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SaBepmnB onucaHue CTAOMILHOTO MocTa W, mepeiieM K MOCTPOEHUIO € MOMOIIBIO TUCKPUMIU-
HAHTHBLIX IIpeobpazoBanuii okaiimisiomero “mytu” W? ¢ rpannneit OWP = AP~ . Bagagumcs napa-
MeTpOM IJIaJIKoii perysspusanuu p > 0, KOTOpbIil B cuity Bbinykioctu muoxkects W (t), t € (0,2),
MOKeT ObITh JIFOOBIM (CM. 3aMedanue 3).

Baech mosepxnocts AP> = | J TP7, e T, t € (0,2), cormacno Teopeme 1 sBstioTcs

t€(0,2)
IJIaJIKUMI KPUBBIMH. B paccMaTpuBaeMoM ciiyuae kpusas 1f 7 coCTABIICHA M3 JIECATH TUIAIKIX
BBIIIYKJIBIX JIyT

T7” = {T1(t),...,Te(t)} U{T12(t), Ta6(t), T3a(t), Tus(t) }

IIpu sTOM fl(t), .. ,fG(t) — 3TO OyI'W JUCKPUMUHAHTHBIX KPUBBIX, IOCTPOEHHBIE 1O (POPMY-

e (2.2). Kpusbie I'1o(t), Tog(t), T34(t), Tus(t) — myrum okpysxmocTn pammyca p > 0. 31ech aBoii-

HOW MHIEKC Y JyTH OKPY?KHOCTH YKA3bIBAET HOMEPA COOTBETCTBYIOMIEH Maphl orubaommx n3 Habopa
{fl(t), e ,fG(t)}, KOTOPBIE 3Ta JIyTa OKPYKHOCTH COEIUHSET.

B paMKax HACTOAIIEro MCCIeJOBAHHUS ObLIO OCYIIECTBJICHO YUCICHHOE MOLCJIAPOBAHHUE paspe-
mraromux KoHerpykiwit urpsl (5.1)—(5.4) mas caygas yposas ¢ = 3. Ha puc. 1 npezcrasien Mmakcn-
MaJIbHBIN 110 BJIOXKEHUIO CTaOUIbHBIL MocT W,

Ha puc. 2 npeacrapien okaiimistioniuii “myts’ WP npu 3HavMeHnn mapaMerpa IVIaJIKON peryJis-
puzamuu p = 0.5.

Ha puc. 3 mpencrapiieH BRIYUCIEHHBIN TPHOIMKEHHO IPaduK aedeKkTa cTabMILHOCTH OKARMIIsI-
fomero “mytn” € = €(t) muoxkecrBa WP,

Pesysbrarsl 9ucaeHHoOro MomeaumpoBaHns JAedeKTa CTabMILHOCTH COOTBETCTBYIOT €r0 OIEHKE,
IIOJIyYEHHOI B TeopeMe 2.
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OB OJJHOM IIPEJCTABJIEHUU PE3VJ/ILTATOB JENCTBUA
IMPUBJINYKEHHBIX PEIIIEHUN B 3AJAYE C OTPAHUYEHUAMU
ACUMIITOTUYECKOTO XAPAKTEPA'

A.T. Yenmosn

Uccnenyerca aberpakTHast 3a1a9a O JOCTHKIMOCTH C OTPAHUYEHHUSIMI aCHMITOTHYIECKOIO XapaKTepa, olpe-
JeJIsieMbIMH B BHUJI€ HEILyCTOI'O CeMeiCTBa IOJMHOXKECTB IIPOCTPAHCTBA OOBIYHBIX pemnleHuii. JlomyckaroTcs pas-
JINYHBbIE BAPUAHTHI PEAJIU3AIMU aCUMITOTUIECKUX 3PdEKTOB (CXOMUMOCTh B TONOJOIMIECKOM HPOCTPAHCTBE,
nuKJbl 1 Ap.). Ilpenmaraercss BecbMa oOmMit CIIOCOG IPEACTABIEHUSI PE3yIbTATOB JAEHCTBHUs MPUOJINKEHHBIX
pelieHuii, 0600IIAIONMI KOHCTPYKIMKM HA OCHOBE IIOCJIEIOBATEILHOCTEN B IIPOCTPAHCTBE OOBIYHBIX PEIIeHU.

Kumrouesbie cioBa: MuoxkecTBO IIPUTAXKECHNU A, HAIIPaBJIE€HHOCTD, yJILTpa(bI/IIIpr.

A. G. Chentsov. One representation of the results of action of approximate solutions in a problem with
constraints of asymptotic nature.

We consider an abstract attainability problem with constraints of asymptotic nature defined in the form of a
nonempty family of subsets in the space of usual solutions. Various variants of implementing asymptotic effects
are considered (convergence in a topological space, cycles, and so on). A rather general method is suggested
for presenting the results of action of approximate solutions; this method generalizes constructions based on
sequences in the space of usual solutions.

Keywords: attraction set, net, ultrafilter.

1. BBegenme

B nmanbmeiimmem wmcmonb3yoTcesa cieayiomue cokparmenus: VIl — wm3mepumoe mpocTpaHCTBO,
K.-a. — KoHeuHo-ajunTuBHast, MII — mMHO>KecTBO mpuTsizkenusi, HM — HalpaB/ieHHOE MHOXKECTBO,
/M — MOJMHOXKECTBO, 11/ — mojnpocrpancTso, TII — romonoruveckoe mpocrpancTso, y/b —
yabTpaduiIbTp, D11 — 3/1eMEeHT TpUTIKEeHUS.

B pasimmuHbIX 3a1a9ax MPUKJIAIHOIO XapaKTepa BO3HUKAET IIPoOJeMa IPUOINKEHHOIO COOJII0-
JeHUsI OrpaHMYEeHUl, HEPEIKO OCJIOXKHsIeMasl sSIBJIEHHMEM HeycToiiumpocTH. /laHHOE sIBJIEHHE MOXKET
UrpaTh OTPUIATEIBHYIO POJIb, HO B JIPYTUX CJIydasiX, HAIIPOTUB, MOXKET ObITH IIOJIE3HBIM (HAIIpH-
Mep, IpU OCJIabJIECHUN OIPAHMYEHUI B SKCTPEMaJbHBIX 3a/adax, KOIIa PeaJH3yeTCsl BLIUIPBIII B
KaquTBe). [Tocmennunit cyvait mpeacTaB/IsieT OUpeaeeHHbIN MPAaKTUIeCKU HHTEPEC; ITO KaCAeTCsl,
B YACTHOCTH, 3aJ1a4 yIPABJIECHUSI C OPPAHUYEHUSIMU Pa3nIHbiXx Tunos (cM. [1-4| u ap.). B camom
Jejie, MaJjible HApYyIIeH!s OrPAHUYEHUN B 3a/a9ax YIPaBJACHUs 3a9aCTYI0 HECYIIEeCTBEHHBI, B TO
BpeMsl KaK BBIUTPBINI B KadeCcTBe MOXKeT ObITh 3HaYUTeIbHbIM. Ha jiese, ogHako, npuxoaurcs (B
psijie CJIydaeB) FOBOPUTH 00 MCUE3AIO0IIe MAJIOM HAPYIIEHUN YCJIOBHUIl, OCKOIBbKY KOHKPETHYIO CTe-
[IeHb JIOIyCTUMOI'O OCJIa0JIEHNs] OrPAHMYEHUN 3a9aCTyI0 yKa3aTh TPYIHO. ECTECTBEHHBIM BBIXOJIOM
Ha sTare GopMaIM3allnn TPEACTABIISIETCS BBEIEeHNE OIPAHNICHUN aCHMIITOTHIECKOTO XapaKTepa U
HOJIXOJIAIIEr0 KJIacca MPUOJIMKEHHBIX (&, 0 CYyTH, aCAMITOTUYECKUX ) PEIIeHuil; CM. B 9TOil CBsA3M,
nanpumep, |1, ti. III]. ITogobuble cuTyaruum BOSHUKAIOT U B JIPYIUX pas3jiesiax MPUKJIATHON MaTe-
MATHKHU; MOYKHO OTMETHUTD 3/1eCh TAKXKE 33191 MaTEMaTHIECKOTO IPOTPAMMUPOBAHUSI 1 3(PPEKTHI,
ormedeHHbIE B [5,6].

'Pa6ora Bemosmena mpu nogepikke POPU  (mpoextsr 09-01-00436, 10-01-96020) u mporpammb
dynnamentanbubix uccaenosanuii [pesuamyma PAH “Maremaruveckas Teopust” (mpoektst 09-I1-1-1007,
09-11-1-1014).
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JloruyHo JOMyCTUTh W BO3MOXKHOCTH BO3SHHKHOBEHHST “‘aCHUMIITOTHYECKHX OIpAHUIEeHUN W3HAa-
JaJIbHO, HE CBSI3bIBAas 3TO y2Ke ¢ OCIabJIeHneM KAaKUX-TO CTAHJAPTHLIX OMPAHMYEHUN, HO COXPaHsis,
OJIHAKO, ACUMITOTHIECKHUII XapaKTep HCIOJIb3yeMbIX pemreHuil. JIaHHbBIi [0IX0[ MPUHST B HACTO-
dameil pabore, KOTOPYIO MOXKHO PacCMaTpPUBATL KaK HEIIOCPEICTBEHHOE IIPOLOJIZKEHHE IOCTPOCHUIL
pasz. 4 paborsl [7].

B BoImeynoMsIHYTHIX 3aJadax MOLYT BO3HUKATL 3aTPYyIHEHHUs, CBA3AHHLIE C IIPEICTABICHIEM
pe3yIbTaTOB AeficTBuA ‘acuMIToTHYIecKuX perneruit’. Kak mpaBujio, yroMsiHyTbie Pe3yJIbTATHI CBsI-
BLIBAIOTCS C IPEIeIaMU PE3YILTATOB NefiCTBUS OOLIYHBIX PEIIeHNl, BHICTPAUBAEMBIX B IOCIEI0BA-
resibHOCTD (eM. [1, rur. I1I|) wim B HanpasienHocTs (cM. 3amevanust B [5,6]). Takoit moxxos Tpeby-
eT TonoJoru3anuu (OCHAIIEHUs] TOMOJIOIHel) CaMOro IPOCTPAHCTBA Pe3YJIbTATOB UM ONEHOK (J1a-
Jiee TepMUH “OreHKa’ OyJIeT MOHUMATHCS TOJIBKO B 9TOM CMBICJIE). DTOT MOJIXO0J] MOKET OKA3aThCs
HEJIOCTATOYHBIM, T.K. ACHMIITOTHKA Pe3yJIbTATOB IeHCTBHS OOBITHBIX PEIEHUI MOKET He JIOIyCKaTh
OIIMCAHWsl B TEPMUHAX CXOAUMOCTH. B 910ii cBsisu B |7, pa3z. 4] npeniaraercs, rpybo roBopsi, 00b-
SIBUTH PE3yJIbTATOM CaMy 3Ty aCHMITOTHKY. 3/€Ch OKa3bIBACTCS 3a9acTyI0 HEJOCTATOYHBIM (CM.
[8, pasm. 1]|) cekBennmasbHBINA TOAXO0M, pas3BuBaeMbiii, Hanpumep, B [1, mi. III] (o psiay npuunn
HeyI00HO TaK»Ke UCIOJIb30BaTh HanpasieHHocTn ). [losromy B |7, pasm. 4| s neseit npejcrabiienust
BApUAHTOB ACHUMIITOTHYECKOrO IOBEIEHUS U JOCTUraeMbIX C UX IOMOIILIO PE3YILTATOB IIpeijara-
eTCsl UCIOJIb30BaTh ¥/ COOTBETCTBYIOIMUX MHOXKeCTB. [Ij1s1 onmcanus mporerypol Ipeobpa3oBaHust
TaK IIOHUMAEMOrO pelleHusi B pe3ysbraT (OlEeHKY) B |7, pasi. 4] ucrosb3yercsi aHajIor oleparopa
[9, c. 212, 213], umenyewmsiii B [7] oneparopom Yexa. Mbl HAIIOMHUM Jiajiee 9TOT IIOXOJ, KOTODbIi
OCBODOXKJIEH OT MAPaIUrMbl, CBSI3aHHON CO CXOAUMOCTBIO B CMBIC/IE 3aJJAHHON allpuoOpH TOIIOJIOIHUH.
HurepecHo, OIHAKO, YTO KOHCTPYKIIUs, COOTBETCTBYIOIIAs JAHHOM Mapaaurme 1 uCuoJib3yomast MII
B IIPOCTPAHCTBE OIEHOK, COXPAHSET U B yIIOMSIHYTOM 0O0IIeM ciIydae cBoe 3HadeHue (cM. TeopeMy 4.1
pabotsl [7]).

OcHOBHOE 3aTpy/IHEHNe, CBS3aHHOE C IPUMEeHeHneM KOHCTpyKuuii |7, pasz. 4|, cocrour B ToM,
YTO B HUX MCIOJIB3YIOTCs ¥/ cemeiicTBa BCex I1/M MPOCTPAHCTBA OIEHOK (Pe3yJIbTaToB); BAXKHYIO
pOJIb UrparoT 1IpH 3ToM cBobozHbie [10, c. 271 y/d, KOTOpBIE HE ONPEIETSIIOTC KOHCTPYKTHUBHO.
'py6o rosopsi, Takue y/d maxe B npuHnumne He “susyanusupyembr’. zsecrno [11, § 7.6], oxnaxo,
9TO B HEKOTOPBIX (HectanmapTubix) I BeceBosmoxkubie y/d stux Ul gomyckaioT KOHCTPYKTHBHOE
ommcanue (BO3HUKAET, IPAB/IA, HEOOXOAMMOCTh B OCYIIECTBICHUH DPsIJIa HECYIIECTBEHHBIX, HO TAKXKe
KOHCTPYKTHHBIX IpeobpasoBanuii: ceegenne y/d K k.-a. (0, 1)-mepam, mpogomkenue y/d ¢ mosryas-
rebpel Ha aarebpy, MOPOXKICHHYIO UCXOAHON Hosyasarebpoit u T.ar.). B 9Toit c¢Bs3u npencraBisiercs
nosie3Hoit MojuduKanus moaxona |7, pasi. 4|, B paMKax KOTOPOH ACHMITOTHKA JIOCTHIAEMOrO Pe-
3yJIbTaTa OTOXK/JECTBIsIach 66l ¢ y/d Toro mmm mnoro UII, uro mocraBisieT B HEKOTOPBHIX (CM.
[11, § 7.6]) ciyuasix BOZMOXKHOCTb KOHCTPYKTHBHOI'O OIMCAHWS YIOMSIHYTOI acuMmmnrToruku. [Ipu
9TOM, KOHEYHO, OCHAIIEHHNE MPOCTPAHCTBA OIEHOK KaKOH-Iu00 M3MEPUMON CTPYKTYPOi (a 371eCh
unrrepecubl U1, nocrarouno “Geabie” MHOKECTBAME) MOXKET JOCTABJISATh, KaK IPABUJIO, JIUIIh Ya-
CTUIHYIO HHGOPMAIINIO O CKJIAILIBAIONIENHCS KapTuHe acuMuTorudeckux 3ddekTos. Peusb mmer o
CIIETMATBLHO TIOJ0MPAEMOM BapUaHTe IIPOCTPAHCTBA CTOYHOBCKOIO Ipejcrasienus [12, c. 26]. Orme-
TUM 3/I€Cbh TOJIKO OJIHY BO3MOXKHOCTB (cM. [11, ¢. 304, 305]), cBsi3aHHYO € UCIOJIb30BAHUEM [IPOU3-
Bejiennit K.-a. (0,1)-mep (B ¢Bsi3u ¢ obmmmu coiictBamu y /& cm. [10,13, 14]; Bompocs, cBsizaHHbIe
¢ upejcrasierusmu y /b UIl, pacemarpusasucs, B yacrHocrn, B [15, rr. 10]).

2. O6miue obo3HaYEHUS

Mpb1 ucnosib3yem o603HAYEHUsI ¥ corialienus |7, pasj. 3|; HamoMHUM Hanbojiee CyIeCTBEHHBIE.
Yepes {x} obo3HauaEM OIHOTOUEUHOE MHOXKECTBO, cojepxkaiiee o0bekT . Eciu X — MHOXKeCTBO,
to vepe3 P(X) (uepes P'(X)) obosnavdaeMm cemeicTBO BeexX (BCeX HEIYCTHIX) 1I/M MHOXKeCTBa X.
Ecin A u B — muO)KecTBa, T0 uepes B4 oGo3HauaeM MHOKeCTBO Beex oTobpazkennii us A B B. Ecin

Au B — muoxectsa, f € BAu C € P(A), to (f | C) € BC ecrs def cyxenue f na muoxecrso C,
A

re. (f | C)(z) 2 f(z) Vz € C (3nech u umke = — pasencrso 1o onpesesenuio); f1(O) 2
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{f(z): x € C}. danee norpebyercsi UCHOIB30BATH CeMelicTBa 00pa30B U IPOOOPA30B MHOXKECTB
TOrO WM MHOTO ceMeiicTa (cM., B wacTnocty, [13, . I]): ecim X u Y — mmoxectsa, a f € YX, 10

(/11X 2 {14 Aex} e P(P(Y)) V& € P/(P(X)))

& (FUYI={/71(B): BeY} e P(P(X)) VY € P(P(Y))).

