie
A
Al ={ANB: Ac A} € P'(P(B))

A
cemefictBa A na MuOX)ecTBo B. Kak obbrano, N = {1;2;...} € P'(R), rne R — Bemecrsennas

upsamag; upu n € N nosaraem, uro 1,n 2 {k € N | k < n}. Tlonaraem Takzke, 94TO HATYpAJIbHbBIE
qncia — seMenTsl N — me apaarorcs Muozkectsamu. C ydeToM 3TOro Jjisd BCAKIX MHOXKecTBa 1' 1
ancaa n € N smecro T ncnonbsyem 6otee Tpaaumuonnoe obosnadenne T, 4o (B CHTy CIeIaHHOM
BBIIIIE OTOBOPKH) HE IPUBOAUT K JBYCMBICCHHOCTH.

Crnenuasbublie cemeiictBa. PukcupyeM 10 KOHIA pasjesa Hemycroe Muoxkectso 1. B Buze
M E{ZeP(PO) | (2 e D& D&(ANBET VAT VB € 1)} (2.5)

nMeeM HelycToe ceMeiicTBo Beex m-cucreM [5, ¢. 14] n/m I ¢ “mysem” u “enunnneii”. Tanee BBomsITCSH
HEKOTOPBIE ClienuaIbHble nojceMeiictsa (2.5). B wacrHOCTH, cemeiicTBO

BME{Lenl] | VL €L VLye L VLs€ L
((Ll N Lo 75 @)&(LQ N L3 # @)&(Ll N Lg 75 @)) = (Ll N LoN Ls 75 @)} (26)
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OLpEJIeIIsieT CHEIUATBHBIN KIIACC T-CHCTEM, UIPAIOIINIl BaXKHYIO POJIb B OCHAIICHUN COOTBETCTBYIO-
mero MHOXKecTBa y/¢d cymepkoMmmakTHON Tomostoruei. CeMeficTBO BCEX OTJIEIMMBIX T-CHCTEM
(/M I) mmeer coremyrormuit BuI:

{ﬁew |VLe L Vz €I\L A€ L: (z € N&(ANL =02)}.

Cpe/iu OT/IeIIMBIX TT-CHCTEM COJIEPKATCS MOJTyaareOpbl MHOXKECTB. J1Jist UX Olpe/ieIeHns BBEIeM
cuagana npu £ € w[I], A € P(I) u n € N maoKeCTBO

n

An(A,£) 2 {(Li)jerz € £" | (A= JL)&(Lyn Ly =2 ¥pe Tn Vg e Tu\ {p})}
i=1

Bcex L-paszbuenuit A nopsiiaka n. Torma
{EGW |VL e £ In e N: A, (I \L,,C)#Q}EP'(W[I]). (2.7)

C yuerom (2.6) u (2.7) BBEJIEM TakzKe CHEIMATBHBIN KJIACC HOIYAIredp MHOKECTB

{L‘GH |VLi € L VLo € L VL3 €L
((LlﬂLg#@) (LQQLg#@) (LlﬂLg#@))
(Li N Ly N L3 # @)} = 1] N ai[1]. (2.8)

Koncrpykiuu Ha ocHose (2.6) u (2.8) moTpebyroTcst Ipu MCCIe0BAHUE BOIPOCOB, CBSI3AHHBIX C
CYIIEPKOMIIAKTHOCTBIO ITpocTpancTBa y/d. Beroay B panbreiinem

(top)[I] 2 {7 x| |JGer vGeP(n)}
Geg
ecciu 7 € (top)[I], o (I,7) ects Tonosornveckoe npocrpancrso (TII). Kpome Toro, (clos)[I] 2
{Ci[7]: 7 € (top)[I]} onpenenser cemeiicTBo Beex 3aMKHYTHIX Tonostoruit [17, c. 98| ma I. Hakonerr,

(alg)[] 2 {Aeql] |[I\Aec A VAc A}

ectb cemeiicTBo Beex anre6p m/m I. Ilpu A € (alg)[I] B Buge (I, A) nmeem UII ¢ anrebpoit MHOXKECTB.
Basbr u nipeabasel. Beenem B paccMmorpenne
(BAS)[I {BGP’ @) | (I=U B)&
Bep
(VBl € VBye B Vre BiNBy dB3 € B: (m € Bg)&(Bg C By ﬂBg))},

(cl~BAS)I) = {5 € P(P() | (1€ )&( N B=02)&

Beg
(VBl € B VBy e B Vr € I\(Bl UBQ) dB3 € 3: (Bl UBsy C Bg)&(ﬂ: Qé Bg))},

(b~ BAS)[I] £ {x € P'(P() | {N}:(x) € BAS)I]} = {x e P'(P(D) [ 1= [J X}, (29)
Xex

(b= BAS)all] = {x € P'(P(D)) | {U}s(x) € (cl -~ BAS)[I]}.

Tem cambIM omnpejesiensl 6a3bl U Hpen6a351 HEKOTOPBIX TONOJIOTUii (OTKPBITBIX M 3aMKHYTBIX) Ha
mHOXKecTBe I

({U3(B) € (top)[I] V5 € (BAS)I])&({N}(5) € (clos)[I] V5 € (cl — BAS)[I]).
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fAcno, uro {U}({N}4(x)) € (top)[I] mpu x € (p — BAS)[I]. Ecitm e 7 € (top)[I], To

(7~ BAS)[T] £ {5 € BAS)[I] | 7 = {U}(B)},
(cl — BAS)o[I; 7] 2 {B € (cl — BAS)[T] | C1lr] = {n}(B)},
(b~ BAS)[L; 7] = {x € (b~ BAS)[T] | {N};(x) € (r — BAS)o[1}}.
(p~BAS)ATL 7] 2 {X € (p — BAS)a[T] | {U}(X) € (el — BAS)o[T; 7]}

Tem cambiM BBejieHbI 6a3bl U 1pe6as3bl (OTKpBIThIE 1 3aMKHYThIe) KoHKpeTrHoro TII (I, 7). Bee onu
SIBJIAIOTCS. HEIyCThIMU ceMelicTamu 11/m 1.
Beenem B pacemorpenne nokpeiTus I MHOXKecTBAME 3a/IaHHOTO arpropu cemeiictsa 11/M I: ecin

T e P (P(I)), o

(COV)[I {je P |1 =] J} (2.10)
Jeg

B repmunax (2.10) onpesesisieM ceMeiicTBO BeeX CyNEPKOMIAKTHBIX Tonosoruii aa I

((SC) — top)[1] £ {r € (top)[T] |
3S € (p — BAS)o[L; 7] VG € (COV)[I|S] 3G1 €G FGo € G: 1= G UG, }. (2.11)

B ¢Bsi3u ¢ JasibHEHIMMEI TOCTPOEHUSIME YMeCTHA ce/yomasi Mojudukarus (2.11), a uMeHHO: MbI
BBEJIEM B PACCMOTPEHME CYIIEPKOMIIAKTHBIE mpeabasel. MTak, mycrsb

((SC) — p— BAS)[T] £ {x € (p — BAS)[T] | ¥G € (COV)[T | ] 3G1 € G 3G € G: T=G1 UGy}

Kpome Toro, Mbl BBOJAMM CyIEPKOMIIAKTHBIE TIPeI0a3bl KOHKPETHBIX ToroJsoruii: eciau 7 € (top)[I],
TO

((SC) —p — BAS)o[L; 7]

HVgE(COV)[I‘X] dG1 € G 4G4, € G I—G1UG2}

£ {x e (p—BAS)[L;
= ((SC) — p — BAS)[T] N (p — BAS)o[T; 7]. (2.12)

U3 (2.11) u (2.12) cemyer, KOHEUHO, YTO

((SC) — top)[I] = {7 € (top)[T] | ((SC) — p — BAS)o[L; 7] # &}.

Ecmu 7 € ((SC) — top)[I], o (I,7) ectb cynepkomuakTHoe TII. B 3akiouenne pasjena oTMeTHM,
YTO CYHEPKOMIIAKTHOCTb €CTh TOIOJOTUIECKOe CBOCTBO (COXpaHseTcst Ipu romeoMopdusmax). B
9TOMN CBSI3U yCJOBUMCSI O HEKOTOPBIX 0003HatMeHnsIX. TaK, jIs HEeIIyCThIX MHOXKEeCTB X, Y 1 Oueknuu

-1 -1
f € (bi)[X;Y] uepes f ycioBumcst 0603HAYATH GUEKITHIO, 06paTHon Kf: feXY uupuyecyY

SJIEMEHT } (y) € X 0HO3HAYHO ONPEIETIAETCs YCIOBHEM { f } F~*({y}). Hanee, nus mobuix

meyx TII (X, 71), X # @ u (Y, 72), Y # @ nonaraem

C(X,m,Y, 1) = {fGYX’f HG) e VG e}

(MHOKeCTBO BCex HenpepblBHbIX orobpaxkenuit u3 (X, 71) B (Y, 72)). Torma st jro0bIX HEIyCTBIX
muoxkectB U u V', a takxke Tonosioruii t1 € (top)[U] u te € (top)[V]

(Hom)[U; t1; V5 o] - {f € B)U;VINC(U,t1,V, t2) | Tfle C(V,t2,U, t1) }
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€CTh MHOXKECTBO (BO3MOXKHO Iycroe) Bcex romeomopdusmon (U, t1) Ha (V,t2). Byaem ucnosnbzo-
Barhb (2.1). s Gosblueli KpaTkocTu B 0603HAUEHUAX 3a(UKCUPYeM JI0 KOHIIA Pa3Jiesia HelycTble
muoxkecTBa X u Y. Torma (cm. (2.1), (2.9))

X e (p—BAS)[Y] VfeY] VX e (p—BAS)X]. (2.13)
TaKKe JICTKO yCTANABIHBACTCS, IO
fHZl e (COV)X | £ YfeY™ WY eP/ (P(Y)) VZe (COV)Y |
KpoMe TOro, mMeeM 0YeBHIHOC CBOMCTBO Grekmuii (e, (2.3))
FHAX =X Vfe ®X;Y] YA e P/(P(X)).

B passurue (2.13) ormernm ciieyroliee JIerkopoBepsieMoe CBONCTBO OMEKTUBHBIX 00pa30B CyIep-
KOMIIAKTHBIX (OTKPBITBIX) IIpeabas:

fHX] € ((SC) —p — BAS)[Y] Vf e (bi)[X;Y] V& € ((SC) —p — BAS)[X]. (2.14)

ITo cBoiicTBaMm 61/16KL[I/H71 IPUMEHUTE/JIbHO K OII€palludAM B3ATHUA o6pa3a n Hp006pa3a nMeeM TakKaKe,
q9TO

PO AN ()] = {U (N} (F1[XD)  Vf € (bi)[X;Y] VX € (p — BAS)[X]. (2.15)

KomMbunupyst (2.14) bi (2.15), ITOJIy YaeM CJIEIyIOIIee CBOMCTBO OMEKTHUBHBIX 00PA30B CYIEPKOMITAKT-
HBIX TOIIOJIOI'UH.

Ipeanoxenne 1. Ecau f € (bi)[X;Y] u T € ((SC) — top)[X], mo f'[r] € ((SC) — top)[Y].

Nrak, cynmepKOMIIaKTHOCTH TOIIOJIOTHI COXpaHseTcs OHMeKIusIMU B CTOPOHY oOpa3sa. V3 mpemioxke-
HHA 1, B Y4ACTHOCTHU, UMEEM CJIEJICTBHE.

CJIe,ZLCTBI/Ie 1. Cynep%omna%‘mnocmb ABAAEMCA MONON02UMECKUM CEOTCTNEOM:

ecau T € ((SC) — top)[X] u 9 € (top)[Y], mo ((Hom)[X;7;Y ;9] # @) = (¥ € ((SC) — top)[Y]).