A
Ecmn M — cemeiictBo, a N — muoxkectBo, 10 M|y = {M NN : M € M} ecrs cieq M na N.

Duementsr Tomosiornu. Ecmu (X,7) — TII u A € P(X), 1o cl(4,7) ectp def 3ambika-
e A B (X,7),a (A,7]4) —n/u (X, 7). Hepes C(X, 71, Y, 72) obo3navwaeM MHOXKECTBO BeexX (71, T2)-
HenpepbIBHbIX oTobpaskenuit u3 Y, rae (X, 1) u (Y, 7) cyrs TII. Ecm (X, 7) ects T 2 € X,

t0 N9(z) 2 {Ger|zeG}tuN;(2) ={HeP(X)|3GeNz): GC H} (punbrp okpecrro-
creit x B TII (X, 7); em. [13, i I]). Yepes (7-comp)[X] obo3nauaem cemeificTBO BCeX KOMIIAKTHBIX
B TII (X, 7) u/m X.

PunbTpel 1 ux 6a3bl. Ecin H — Henycroe MHOXKecTBO, TO depe3 B[H| (uepes (y[H]) obo3na-
qaeM cemeiicrso Beex B € P/(P(H)) (Bcex B € P/(P/(H))) rakux, uro VB € BYBy € B3B3 €
B: Bs C By N By. Cemeiicta u3 fo[H] — cyrb 6a3bl dunsrpos H. ITycrs

3[H) S {FeP(P(H) | (ANBEF YAEFVBEF) & (VF € FVG € P(H)
(FcG)= (G e F)}

(BBeZIeHO MHOXKECTBO Beex (buibrpoB H) u, Kpome Toro,
yAN
SulH) = {u e 3lH] | ¥V €3[H] (U V)= U =V)} (2.1)
(muOXKecTBO Beex y/&d H). Pasymeercsi, umeem ciieiyroniee CBORCTBO:

(H-ult)[z] 2 {S € P(H) |z € S} € Fu[H] V€ H. (2.2)

Kaxk o6bruno, y/¢ Buma (2.2) nasbiBaem tpuBnasibhbivu; y/d U € Fy[H| HazbiBaeM cBOGOIHBIM,
ecim nepecedenne Bcex MHOXKecTB u3 U 1ycro. Kak o6brano, (H-ult)[-] obosnagaer oneparop us H
B §ulH], conocrasisitonuii Touke x € H y/d (H-ult)[z].

Kaxprit y/d u3 Fu[H| (2.1) sBasiercs 6o TpuBnaibHbIM, 1160 cBobogHbIM. Oneparop

plH] : P(H) — P(SulH])

oupesnensieM npasmioMm: [H|(A) 2 {UeTFu[H]|AcU} VA € P(H). Torma cemeiicTBo
o[H]Y(P(H)) — 6a3a Tomosiornu Hermycroro MuoxkecTa (2.1), obosnagaemoit uepes Tg[H|, mpudem

(SulH], 76 [H]) (2.3)

ectp HyiabMepHblil [10] kommakt, B koropom {(H-ult)[z]: z € H} — Bcrogy mIoOTHOE MHOXKECTBO,
a 6aza @[H)'(P(H)) — cemeiicTBo Beex oTKpbITO-3aMKHYTHIX B TII (2.3) /M Fu[H]. Ecrm H €
P'(P(H)), To

FOUH | H] 2 (U € 3ulH] | H U} = () ¢lHI(A) € (7a[H]-comp)[FulH]].
AeH

Hamomunwm cBoiictso (eM. [13, . 1]): ecoin B € [y[H], To

(H-8)[B] £ {L e P(H)|3BeB: Bc L} e H); (2.4)
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npu stom §[H| C fy[H| u cornacuo (2.4) (H-fi)[F] = F VF € §[H].
O6pasbl buabTpoB u uX 6a3. Ecm X u Y — mmoxecrsa, f € YX u B € (y[X], 1o
fB] € Bo[Y] u npu sTOM

(X-0)[B] € FulX]) = (Y-H)[f'[B] € FulY]. (2.5)

B kauectBe B Moxer uCIosib30BaTbesi Gusibrp u, B gacraocru, y/d X. Ecim f — ciopbekius X

Ha Y, TO
U € FulY] VU € FulX). (2.6)

Hanpasiiennocru. Hanpasiennocrsio B MHOXKecTBe M HazbiBaeM Besikuil Tpuiuter (D, <, f),
rie (D, =) — memycroe HM (cem. [14, rr. 2]) u f € MP. Ecom (D, =, f) — HampasjieHHOCTH B
muO)kecTBe M, 10 (m107pOGHEE CM. |7, ¢. 222])

(M-ass)[D:<: 1] 2 {4 € P(M) |3d € DS € D ((d=8) = (/5) € A)} € §M]

ectb uabTp, acconunpoanublii ¢ (D, <X, f). Kax st dunbrp us §F[M| acconuupoBan ¢ HEKOTOPOI
HaIpaBJIEHHOCTLIO B M.

CxoaumocTs dpuiibTpoB u HanpasiaeHHocreil. Ecin (X, 7) ects TIL, B € fy[X]|uz € X, 10
cxoaumocTh B == x onpeensercs Kak csoiictso Ny (z) C (X-fi)[B]. fcno, uro VF € F[X| Vo € X

(F = 2)<=(N.(z) C F).

Urak, B coracuu ¢ [13, 1. 1] BBegena cxomumocts (uibrpos u ux 6a3. Ecau (D, =<, f) ectb Ha-
npapjieHHoCcTh B X 1 x € X, TO

(D, =, f) T 2) €5 ((X-ass)[D; = f] = )

(cxomumocts 10 Mopy — Cmurty).

MHuoxkecTBa npurs>kenusi. Eciu A — nemycroe muoxkectso, (X,7) — TII, h € XA n
A € P'(P(A)), to uepes (as)[A; X;7; h; A] oboznawaeM MHOKECTBO Beex & € X, Jyisl KazKIOro
U3 KOTOPBIX CYIIECTBYET Takas HampasieHHoctb (D, =<, f) B muoxecrse A, 1ro

(A C (A-ass)[D; =5 f]) & (D, =, ho f) == a);

(as)[A; X;7; h; A] maseiaem MII B TII (X, 7) (cemeiicTBo A urpaer posib orpaHuYeHHil aCHMIITO-
TUYECKOro xapakrepa). Jlerko BuieThb, 4To

(as)[A; X by Al ={z e X |TU € 3?1[14 | Al : hl[Z/{] == 1}
3. KoncTpyKuuu, cBsi3aHHbI€ C IIpeobpa3oBaHueM yJIbTPaduiibTPOB

Bcrony B manbreiinreM dbuxcupyeM memycrbie Muoxkectsa E u H, a takzxke orobpazkenue h € HE.
Kaxk u B |7, pa3z. 4], moiaraem, ato

HE h'(E) = {h(e) : ec E} € P'(H). (3.1)
fcno, uro h ecrs criopbekunst F na H (Hazosem 1o H-ciopbekTuBHOCTBIO) U cortacuo (2.4), (2.6)
h'[U] = (H-fi)[h' [U]] € FulH] YU € FulE]. (3:2)

[Ipu srom (Fu[E], ma[E]) u (Fu[H], 7a[H]) — senycroie komnakTsl. Cremyst |7, pasz. 4], nonaraem,
9TO OLEPATOP

U FulE] — SulH] (3-3)
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onpegiesisiercst mpasuiaiom: (U ) 2 p! U] YU € FulE] (em. (3.2) u [7, (4.8)]). Hazwisaem U (3.3) ore-
paropom Yexa, umest B Buy nocrpoenus |9, c. 212,213]. Ceituac HAHOMHUM HEKOTOPbIE MOJIOXKEHUS,
AHOHCHUPOBaHHbBIE B [7, pa3j. 4], upuBojs coorBeTcTByOIUe 06ocHOBaHUs. OTMETUM HPEXKE BCErO
cyeLyIoIee

CsoiicTBo (S): oneparop Y — ciopbekuus Fu[E] na Fu[H].

Bameuanue 3.1. Paccmorpum obocroBanme cpoiicTsa (S) (cm. takxe |9, c. 212, 213]). B
cuty H-cropbekTuBHOCTH h U TIpOCTEHIINX CBOMCTB orepaluu B3sITHUsT Ipoodpa3a MMeeM CBOMCTBO:

h=1[B] € By|E] VB € Bo[H]. Kpome Toro,
h'[h~![B]] =B VB € 3y[H] (3.4)

(yauTbiBaeMm, 4To s MOGBIX HemycThIX MHoxkects X u Y, orobpaxkennsa f € YX u muoxecTsa
MePY)
PN M) = M FH(X);

npuMeHsieM JianHoe cBoiicTBo B ciyuae X = F, Y =H, f = h u yuurssaem (3.1)).

Bribepem 11ponssosisHo U € Fu[H]. Torma, B wactroctn, U € Bo[H], a moromy (cm. (3.4))
h=1[U] € By|E] obnanaer cpoiicTBoM

W'y =u. (3.5)

-1
onGepem U € FulE) Tak, uro (E-fi)[h~[U]] € U (e [13, v 1]). Torma c yuerom (3.5) mmeem,
9TO

U c h[(EB-)h '] c h'Y], (3.6)

rae h'[U] € Fu[H] cornacro (3.2). B cuny MakcnvambocTi U mveem u3 (3.6) pasencreo U = hl[U],
a torma U = U(U) € U (Fu[E]). Broxkenume Fyu[H] C U (FulE]), a, crenosaTenbno, U paBeHCTBO
FuH] = U (Fu[E]) ycranosnensr. Croiictso (S) mokasano.

ITpengoxxenne 3.1. Onepamop U (3.3) nenpepwsen: I € C(Fu[E], Ta[E], u[H], Ta[H]).

Hokasareancrtso. Pukcupyem U € FylE]. [lokaxkem, uro oneparop i HepepbIBeH B
touke U. Ilpn arom U(U) € FulH]. Tycrs T' € N (U(U)). Us onpenenenuii erko creayeT, 9To
cemeiicTBa A

Q= {p[E](A) : AU} e P (N, W),
A
52 (QHI(B) : B € UU)} € PN 1 (U(10)))

SBJISIOTC JIOKaJIbHbIME Gaszamu Tonosoruii 1q[E], ma[H] B Toukax U u U(U) coorsercrenno. C
yuaeTom storo nogbupaem M € ¥ tak, uro M C T'. Ilycre M € U(U) peanmsyer npejcrasieHue

M = @[H|(M) = {F € Fu[H] | M € F}. (3.7)

Torna M = h'(N), rne N € U (mw1 yumm 31ech, aro U(U) = hi[U]). Torma N 2 Y[E|(N) € Qmn, B
wactHoctn, N € Np g (U). Tlycrs W € UY(N), a V € N peammsyer pasencrso W = (V). Torma
V € Fu[E] u npu stom N € V; W = hl[V]. Hockomexy h!(N) € h[V], o h}(N) € W u, xak
caeacrsue, M € W. Komns ckopo W € Fyu[H], To cormacuo (3.7) W € M. Urax,

U(N)cMcCT.
[Tockosibky BBIOOD I' OBLT TPOU3BOIBLHBIM, YCTAHOBJIEHO, UTO
VAE N mUU)) 3B € Nopyim(U) = UH(B) C A.

CreroBareibro, oneparop 4 Henpepbise B Touke U. ITockoibKy BbIGOP y /&b U GbLI IPOU3BOIIBLHBIM,
npeJyIoxKenne jgokazano (eu. [14, c. 121,122]). O
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OrzestbHO PAcCMOTPHUM Clydail, koraa h sisisiercss nabekTHBHBIM oToOpakennem n3 E B H win,
qro TO ke camoe, h ects 6ueknus E na H. Crpaseymso caeyioriee

CsoiictBo (B): eciu h — unbekrusnoe orobpaxkenne E B H, 1o U (3.3) ectb Ouekiust §y[F]
Ha Fu[H].

Bameuanne 3.2. Ilposepum cpoiicto (B), nosarast, uro h ectb nnbekruBHoe 0TOGpa-
xkenne E B H. Boibepem nponssosibno U € Fy[E] u V € Fu[F]. Torma

(U@) = h'U]) & (U(V) = h' V). (3.8)

ITycrs U(U) = U(V). Iokaxkem, aro U = V. B camom jerte, pomycrum nporusuoe: U # V. Torga ¢
yaeToMm Makcumasabnoct U u YV nmeem, ato U \V # @ u V\U # @. Ilyers & € U \ V. C yuerom
MakcnMaabaocTn V nveem, uto B\ @ € V. Tpu srom hl(®) € U(V) (yanrssaenm (3.8)) u Bmecte ¢
tem h(E\ ®) € 4(V). Toraa, mockombky (V) — bUILTp, HMeeM CBOHCTBO

h'(®)Nh'(E\ ®) # 2. (3.9)

[ycrs (em. (3.9)) w € h'(®) N h!(E \ ®). Torna w = h(x.) mana mexkoroporo z, € ® u BMecTe C
teM w = h(z*), rne z* € E'\ ®. [Tosromy h(z,) = h(z*), orkyga B cuny nabexrusHocTr h mveem
PaBEHCTBO T, = x*, 9T0 HeBo3MOXKHO. [loyuenHoe nporusopedne ozHagdaer, yro U = V. Uraxk,

UU) =UV) = U =V). (3.10)
[Tockosibky BBIOOP U 1 V OBLT MPOU3BOJILHBIM, YTAHOBJIEHO, 9TO i — MHBHEKTUBHOE OTOOpaKEHUE,
OTKy/la ¢ yueToM cBoiictBa (S) ciemyer, aro U (3.3) — OGuexrusi.

ITomaraem 1o KOHITA HACTOSIIIETO pa3iesa, uTo h — nabekTuBHOE oToOpaxkerue n3 £ 8 H. Torma
h — 6ueknua F wa H, a moromy ompeneneHa duekims h muoxkectsa H Ha E, obparnast ¥ h; Torna
he E¥yu IIPU 3TOM
(h(h(e)) =e Ve e E) & (h(h(z)) =z Vz € H).

Hanee 1o anayorun ¢ orepatopoM (3.3) KOHCTPYHUPYEM OLepaTop
A ~
D = (b V)yegam € SulE5H (3.11)

(yaurbiBaem (2.6), kosb ckopo h ectb, B wacrHocTH, ciopbekius H wa E). Ilo anagoruu ¢ npejio-
2KeHueM 3.1 IpoBepsieTcsi, YTO

RUES C(gu[H]vTﬁ[H]vgu[E]vTﬁ[E])' (312)

Haxkoner, cornacuo sameuanuio 3.2 mmeen cpoitctso (B): U ects 6uexims §u[E] na Fu[H] (U, B cBoro
o4epe/ib, ecTh Oreknus §y|H] Ha Fu [E]). CaenoBaresbHo, onpesesnena bueknust L Muoxkecrsa §y, [H]
Ha Fu[E], obparnas k i; Torma U € gu[E]Su[H] u

(HEU)) =U YU € Fu[E]) & (UEWV)) =V YV € Fu[H)). (3.13)
OTMETHM HEKOTODBIE IPOCTHIE CBOfCTBA. IIperkie BCEro 3aMeTnM, 410

h™'[V] = h'[V] VV € Fu[H]
(B canom siee, h!'(B) = h™'(B) VB € P(H)). Crenosatenbro, B cuy (3.11)

B(V) =h"1V] VYV € Fu[H].

Kak creacrsue h'[U(V)] =V VV € Fu[H]. Us onpegenenus 8 crenyer (em. (3.11)), uro npu
V € Fu[H] cupasenymso pasencrso V = U(U(V)), a, crano 6biTh, cormacuo (3.13) U(V) = B(V)
(meitcrBurensro, U(V) € FulE], a moromy u3 mepsoro mosoxkenust B (3.13) cieyer paBeHCTBO

UE(B(V))) = B(V)). B urore umeem ciemyoriee
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Ipenioxkenne 3.2. Cnpasedauso pasercmeo U = B.
C yuerom (3.12) mosryuaem U3 npeJjiozkeHusi 3.2, 4To
€ C(FulH], ma[H], FulE], 7a[E]). (3.14)
U3 npemozkenns 3.1, (3.14) umeem (¢ yuerom GuektusHocTH 4 1 onpesesenus $1) BeChMa BazKHOE

IIpennoxenne 3.3. Onepamop U  asasemca eomeomoppusmom TII (Fu[E], ma[E]) mna
(SulH], Ta[H]).