Jokazareanerso odeBnano, nockoibky fL[r] =9 npu f € (Hom)[X;7;Y ;9.
B sak/iouenne pasjiena, BO3Bpamasich K MHOYKECTBY 1, BBeJieM BaskHOe /ISl JIaIbHEHIIero moHs-
e cuertennoii cucrembl 1 MCC. PacemarpuBaeM 1Ipu 9TOM CIEIIEHHOCTD HEIYCTBIX TI0JCeMECTB

P(I): ecm X € P'(P(I)), To

(X —Ink)[I] 2 {X € P/(X) | Xy N Xy £ @ VX; € X ¥Xp € X} (2.16)

€CThb CeMelCTBO BCexX CHEIIJICHHBbIX HO,H,CeMefICTB X (T. €. COCIIJICHHBbIX CHUCTEM B %), a

(X — link)o[T] £ {& € (X — link)[T] | Y& € (X — link)[T] (X C X) = (X = X)} (2.17)

ecTb cooTBeTcTBeHHO ceMeiicTBo Bcex MCC, comepxkanmuxcs B X. Hike (2.16) u (2.17) 6ymyr unc-
[I0JIb30BATHCS IIPU PA3IMYHBIX KOHKpeTn3amuax I n X.
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3. VYabTpadmiIbTpbI T-CUCTEM

Bceiony B masnbneiimem dukcupyem memycroe mHOxkecTBo F. Ilo mepe mamobmocTn OymayT BBO-
JINTHCsI T€ WJIN UHBbIE ero KoHKpermsanuu. Kpome rtoro, dpukcupyem m-cucremy £ € w[E]; nasee
TakyKe OYIyT MCIOTB30BATHLCS PA3IUIHBbIe KOHKpeTu3anun &, 9TO BCAKWT pa3 OyaeT CreruaabHO
oroBapuBathcs. [lapy (F,E) paccmarpuBaem kak mupoko nonnmaemoe WIT. Torma

FE) 2 {FeP(&)| (@¢ F)&(ANBEF YAc F VB € F)&
(VFeFVSe& (FCY) = (ZeF)} (3.1)

eCcThb ceMeiicTBO Beex huabTpoB mannoro UII, a

F4(E) 2 {U € FH(E) |VF € F*(E) UC F) = U =F)}
={UEF (&) |VEel (ENU#£ VU €l) = (S el)}

ecTb cooTBeTcTBeHHO cemeiicTBo Beex y/d Ul (E, E). Ilpu x € E umeem TpuBnajbhblii (hukcupo-
BaHHBIN) GUILTP

(& —triv)z] 2 {S €& |z e X} € F(E),

orsevatonuit Touke x. [Ipu stom (em. [18, (5.9)])
(€ — triv)[z] € Fi(E) Vz € E) & (€ € 7°E)).

C wucnonbzoBannem jemmbl Llopua nposepsiercst, uro VF € F*(E) 3U € F§(E): F C U. B urore
F5(€) # @. Bamerum, uro npu X € &

Be(X) E{UCTFHE) | S e} ={UCcFyE) | SNU 2 VU U}, (3.2)

B repmunax muoxects (3.2) oupenensiercst m-cucreMma (UF)[E; E] 2 {Pe(X): X € &} € n[F§(E)]
1 HOBOe (Imupoko norumaemoe) MIT

(Fo(€), (UF)[E; €]);

nerko Buaers, uro (UF)[E;E] € (BAS)[F§(E)]. HHosromy onpesenena Tomosorust

T3[E] £ {U}(UF)[E; €))
= {G e P(F}(E)) | YU € G 3U e U: Dg(U) C G} € (top)[F(E)], (3.3)

npesparaolas MHOKecTBO [ (€) B mynbmepnoe [11, 6.2] To-mpocTpaHcTBO
(Fo(€), Te[E]) (3.4)

(MbI pacemarpuBaeM (3.3), (3.4) kax peanmsaigio cxembl CTOyHA, OOBIYHO HPUMEHsIEMOIT B cyvae,
korga (E, &) ecrb UII ¢ anrebpoii muoxects). [Ipu stom (em. (3.2), (3.3))

(UF)[E; €] € (Te[E] — BAS)o[Fo(€)]: (UF)[E; €] C TE[E] N Cry(e) [Tz [E]]: (3.5)

Bameuanuel Ecmé € (alg)[E], ro (3.4) — Hy/JbMepHBIH KOMIIAKT, a (3.5), KaK HETPY/HO
[IPOBEPUTD, IPEBPAIIAECTCS B PABEHCTBO. O
PaccmorpuM Apyryio KOHCTPYKIMIO, UCHosb3ys nocrpoetns [9]. lpu H € P(E) nonaraem, 9ro

FLlE | H] £ {U e Fy(€) | 3U eU: U € H). (3.6)
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B wacruoctu, (3.6) onpeneneno npu H € Cg[€] u, crano 6pirh, tpu H = E\ X, rie ¥ € &; B
9TOM CJIydae ic[é’ | E\X] =Fj(&) \ ®¢(X). Kak crencrsue

F516] £ {FLIE | Al: A € CRIE]} = Cry (o) (UF)[E; €] € (p — BAS)[F3(€)] (3.7)
TY(E) £ {UY{N}(BLIE]) € (top)[F5(E)].
ITpu s1oM (cn. [9, Teopema 6.2]) B Buse
(F5(€). TH(E)) (3.8)
HMeeM KOMIAKTHoe T} -IpOCTPAHCTBO, IPHYIEM
TY(E) C T:[E). (3.9)

B ceasu ¢ (3.9) ormernm, uro B Buge (F§(E), TY(E), TE[E]) peanusyercs GUTOLOIOIHYECKOE
upocrpanctso (BTII); npu srom BTII nonnmaercst 3/1ech KaK MHOXKECTBO, OCHAIIIEHHOE MApoil cpas-
HUMBIX TOmojornii. B mocseamemM ciydae Ipy COBIAIEHUN YIIOMSIHYTBIX Tomojornii Haseieaem BTII
sovipootcdennvim. B [8;9] ykazaHbl KOHKpETHBIE yCIOBHsI, FapaHTUPYIOIIUE BBIPOXKICHHOCTh U HEBbI-
poxaennocts Boimeynomsiaytoro BTII y/d E. OkasbiBaercs, 0JHAKO, 9TO U B ODOIIEM CiIydae
£ € #°[E] rononorun, yuacrsyomue B nammom BTII, “61m3ku” B CMBICIE CBONCTB, CBA3aHHDIX
c morpyzkenneM E B F§(E); B 9100t cBsizu eM. [9, (7.5) n npenyoxenne 7.1].

4. MakcumaJjibHbI€ CIielJIEHHbIE CHUCTEMBbI

Hamomunm, uro (€ — link)[E] u (€ — link)o[E] nosyuatorcs koukperusanumeit (2.16) n (2.17):
nosraraeM B 91ux coorHommennsix I = E n X = €. Ilpu srom (cm. |9, pasna. 5|)

(€ —link)o[E] = {S € (¢ —link)[E] | VE €& (ENS#£@ VSeS) = (R eS8}, (4.1)
F3(€) = {U € (€ —link)y[E] | ANB €U YA U VB eU} € P'((€ — link)o[E]).
B cBsasu ¢ nupespamnienuem (4.1) B BTII BBesieM B paccMoTpeHre MHOKECTBA
((€ —link)O[E | L) £ {£ € (£ — link)o[E] | L € L} VL € £)&

((€ —1ink)O [E | H] £ {£ € (€ —link)o[E] | AL € £: L C H} VH € P(E)).

B TepmuHAx JAHHBIX MHOXKECTB OIIPEJIENIAIOTCS CeMeficTBa égp[E;S] u CHE;E] (em. [8, (4.9);
9, pasz. 5|):
- A .
CoLIE; €] = {(€ —link)g, [E | A]: A € Cg[€]}, (4.2)

IE;E) & {(€ —1mk)°[E | L): Le €} = C (e —tinkyo(2)[€0p [ E; E]]. (4.3)

Ormerum mpezkje Bcero, uro |9, pasm. 5
CoplE: €] € (b — BAS)[(€ — link)o[E]]
u upu stoM (cm. (4.3))

To(E | £) = {UH({n}4(€%,[E: £])) € ((ST) — top)[(€ — link)o[E]]; (4.4)
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B cBsa3u ¢ (4.4) oM. takke [8, pasn. 5. IIpu srom, koneuno, umeem (cm. [9, (5.8)]), aro égp [E; &) €
(p — BAS)o[(€ — link)o[E]; To(E | £)] n, 6osee Toro (cm. [8, pasm. 5]), ¢ yaerom (2.12) mmeeM, 9T0

CoplE; €] € ((SC) — p — BAS)[(E — link)o[E]; To(E | €)] (4.5)

(cBoiicTBO CcynepkoMmakTHOI npenbassl). Kak ciepcreue nosyudaem (em. (2.12), (4.2), (4.5)), gro

VG € P'(Cgl€])

((€ —link)o[E] = U (€ —link)J [E | G]) =
Geg

(3G1 € G G2 € G: (€ —link)g[E] = (£ —link)) [E | G1] U (€ —link)) [E | Go])  (4.6)

((4.5) m (4.6) monosusitoTcst cBoiicTBoM |8, mpe/yoxkenue 5.1, npumensieMbiM K cemeiicTBy (4.3)).
Urak (cm.(4.4)),
((€ = link)o[E], To(E | £)) (4.7)

ectb cynepkommakTaoe TII (Hamomunm Takzke, 4o (cM. [8, pasm. 5|) (4.7) sBisiercs T -upocTpan-
creoMm). ITpu sTom [8, npemnokenune 5.3]

T(E) =To(E | £)

F3(€)- (4.8)

U3 (4.8) caemyer, uro (3.8) ecTb MOAIPOCTPAHCTBO CyNEepKOMIIAKTHOrO Ti-nipocrpancrsa (4.7).
Bamernm BMecTe ¢ TeM, aT0 (M. [8, pasn. 6]) €G[E;E] € (p — BAS)[(€ — link)o[E]] u onpenenena
TOIOJIOT UST

T (E | €) 2 {UN({N}s(E5[E; €])) € (top)[(€ — link)o[E]],

npeBparaonas MHoKecTBO (4.1) B HysJbMepHOe To-IIPOCTPAHCTBO, i KoToporo (3.4) siBisiercst
[8, mpegiozkenue 6.5] moanpocTpaHCTBOM:

T:[E] = Tu(E | E)lrs(e)- (4.9)
Bamernm, uro (cm. |8, npesoxenue 7.1])
To(E | £) CTAE | E). (4.10)

Takum obpasom (cm.(4.10)), B Buge ((€ — link)o[E], To(E | ), T«(E | £)) peamusyerca BTII,

ToukaMu Kortoporo sieisrorcss MCC. Mrak, Mbl pactosaraem cienytorumu BTII:
(F5(€), T¢(E), TE[E]), ((€ = link)o[E], To(E | £), T (E | £)). (4.11)

Ceoiicrsa (4.8), (4.9) nossousitor TpakToBarh nepsoe B (4.11) BTII kak 1momnpocTpancTBo BTOporo.

5. Cuayuyail cyllepKOMOAKTHOTO MMPOCTPAaHCTBA YJIbTPA@UIBTPOB, 1

B nacrostimem paszere obcysKaoTes yeaosus, npu kotopeix Fi(€) = (€ —link)o[E] u TY(E) €
((SC) — top)[F§(E)]. Onmarko cHavama MbI HAIOMHEM (M JIOHOJHIM) HEKOTOpBIE mosoxkenus [9),
kacaomquecs csoiicts MCC u3 muoxkectsa (€ — link)o[E] \ Fj(€), nmenyembix B [9] cobemeennvimu.
[Ipex e Beero (em. [9, npeoxenue 5.1])

(€ —link)o[E] \ F5(€) = {S € (€ —link)o[E] | 3S1 €S IS, € S IS3 € S: S1N SN S5 =0},
Kak crencrsue ais M € (€ — link)o[E] mueen
(ANBNC#@ YAe M YVBeM VYC e M) = (M eF;(€)). (5.1)
Herpyuo nokasats, uro (€ — link)o[E] \ F5() € T.(E | £). C (5.1) csizano obmiee mo/10xKeHme

(€ € m[E]) & ((€ —link)o[E] = F§(€))- (5-2)
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Us (4.4), (4.8) u (5.2) Boitekaer, uto upu & € 7t |E]
T2(E) € ((SC) — top)[F5(€))- (5.3)
B uacrroctu, (5.3) emommsiercs npu € € IL[E]; B stom cryuae (e, (2.8))
F(€) = (€ — link)o[E]. (5.4)

Samedanue 2. Ormerum mpocroil npumMep, dukcupys a € R u b € R, aj1s1 KoTopbix a < b;
nycts E = [a,b] u € = {[pri1(z),pr2(2)[: z € [a,b] X [a,b]}. Baecy mist ¢ € R u d € R nosaraem
[c,d | 2 {t e R | (¢ < t)&(t < d)} upm mo6om coorroIeHnN MeXK 1y ¢ u d. B wacrHoctn, npu d < ¢
nmeeM [¢,d [ = @. Torna € € Hi[[a, b[ ], a moromy (5.3) u (5.4) BBIIOTHSIIOTCS. O