Hanomuum, aro npemioxkenue 3.3 yCTAHOBJIEHO B IPEIIIONOKEHIN UHBHEKTUBHOCTA h Kak 0To0-
paxkennst u3 8 H.

4. YabTpapelleHus B 33/ladaX C OIPAHUYEHUSIMUA aCUMIITOTUYECKOTO XapaKTepa

[Iycrs, kKak u B npempiaymem pasiere, £ u H — memycrsie muoxkecrsa, h € HP (ycoBue
UHBEKTUBHOCTU h BBINOJIHEHHBIM He mpe/rnosiaraercs ). Paccmarpusaem E Kak MpOCTPAHCTBO OOBIU-
ubix pernennii, a H — Kak mpocTpancTBo o1eHOK (pe3yabraToB). OObIMHBIN COCOO COMOCTABICHUS
pemienuio e € F onenkn y € H cocrour B obecrieuenun pasencrsa y = h(e); 3uech u Hizke h Boicry-
naer B POJIM IeJieBoro orieparopa. B aroit cesasu H (3.1) MOXKHO paccMaTpuBaTh Kak IIPOCTPAHCTBO
OOLIYHLIX OLICHOK.

MozKHO, OJJHAKO, pacCMaTpUBaTh Pa3IUIHbIE ACUMITOTUYECKHE BEPCUU PEIIEHUI, CBI3aHHBIX
[IEPBOHAYAJILHO C BEIOOPOM TOYeK u3 F, 1 OlleHOK. B HacTosIeM pasiese 3TH BEPCUN PeaIu3yIoTCs B
Bujie y /& muoxkects E' u H. BosHukaor jBa KOMIIAKTa, PACCMATPUBACMBIX B [IPEJILIIYIIEM PasJielie.
Pasymeercsi, 0ObIYHBIE peIlleHUsI M OIEHKH MOI'YT OBITH IOIPYKEHbI B 9TH KOMIIAKTBI: Cieiys |7,
pasi. 4|, BBomuM oreparopsl

(m 2 (B-ult)[]) & (n 2 (H-ult)[]). (4.1)

Tormam : E — Fy[E]jun: H — Fu[H]. B HOBBIX ycii0Busix (paboThl ¢ KOMIIAKTAMHI) COIIOCTABIIE-
HIe “DeleHnio’ COOTBETCTBYIOIIEl “OleHKN” 0CyIIeCTBIsAeTCst TocpeacTBoM omeparopa i (3.3). Tpu
sToM §yu[F] ectb npocrpancTBo (acumnrornueckux) “pemtenuit’, a §Fyu[H| — npocrpancTBo orBeva-
OImuX UM (U TakyKe aCUMIITOTHYECKHX) “OIEHOK’; HAIIOMHUM CBONCTBO (S) IpeblLyIero pasjeia
u upejgioxkenne 3.1. JleiicrBue oObIUHBIX pereHuil mosydaer [7, c. 223| ciejyioniee ecTeCTBEHHOE
TOJIKOBaHUE B TePMHUHAX oreparopos (4.1):

flom=mnoh. (4.2)

Bameuanune4l. Ilposepum (4.2), buxcupys e € E. Torga y/d (Uom)(e) = hi[m(e)] €
SulH] obnagaer cormacuo (2.2) cpoiicrsom h(e) € S VS € (4o m)(e). Dro osnauaer, uro (U o
m)(e) C (noh)(e) = n(h(e)) (em. (2.2)), tme (noh)(e) € Fu[H|. C yuerom MakcuMaaIbLHOCTH
(Uom)(e) momyuaem pasercrso (Lom)(e) = (noh)(e). Kosb ckopo BBIGOD e ObLI IPOU3BOJIBHBIM,
yCTaHoBIIE€HO (4.2).

3aMeTnM, 9TO0, KaK JIENKO BUJIETH, OIIEPATOP N MHBEKTUBEH M MOXKET PACCMATPUBATHCS KaK HECY-
[IIeCTBEHHOE IIpeo0pa3oBaHue IIPOCTPAHCTBA OOBIYHBIX OIEHOK. llociennee MOXKHO OTOXKIECTBUTH
Temepnb ¢ MHOKecTBOM-06pazoM n!(H) = (noh)!(E), a npeacrasienne (4.2) — cpasath (M. mpeji-
noxenne 3.1) ¢ komnakrudukanueii B gyxe [11, npemioxkenune 5.2.1|. Cupasemusa cieyormnast

Teopema 4.1. Ecau € € P'(P(E)), mo UH(FUE | £]) = (as)[E; Fu[H]; Ta[H]; n o h; £].
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HokazarenbcrBo npuseneno B |7, c¢. 227, 228| (ucnosnb3yercst Takxke npejyioxkenue 4.5 pabo-
o1 [7]). B cBasm ¢ Teopemoit samerum, uto Fo[E | €] Moxmo pacemarpusath [7, mpeioxenue 4.5
B BHJIC MHOKECTBA BCEX E-JIOIYCTHMBIX 000OIICHHBIX pelennii nim ynsrpapentennii. [lonesno yun-
TeIBaTH U npejcrasienue [7, (5.8)], ucnonbzyemoe B kKoucrpykuusix MIT. C ydaerom HenpepbIBHOCTH
iU (cM. mpetoskenwe 3.1) m oTMedaBMIeiicss B pa3/. 2 KOMIAKTHOCTH MHOXecTBa So[FE | €] mveem
TaK¥Ke odeBmIHoe cBoitcTso kKommaxTHocTn U (FU[E | £]):

U (FuE | €]) € (ra[H]-comp)[FulH]]. (4.3)

B |7, pa3z. 4] csoiictBo (4.3) H0mOMHSIETCST TEABIM PSIZIOM JIPYTHX TIOJIOKEHUTH, XapaKTepusyoIux
MII 8 kommakTe y/d H. Teopema 4.1 xapakTepusyeT pe3yabTaTsl AeficTBrs yabTpaperniennii kak D11
B COOTBETCTBYIOIIEM KOMIIAKTE, KOTOPLIA B CIydae HHHEKTUBHOCTH h OKa3bIBaeTCs roMeoMOP(MHBIM
KOMIIAKTY CaMUX YJIbTPApEINIeHHil; B 9TOM IIOCJIeIHEeM Cirydae KoMIakT (4.3) comurcs dbakTuuecKn

x Fo[E | £].

5. IIpocTpaHCTBO CTOYHOBCKOIO MPEJICTABJIEHUS U MpeoObpa3oBaHUE
yJAbTpaduIbTPOB

Teopema 4.1 ompeneisier oblIee IPeaCTaBICHIE PE3YILTATOB AeHCTBUS YILTPAPEIIeHnii, TOILy-
CTUMBIX C TOUKHU 3PEHUST COOJIIOIEHNS] OTPAaHNIEHII aCHMIITOTHIEeCKOr0 XapakTepa. Haubosee maTe-
PECHbIE BAPUAHTBI, CBsi3aHHbBIE C JeficTBueM CBOOOIHBIX Y /b, HE JOIyCKAIOT, OJIHAKO, KOHCTPYKTUB-
HOT'O OIUCAHU;, TPYOO rOBOPs, OHU “He BU3yam3upyioTcs . [1oaToMy, HeCMOTpsT Ha UCUEPIBIBAIOITNI
XapakTep npeicrapienns B kKiacce I, ykazannoro B reopeme 4.1, mMeeT CMBICT PACCMOTPETL APY-
e KOHCTPYKIIUH, y2Ke He TOCTABJISIIONINE, BO3MOYKHO, CTOJIb IIOJTHOT'O OIMCAHUS, HO OIIPEIE/ISIIOIIIE
B KAKUX-TO CIydasX BLIXOJ HA KOHCTPYKTUBHLIE IIOCTPOEHHUSI BAPHAHTOB ACUMIITOTHYECKOI'O IIOBE-
nennst. OnHY U3 MOJeJieil TAKOTO POIa Mbl PACCMOTPHUM 3I€Ch IOCJTe HEKOTOPBIX IMPEIBAPSIOIINX
HOCTPOEHU.

Ecim S — menycroe muOMXkKecTBO n L — ajnrebpa 11/M S, TO mojaraem, 9ro

F*(ﬁ)é{fepf(c) (@ ¢ F)&(ANBeF VAc FYBEF)
& (VFeFVLeL ((FCL):>(L6}"))},

[TOJIy9asl MHOXKECTBO BCeX (PUIBTPOB ayrebpbl L, UMeHyeMbIX fajiee L-(DuabrpaMiu;

F5(L) 2 {U e F*(L) |VF € F*(L) (U C F) = U = F))}

={FeF(L)|VLeL (LeF)V(S\LeF)} (5.1)

ecTb MHOXKECTBO Beex y/d anrebper L wmm L-y/d; em. [12, ¢. 26; 15, r1. 10]. Jlerko Bugers, uro
(S-ult)[z]N L e FH(L) Yz e S. (5.2)

ITocpencrsom (5.2) onpezensiercst Bioxenue S B (memycroe) muoxkectso Fi(L). [Tomaraem, 1ro

L) 2{UEFL) | LeUy VLeL (5.3)

(3ameruM, uTo S, KaK OObEJIUHEHNE BCEX MHOXKECTB U3 L, onpejie/siercs mo L OjHO3HaIHO). JIerko
BUJETH, YTO CEMENCTBO

(UF)[L] 2 {@,(L) : L e L}eP (PFL))

SIBJISIETCsl 0a30# TOMOJIOIHMH; 3Ty ONPEJeIsSeMyl0 eIMHCTBEHHBIM OOpPA30M TOIOJIOIHI0 MHOXKE-
cra F§(L) obosnauaem B nasibheiiniem vepes T*(L) (ronosorusi, nopoxaennas 6asoit (UF)[L]).
Ussecrno [12, c. 26], aro

(Fo(£), T°(£)) (5:4)
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eCTb HEILyCTOi KOMIAKT (peamu3yercst IPOCTPAHCTBO CTOYHOBCKOTO HpejcTasienus (12, c. 26]). Ilpu
9TOM, KaK JIEFKO BHJETH, CIpaBeyiuBo cBoiictso: eci U € F(L), To cemeiicTo

(U-UF)[L] 2 {®(U): U el € P'(T*(L))

SIBJISIETCs JIOKAJIBHOM 6a30ii KoMmmakTa (5.4) B Touke U mwin GyHIAMEHTATILHOM CHCTEMON OKPECTHO-
creii sroit Toukn. OrmernM, HakoHer, uTo [15, (10.6.15)]

Fi(L) = {UNL: UE FulS]). (5.5)

dukcHpyeM 110 KOHIIA HACTOSIIIETO pasJiesa HellyCThle MHOJKecTBa, X 1 Y, orobpakenne g € VX n
anredpy A [12, ror. 1] n/m muaoxkectBa Y. C yuerom (2.5) u (5.5) moaydaem, B 9aCTHOCTH, UTO DU
U € FulX]

(V-fi)[g' U] N A € F§(A). (5.6)

Cgoiicro (5.6) mosBosster BBecTH oleparop, geficryomuit u3 §u[X] B Fi(A). Urak, momaraem,
9TO

afX;g Al © FulX] — F(A) (5.7)
ompeIesisieTcsl CaeyomuM npasmioM: ecan U € Fy[X], To
alX;g AW) = (v-fi)lg! U] N A (5.8)
ITpengioxkenue 5.1. Onepamop (5.7), (5.8) nenpepvisen:
a[X; g Al € C(FulX], 7a[X], F5(A), T*(A)).

HJoxaszarensctso. Dukcupyem V € §u[X] u paccMorpum BOIPOC O HEIPEPBIBHOCTH
oneparopa (5.7) B Touke V, yuuThIBasi, 4TO CEMEHCTBO

V2 {p[X](S): S €V} e P (7alX])

ecTb JioKasibHasi 0a3a (dyHIaMeHTa bHAsl cHCTeMa OKpecTHocTeli) kommakTa (2.3) mpu H = X B
Touke V. Beibepem mpou3BOIbLHO

He NT*(A)(OZ[X§gS Al(V)).

Torma st HeKOTOpOro MHOMECTBA H € (a[X; g; A|(V)-UF)[A] umeenm siozenue H C H. TIpu sTom
H=®A(F), rne F € o[X; g; A|(V). Uraxk,

b 4(F) C HL. (5.9)

C yuerom (5.8) mmeem, B wactnoctu, uro F € A u, kpome toro, g'(A) C F aaa mexoroporo
muo)kecTBa A € V. Tlpu arom, koneuno, ¢[X|(A) € U u, B yacrHocTH,

P[X](A) € Nryix(V). (5.10)

A\ ~
Paccvorpuy muozkectso W = alX;g; Al (9[X](A)). Bribepem nponssonsro W e 2. Torga, B
wacrHoctn, W € Fj(A) u, kpome Toro,

W = o] X:g; A|(W) (5.11)

muist zHexkoroporo W € [X](A). Ilpn stom W € Fu[X] u, kpome toro, A € W. Ormernm, 9T0
(em. (5.8), (5.11)) .
W={LecA|IWeW: g"(W)CL},
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aTorma F € W. 9t0 oznauaer, aro (cm. (5.3)) W € ®4(F) u, B uacraocru (em. (5.9)), W e H. Tlo-
CKOJIbKY BBIGOD VW GBLI IPOMZBOJIBHBIM, ycTanosaeHo Biaoxkenne 20 C H. C yuerom (5.10) momyuaem,
T

AT € Npyx)(V) : ofX; g AN (T) C L (5.12)

[Mockosbky BEIGOp H Takxke ObLT Mpon3BoJbHBIM, U3 (5.12) BbITEKaeT HENPEPBIBHOCTH ONEPATO-
pa (5.7) B Touke V. Kosib ckopo 1 BIGOp V GbLI IIPOM3BOJIBHBIM, TpebyeMoe CBOHCTBO “riiobasibHoit”
HelpepbiBHOCTH onieparopa (5.7) ycTaHOBJICHO. O

IIpennoxenne 5.2. Ecau x € X, mo o[X; g; A|((X-ult)[z]) = (Y-ult)[g(z)] N A.

JlokazaTesbCTBO MOMOOHO PaCCyKIAEHUIO B 3amedanun 4.1, U MBI BOCIPOU3BOIUM €r0 BECHMAa
CXeMaTU4IHO, ToJraras Jijis KPaTKOCTHU, ITO

Fi £ afX; g; Al(X-ult)[z]), (5.13)

Fo 2 (Y-ult)[g(2)] N A. (5.14)
Torma u3z (5.7) u (5.13) mmeem, uro Fy € Fj(A). Hanee, u3 (5.2) u (5.14) Boirekaer, uro Fo € Fj(A).
Urak, Mmbl umeeMm j1a y/d anrebpst A. st npejcrapienus: Fi MOXKHO UCIOJIBb30BaTh (5.8):

Fi = (V-)[g![(X-ult)fa]]] N A

Iycr ® € Fy. Torma ® € A u moxno ykazarh mMuozkectso A € (X-ult)[z] Takoe, uro g'(A) C ®.
Hockombky g(r) € gh(A), mmeem srmouenne gl(A) € (Y-ult)[g(r)], orkyma creayer, uto ® €
(Y-ult)[g(z)] u, kak caeacreue, ¢ € Fy. Ycranosieno ioxenue Fi; C Fa, OTKy/a B CHILYy MaKCH-
MmaJbHOCTH JF mMeeMm paBeHcTBO JF1 = Fo. O

C yueroM mpejioKeHus 5.2 BBEJIEM B PACCMOTPEHUE OIIEPaTOP

tolA] 2 ((Y-ult)[y] N A)yey € Fy(A)Y,

T. e. paBuwiIo norpyxenns Y B komnakr (5.4), rne £ = A. Torma u3 npejioxenust 5.2 BbITEKaeT
paBEeHCTBO

alX;g; Al o (X-ult)[] = to[A] o g, (5.15)
10/I00HOE B WJICHHOM OTHOIIEHNH COOTHOIIECHHUIO (4.2).

IIpennoxenue 5.3. Ecau X € ([ X], mo cnpasedauso pasencmeo
o X8 Al (BUX | X)) = () cl((to[A] 0 ) (4), T*(A)). (5.16)
AeXx

Hannoe yrBepxienue sipasercs (B cuiy npemioxenust 5.1 u (5.15)) 9acTHBIM cIydaeMm Impe-
noxkernst 5.2.1 monorpadun [11] (ciemyer, Kpome TOro, yIUTHLIBATH IIPE/ICTABICHHE MHOMKECTBA
FO[X | X], ormeuennoe B [7; 8, c. 201]).

Teopema 5.1. Ecau X € P'(P(X)), mo cnpasedauso pasencmeo
alX; g AlM(BulX | X)) = (as)[X; Fg (A); T*(A); tolA] o g; X

JokazaTebcTBO 04eBUIHBIM 00PA30M CJIeJlyeT U3 npeyioxKenus 5.3 ¢ yaerom [8, (3.3)] u akcrom
dbubrpa (cm. pasm. 2).