Bosspamasics K obmenmy caydao £ € IA[E], ormerny, uto npu gammom yeaosuu (3.8) ects
cynepkomiakTHoe T}-tpocrpanctso u coracuo (4.6) u (5.2) VG € P'(Cgl€])

(F5(€) = | FLIE | G)) = (3G1 € G G2 € G FY(E) =FL[E | Gi]UFL[E | Gal).
Geg

6. Cuyuaii cynnepKOMIIAKTHOTO IIPOCTPAHCTBA YJIbTPAPUIBTPOB, 2

Orvermy, uro npn € ¢ mi[E] pasencteo (5.4) MoKeT HAapyIIAThes (B 9TOH CBS3H HAIOMHUM
upumep [4, ra. VII, 4.18]), u B Buge F§(E) Mbl MOkeM MOTydUTH OTJIHIHOE OT MHOXKeCTBa (£ —
link)o[E] 11/m nocieauero. B To ke BpeMmsi CBONCTBO CyHEPKOMIIAKTHOCTH, KaK yKe OTMeYasioch, He
SIBJISIETCs HACIEJCTBEHHBIM (CM. [12, ¢. 64]). Do 3arpyHser nosydeHne yeaoBuii, 06ecrednBaronumx
cynepkomnakTHOCT F((E) B ocHammennn Tomosorneit BoMsHOBCKoro Tura. Ceifuac Mbl pacCMOTPUM
ofuH ciy4vaii, korga (u npu £ ¢ ol [E]) ynomsiHyTble ycJioBUsI TOJLy9IuTh yiaercs. CHadasia HaM
HOTPeGYIOTCS HEKOTOPBIE HOBBIE HOHSATHUS, CBSI3aHHbIE C IPOCTEHIIIMI [TOJI0KEHUSIMI TEOPUH MEPBL.

Urak, dukcupyem L € I[E], nonyuas B Buge (E, L) W ¢ noayanrebpoii muoxkects. Kpome
Toro, paccmorpum airebpy a% (L) € (alg)[E], nopoxemnmyio nosyanrebpoit L£: a%(L) € (alg)[E],
U TIPH 9TOM

(£ C a%(£))& (VB € (alg)[E] (£ C B) = (a}(L) C B)). (6.1)

deno, uro (6.1) oupenenster a%(L) omnoznauno. pu stom [19, (4.3.2)]
ap(L)={A€eP(E)|3IneN: A, (A L) + o} (6.2)

A
Mpt umeenm nenycrsie muozkectsa F (L) u Fiy(A), e (3necs u nuxke) A = a%(L). Hanommum Taxske,

qro |20, (4.5)]

VA, F]E{Ac A|IFecF: FC A} eFy(A) VFcFyL). (6.3)

ITpu sTom cortacho |20, npesioxenue 4.1] umeem, 4To

1>

UIA; ] = (YA UDyery(c) € (b)[Fo(L); Fo(A)]- (6.4)

IIpengioxkenue 2. Omobpasicenue (6.4) obaadaem caedyrouyum c80GUCMEOM HENPEPLIEHOCTIU:
U[A; ] € C(F5(L), T2{E), F(A), TU(E)). (6.5)
Hoxkaszareascrtso. HamomanMm, aro cormacuo (3.7) mMeeM 10 JABOHCTBEHHOCTH

(UF)[E; Al = Cr() [SGIA] € (p — BAS)Y[F;(A); TY(E)]
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(yanTbiBaem npu a1oM, uTo @ € FnlA]), a Torma
{U}((UF)[B; A]) € (cl — BAS)o[F5(A); TU(E)]. (6.6)
Amnanoruansivm o6pazom umeem u3 (3.7), 9ro
(UF)[E; £] = Cry() BIL] € (0~ BAS)JFG(L): TYE)],
OTKY/Ia, B YACTHOCTH, CJIeyeT (CM. pasi. 2), 94To
(UF)[E; £] C Cpy (o) [T2(E)]- (6.7)
CgoiicTBo (6.6) 03HAUAET 110 OIPEJIEJIEHIO 3aMKHYTOI 6a3bl, ITO
Cry () [TA(E)] = {N}({U}: (UF)[E; A]).
Bribepem n 3adpukcupyem A € A, mocie 1ero paccCMOTPUM MHOKECTBO
U[A; 71 (@a(4)) € PEG(L)).

C yuerom (6.2) monGepem n € N u (L1) € Ap(A, L), nonyuast B gacrHocTH, 9ro A ecThb

i€ln
o6beunenne Beex muoxkecrs L), i € T,n. Bamerum makxe, uro L) e A Vi € T,n. IHycrs

U, € U[A;]71(D4(A)). Torna U, € F(L) u

2 UA;U,] € DA(A). (6.8)
IIpu stom U* € Fi(A) U — A € U*. Torma [21, nemma 2.4.1) L¥) € U* ans mexoroporo
k € 1,n. C yuerom (6.3) u ( 8) F ¢ L™ nna mexoroporo F € U,. Tockomsxy L*) € L, u3
(3.1) Borrexaer, aro L) € U,, a torma U, € ®p(L*¥)) B cuny (3.2). Tockombky BeIGOp Uy GBI

IIPOU3BOJIbHBIM, YCTAHOBJIEHO

n

VLA ) (@a(A) € ([ ec(LY), (6.9)

i=1
Mycrs 7 € T,n u Vi € &(L1)). Torma V. € F5(L) u L) € V,. Cornacuo (6.3)

2

V2OV ={Aec A|IFeV,: FC A} e Fj(A). (6.10)

Mockombky L) C A, u3 (6.10) mveem srmouerme A € V* (yanrssaem, aro L) € V,). Torma B
cuiy (3.2) u (6.10) V* € ® 4(A), a noromy (cm. (6.10)) VU[A; V.] € PA(A) u, crano 6bTh,

Vi € WA 7 (@ a(A)).