Paccmorpum mekoTopsie cBoiictsa omeparopa (5.7). Jlerko BHIeTh, 94TO B Cilydae, KOIIa g siB-
JISIeTCsT MHBEKTUBHBIM OLIEPATOPOM M, KPOME TOr'O,

Vi €Y Vy e Y\{ptILeA: (n €L) & (y2 ¢ L)

(asrebpa A pasimdaer Toukm MHOXKectBa Y ), omeparop a|X;g;A] o (X-ult)[:] rakxe saBisercs
MHBEKTHBHBIM.
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IIpensoxkenne 5.4. Ecau g — cropsexyua X na'Y, mo Fo[X | g U] # @ YU € Fi(A).

Hdoxasareanncrso. Ilycts g — ciopveknus X ma Y. @uxcupyem F € Fj(A). Tornaa,
B wacruoctn, F € [y[Y] u B cuny ciopbekTuBHOCTH g WMeeMm cBoiictBo g [F| € Bo[X]. Torma

= (X-fi)[g ' [F]] € §[X] u (em. [13, tor. 1]) s mexoroporo y/db W € Fu[X] crpasesmso
Biaoxkernme V C W. Torma, kak jqerko Bugerb, W € Fu[X | g ![F]]. Tlockonbky BBIGOp F GBLT
[POM3BOJILHBIM, IIPEJJIOZKEHNE JIOKA3AHO. O

Ilpennoxenme 5.5. Ecau g — cropsexyua X Ha Y, mo
a[X;g AlU) =U YU € F5(A) VU € FolX | g~ U]).

HoxasaTeabcTso. llycrs g — ciopbexiust X na Y,V € Fi(A) u W € F2X | g~ L[V]).
Torma W € Fu[X] u npu stom g1 [V] C W; xpome Toro, gl[W] € Fu[Y] u glW] N A € F(A)
(em. (5.5)). Buibepem mpomssosbHO MHOXKecTBo V€ V) momyuas npm atom croiictso g~ (V) €
g V] u, B wactnocrn, g~ (V) € W. Torma gl(g=1(V)) € g'[W)], npuuem gl(g=1(V)) C V, o1-
Kyza 1o axcuomaM duibrpa caeayer, uro V € g'[W)]. Ho V C A, a noromy V € A u, ciemoba-
tensro, V € gtW] N A. Broxenne V C g!'[W] N A ycraroBIeHo, oTKyia B CHITy MaKCHMATHHO-
ctn V mmeem pasenctio V = gl [W] N A, rae cormacro (5.8) g'[W] N A = a[X; g; AJ(W). Tloaromy
afX; g A|(W) = V. O

IIpengioxkenue 5.6. Ecau g — cropsexyus X na Y, mo o[X;g; Al (5.7) ecmo cropsexyua
FulX] na F§(A).

Jlokaz3aTeIbCTBO CBOJUTCA K OYUEBUIHON KOMOWHAIIMY ABYX HPEALIIYIUX TOJIOXKEHUIA.

ITpumMmeneHue B abCTpPaKTHOM 3aja4de O JOCTUXKUMOCTU C OrPAHUYEHUSIMU aCHUMIITO-
TUYECKOro XxapakTepa. BepHemcst K mocrpoeHusM pasi. 3, 4. Ornocurensio E, H u h ciexyem
coryamenusaM pasz. 3; H nonumaercs B embicse (3.1). Pacemarpusaem nasnee oneparop (5.7) upu
CAEAYIOIINX YCAOBUAIX:

X=E Y=H g=h (5.17)

Pasymeercst, B paccmarpusaemom ciaydae (cm. (5.17)) g sBasiercs ciopbeknueit X Ha Y, a moromy
oIIepaTop

a[X;g; Al = a[E;h; Al

SIBJISIETCsI HEIIPEPBIBHOM cropbekiueii Hemycroro kommakTa (Fu[E], 7a[E]) Ha HemycToll KOMIaKT
(F5(A), T*(A)) upu Besikom Beibope anre6pst A 1m/m muoxecrsa H. Mbr paccmarpusaem A Kak
HEKOTOPBIfI MHCTPYMEHT HAOJIOAEHUsI, CTPEMSICh K BO3MOXKHOU B psifie CIyIaeB “‘BU3yaJM3aniun’
PE3yJIbTATOB JIEHCTBUsI JONYCTUMBIX ACUMITOTUYECKUX pernenuit. Ilocsenaue, mpu 3aJaHHOM HeIry-
cToM cemeiictee X 11/M mMuOKecTBa X = F, ompenensiores B Bume y/b U € FO[E | X]; camo
ceMeiicTBO X Urpaer IpH 9TOM POJIb OTPAHMYEHHIT ACUMITOTUIECKOIO XapaKTepa, OlpPeIesisst MHO-
wectBo FO[E | X, FOUUE | X] C FulE]. HeiicTeue o6bIMHBIX permenuii — ToYeK MHOXKecTBa F —
HpeJicTaBiseM ceffuac B Bujie IIpeobpasoBaHmst mocpecTBoM oneparopa to[A] o g = to[A] o h, ne
HCKJIIOYAsi TIPH 9TOM, YTO KAKHE-TO JBa PA3JIMYHbIX PEIICHUS €] U €2 MOIYT IPUBOJUTH K OJHOMY
u TOMy ke pesysbrary. Mbl “Bepum” 9TOMY onepaTopy B TOH »Ke crereHu, 4ro u orneparopy h. Tem
CaMBIM CO3/IAeTCs HEKOTOpasl MOJENb, B KOTOPOii A BBICTYIIAeT B BHJE HApaMETPA.

6. HekoToppble gob0aBjieHUs

B zakmiouenne paboThl oTMETHM HeKoTOpble TpuMepbl UII, st KOTOpBIX yiaercst J1aTh KOH-
CTPYKTHBHOE OIWCAHNe MHOXKeCTBa Bcex y/¢ mammoro UII; Gyzem OpmeHTHPOBATBHCS MIPH ITOM
uwa UII ¢ anrebpamu muoxkectB. OHAKO TI0 iy IpuanH oTpedbyoTes u bosee obiue UTI, a nmen-
Ho UII ¢ mosyasnrebpamu MuokecTB (cM. [12) 1. I; ucmonb3yem Takxke onpegenenue [16, c. 57]).
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Ham morpebyercst Takzke HCIOIB30BATh KOHEUHO-a I IUTHBHBIC (K.-a.) Mepbl. PukcnpyeM Helycroe
MHOXKeCTBO F.

Ecin £ ecrs nonyanrebpa 1/m E, o depes (add)[L] (uepes (add)[L]) obosnagaem [11, § 3.4]
MHOXKECTBO BCeX (BCEX HEOTPHIATEIbHBIX) BEIECTBEHHO3HAYHBIX K.-a. Mep Ha L, (add)i[L] C

(add)[L]; mycrs P(L) 2 {rne (add)4+[L] | p(E) =1} (MHO)KECTBO Beex K.-a. BeposgTHOCTel Ha L) n

A
T(L)={pnePL)|VLe L (u(L)=0)V (u(L)=1)}. (6.1)
Snementsl MHOXKecTBa (6.1) cyTh K.-a. (0,1)-mepsr Ha mosayasnrebpe L. B wacrHocru, smemenTa-
mu (6.1) sBistiores cyxxennst mep dupaka. B 9T0ii cBsA3M yCIOBAMCS OTHOCHTEIBHO OOO3HAYEHMIA:
ecn « € E| 1o 1epes J, obosnadaem masee dynknuo u3 P(E) B {0;1} 2 {0} U {1}, mrst koTOpOIT

A A
upu H € P(E) 0,(H)=1upux € H n 6,(H) =0 upu z ¢ H. Torna jyist Besikoil mosyanre6pbt
L u/m E wenpemenno (0, | £) € T(L) u, 6onee toro, (0 | £) ecTb cueTHO-aUuTHBHAS Mepa,
SIBJISIIONIASICS Cy2KeHreM Mepbl Jlupaka; mycrb

D(L) 2 {(6, | L): =€ B

dAcno, aro D(L) C T(L). Pazymeercs, BblleyIOMsIHY Thle OIIPe/IeJIeHNsI IPUMEHUMBI B CJIydae, KOr/a
L ectb anrebpa /M E. Hanmomuum sekoropsie coiicta UII ¢ nosyanrebpoit MHOXKeCTB, Hojiarasi,

qro N £ {1;2;... }; kpome TOrO, IYCTH
Pa=lieN|(p<i) & (i<q)} VpeNVgeN,

n,ooé{k'GN|n§k‘} VneN.

Ecmu £ € P'(P(E)), A€ P(E)un € N, 1o uepes A, (A4, L) 06o3HaTaeM MHOXKECTBO BCEX KOPTeXKeii
(Li)ietm + 1,m — L, 1y1s1 KaXK10T0 U3 KOTOPBIX

n
(A - UL) & (LiyNLiy,=2 Vi, eT,nVigeTn\ {in}).
=1
Tem caMbIM BBEJIEHO MHOXKECTBO BCEX yHOpsSAOUeHHBbIX L-pasbuenwit A “mouusl’ n. Keom M —
nosyanrebpa 1/m E, to anrebpa a (M) u/m E, nopoxiennas [12, ]| nomyanrebpoit M, umeer
BU/I

a (M) ={AeP(E)|IneN: A (A M) # 2} (6.2)
Ecim £ — nonyanrebpa n/m E u p € (add)[£], To onpejenena eauHCTBeHHAs K.-a. Mepa a[u] €
(add)[a%(L)], mns xoropoit (alp] | £) = p; npu srom V A € a% (L)

n

alu(A) =Y p(Li) Vn €NV (L)ery € An(A,L).
1=1

Tem caMbIM BBEIEHO CTAaHJAPTHOE AJJIUTHUBHOE IPOJOJIKEHHE UCXOJHON K.-a. Mepbl Ha ajrebpy,
HOPOXKJIEHHYIO COOTBETCTBYIOINIEH mosryanrebpoit muoxkects. Ecan £ — momyanrebpa n/m E, To
a[u] € P(a% (L)) Vp € P(L); Kpome Toro, KaK JIerKo BUJIETD,

a[v] € T(a%(L)) Vv e T(L) (6.3)

(em. [15, c. 321]). Ormernm Tak)Ke, 9TO B yIOMsIHYTOM ciydae, Korya (F, L) ects UIT ¢ nomyasire6-
poit muozxkects, (p | £) € T(L) Vu € T(a%(L)). Tosromy st Besikux nosyanre6pst £ /M E u
K.-a. Mepsl i € T(a%(L)) umeem, 4ro K.-a. Mepa 2 (| £) € T(L) peanusyer fi B Buje fi = a[p].
Kom6unupyst nanuoe cpoiictso ¢ (6.3), mosydaeM, 910 Jyisi Bestkoii nosyanrebpetr £ 1/ym E

T(ap(£)) = {alu] : pe€T(L)}; (6.4)
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noJesno orMetuts, uro a[(dy | £)] = (6, | a% (L)) Va € E. Bamernm, uro k.-a. (0,1)-Mepst u y/d
coorsercrByoero NIT cBsi3aHbl 04€BUIHBIMEI COOTHOIIEHUSIMH, UCHOJIB3YOIUMEI KOHCTPYKIHIO HA
ocHoBe uHjuKaTopa [12; ¢. 56]. YcaoBumes B 9T0il CBsI3M 0 CieyIoneM 0003HAYEHUN, KOTOPOEe HC-
HoJsIb3yeTcst B jasbHeiimem: ecan A — muoxkectBo u B € P(A), To dyukmmio xg[A] : A — {0;1}
OIpE/IETIsIeM YCJIOBHSIMUL:

(xsl4l@) 21 Vo€ B) & (xsldl@) 20 vae A\ B).

Pasymeercs, B kKadectBe A n B 3/1eCh MOIYT HCIOJIB30BATHCS CeMECTBa, T. €. MHOXKECTBA, BCE dJie-
MEHTBI KOTOPBIX CaMU SBJIAIOTCS MHOXKecTBamu. Ecin £ ectb nosryasrebpa /M E, To [15, (10.5.57)]

T(L) = {xull] - U € Fo(L)}; (6.5)

Gostee Toro, U — xy[L] : Fy(L) — T(L) ecrs buexnus. Cramno 6eits, Fiy(L) u T(L) oroxaecrsu-
Mbl. OTMeTnM 37€ech ke, 9To (eM. [15, (10.5.61)]) mast kazkmoit mosyasnrebpsr £ 11/mM E u cemeiicTa
MePL)

ML) = M; (6.6)
KaK cJjiejicTBHe TosydaeM ¢ yiaerom (6.5) u (6.6), uro npu u € T(L) nenpemenno p~L({1}) € F§(L).
Boustee roro, st Beskoit mostyanre6psl £ /M E cipase/yinBo paBeHCTBO

Fo(L) = {n™"({1}) : me T(L)}; (6.7)

mpu atom (6, | £)71({1}) = (B-ult)[z] N L Vz € E. Hakonen, ¢ yuerom (6.4) u (6.7) momysaem
creiyromee mostoxkenne: ecan L ectsb nosyanrebpa n/M E, To

= {al) "' ({1}) s w € T(L)} (6.8)

ecam MBI pacrojaraeM “xoporum” ormmcanneM MmuoxkectBa T(L), To B Buge (6.8) MBI mosydaem
KOHCTPYKTHBHOE IPEJICTABICHIE MHOXKECTBA BCeX Y/ auredpbl MHOKECTB, TOPOKICHHOI II0JIyall-
rebpoit L. Ceituac paccMoTpuM JBa mpocreitiux BapuanTa VI, 1jist KOTOPBIX YIOMSIHYTBIA IIPHEM
OKa3bIBACTCs BIIOJIHE IPUMEHUMBIM (HCHOIb3yeM KOHCTpyKImu |11, § 7.6]).

HaTypaﬂbelfx'I pan. Pacemorpum CeMeﬁCTBo Z| Bcex MHOXKeCTB P,q, p € N, ¢ € N, u

ceMeiicTBO Z9 = {n oo: n € N} Torma 2 = Zl U 25 ectb mosyanrebpa 1/m N; st KoTopoii
[11, (7.6.22)]

T(2) = D(2) U {xz[2]}- (6.9)

Teneps 15t nocrpoenust Fj(al(Z)) moxuo ucnomnbsosars (6.8) npu yesosuu, uto E =Nu £ = Z.

[Tonesno ydecTs ciieytornee JIETKOIIPOBEPsieMOe TPEICTaB/IEHUE aIreOphI aON(Z ) B TepMHUHAX ceMeii-

crBa K Beex xorneunsix 11/M N (Briouas @) u cemeiicrsa C 2 {N\ K : K € K}; nmenHno,
a(Z2) =KUC.
C yuerom (6.8) u ynoMsiHyTOro npecTasienus a(Z) IpoBepsaeTcs Cileylollee PaBeHCTBO:
Fy(ay(2)) = {(N-ult)[k] N a}(2) : k € N} U{C};

upu sroM C ectb y/d anredpsl af(Z) ¢ mycTbIM IepecedeHneM BCeX CBOMX MHOMKECTB (aHasor
cBobozmoro y/d; em. [10, c. 271)).

ITpocrpancrBo-cTpeaka. Ilycte R — BemecrBennast npsimasi, « € R, 8 € R u mpu srom
a < (. llonaraem manee, uro E = [a, B[. Utak, B kKavecTBe E UCIO/Ib3yeM HEIYCTOl TPOMEXKYTOK

[, Bl ={E e R[(a <&) & (£ <P)}.
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BeeseM cramjapTHyO TOJIyanrebpy MpoCTPaHCTBa-CTPEIKU B BHJE ceMeiicTBa 3 Beex ToymHTep-
BaJIOB [a, b, a € [o, (], b € [, f]. Torma (E,P) = ([o, B[, B) ecrp UII ¢ nosyanrebpoii MHOKECTB.
Hna muoxkecrsa T () ussecrno [11, (7.6.21)] koHKpeTHOE IpejcTaBieHre, KOTOPOe Mbl cefidac Ha-

A
nomunM, nosaras PBo = P\ {S}. dus sesikoit byuknuu g : [o, f] — R onpeessiem orobpazkenue
(st)[g] : P — R no cuenyromemMy npasuiy:

((s6)[g)(2) = 0) & ((s0)[g)(L) £ g(sup(L)) — g(inf(L)) ¥ L € Po);

(st)[g] € (add)[B]. B qacTHOCTH, K.-a. Mepa (st)[g] onpenenena pu g = x|, g [[@, B]], T71e x € Ja, f].
ITpu sTom (em. 11, (7.6.21)]

T(P) = D(P) U{(st) [X(w,p [l Bl]] = 2z € Jev, B} (6.10)

nostydenHoe npejcrasierne (6.10) moxkuo ucnosbzosars B (6.8) npu E = [a, [ u L = P.
Ecmu = € |a, (], To uepes U0 obozmauaem cemeiicTBo Beex MHOMKecCTB ¢, d[, ¢ € [a, z[, d € [z, B];
Jerko BujeTh, uto U0 € F5(B), upudaenm mepecedenne BCeX MHOKECTB U3 U9 myero. Kpowme Toro,

(5t) [ [[en A1) ({1}) =40 Va € ]a, ).

C yuaerom (6.10) mosryuaeM TakKe OUEBHHOE DABEHCTBO

Fo(B) = {(Jo, Bl-ult) 2] NP : @ € [0, B} U{LY : @ €, B} (6.11)

B cBssu ¢ (6.11) mamoMHMM BapuaHT BecbMa OOIIeli KOHCTPYKIUHU MPOIO/KeHus buibrpos [15,

§ 10.5]: ecitm F € F*(*P), To
UIF) 2 {Acal, 5 (P)|3F € F: FC A} eF(al, 4(B)):

ecmu F € F§(B), To Y[F] € Fé(a?aﬁ[(‘p)). Tornma (cm. (6.11)) orobparkenne

U — U] : F5(B) — Fo(al, 5(B)),

KaK JIETKO BUJIETD, siByisteTcs Guekiueii F§(P) ma Fa(a([)a 6[(‘}3)) C yuerom (6.11) umeem mocste po-
CTBIX IIPeOOPa30BaHMil CJIe/IyIoNee PABEHCTBO:

Fi (2l () = { ([ BL-ut) ] V&, () : @ € [, B} U {wls00] : @ € Ja B
nonossitoniee (6.8) B ciayuae (E, L) = ([a, B, B).
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OIITUMAJIBHOE ITEPEMEIIIEHUE MHOT'O3BEHHOI CUCTEMBI
B CPEJIE C COIIPOTUBJIEHUEM!

®. JI. YepHOYyCBHKO

PaccmarpuBaercst gBU2KEHHME B CONPOTHBJIAIONIEHCS CpeJlle MEXaHUYECKON CHCTEMBI, COCTOSIIEN M3 OCHOB-
HOI'O TeJjla U OJHOIO WJIM JBYX 3BEHBEB, IIPUCOCIUWHEHHBIX K HEMY MOCPEACTBOM IMIMHAPUYCCKAX IIapHUPOB.
YupasiieHue IBUKEHUEM OCYIIECTBJISETCS 33 CYEeT BBICOKOYACTOTHBIX IIEPUOAUYIECKUX KoJsiebaHuil 3BeHbeB. [1pu
OollpedeJIEHHBIX IIPEIIOJIOXKEHUAX, BbIBEJEHO YPaBHEHUE IBUXKEHUS CUCTEMBI U OlleHeHa CPpeiHAA CKOPOCTD IIepe-
MeIeHus1. DTa CKOPOCTh MOJIOXKUTEIbHA, €CJIM YIJIOBasi CKOPOCTb OTBEIEHUsI IIPUCOEIMHEHHBIX 3BEHBEB MEHBIIIE,
YeM yIJVIOBasi CKOPOCTb UX IPUBEJEHUsI B OCU Tesa. llocTaBiieHa M pellleHa 3ajada ONTHUMAJIBHOIO YIIPABJIEHUS
0 MaKCHMU3AINU CPeJIHe CKOPOCTH JBHKeHus. [IpuBenen nmpumep.

Korouesble cioBa: onTuMasIbHOE yIPaBJIEHNE, MEXaHUIeCKas CHCTEMa, MHOIO3BEHHAs CHCTEMA, METO YCPEeI-
HEHUsI, MOOUJIbHbIE POOOTHI, OUOMEXaHUKA.

F. L. Chernous’ko. Optimal motion of a multilink system in a resistive medium.

We consider the motion in a resistive medium of a mechanical system consisting of a main body and one or
two links attached to it by means of cylindrical joints. The motion is controlled through high-frequency periodic
oscillations of the links. For this system, an equation of motion is deduced and the average velocity is estimated
under certain assumptions. This velocity is positive if the angular velocity of diverting the attached links is less
than the angular velocity of bringing them to the axis of the body. An optimal control problem of maximizing
the average velocity is formulated and solved. An example is given.

We consider the motion in a resistive medium of a mechanical system consisting of a main body and one or
two links attached to it by means of cylindrical joints. The motion is controlled through high-frequency periodic
oscillations of the links. For this system, an equation of motion is deduced and the average velocity is estimated
under certain assumptions. This velocity is positive if the angular velocity of diverting the attached links is less
than the angular velocity of bringing them to the axis of the body. An optimal control problem of maximizing
the average velocity is formulated and solved. An example is given.

Keywords: optimal control, mechanical system, multilink system, method of averaging, mobile robots, biome-
chanics.

BBenenune

Kaxk u3BecTHO, MHOrO3BEHHAsT MEXaHMIECKasl CHCTEMa, 3BEHbsI KOTOPOU COBEPINAIOT KOJIeOAHMUsT
JIPYT OTHOCUTEJIBHO JIpyTa, MOXKET [IEPEMEIATHCST IIOCTYIIATEILHO B COMPOTUBIISIOIIENCS Cpeie. JTOT
IPUHIUI [IePEMEIeHUsT IMUPOKO UCIIOIB3YeTCsl B 2KUBO npupojie (pbiObl, 3MeH, JIpYrue JKUBOTHDIE;
cM., Hanpumep, [1-3]).

B poGoroTexHUKe ITOT IPUHIMI [IPUMEHSETCS [IPU CO3aHU 3MEeeloo0HbIX poboToB (4], 1Bu-
JKYIIUXCS 110 IOBEPXHOCTH, a TaKzKe IIPHU Pa3paboTKe MOOMILHBIX POOOTOB, INIABAIOIINX B YKUJIKOCTH
[5-9].

[IpobireMbl AUHAMUKA U ONTUMU3AIUN JIBUKEHUN [IBY3BEHHBIX, TPEX3BEHHLIX U MHOIMO3BEHHBIX
MEXaHU3MOB, OCYIIECTBJISIONIIX 3MeeoI00HbIe ABUKEHNS 110 IJIOCKOCTH P HAJUIHH CHJI CyXOTO
TPeHUs, JIEHCTBYIONMX MKy MEXaHU3MOM U IJIOCKOCTbIO, uccepoBauch B [10-13].

B nannoit pabore paccMaTpUBAIOTCS IIPOCTHIE MEXAHUIECKHIE CUCTEMbI, MOIEIUPYIOIIIE IepeMe-
IIIeHNe TeJla B »KUJIKOW cpeje MpU IIOMOINKM OJHOTO WJIM JBYX ITOJBUKHBIX 3BEHbEB: KOHEUHOCTEIN,
IUTABHUKOB WM XBOCTa [14].

CocTaBjieHO U YIIPOINEHO YPABHEHHE IBUKEHUSI CHCTEMBI.

IPa6ora BrImosHena npu noyiepxkke rpanta POOU (mpoext 11-01-00513) u IIporpaMMbl ToCyIapCTBeH-
HO# mopep kKu Beaymux HayaHbIx ko (HITI-64817.2010.1).
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OrneHnBaeTCsl CpeiHsisi CKOPOCTh IOCTYIIATEIBHOTO IePeMeIeHns] CUCTEMbI KaK I1eJIOrO P IIe-
PHOIMYECKUX KOjebaHusIX 3BeHbeB. IloKaszaHo, 4TO CpelHsisi CKOPOCTb CYIIECTBEHHO 3aBHUCUT OT
YIJIOBBIX CKOPOCTeH OTBEJEHUSI w1 3BEHBEB OT OCH TeJIa U UX IIPUBEJIEHUs wo K OCH Teja. Kcam wy u
W9 TOCTOSIHHBI, TO CPEMIHSASA CKOPOCTh IIepeMEIeHUsI TeJIa MOJOKUTEIbHA, €C/IA Wy > W1, U PACTET C
POCTOM Ws. DTOT BBIBOJ, COTJIACYETCST ¢ HADJIIOMEHUSIMI 38 IIPOIECCOM ILJIABAHUST YKUBOTHBIX M PHIO.

ITocraBiiena 3aja4va ONTHMAJILHOIO YIIPABJICHHSI O JOCTHUXKEHHU MAaKCHMAJILHONW CpeaHeil CKo-
POCTH epeMEIeHUsl CUCTEMBI 38 CYeT BBIOOpa 3aKOHa, KOJIeOAHWI IIPUCOEINHEHHBIX 3BeHbeB. 1lpu
ITOMOIIY IIPUHIIAIIA MAKCUMYyMa IIOCTPOEHO SBHOE aHAJIUTUYECKOE PeIlleHHe IIOCTABICHHON 3a1adu.

OKasbIBaeTcs, ITO MPU ONTHMAJBHOM JBUXKEHUU yIJIOBas CKOPOCTH IPUBEIEHUs MTOIBUXKHBIX
3BEHBEB K OCH TeJIa BCETIa paBHA MAKCUMAJIBHO JIOIYCTUMOI, 8 yIJIOBast CKOPOCTh OTBEIEHUS U3Me-
Hsercst 6oJiee CI0KHBIM 00Pa30M.

[TokazaHo, 9TO MpH yUeTe MOIBEMHON CHJIbI, JEHCTBYIONIEH Ha ITOJBUXKHBIE 3BEHbsI, CPEIHSS
CKOPOCTDL JBUYKEHUSI CUCTEMBI yBeIndauBaeTcd. lIpuBeeHbl IpuMephl.

1. Mexanudeckasi MOJeJIb

PaccmarpuBaercss MexaHmdIecKasi CHCTEMa, COCTOSINAsT U3 OCHOBHOI'O TBEPIOTO TeJia MACCHI M U
JIBYX OJIMHAKOBBIX »KecTKHX 3BeHbeB OA u O'A’ nuHbl @, NpUCOeIMHEHHBIX K TeJly HOCPEICTBOM
mumHapuaecknx mapaupos O u O' (puce. 1). Maccy 3BeHbeB cunTaeM NpPeHeOPEKUMO MAJIOH 110
cpasBuenunio ¢ m. CucreMa ABUXKETCsI B TOPU30HTAILHON IIJIOCKOCTH B YKUIIKOM cpejie, JeifcTByIOmei
Ha BCe Tejla CUJaMU, KBaJPATUIHO 3aBUCIIINMUA OT CKOPOCTU 3TUX TeJl.

%

Puc. 1. Mexanundeckast MOJIEJIb.

CasizkeM JeKapToBy cucreMy KoopauHaT C'xy ¢ oCHOBHBIM TejioM. llpemamosaraem, uro ocs Cx
SIBJIAETCSI OCBIO CUMMETPHH TeJa, a 38eHbd O A u O’ A’ Beeryia 3aHUMAIOT HOJIOKEHH, CAMMETPUIHbIE
JIpyT ApyTy oTHOCHTEThHO ocn C'x.

[Tpeamosaraem Tak:ke, 9To yroy orkjgonenus o 3seabeB OA u O'A’ or ocu Cx nsmensercs
TMEPUOINIECKN TT0 BpeMeHn ¢ ¢ mepuogoM 1') Tak <To

p(t+T) = () (1)

quist sioboro t. Ilpu sToM yros ¢ B TedeHme mepmona cHadasa BozpactaeT orT 0 110 (g, a 3areM
yobIBaeT ot g 1o 0.

Ecim B Hava/ibHBII MOMEHT BPEMEHH OCHOBHOE TEJIO JIBUI'AJIOCh IIOCTYIATEJIHHO BJIOJb CBOE
ocu Cz, TO B CIJIy CUMMETPUU CUCTEMBI MOCTYHATEIbHOE JIBUKEHNE OYJIET COXPAHATHCI U B JAJb-
HeHIeM.

O6o3HaunM 1epe3 v CKOPOCTDb MOCTYHATENbHOTO JIBH2KEHHS OCHOBHOI'O Teja BIoJb ocu C'z u
Oy/ieM 1pe/ronararb Bcoay, 4to v > 0. Benamdanny cmibl colpoTuBiieHns, JeficTBYyIONeil Ha TeIo
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CO CTOPOHBI JKIJIKOCTH, 0OO3HAUNM depe3 cov?, Tie ¢y > 0 — HOCTOsHHAsl. YPaBHEHHE JIBIKEHUSI
OCHOBHOI'O TeJjia BIob ocu C'r 3aluIleM B BUIE

(m +mo)i = —cov® + Fy, (2)

rue mgy — OpUCOeIMHEHHAs Macca OCHOBHOIO TeJa; Fj — IPOEKIHs CHJI COIPOTHBJICHUS, NCHCTBY-
romux Ha 38eHbad OA u O'A’; Toukoit 060o3HaYAETCsS TPOU3BOIHAS 110 BPEMeHH t.

[IpennonoKuMm jis IPOCTOTHI, 9TO CHJLI, jeficTytomue Ha 3enbd OA u O'A’, cBomarca k
cuaaM, IpUIoXkKeHHBIM K Toukam A u A’ coorsercTBenno. Bekrop ckopoctu Toukn A npeincraBum
B BHJe (cM. puc. 1)

V = vi + aw sin pi — aw cos ©j, W=, (3)

rie i, j — optel oceit C'z u C'y cOOTBETCTBEHHO; W — YIJIOBasi CKOPOCTh Bparienus 3seHa O A. Cua
COTTPOTUBJICHNSI, TPUIOKEHHAs K Touke A, paBHa

Fu=—koVV, (4)

rae ko > 0 — nocrosinnasi. Ha ocnoBannu dopmyir (3) u (4), yuurbiBas cumMmerputo 3senbes OA u
O’ A’ monyuum Beqmamny npoeknun F, Ha och C'T CHJI, IPUJIOKEHHBIX K OOEUM 3BEHLSIM, B BHUJIE

Fp = —2ko(v + awsin o) (v? + a®w? + 2vaw sin @) /2. (5)
Bposs mocrosHEbIE
2k
e . (6)
m+ mg m + myo

nepenuireM ypasaenue (2) ¢ yaeroMm (5) B Bue

b= —cv® — k(v + awsin ) (v + a?w? + 2vawsin @)'/2. (7)

SamernmM, 9T0 KO3(PMUIMEHTHI ¢ U k UMEIOT pa3MepHOCTb, 00paTHYIO inHe. YTOOBI MOSICHUTH

CMBICJI 3TUX KO3 DUINEHTOB, PACCMOTPUM IBUXKEHHE MATEPHAJLHON TOUKM II0 IPAMOI o, Iaeii-
CTBHEM CHJIbI KBJIPATUIHOTO COIPOTHUB/IEHUS. DTO JBUKEHUE OIUCHIBAETCS YPABHEHUSIMU

rje T — KOOPAMHATa TOYKH, U — ee CKOPOCTb, ¢ — IIOCTOsIHHAsl. VIHTerpupys 9T ypaBHEHUsI DU
HaYa/IbHBIX yCIOBUSIX
z(0) =0, v(0) = vy,

HOJTY 9UM
v = vg exp(—cz).

Takum o6pa30M, O6paTHaH K C BeJIMIYHUHa C_1 €CThb /JInMHa IIyTHU, Ha KOTOPOM CKOPOCTH TOYKHU YMEHb-

IIaeTcs B € pas3 MpU KBAJIPATUIHOM CONPOTUBJICHUMN.

Hapsimy ¢ Mome/bio ¢ JByMs IOJBUKHBIMU 3BEHLIMHE, IIPEJICTABACHHON Ha pHC. 1, MOXKHO pac-
CMaTPHUBATDL TAKKE MOJEJb ¢ OJHUM IOABUKHBIM 3BEHOM, N300parkeHHyIo Ha puc. 2. Ecam cucrema,
HOKa3aHHas Ha pHUC. 1, IMUTUPYeT ILIaBaHKie KUBOTHOIO IPH IIOMOIIHU ABYX KOHEYHOCTEIl, TO CUCTe-
Ma, IIpeJCTaBJeHHas Ha PUC. 2, MOAEINPYET IIaBaHue phl0. 37eCh yTroJl ¢ U3MEHSIeTCd B Ipeeax
[—©0, po], TpUYeM OMUMO yCJI0BUST IEpHOANIHOCTH (1) MMeeT MecTo yCJOBHe CUMMETpPHU Kojeba-
HUU 3BEHA:

o(t+3) = ). (®)

JpyruMu cjaoBaMu, IBUKEHHE 3BeHa B TedeHHE IOJIyIepHOoIa KOJIeOAHUN SABJISIeTCS] 3€PKAJJIbLHBIM
orpazkenueM (oTHOCHTEIbHO ocu C'x) TOrO JBUKEHUS 38 IIPEJIbLIY Ui IOy IEPHOI.
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YA

01/7\
/‘\_m/ z

A

Puc. 2. Mozesnb ¢ 0lHUM IIOJBUXKHBIM 3BEHOM.

\/

IIpu onpeneseHHBIX YCIOBUAX ABMXKEHUE TeJia IJIs MOIEJIHN, IIPEICTAaBIeHHON Ha puc. 2, Oymer
OJIM3KO K IOCTYIIaTeIbHOMY JIBUKEeHUI0 BHoJb ocu Cx. Ilepedncium 3t ycioBus.