[TockosibKy BBIOOD 7 1V, OBLT IPOM3BOIBHBIM, YCTAHOBJIEHO BJIOXKEHUE

S (L) C WA (@ a(A)).
1

n

2

C yuerom (6.9) nosryuaem paBeHCTBO

WA ] (@A) = [ (L), (6.11)
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Ipu stom & (L) € (UF)[E; £] Vi € T,n. C yuerom (6.7) u (6.11) momygaem, 4o
U[A; |71 (@a(A)) € Cry () [T2(E))-

ITockobKy BbIOOP A OBLI IPOU3BOJIBHBIM, YCTAHOBJIEHO, UTO

W[A; |7 (A) € Cryioy [ TUE)] VA € (UR)[; Al (6.12)
Iycrs reneps @ € {U}((UF)[E;A]). Torna (em. (2.4)) nna nexoropeix ¢ € N u (Ay), .17 €
(UF)[E; A]? umeem paBeHCTBO §) = ‘Lqu A;, a 10 cBoiicTBaM olepalu B3sATHsI IPOOOpa3a MMeeM,
910 .
WLA;THQ) = ) WA (A (6.13)
i=1

Ilpu srom B cuy (6.12) W[A;-]71(A;) € Cr:(c) [T%(E)] Vj € 1,q. lo cBoiicTBaM 3aMKHYTBIX
MHOYKECTB WMeeM Terephb B cuy (6.13), aro W[A;-]71(Q2) € Cr:(c) [T%(E)]. TlockombKy BbIGOP £
ObLI IIPOM3BOJIBHBIM, YCTAHOBJIEHO, UTO

U[A; ] 7H(S) € Cry(o) [T2{E)] VS € {U}((UF)[E; A)).

Beibepenm npouspoisto F € Cp (g [T%(E)]. Toraa & cuy (6.6) nonyuaem, uro F = () S, rae
Sehn
9 € P'({ul((UF)[E; A))). Torna
W[A; ] HF) = () WA ]7H(S) € Coy(o)[TE(E)]
SeH

1O CBOMCTBAM 3aMKHYTHIX MHOMeCTB. Koib ckopo BeIGOp F GBI IPOM3BOILHBIM, YCTAHOB/IEHO, YTO
U[A; | 7Y(F) € Cr: () [T%(E)] VF € Cr: () [TY(E)]. Hocexnnee o3navaer cupaseusocts (6.5). O

Ipensoxenne 3. Omobpasicenue (6.4) omxpumo 6 cavicae monoaoeut TH(E) u TY(E):
U[A; ]HG) € TY(E) VG € TL(E). (6.14)

Hoxaszareubctso. Boconbsyemes coiictBom [20, nmpesyioxkenue 4.3]. Yuurbisaem npu
stoM, uro A € (alg)[E] u, B wacrHocrn, siBiasiercst perrerkoit /M E (em. |9, (1.5)]). Cormacuo
[20, npemnokenne 4.3]

UA; )H(G) € TH[E] VG € TL[E] (6.15)

Iockosbky coracto (3.9) T%(E) C T3[E], us (6.15) cienyer cpoiicTso

U[A; ]1(G) € TH[E] VG € T%(E). (6.16)

Onnaxo B cuiy [9, npemoxenue 3.1, (5.16)] TY(E) = T%[E], a moromy u3 (6.16) sbrrekaer (6.14).
U3 (6.4) u npegoxkennit 2, 3 caemyer, uro [11, npemioxenne 1.4.18| N
U[A;-] € (Hom)[F§(L); T2(E); Fy(A); TY(E)). (6.17)

Urak, TII (F§(L), T2(E)) u (Fj(A), TY(E)) romeomopdHbr.
Teopema 1. Ecau L € IT [E], mo

TU(E) € ((SC) — top)[F5(A)]. (6.18)
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Hokazaresbcreo — moaydaercs  (em.  (2.8))  HemocpejcTBeHHOI  KOMOMHanmeil  csienct-
Bus 1, (5.3) u (6.17). IIycrs L € i [E]. Torna (F§(A), TY(E)) — cynepxomnaxruoe TII. Hamnom-
HUM Telepb, 4To, ocKobKy A € (alg)[E], umeem u3 |9, (5.16), npensoxenne 1| npu yrnoMsiHyTOM
ycaosun pasercrso TY(E) = T*%[E] (GaHHOe paBeHCTBO yrKe HCIOJIB30BAJIOCH B TOKA3ATEIIBCTEE
upeiozkennst 3); Ho Torga (eum. (3.4))

(F5(A), TU(E)) = (F5(A), T4[E]) (6.19)

€CTh HyJIbMEPHBIH CyNePKOMIIAKT, T.e. HyJIbMepHOe cylepkoMiakTHoe Th-pocrpanctso; TH[E] €
((SC) — top)[F§(A)]. Homuepkuem, uro (6.18) u mocse/Hee MOMOKEHNE UMEIOT MECTO B CHTYAIWH,
KorJa Bo3MoxkHO cBoiicTBo F((A) # (A — link)o[E].

ITpuwmep l. Paccmorpum wacTHbll coydaii, obcyxkaasimmuiicss B 3amedannu 2. Urak, Gygem
nojlaraTh B JaHHOM IipuMepe, 9to @ € R, b € R, a < b, E = [a,b[ u L = {[pr1(2),pra(2)]: z €
[a,b] x [a,b]}. Caenys cormamenuio A = a%(L), nonyuaem koukperuzarmmio (6.2)

A={A€P(a,b]) | In € N: A, (A, L) # &}.
Umeewm B Buge (F,.A) = ([a,b], A) xkoukpernoe UII ¢ anrebpoii MHOXKeCTB, Jjist KOTOPOI'O
TOU(E) = Th{[a,b[) € ((SC) — top)[E],

L2 *
a (6.19) — HyJIbMepHBI CyIepKOMIIAKT. 3aMeTHM, 4To caMo MHOxkecTBO F((A) 3mech momyckaer
JIOCTATOYHO TIpocToe ommcanue (cM. 22, pass. 6]). Baxkno ormerursb, 4T0, KaK JI€rKO IPOBEPUTH, B
JIAHHOM CJTydae

(A —Tlink)o[E] \ Fo(A) # &,

T. €. MBI PACIIoJIaraeM 371eCh CYIIepPKOMITAKTOM v/ mpu Hamn«aun cobcrsennbx MCC.

7. O06oOHIEHHBIE JIEKAPTOBBI NPOU3BEAEHUS U yCJIOBUS CYII€PKOMMNAKTHOCTH

B OpeabraynieM pasaesje yCTaHOBJIEHO CJIEAYIOIIee CBOICTBO: €cJjIi E — HEIIyCTO€ MHO2KECTBO U
£ e T[E], To

T, () (E) = Ty ] € ((SC) — top) [Fy(a (L)), (71)
a (Fa(a%(ﬁ))u Tgo ©) (E)) = (F; (a%(ﬁ)), T ©) [E]) ecTb HelycToli HyJbMEPHBIH CYIIEPKOMIIAKT. B
E E

9TOM CBSI3U TOJIE3HO OTMETHTH HEKOTOPBIE CJIyuan, Jils KOTOPBIX peajmnsyercs ceoiicrso £ € ITA[E],
riae E — To niam mHOe HemycToe MHOXKECTBO.