1. Konebanus 3sera O A nepuojiiIHbl 1 CAMMETPUYHBI, T. €. BbINOJHEHb! ycaoBust (1) u (8).

2. HacroTra KoJiebanmii JOCTATOIHO BBICOKA, Tak 4uTo v K a.

3. MoMeHT MHEpIUU OCHOBHOI'O TeJa JOCTATOUHO BEJIUK, TaK YTO aMIUIUTYIA €r0 YIJIOBBIX KO-
Jebanmit mpeHedperKuMo MaJia.

4. OCHOBHOE T€JI0 CHMMETPUYIHO OTHOCHTEIbHO ocu C'x.

5. Cuia cOpoTHBIIeHHsI OCHOBHOI'O TeJia B IIollepedHoM HarpasseHuu (1o ocu C'y) 3HAYUTEIHHO
GOJIbIIIE CUJIBI COIIPOTUBJIEHUs B IIPOJIOJIBLHOM Harpasienuu (o ocu Cx).

[Ipu 3TUX HOIyIIEeHUSIX W3MEHEeHNe OPHEHTAIlMd OCHOBHOIO TeJIa, a TaKyKe €ro JBUYKEHHE B Ha-
npasiaenun ocu Cy OyAyT HE3HAYUTEJLHBLIMH, M TEJO OYIeT B OCHOBHOM IIE€PEMENIATLCs IIOCTYIIa-
TesbHo Brosb ocu Cx. Konebanus 3BeHa Ha puC. 2 B TEUEHUE OJHOIO IIOJIYIIEPUOIa SKBUBAJICHTHLI
koJiebanusiM 3BeHa OA Ha puc. 1, a B TedeHHMe APYroro MoJIyIeproma COOTBETCTBYIOT KOJEOAHMSIM
sgera O’ A’ na puc. 1. YpaBHenue JABUKEHUsT MOJIEIU PUC. 2 CHOBa IPUBOIUTCA K Buy (7), mpudaeM
Boipazkenue (6) st k npumer Bu

ko
m+mg’

rae ko — xoaduiment conporupiaeHus ajsi Todku A. IlosToMy B maJibHEMIEM J0CTATOYHO pac-
cMarpuBaTh ypaHenue (7), KOTOpOe OIMCBHIBAET JMHAMUKY 00enx Mojeseil puc. 1 u puc. 2.

2. Ananus ypaBHEHUs JIBU>KEHUS

EcrecTBenHo npeamonararh, 9To CUJIa COIPOTUBJIEHHS JIjIs OCHOBHOI'O T€JIa MHOI'O OOJIbIIe, YeM
CUJIa COIPOTUBJICHUS JIJIsl TIOJIBUKHBIX 3BEHbEB: ¢ > k. BBemem masibrii mapamerp

k
p=-<1 9)
C
n 6yIeM CINTATh, 9TO KOJIeOaHUS 3BEHBEB NMEIOT MAJIYIO AMIUIMTYAY U BBICOKYIO 4acTOTy. IlooxKum
pa
@:M¢7 T:MT(]v t:TT:NTOTv V= TO (10)

31eck HOBast mepeMenHas ¢ u nocrosaas 1y mmeior mopsaok O(1), 7 — HoBoe (6bICTpOE) BpeMs,
u — 6e3pasmepHasi ckopocTb. [lomcraBum dbopmysbl (10) B ypaBaenue (7) U yIpocTUM €ro, OIycKasi
YJIeHBbI BBICIIUX IIOPSAKOB IO MAJIOMY IIapaMeTpy j. IIoydnM mocse yIpomeHuii ypasHenue

z—z:—e[zﬁ—k(u—kw%)‘%} € = cap®. (11)

[Ipasast yactb ypasuenus (11) comep:kur masbiii napamerp € < 1 u mepuogndeckyio GyHk-
o ¢ (7), 3HaYeHusi KOTOPOii Jexar B npeenax [0, Yy, tae ¥y = ¢o/p. Cornacho pasencrsam (1)
u (10) nepuon dbyukiuu () paBeH 1, Tak 4T0 UMeeM

(1 +1) =h(7) (12)
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JJId BCeX T.

VYpasuenue (11) orHOCHTCS K cuCTEMaM B CTaHAAPTHOH (opme, U K HEMY MOXKHO IPUMEHUTh
ACUMIITOTUYECKUI MeToj ycpeaHenusi [15]. B coorBercrBum ¢ TuM METOIOM COCTABUM ypPaBHEHUE
[EepPBOro MPUOJINKEHNUsI, YCpeiHsisi paBble yacTu ypashernus (11) mo 7. Tomyanm

d
ﬁ = —eF(w), F(w) = w® + Lw + I, (13)
IJIe BBEIEHBI 0003HAUEHHS
[y [ |d
Il :/‘E dT, [():/TZJE E dr. (14)
0 0

IIpy ofMHAKOBBIX HAYAJIBHBIX YCJIOBHSIX perienue w(T) ycpegHeHnHoro ypasuenns (13) ormmda-
eTCst OT PelTeHns UcXoaHoro ypapuenns (11) Ha BeJMYUHBI TIOPS/IKA € HA WHTEpBaJIe TOPs/IKa € L:

u(t) = w(r) + O(e). (15)

B jasbHeiimem OyieM aHAIM3UPOBaThH pelieHue w(T) ycpejaHeHHoro ypasrenus (13).

[Ipemmosoxkum jyist onpezenentoctu, aro ¢yukuus (7) Ha nepuoge [0, 1] yaumonanipua: Ha
unarepsase (0,60), rme 0 < 0 < 1, ona siBisiercss HeyObiBatoeil, a Ha uaTepsaje (0, 1) — HeBo3pac-
TaIOIIEN, TpUIEM

P(0) =4(1) =0,  ¥(0) = o > 0. (16)

Torpma nyist uarerpasa I uz (14) umeem
I = 2 > 0. (17)

Ecmu Iy > 0, To kBaaparusiii Tpexaien F(w) u3 (13) mosoxkuresnen npu Beex w > 0. Ciemosa-
TeJIbHO, B CHJIy ypaBHenus (13) umeem
dw

— < —elp < 0.
dr 0

Dyukimst w(7T) IpH TOM 0OPAIAETCs B HYJIb 3a KOHEYHOE BpeMs, a Ge3pasMepHas CKOpocThb u(T),
coryiacHo (15), craHOBUTCST MAJION HOPSIJIKA €.

Takum o6pasom, npu [y > 0 mocrynaresabHOe JIBUXKEHNE CHCTEMbI ¢ KOHEIHOI MOJIOXKHUTEIHHOI
CKOPOCTBIO HEBO3MOXKHO.

Paccmorpum Gostee unTepecHsiii cayuait Iy < 0. 3pech kBagparnbiii Tpexwien F(w) uz (13)
UMeeT eINHCTBEHHBIN MOJIOYKUTEIbHBIMN KOPEeHb W™, paBHBII

2
w*:<—Io+I—1)1/2—£>O. (18)
4 2
[Tpu stom F(w) > 0 ipn w < w* u F(w) < 0 upu w > w*. Cnenosarensuo, ypasuenue (13) umeer
€JIMHCTBEHHOE TIOJIOKATEIBHOE CTAIMOHApHOE pelerne w(T) = w*, KoTopoe II06aIbHO ACHMITOTH-
veckn ycroitunso. Ilpu mobom navambroM yesrosun w(7y) = wo > 0 uvmeem w(T) — w™* upn 7 — o0.
Bespasmepnast ckopoctsb u(T) Gyzmer coracuo (15) 6amska K w*.

HauGosbImuii nHTEpEC NPEeCTaB/IsieT BEIYUCJICHIE YCPEIHEHHON CKOPOCTH Ww* MOCTYHATEIbHOTO
JIBHKEeHUsI U ee Makcumusanus. Kak sujHo u3 dopmyst (18) u (14), Besmmunna w* 3aBucut o BIGOPa
epuoaeckoit GyHKImu ¥ (7), yI0BICTBOPSIONICH HAJOKEHHBIM YCIOBUAM meprognaHocta (12),
KpaeBbIM ycsioBusiM (16) 1 Tpe6oBaHmIO yHUMOIAIBHOCTH, chOpMyIMpOBaHHOMY BbIile. [loxcraniiss
Boipaxkenue (17) mius I1 B dopmyny (18), momydanm

w* = (Y — Io)"/* — 4. (19)

Crauajia pacCMOTPUM IIPOCTOIl KyCOUHO-IMHEHHBIN 3aKOH u3MeHeHust 1)(7), a 3aTeM IIOCTaBUM 3a-
Jady 06 onTHMaIbHOM BBIGOpE (7).
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3. Kycouno-nunueiinasi pyukmust ()

[IycTh yrou ¢ (7) m3MeHsIeTcst 0 KyCOTHO-TMHEHOMY 3aKOHY, Y/IOBJIETBOPSIIOIEMY HAJIOKEHHBIM
BBIIIE YCIOBUSIM:
Y(r) =it mpu 7€ (0,0), 0<6<1,
(20)
(1) =by(l —7) upn 7€ (0,1).
Baeck by 1 by — 10JI02KUTEIbHBIE TIOCTOSHHBIC, UMEIOIINe CMBIC BeJIMYUH Ge3pa3MepHoil yTIoBoii
ckopoctu. Tak Kak 1pu 7 = 6 yroJ 1) IpuHAMAaET 3HAYCHUE 1)y, UMEEeM

b16 = ba(1 — 0) = 1)g.
Orcrona oty aum
ba b1by
0= ——, =—
b1 + by Yo b1 + by

[Mogcrasum dyuknuo (1) u3 (20) B dopmyny (14) aasa Iy, Vcnonb3yst Takzke COOTHOIIE-
Hust (21), Haiigem

(21)

~ b2b3(b1 — by)

=== 7 22
0 2(b1 + b2)2 ( )
IMoncrasmss o u3 (21) u Iy u3 (22) B Boipakenue (19), mosyaum
. b1bo by — b1\ 1/2
= — {14+ —— —-1]. 23
R — [( +2 ) (23)

[Tepenumem nosyuennyio dopmyiy (23) B pa3MepHBIX [IEPEMEHHBIX, BBOJIsl DA3MEPHBIE YTIJIOBBIE
CKODOCTHU OTBEJICHUSI w1 U IIPUBEJICHUS Wwg 3BEHLEB K OCHU TeJla U I10JIb3YACh COOTHOIIEHUSIMU

fub; b; .

Wi=—7=—, =12

7 T TO ) ) )
o — paw*
Ty '

BerTekatonmu u3 (10). TlomyauM pasMepHyIo CpeJIHIOI0 CKOPOCTH JIBHZKEHUSI CUCTEMBI B BH/IE
—w)Tp11/2
ot = B (2 = )Ty - (24)

w1 + wo 2

rje napamerp j onpezenen dbopmysioii (9).

Orcrona BUIHO, 9TO CPEIHSIsT CKOPOCTh JBUXKEHHUSI PACCMATPUBAEMONM CHUCTEMBI IIOJIOYKUTEIbHA
(v* > 0) B TOM U TOJIBKO B TOM CJIydae, €CJIM yIJIoBas CKOPOCTb OTBEJICHUSI 3BEHBEB OT OCH Teja
MEHbIIIe, YeM YIJIOBasl CKOPOCTh UX IPHUBEIEHUS K OCH: Wg > W1. JTOT BHIBOJ KAYECTBEHHO COIJIa-
Cyercs ¢ JaHHBIMU HaOJIIOIEHMI 3a IIJIaBAHHEM YKUBOTHBIX.

4. TlocTranoBka 3aJa4 OIITUMAJIbBHOI'O yIIpaBJI€EHUA

Pacemorpum 3a1ady 0 MAKCUMUBAIIAN CPETHENH CKOPOCTH JBMKEHUST W™ 3a cUeT BIOOpA YHUMO-
JaabHOl (byHKIWMK 1)(T), yA0BIETBOPsIONIei yeaosuio nepuogndaoctu (12) u yenosusim (16). Besn-
YUHY 1)) MAKCUMAJIbHOIO 3HaueHus GyHKuuu 1(7) cunraeM (HUKCUPOBAHHOI, a aprymeHt 7 = 0,
Opu KOTOPOM OHa JIOCTUraercs, Oyjer BbiOpan u3 uarepsasa 6 € (0,1) Tak, 4ToObl JoCTHrAICsH
makcumyMm w*. U3 dbopmynsr (19) ciegyer, uro makcumusanus w* SKBUBAJEHTHA MUHUMU3AIMN
unarerpasa Iy. VI3 Beipaxkenust (14) ayist Iy u coiicTBa yHUMOAAIbHOCTH (DyHKIMU 1)(T) UMeeM

6 1
0 0
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Beenem nepemennbie (7) u z(7) Ipu HOMOIIU ypaBHEHHI
dip dz
=0, =yt (26)

[TepemenHbIe 1) U z UTPAIOT POJIb PA30BBIX KOOPAMHAT, a Oe3pasMepHast yIyioBas CKOPOCTh ) sBJIs-
ercsl yupasiienrneM. HajloyKuM orpaHmdeHust

—Q_ < Q) < Q. (27)

e _ u ()4 — 3ajaHHBIE TIOJOKUTETHHBIE TTOCTOSTHHBIE.

U3 npusenennbix coorsomenuit (16), (19), (25), (26) caemyer, uro 3ajada MakcuMusanuu w*
WJIN, 9ITO TO YK€, MEHIMUI3AIu GyHKInoHaIa (25) npu pUKCHPOBAHHBIX 1)) U 6 CBOANTCS K PEIICHUIO
JIBYX 3aJ[a4 ONTUMAJILHOTO YIIpaBJIeHusl Jyisi cucreMbl (26) npu orpanundenusx (27).

Bagaua 1. Hatmu gynxuuu Q1) (1), 2(7), ydosaemsoparowue ypasnerusam (26), oepanu-
YEHUAM U YCAOBUAM:

0<Q<Oy,  ®0)=0,  $(0) =,

z(0) =0, 2(60) — min.

(28)

Bamaua 2. Hatumu gynxuyuu Q(7),9(7), 2(1), ydosaemeoparowue ypasnenuam (26), ozparu-
YEHUAM U YCAOBUAM;

—Q_<Q<0,  PO) =%,  P(1) =0,

(29)
z(0) =0, z(1) — max.
Pemmus stu 3amaqu, onpenesmM MIHEMAIbHOE 3HadYeHne pyHKImonasnaa Iy B Buie
Iy = z(0) — z(1). (30)

Besmuuny 6 cienyer BuiOparh u3 yciaoBus MubnuMmyma dyukmmonana [y mo 6 € (0,1). Iocue
9TOr0 MaKCHMAaJbHOE 3HAaUYeHue cKopocTu w* Gyzer onpemesneno 1o dhopmyse (19).

OTMeTnM, 9TO yKa3aHHBIE BBIIIE YCJIOBHS HAKJIAJABIBAIOT OIPE/e/IEHHbIE OIPAHUIEHHUSI HA BBe-
JIeHHBIe TTapameTphbl. U3 mepBoro ypashenus (26) u ycinosuii (28) cieyer HepaBeHCTBO

) (31)
Ananornuno u3 nepsoro ypasHenust (26) u ycsosuii (29) nmeem
Yo <Q_(1-0). (32)
U3 nmepasencts (31) n (32) mosy4nM JBYCTOPOHHHE ONDAHMYCHUS JIIs 6:

(20 Yo

U3 (33) BoITekaeT orpanntdenue Ha gy, 04 m Q_:

QL0

< —
¢“—Q++Q_

(34)
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5. Pemienune 3agaun 1

HpI/IMeHI/IM OPUHIUII MaKCUMYyMa JIJIsd pelIeHnud 3a1a91 1 COCTaBI/IM TraMNJIbTOHUAH
H = pQ — Q2, (35)

TJile p — COIPsI?KEHHASI TIepeEMeHHAasI, yI0BJIETBOPSIONIAsl YPaBHEHNUIO

dp_ 2
dT_Q . (36)

Tak kak cucrema (26) aBTOHOMHA, TaMHJIBTOHUAH (35) SIBJISIETCS HEPBBIM MHTEIPAJIOM:
H = pQ — Q2 = Hy, (37)

riae Hy — nocrosinnasi. Haiizem MakcuMyMm ramuiabronnana (35) mo ynpasiaenuto §Q € [0, Q4 ]. Tax
Kaxk ¢ > 0, umeem
0 mpu p < 0,

p p

Q=1 35 Mo € [0,94], (38)
p
Q+ pu ﬁ > Q+.

Pacemorpum nocsienoBaresnsuo tpu ciaydast: p(0) < 0, p(0) =0 u p(0) > 0.

1. ITycrs p(0) < 0. Tak kak B cuity ypasuenust (36) u nepaBencrsa 2 < 4 umeem dp/dr < Q?i—’
To p(1) < 0 Ha HekoropoMm mHTepBase [0,A], rae A = —QU(O)QI_2 > 0. CyenoBaTesbHO, COIJIac-
HO ycsoBusiM (38) mosyunm 2 = 0 ma unrepsaie [0, A]. Torma B cuiy ypasuenusi (36) mmeem
p(A) = p(0) < 0. IIpogoskast aror nporecc Jyist uaTepBasios (A, 2A], [2A,3A], ..., npuxoauMm K
saksodenuio, 9ro p(7) = p(0) < 0 ma Bcem nnrepsate 7 € [0,60]. Ilostomy cormacuo (38) mosry-
quM §2(7) = 0 ma Bcem nnrepsasie 7 € [0,6]. 113 nmepsoro ypasrenus (26) um HAUAIBHOIO YCJIOBHS
¥(0) = 0 u3 (28) Torga ciemyer, uro (1) = 0 u kpaesoe ycaosue (0) = 1y > 0 He yIOBIETBOPSI-
ercs. Crenosaresbro, HepaBeHCTBO P(0) < 0 IPOTUBOPEYUT HAJIOKEHHBIM YCJIOBUSIM M HE OTBEYAET
HCKOMOMY DEIIEeHUIO.

2. Ilycrs Teneps p(0) = 0. [oxcrasiss madanbuble 3Hadenus ¥ (0) = p(0) = 0 B (37), noxyanm
Hy =0, 1e.
(p—Qu)2=0
st Beex 7 € [0,0]. Takum o6pazom, uarepsad [0, 6] cocTour U3 Yepeyromumxcst M0 bIHTEPBAJIOB
JIBYX THIOB: Ha IOJBIHTEpBaJax nepsoro tuia nMeeM ) = 0, u, Beaeacrsue ypasnenuit (26) u (36),
1) = const u p = const, a Ha IoALIHTepBaJax Broporo tumna p = Q). duddepennupys paBeHCTBO
p = Qi u uctnonb3yst ypasaerust (26) u (36), nomydnm

dlp— Q) sy 0
dr N dr
T.e. ) = const Ha HOALIHTEPBAJIAX BTOPOro THIA. 3HadeHue ) JJjs BCEX IOALIHTEPBAJIOB BTO-

POrO THIIA JIOXKHO OBLITH OJHUM M TeM XK€, TaK KaK Ha KayKIIOM IIOABbIHTEepBaJie IIePBOr0 THIIA,
DPACIIOJIO’KEHHOM MEXKAY ABYMS COCEIHUMH IOALIHTEPBAJIAMU BTOPOIO THIIA, 1) U P COXPAHSIOT-
Csl TIOCTOSIHHBIMU U [I03TOMY OTHOIIeHue ) = p/1) Gyjer OJMHAKOBBIM Jisl BCEX MOJbIHTEPBAJIOB
Broporo tuna. Tunuanoe nosenenne dyukmu (1) as caydas p(0) = 0 nokasano Ha puc. 3.
Nmeem Q = dip/dr = Oy = 0 s noasiaTepBasios nepsoro tuna u = Qg > 0 s M0ABIHTEPBA-
JI0B BToporo tuma. ObosHauuM depes 01 u fy cyMMapHYyIO IJIUTEILHOCTD HOALIHTEPBAJIOB IEPBOTO
U BTOPOro THUIOB cooTBeTcTBeHHO. ViMeem 6 = 01 + 0. VI3 rpannunbix yciaosuii (28) cieayer

_ Yo

Qo = .
2= 79, (39)
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(20 \

\/

Puc. 3. @ynkuus ¢(7) mis 3agaqan 1 B cayqae p(0) = 0.

Ouennm BesmauHy 2z(0) win, 910 TO 2Ke, HepBblii u3 uHTerpasos (25). OueBHHO, YTO TOJBKO
[TOABIHTEPBAJIBI BTOPOI'O THIIA BHOCST BKJIAJ, B 9TOT UHTEI'PAJI, M JIJIsI €r0 BBIYUCJIEHUS MOYKHO IIPOCTO
OTOPOCHUTD MOABIHTEPBAJIBI IIEPBOTO THIIA, 3aMeHIB GYHKIWIO ¥ (7) Ha puc. 3 JuHeiHON dyHKINel
1 = Qor. Iomyanm

7 0362
2(0) = Q3 /QQTdT =
0
[ToxcraBum B 510 BhIpaxkenue g u3 (39):
e
— 20 4
z(0) 29, (40)

[Tapamerp 6y cieayer BbIOpaTh Tak, 4Tobbl 2(6) 66110 MuHUMAILHO. Tak Kak 61 + 0o = 6, T0 MuUHHI-
MyM B (40) mocTuraercst Ipu MaKCUMAJIbHO BO3MOXKHOM By = @, ipu 3ToM 01 = 0 U noibIHTEPBAIIBI
[epBOro THIa OTCYTCTBYIOT. B pesyibrare nosyanm u3 (40)

v

0)=—. 41

(6) = 28 (41)
Coorsercrayionee 3uadenue (2o coracuo (39) paBHO
0, =0

BameruMm, uro B cuity ycsobus (31) umeem Qo < Q4 T e. manHOe 3HAUEHUE (o JOMYCTUMO.

3. Ocrasocs pacemorpersb ciydaii p(0) = pg > 0. B nauasne unrepsana [0, 6], BBugy Hauab-
uoro yciosust ¢(0) = 0 u3 (28), BeInOIHSIETCS HepaBeHCTBO p/(21)) > ()4 W UMeeT MeCTO TpeTbst
BO3MOKHOCTD, IIpeycMOTpeHHasi pasencrBamu (38). B cmy coornomennit (38), (26), (28) u (36)
HOJLY TUM

Q=0 v =Q.T, p=po+ Qi1 uwpn 7€ (0,7.). (42)

DTH paBeHCTBa crpaBe B, ecau p/(2y)) > Q. u MOMeHT T, oupesessiercst yciaopueM p/(2) =
Q.. oxcrasmss B 310 yenoBue hbopMysibl (42), TOSYIUM 3HAYEHHUE Ty B BUJIE

Ty = pOQ_|_-2- (43)
B MomeHT T = T, umeeM coriacHo (42) u (43):

Q=0., Y=pQ7, p=2p upu 7=r.
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B nosydennsix dhopMysiax BBIPA3UM Py Uepe3 T, IPH IOMOIIM paBeHcTBa (43):
Q=09 = Qyy, p= 2917’* opu 7T = Ty. (44)
IIpu 7 > T, uMeeT MeCTO Bropasi BO3MOXKHOCTH B (38), Tak 49TO 371€Ch
p =20, (45)
[Moncrasmsis p u3 (45) B coornorenne (37), moIyInM
vO? = H,. (46)

[MoscraBuM B 9TO paBeHCTBO 3HavYeHUs ) 1 ¢ B MOMEHT T = T, u3 (44) u HaiijleM BeJIMYUHY [OCTO-
aanoi Hy:
H(] = Qi_T*

Haiiennoe 3nadenue Hy n paserctso 2 = di/dt u3 (26) noncrasum B coorrorenue (46). Tlomyamnm
nuddepentmanbHoe ypaBaenne st GyHKIwn ¥(7):

o(F) -otn.

Nurerpupyst 910 ypaBHeHHe U HaYaJbHOM ycsioBun (44) jyuist ¢ B MOMEHT T = T, HaiijgeMm (yHK-
muio ¢ (7) u ee upoussoaHyio (7) B BuIe

(T — Ty)

2Ty

, T > Ty (47)

2Ty

M} o

Y(7) = Qi [1 + ]2/37 Q1) = Q4 [1 +

U3 pasencrs (45) n (47) cuexyer, aro ornomenne p/(2¢)) = Q ybuiBaer or 24 10 0 npu usme-
HEHUN T OT Ty 70 00. [loaroMy HepaBeHCTBA

0<L <q,
2y
CIPABEJINBBI [IPU BCEX T > Ty M, CJIEJIOBATEILHO, BTOPask BOBMOXKHOCTD (38) peanusyercss Ha BCeM
uHTEpBAJIE [Ty, 0].
YT00bI ONPEIEUTh BEJIMUUHY Ty, BOCHOJB3yeMCsl IDAHUYIHBIM ycsosueM P (0) = 1y u3 (28).
ITozxcrapnsst B 910 ycioBue paBeHCTBO (47) st ¥(T), MOIyInM ypaBHEHHE JIsl OIPEIEJICHUST Ty

()6 )"

Boseeziem B KBaJpaT 06e 4acTu MOJIy9IEeHHOIO ypaBHeHHsl u 0003HauuM Ty /60 = s. [Tomyunm coemy-
1o1Tee KyOmIecKoe ypaBHeHNe s S:

s(3 — s5)% = 4q, s=2* qg= <Q¢—f9>3' (48)

Korna s mamenstercst or 0 10 1, jeBas dacTb ypaBHenust (48) misi s MOHOTOHHO Bospacrtaer oT 0
o 4. Tak xak B cuiy Hepasencrsa (31) ¢ < 1, To ypaBhenue (48) Jyisi § MMeeT eJMHCTBEHHOE
perrenne, siexkarree B narepsadie (0, 1). Taknm o6pazom, onpe/iesiseTcst ¢IMHCTBEHHOE PEIIeHNUe JIIS S
U napamerpa T, = 0s.

Tem caMbIM TIOJIHOCTBIO OIIpe/ieieHo perterne 3aga4du 1 B caydae p(0) > 0. Ono 3a1aH0 COOTHO-
mennsiMu (42) u (47) na coorBercrBytomux unTepBasax (0,7.) u (74,0), a mapameTp T, OLpeeseH
pasencTBamu (48).
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OnenuM 3HadeHre MEHIME3HPYeMOro dyHKnnonasa z(0) ast qanHoro ciay4das. st sToro moj-
craBuM pemtenust (42) u (47) B nepsblit u3 unrerpasnos (25). veem

2

+ (0 —1) =03 (97* - 7*).

Tx 0
3 2 Qi
2(0) = | Qirdr + | Q(1)Y(r)dr = 5
0 T

[TpeoGpasyeM 1oJiyueHHOE BbIpasKeHue Ipu HoMotnu cootHomenuii (48). Tlomyanm

z(@) = % — 293_92Q(3 _ S)_2(2 o S) _ 2¢8 (2 — 39)(3 — 3)_2‘

(49)

Yr06bl HafiTH ONTUMAIBHOE PEIeHNe 330a9l 1, JOCTATOYHO CPABHUTH JBa 3HAUCHUs (DYHKIINO-
Hasa z(0): smadenue (41) nst caygas p(0) = 0 u snagenue (49) mas caygas p(0) > 0. Bropoe n3
9TUX 3HAYEHHUN MEHBIIE, €CIIN BBIIOJIHEHO HEPABEHCTBO

42-5)(3 -5 "2 < 1. (50)

B cupasegmBocru HepasencTsa (50) npu Beex s € (0, 1) HeTpyHO yOEIUTHCSL.

Urak, e uHCTBEHHOE pelleHne 3aja4n 1 ompe/iesieHo coorHomenusmu (42) u (47) Ha nHTepBa-
nax (0,7) u (74, @) coorBercrBento. MomenT T, = @s onpejesen moCpeICTBOM KyOHIeCKOro ypaBHe-
Hust (48) JyIst §, KOTOpOE MMeeT ¢IMHCTBEHHOe perienne B naTepsaje s € (0, 1) mist mo6bIx 1omycTu-
MBIX 3HaUeHui Yo, 0 u Q. MunumasbHoe 3Hauenne dynkimonasna z(0) samano pasencrsoMm (49).

6. OnTumasibHOE pelleHue

Ob6parnmest K perieHnio 3aadu 2, olpe/eJieHHoi cooTrHommennsiMu (26) u (29). Famumibronnan
JIJIA 3TOW 3a7a491 pPaBeH

H = pf2 4+ 902,

e p — COlpsi>KeHHas IepeMenHasi. Tak Kak 1 > 0, TO 3TOT raMUJILTOHMAH SIBJISETCSA BBIILYKJIOM
dbyuknumeit Q@ n ero makcumym 1o 2 npm orpanmdeHusx (29) gocTHraercs Ha OTHOI W3 TPAHMIT
unrepsata [—_,0].

Paccmorpum Hambosiee o6yt curyanuioo: uHTepBad 7 € (A, 1], Ha KOTOPOM HINETCs pelieHne
3aJa49i 2, COCTOUT U3 YePEeIyIOMNXCS HMOABIHTEPBAIOB JABYX TUIOB, npudueM 2 = 0 u Q = —Q_ Ha
HOJIBIHTEPBAJIAX [IEPBOIO U BTOPOTO THUIIOB COOTBETCTBEHHO. B cmty mepsoro ypasuenus (26) dbyHk-
st 1(7) HOCTOSTHHA HA MOJBIHTEPBAaX mepBoro tua u dip/dr = —{)_ Ha KayKJIOM MOJbIHTEPBAJIe
Broporo tuina. Tunuanoe noeegenue dbyukuuu (1) Ha uaTepBase [6, 1] nzobpaxeno Ha puc. 4; oHO
o060 rpaduky puc. 3.

A (7)
Yo

Puc. 4. @ynakuus (1) mius 3amaqam 2.
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O6Gosnauanm vepes 6] u 0 cymMapHble JUINTEJBHOCTH IIOJBIHTEPBAJIOB [EPBONO U BTOPOTO THUIIOB
COOTBETCTBEHHO. MeeMm

01+ 6, =1-6. (51)

Ha ocnoBanun kpaeBbix yciouii (29) mosrydum

/_71)0

02—E-

(52)

[Mogcunraem 3uadenue dynknuoHana z(1) 3amaum 2, paBHOe BTOPOMY U3 HHTErpajioB (25).
Bxutag mogpHTEpBaIOB TEPBOTO THUITA B 9TOT WHTETPAJ PABEH HYJIIO, & BKJIAI MOIBIHTEPBAIOB BTO-
poro Tuma O6yAeT TaKuM Ke, KaK y JinHeitHoit dyHknu ¢ = g — (2_7. [loatomy nmeem

b5
/
2(1) = 0% /(1/;0 —Q_7)dr = Q%0 (zpo — 9‘292>.
0
B nosyuennyto dbopmyity nogcrasum sHadenne 0 uz (52):
2
2(1) = %TQ_. (53)

Takum o6pasoM, perrenne 3aja4u 2 HeequHCcTBeHHO. OnTHMANBHOE yipasienue ()(7) Ha HHTepBa-
ne [0, 1] npuanMaer B KaxKJO# TOYKE OJHO W3 JBYX 3HadeHumii: 0 mam —)_, mpudeM cymMmapHas
JUIITEJILHOCTD TIO/IBIHTEPBAJIOB BTOPOTO THIIA, Ha KOTOPBIX 2 = —()_, pasHa 05 u oupenenena dbop-
mystoit (52). CooTBercTByIOIee MaKCHMAaJIbHOE 3HadeHne QyHKIoHama z(1) 3amadu 2 onpeeseHo
paserncTBoM (53).

Teneps, Korna pemnteHnst 330a49 1 1 2 MOIyYeHbl, OIPEAEINM HapaMerp f n3 yCIoBHsS MUHUMYMa
no 0 € [0, 1] dyuxmumonama (30).