Paccmorpum npomsBosibHbIe HemycTble MHOXKecTBa X U F, a Takke orobpaxkenne (Ey)zex €
P(E)X (urax, (E)zex ecTb memycrosmaunas MyabTudynkiua ma X ). ITonaraem B gaibHeiinem,
9TO

ES [[ E.={f€EY| f(x) € B, Ve X}, (7.2)
rzeX

noJsryuast Herycroe MuoxecTso dynkuuit E € P'(EX). Bamernwm, uro

I 7l2:] = {(£a)eex € P(P(E)Y | £, € n[E,] Yy X}, (7.3)
reX

11 7Ee] = {(La)eex € P (PENY | £, e nl[Ey) Vye X} e P'([] #lE]),  (T.4)
zeX rzeX

[ E(E:] = {(La)aex € P/(P(E)Y | £, e E[E,] Vy e X} € P[] =ilE:). (7.5)
reX rxeX
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B cBsizu ¢ (7.4), (7.5) ormernM, 9TO JIst BCIKOrO Hemycroro Muoxkecrsa H nmeem {@; H} € i [H],
4yeM obecrieunBaeTcs Herycrora MuOXKecTB (7.4), (7.5). C yuerom (7.3) numeem

II £ = {La)sex € P(E)Y | Ly € £, Vy € X} € P(P(E)Y) V(La)zex € [] 7lEs]. (7.6)
reX zeX

C yuerom (7.6) umeem “06braHOE” JEKAPTOBO MpOM3BejeHUE I1/M F, SIBJISIIONUXCS JIEMEHTAMU
m-cucrem L., © € X:

[[L.={feEX|f2) €L Vo€ X} V(Lo)uex € [[ 7lEa] V(La)oex € [ Lo (7.7)
zeX zeX zeX

Beenem nBa tuna cemeiicts /M E (7.2): ecn (Ly)zex € [[ 7[Ez], TO
zeX

® Lo Z{HEPE) | IL)uex € [1 Lo: (H= [ L)&

zeX zeX zeX
(3K € Fin(X): L, = E; Vs € X \ K)} € n[E], (7.8)
O L 2 { [ Lot (La)uex € [] £o} € #lE); (7.9)
zeX zeX zeX
QR L. c () Le (7.10)
zeX reX

B (7.8) mcrnosb3yercst BapuaHT, OJO0OHBINH IPHMEHSIEMOMY B OOIIEil TONOJIOIMU TP HOCTPOCHHI
KaHOHUIECKOl 6a3bl TUXOHOBCKOrO npousseenust (cm. [11, pasa. 2.3]). B (7.9) peanusyercs: Bapu-
AHT, TIOJO00HBIN IPUMEHSIEMOMY [IPH [IOCTPOEHUN 0a3bl sAIHON Torostorun (cM. [23, c. 198]). Ecim

(La)zex € T1 WE[EQC], TO
rzeX

(X Lz € mEN&( () Lo € wi[E]). (7.11)

zeX reX

Bameuanued Bcury (7.10) npu nposepke (7.11) mocrarodno ycTaHOBUTH BTOPOE CBOIi-
CTBO, KOTOPOE, BIIPOUeM, Jierko cieayer u3 (7.7) u (7.9). Orpanuuanmcst KpaTKoil cxeMoit, mosarasi,

ITO
£ 2 @ Ly

zeX
B cuy (7.9) £ € n[E]. ycrs L1 € £, Lo € £, L3 € £ u

((U:c)xEX S H ﬁx)&((vx):ceX € H ﬁx)&((Wx)xEX S H ﬁx)

zeX zeX zeX

peanu3yior ciaemyroree npenacrasaenne Ly, Lo u Ls:

(Ll = H Ux)&(L2 = H Vx)&(L?: = H Wx) (7-12)

zeX zeX zeX
Mycrs Ly N Ly # @, LoN Ly # @ u L1 N Ly # @. Torma npu =, € X mmeem U, NV, # &,
Ve, "Wy, # @ u Uy, NW,, # &, orkyzna caeayer (cm. (2.6)), aro Uy, NV, NW,, # &, Tak Kak
L, € Ve [E;.]. [TockosbKy BBIGOD 4 ObLI HPOU3BOJIBHBIM, HCIOJB3Ys akcuoMy Bbibopa u (7.12),
mostydaeMm, uto Ly N Lo N Ly # &. Konb ckopo Li, Lo m L3 TakyKe BBIOUPAIUCH MPOU3BOJILHO,
nouryuaeM ¢ yuerom (2.6), uro £ € i [E]. O

Uz (7.5) u (7.11) BeITeKaer oueBwugHoe cieicrsue: npu (Ly)zex € [] i [E;] nmeror MecTo
rzeX
coornomenust (7.11). Toxo6uo (7.3), (7.4) u (7.5) numeem

[T 1E.] = {(£2)eex € P(P(E)Y | £, €T[E,] Vy € X} € P'( [] 7lE:]).
rzeX rzeX

ITo anamorun c [24, npemnoxkenne 111.3.1] ycranasiamuBaercs
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IIpennoxenne 4. Ecau (Ly)zex € [ H[EL], mo Q L, € IIE].
reX zeX

U3 (2.8), (7.11) u npesyioxenus 4 BbITEKAET, 4TO

® Egc € Hi [E] v(ﬁm)meX € H Hi[Em] (7'13)
zeX reX

Torya (. (5.3), (5.4), (7.13)) upu (Lo)eex € [ TE[EL]

rzeX
Fi () Lx) = (X Lr — link), [E]
zeX zeX
U IIPH 9TOM TO® . (E) € ((SC) — top) Fo( @ La)]; (Fi( & ﬁx),T0® . (E)) ectb cymeproM-
TEX zeX zeX zEX

nakTHoe T7-nipocrpancrBo. Kpome Toro, ¢ yuerom (7.1) u (7.13) mosydaem ciiejyomniyo Teopemy.

Teopema 2. Ecau (Ly)zex € [] AE,] u A 2 al( ® L), mo
zeX zeX

Ty(E) = T3[E] € ((SC) — top)[F5(2)]
u (F5(A), TY(E)) = (F5(A), TH[E]) ecmv nenyemoti nyavmeproti cynepromnarm.

HoxaszaTeabcTBO OYEBUIHO.
B cBsizu ¢ ycioBHsIMH TeOpeMbl OTMETHM, YTO €CTEeCTBEHHBIH BapuaHT mojyaarebp L., x €

X, nocrasister npumep 1. Vmeercss B Bugy ciaydaii, korma E = R, Es = [ag,bs[ upn s € X,

rie (az)zex € RY u (by)rex € [ Jaw,oof; B sToM caryuae Ly = {[pri(2),pr2(2)[: z € [as, bs] ¥
zeX

[at,bt]} vVt € X.

B cBsa3u ¢ (7.1) m01€3H0 OTMETUTH 0OCTOSATEILCTBO, CBSI3AHHOE C TOMOJIOTUIECKUME CBOWCTBAME
[POCTPAHCTBA KOHEYHO-3 IMTUBHBIX (K.-a.) (0.1)-Mep co cBoiicTBOM, OTMeueHHBIM B [25, mpejio-
xkenue 4.2].

Bameuanued Iyers E — memycroe muoxecrso, £ € IILE] u A 2 a%(L). Torma (E,.A)

ects UTI ¢ anrebpoii muoxects. Pacemorpum muokecTBO A(A) Bcex OrpaHUYEHHBIX BeIeCTBEH-

HOBHAYHBIX K.-a. Mep Ha A ¢ “06brunoii” *-csiaboii Tomosorueit 74 (A) (cm. [25, §8§3,4]) u komycom

(add)+ [A] neorpunarenpubix (orodedHo) suementos, P(A) 2 {n e (add)+[A] | p(E) =1}

T(A) 2 {p € P(A) | YA € A (u(4) = 0) V (u(4) = 1)}

Hanmommum (cm. [26, §3.4]), uro (A(A),7.(A)) ecTb JOKAJBHO BBHIIYKJIBI 0-KOMIIAKT; CBOHCTBA
T(A) paccmarpusatorcs, Hanpumep, B [26, §3.5]. B wacraocru, muoxkecrso T(A) KOMIAKTHO B
(A(A), 7 (A)), T.e. x-crabo xommakTHo: (T(A), 7u(A)lr(a)) — memycroit kommaxt. Ecim H € P(A),
10 Ty € {0;1}4 onpenensier ycioBusvMu

(Zn(H) 21 VH € H)&(Tn(A) £ 0 VA € A\ H),

299

noJtyvasi “o0bIaHBIN” MHANKATOD cemeiicTBa H, onpeenennbii Ha A. B kauecTBe H MOXKET UCIOJIb-
soBarbes y/d us F§(A). Torma (cm. [25, mpennoxenne 4.2])

(Tt )uers(ay € (Hom)[Fo(A); TH[E] T(A), 7 (A)lra]- (7.14)

Ipu srom (em. (7.1)) (F§(A), T [E]) ects nemycroit cynepkommakt; T%[E] € ((SC) — top)[Fj(A)].
Torpa (cm. (7.14) u cinencrsue 1)

Te(A)lz(a) € ((SC) — top)[T(A)] (7.15)
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u (T(A), 7(A)|p4)) sABASIETCS (HOYCTBIM) CYTEPKOMIAKTOM.

Hanomuum, 4To Hamm mocrpoeHus 0a3upoOBaJIACh Ha cBolicTBe L € I [E]; A= aOE(E). B 3za-
MeYaHUN 2 MPUBEJEH IPOCTEHIINIT IpIMep TaKoro poja (IPOCTPaHCTBO-CTpesKa). Bosee conepxka-
TeJIbHBIC IPUMEPbI peanu3anuy (7.15) MOXKHO HOJIyYnTh, HpUBJIeKast TeopeMy 2 u (o6obrienHoe)
IIPOU3BEJICHUE ITPOCTPAHCTB THIIA CTPEJIKH.

8. 3akJiroueHue

B crathe paccMOTpeHBI HEKOTOPBIE CJIyHdal, KOIJa MPOCTPAHCTBa y/d MIMPOKO MOHMMAEMBIX
UII obramator cBOiicTBOM cylepkoMIakTHOCTH. [IpocTpancTBa y/¢d UrparoT BaxKHYIO POJIb B KOH-
CTPYKIUAX PACIIUpeHnil abCTpaKTHLIX 3a/1a1 O JOCTUXKUMOCTH, a IIOTOMY PACIPOCTPAHEHUE Ha, ITH
[POCTPAHCTBA CBOHCTBA CYINEPKOMIIAKTHOCTH (KOTJa 9TO BO3MOXKHO) IPEJICTABISET OlPeIeeHHbII
unrepec. Januas ujesi peajn3oBaHa B JIByX BapuanTax: 1) ycranasiauBatorcs UII, st KoTopbix
orcyrerByor cobersernble MCC, a noromy y/d u MCC oroxaecTBumbl; 2) ¢ IpUBIeYeHHEM CBOi-
CTBa roOMeOMOP(MHOCTU CYIEPKOMIIAKTHOCT YCTAHABIMBACTCS U JJI HEKOTOPBIX IIPOCTPAHCTB Y /]
yke u upu Hagmamn cobcrBeHHbIXx MCC. B mocnennem ciydae peus mumer oo UII ¢ anreGpamu
MHOXKeCTB. BazKHyt0 poJib B Bolrpocax ornucanust (mupoko nonnmaembix) UIT co ceoiicTBoM, obectie-
YUBAIOIIUM PEATU3aluio 1), UrparoT KOHCTPYKIUH, UCIOJIB3YIOIINE JeKAPTOBO [POU3BEJIEHNE; STH
KOHCTPYKINHU IIO3BOJISIOT YKA3aTh MHOIO IIPUMEPOB, Il KOTOpbix cobcrsennnie MCC orcyTcTBy-
o1, a BTII ¢ Toukamu B Buze y/d orokaecrBuMbl ¢ coorsercrByiomumu BTII, Toukamu KoTOpbIx
sipystiorcst MCC.
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