Ha ocnosanun pasencrs (30), (49) u (53) nmeem

R0 2032 - 5)(3 - 5)2

Iy = 2(1) — 2(0) = 9

(54)

Cuavasia JIOKazxKeM, 9TO 9TO BbIPasKeHUE MOJIOKUTEIbHO pu yeaosuu Q_ > Q4. Ipuaumas Bo
BauMaHue HepaeHcTBa (50) u (31), moayuum u3 (54) upu Q_ > Q

WO e W

2 20 — 2 2

CnemoBarenbio, Iy < 0 mpu Bcex momycTuMbix 6 u s, ecim Q- > Q4.
Beipasum 6 kak dyHKIuio s npu oMoy paBeHcTB (48). Vmeem

0= 22/3(g—0>3_1/3(3 — 5)72/3, (55)
+

[Moncrasmsis Beipaxkenue (55) mist 6 B dopmyiy (54), moaydaum mociie peobpasoBaHuii
—Ip=a1 —as[f ()], f(s)=s(2—9)°(B—s) 7", (56)

rIe a1 U Gy — HOJIOXKUTEIbHBIE ITOCTOsSTHHBIE, He 3aBUCSIIIE OT 6 u s.
Tpebyercst HaifiTn MakcuMyM 10 § BbipazkeHusi —Iy u3 (56), 9TO IKBUBAJIEHTHO OTBICKAHUIO
muHuMyMa 110 § dbysaknun f(s). Honbsysics paBerncramu (55) u (56), HETPYHO IPOBEPHUTD, YTO

db af 9 _5
E<0’ E—G(l—s)(Z—s) 3-5)7">0
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mpu s < 1. CremoBarenbuo, MakcuMyM —Ij TOCTUTAETCS MPU HANMEHBIEM JOMYCTUMOM S, ITO CO-
OTBETCTBYeT HaubOJIbIIEMY JIOIyCTUMOMY 3HadeHuio napamerpa 6. Cornacuo yciaosusiv (33), Hau-
6O0JIbITIee OTYCTUMOE 3HatIeHne § PaBHO

Yo
0=1——. o7
O (57)
U3 coornomenwuit (51), (52) u (57) caemyer, aro 6] = 0, 65, = 0. Takum 06pasoM, IOIBIHTEPBAJIBI
nepBoro Tuila Ha uHTepBase (6,1) oTCyTCTBYIOT N MMeeM

Q=-0., ¢$=0.(1-7) (58)

Ha BceM nHTepBase T € (6,1).
CymmupyeM mosiydeHHbIe pe3ysbTarTbl. MakcuMasbHas Ge3pasMepHasi CpeJHsisi CKOpOCTh w™
onpeesisiercst coorromerusiMu (19) u (54) B Buze

PaR- 205(2 — 5)(3 —5)21/2
2 0 }

e 6 3anaercs dopmysoii (57), a mapamerp s eCTb eJMHCTBEHHBIH KOPeHb KyOHIeCKOro ypaBHEHUs,
BhITeKatomero 3 (48) u (57)

w* = [vd + — v, (59)

s(3—s)? = 4(;%)3@ - %){ s e (0,1). (60)

Onrumanbioe yupassenue §2(7) u coorBercTByommas da3osas HepeMeHHast Y (T) OmpeesioTcs
coornomenusmu (42), (47) u (58) B BuIe
Q=0Q,, v=Q,7 upu 7€ (0,7),

(T — 7y) 2/3
2, 1

3(r—7) ]~

1/3
Q:Q+[1+ 5 } , ¢:Q+r*[1+ T € (14, 0), (61)

QO=-0_, ¢v=0_(1-7) upu 7€ (0,1), 7.=s0, 0= 1—;2/’—0.
Paccmorpum npejiesibHble Cliydan, B KOTOPBIX OTCYTCTBYET OHO M3 OIDAHUYCHUI B HEpABEH-
creax (27).
Eciu orcyrcrByer BepxHee orpanuuenue (€04 — o0o), moaydaum u3 (60) u (61): s = 0, 7. = 0.
B srom ciayuae nepsbiii yaactok B (61) orcyrersyer, n ontumaiabHoe perterne (61) npuHEMaeT BuI

_2 —2/3_—1/3 _ T 2/3

Q=000 p=yo(Z) " mpu 7€ (0,0),
_ _ _ o

Q=-Q_, v=Q_(1—-7) upu 7€ (6,1), 9—1——Q ,

w = (vi + Q- 4 7/’_3)1/2 _
2 9 6

Ecmu e B (27) orcyrcrByer HimkHee orpanndenue (2— — 00), To u3 (57) u (59) momyunm 6 = 1,
w* — 0. B srom ciayuae unrepsan (#,1) craruBaercss B TOUKy, asa NPUBEEHNs] 3BEHbEB K OCH
[POMCXOJUT MTHOBEHHO, & CKOPOCTB [ePEeMEIEeHHs CTPEMHUTCST K GECKOHEYHOCTH.

OnrumanbHoe perienne B 6e3pasMEpHBLIX EPEMEHHBIX IIOJIHOCTBIO HocTpoeHo. st mepexona
K HCXOJHBIM pa3MEpPHBIM II€PEMEHHBIM CJIE/IyeT BOCIOJIb30BaThCsl cooTHomeHusiMu (10), mprdaem
MaKCHMaJsIbHasl pa3MepHast CPeJIHsIsi CKOPOCTh IepeMelnenus pasHa v* = paw™ /Tj.

Beiiiie 1101po6HO paccMOTpeH ciyvail 1Byx cummerpudnbix 3sebes OA u O'A'| npucoenunen-
HBIX K Tesly. B ciaydae oxHoro 3pena (XBocTa), COBEPIIAIONIEIO KOyreOaHusi, CHMMETPUYHBIE OTHO-
curesbHO ocu C'z, pellleHne B CHJIy 3aMeYaHuil B KOHIIE pa3fl. 1 MOJIyvaeTcs U3 Ipe/CTaBICHHOIO
PEIICHHST TIPOCTBIM [IEPECTETOM.
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7. Ilpumep
Paccmorpum uncsiosoit npumep. TTomoxknm
bo=1, Q. =2 Q_=8
Yeqosue (34) npu sTom cobsomaercs. 13 dopmyan (57), (59), (60) umeem jijist JaHHOrO IpUMeEpa
0 = 0875, s=0088, 7. —0077, w*=1.118. (62)

padukn byukuuit Q(7) u ¢(7), noayUeHHbIE JJisl TOIO IPUMEpPa IIPH IOMOIH paBeHcTs (61),
n300pakeHbl Ha puc. 5 u 6.

Q
Q2 ——
0 T* 0
—4
Q_ -8
0.2 0.4 0.6 0.8 1T
Puc. 5. OnrumanbHoe ynpasienne (7).
v :
0.8 // /\
0.6 ,/ \
0.4 // \
Ny )
W -\,
Te 0.2 0.4 0.6 0.8 0 1

Puc. 6. Onrumasnbuas Tpaekropust (7).

CpaBHEM 3TO ONTUMAJIBHOE PEIeHUe CO CAydaeM KyCOYHO-THHeHHON dbyHKimu ¢ (T), paccMoT-
peHHbIM B paszj. 3. Boibepem B coorHomenusix (20) mapamerpsl by, by u 6 Tak, 9T00BI KYCOUHO-
JHelinast byHKIus 1(T) coBnaaia ¢ ONTUMAaIbHON u3 puc. 6 B Tpex Toukax: 7 =0, 7 =0 u 17 = 1.
[Momyunm by = 8/7, be = 8, 6 = 0.875.

CoorsercrByionas 6e3pasMepHast CpejiHssi CKOPOCTh, BbIYUCIeHHas 10 (opmysie (23), paBHa

w* = 1.104.

Omnune ee 0T MAaKCUMAJIbHOIO 3HadeHus (62) Jyisi ONTUMAJIBHOIO perieHns: He npesbimaer 1.5%.
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8. VYd4er noabeMHOI CHUJIbI

Beime pacemarpuBadicst ciydait, B KOTOPOM JeficTBAE T'MJIPOJIMHAMUYECKUX CUJI HA KaXKJ0e U3
noaBuKHbIX 38eHbeB OA n O’ A’ cBomuTest K cuiie CONpOTHBIICHNST, TPUIOKEHHON K KOHILy 3BeHa A
(nmm A’) m HAIPABJIEHHOH IPOTUB CKOPOCTH KOHIIA TOTO 3BeHa. [Ipeonokum, 9To Ha KOHIE KaxK-
JOr0 3BeHa MMeeTcs IJIOCKasl IPSIMOYToJIbHas IJACTUHA, JJWHHAS CTOPOHA KOTOPOU HAIpaBJIeHA
HepIeHKyIsipHo ockoctu C'ry, a KOpOoTKas CTOpOHa HanpasieHa Baoib 3sena OA (O'A’). B
9TOM CJIydae IIOMUMO CHJI COIIDOTHBJICHUS CJIe/lyeT y4ecTb BJIMSHUE IIOIbeMHBIX CHUJI, JeHCTBYIO-
IUX Ha [JIACTUHBI U HAIPABJIEHHBIX [EPIEHIUKYJISIPHO CKOPOCTH IMEHTpa 3TuX mracTuH. OreHKu
U PEe3yIIbTAThl KOMIIBIOTEPHOI'O MOJIEJIMPOBAHUS, BBIIOJIHEHHbIE cTyAeHTaMu Mockosckoro dbusnko-
rexamdeckoro nucrutyta C.A. Fappununbiv u A.C. OiefiHIKOM, TOKA3BIBAIOT, YTO yYET MO IbEMHBIX
CUJI BCErJla IPUBOJIUT K YBEJIMYEHUIO CPeJIHENl CKOPOCTHU JBUKeHUs cucteMbl. HekoTopble pe3ysibra-
ThI YMCJIEHHOTO MOJIEJIMPOBAHUSI IIPEJICTABICHBI HA pUC. 7, 8, Tjie M300parKEeHbI 3aBUCUMOCTU CPE/I-
Heil CKOPOCTH IlepeMeIleHnsl CUCTeMbl v* OT JIJIMHBI 3BeHbEeB @ (CM. pHC. 7) ¥ OT YIJIOBOH CKOPOCTH
BpalleHust 3BeHbeB wi (M. puc. 8). Hukune kpuBble ] Ha 9TUX PUCYHKAX OTBEYAIOT OTCYTCTBHIO
IOABEMHOU CHJIBI, & BEPXHHUE 2 MMOCTPOEHBI C YIeTOM ITOABEMHOU CHJIBL.

v*, em/c
1.80

1.60 R
1.40

1.20
1.00

0.80
0.60

0.40

0.20

0.00 a,cum
40 45 50 55 60 65 70 75 80 85

Puc. 7. 3aBucumocTh CKOPOCTH OT JJIMHBI 3BEHBEB.

v*, em/c
2.50

2.00 /

1.50

1.00

0.50 ///1 ,
/ / 1

0.00 wi,c
0.00 0.20 0.40 0.60 0.80 1.00 1.20

Puc. 8. 3aBucuMOoCTh CKOPOCTH OT YIJIOBOW CKOPOCTH 3BEHBEB.
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3akJrouyeHue

UccnemoBaHo IBUXKEHUE B COITPOTUBJISIIONIEHCS Cpejie MEXaHUIECKON CUCTEeMbI, COCTOSIIEH 13 OC-
HOBHOT'O TeJIa U OJHOTO WJIA JBYX 3BEHLEB, COBEPIIAIOININX TEPUOTTICCKUE KOJIEOAHM OTHOCUTEIHHO
Tesa. [Ilpy moMoIum acMMITOTHYECKOIO0 METOAa YCPEIHEHNs IOoJIydeHa (PopMy/Ia JJisi CPeIHel CKOo-
pocTu TepemernieHus cucTeMbl. [lokaszaHo, 4TO, B Caydae KyCOIHO-TIOCTOSHHOM yIJIOBOI CKOPOCTH
3BEHBbEB, CUCTEMA MOYKET MEPEMENIAThCA MOCTYIATEIHLHO, €CJIN YIJIOBAas CKOPOCTh IIPUBEJICHUS 3Be-
HbEB K OCH TeJjia OOJIbIIe, YeM YIJIOBast CKOPOCTh UX OTBEIEHHST OT OCH. DTOT BBIBOJ, COTJIACYETCS C
JAHHBIMHI HaOJIIOAEHUN 32 IJIaBAHUEM YKUBOTHBIX.

[TocraBiiena u pereHa B sBHOM BUjIe 33/1a49a OINTHMAJILHOTO YIIPABICHUS KOJIEOAHUSIMI 3BEHDEB,
IIPU KOTOPBIX JOCTUTAETCS] MaKCUMAaJbHasl CPEJIHSISI CKOPOCTh IIepEMEIIEHNsT CUCTEMBI.
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O JIMHEMHBIX KOH®JINKTHO YIIPABJIIEMBIX ITPOITECCAX
C APOBHbBIMUN ITPOMN3BOJHBIMUA

A. A. Yukpnuii, 1. I. MaTudnu

PaccmarpuBaercs 3amada ynpaBiieHnsT KBA3UINHEHHBIMY [IPOIECCAMHE C JPOOHBIMY IPOU3BOAHBIMY B YCJIOBU-
SIX IpoTUBOJIelcTBusA. V3yyarorcs: ApoOHble Tpou3BOAHbIe Xuabdepa, BKIJYane B cedsd, B 9aCTHOCTH, KJIac-
crudeckue npousBonuble Pumana — JInysumiuis um perysnsipusoBanuble npomssogubie Kamyro. ITomyueno npen-
CTaBJICHUE PENICHUI TAKUX CUCTEM, MO3BOJIAIONIEE HA OCHOBE METO/A Pa3pemraonux (MYHKIMA MOJYyUYUTh ra-
PaHTHPOBAHHBIA DPE3YJIbTAT IPHU COIMKEHUN TPACKTOPHUH C 33JaHHBIM II€JIEBBIM MHOXKeCTBOM. KadecTBeHHBIE
pe3yJIbTaThl UIIOCTPUPYIOTCS Ha IpuMepe ¢ ypaBHeHHeM Bariim — TopBuKa, OMMCHIBAIONUM 3aTyXaIOINe KO-
siebanus ¢ APOOHBIM eMIbUPOBAHUEM, U Ha UI'POBOI 3a/lade C ypaBHEHHEM JIPOOHON peJlaKCAllUH.

KumioueBbie ciioBa: urpoBasi 3ajada, ApoOHAs ITPOU3BOJHAs, MHOIO3HAYHOE OTOOparkeHue, KoJiebaTeTbHBIN
poriecc, JpoOHast PesIaKCcaIysl.

A. A. Chikrii, I. I. Matichin. On linear conflict-controlled processes with fractional derivatives.

A control problem is considered for quasilinear processes with fractional derivatives under counteraction.
Hilfer fractional derivatives are studied, which, in particular, include the classical Riemann-Liouville fractional
derivatives and Caputo regularized derivatives. A representation for solutions of such systems is presented, which
allows to obtain, using the method of resolving functions, a guaranteed result for the approach of a trajectory
to a given target set. Qualitative results are illustrated by an example with the Bagley—Torvik equation, which
describes damped oscillations with fractional damping, and by a game problem with the equation of fractional
relaxation.

Keywords: game problem, fractional derivative, set-valued mapping, oscillatory process, fractional relaxation.

BBenenune

BosbmuHeTBO neXoHbIX wiieii Teopun quddbepeHIMalbHBIX UIP COCPEIOTOUEHO B paboTax [1-4].
VX pasBuBaIOT U JONOJHSIOT uccaenoBanus [5—14]. OHako HACTYIaeT MOMEHT, KOTJIa KpoMe yriry0-
JIEHHOI'O M3yY€HHUs] METOIOB, CTABIINX KJIACCUICCKUME, BO3HMKAET HEOOXONUMMOCTL PACCMOTPEHHS
BOIIPOCa O IIHPOTE TeX KJACCOB 3aJad, K KOTOPBIM IIPUMEHUMBI yKe pa3pabOTaHHBIE U XOPOIIO
3apeKoMeHIoBaBIIe cebsa Meronnl. 11o 3Toil npuunHe ajid ONUCAHUS AUMHAMUKU OOBLEKTOB HAPILy
¢ OOBIKHOBEHHBIMU MU HEPEHITNAILHBIMA YPABHEHUSIMU UCIOJIB3YIOTCS IPOIECChl 0ojiee CI0XKHOMI
LIPUPOJILL.

Tak, B paborax [15-19] uccienoBanbl KOHMIUKTHO YIPABJsSIEMble IIPOIECCH ¢ MOCJeeCTBH-
em (muddepennnaabHO-Pa3HOCTHBIE UTDbI) Ha OCHOBE IIPABUJIA SKCTPEMAJIBHOIO IIPUIIEIMBAHUS
H.H. Kpacosckoro, npsimbie Metozsl JI.C. IloHTpsiruHa MpUMeHEHBI K YIIOMSIHYTHIM 3aJadaM B pa-
6ore [20], a B crarbe [21] nposEeMOHCTPUPOBAHBI BOBMOXKHOCTH METOJIA Pa3peNaonux (QyHKIuii st
pemenus auddepeHnaabHO-PA3SHOCTHLIX UID COIMKEHUS.

CucreMbl ¢ pacipeie/IeHHBIMI [TapaMeTpaMi B UTPOBOI cuTyaruu n3yueHbl B paborax FO.C. Ocu-
nosa [22,23| ¢ ucrnosib3oBaHreM IpaBUia SKCTPEMATHLHOTO IIPUIIETMBAHUS, UIPOBBIE 3318491 B GaHa-
XOBOM TIpocTpaHcTBe uccienoBanbl B pabore M.C. Hukosbckoro [24] Ha ocHOBe 11epBOro mpsiMmoro
MeTOoza.

VupapsieMble IPOIECCHI /st KHTErpaabHbIX ypaBHenuit Bosbreppa u naTerpo-anddepeniuaib-
HBIX yPABHEHUI B yCJIOBUSAX KOH(MDJIMKTHOIO B3aUMOJIEHCTBUsI paccMOTpeHbl B padbore [25]. Tlpu srom
WCIIOJIb30BaH METOJ pa3pernaonux QyHKIni, 6a3upyIonuiics Ha UCIOJIb30BAHIN OOPATHBIX DYHK-
IMOHAJI0B MUHKOBCKOI'O M JAIOIIUI II0JIHOEe 0ODOCHOBaHUE IPaBUIIa IAPAJIEJIHLHOTO COJMXKEHNS JIJIs
CPaBHUTEJILHO HPOCTBIX cucreM [7].
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[TonibiTKa Mcc/Te10BaTh KOH(MINKTHO YIIPAB/IsIEMbIE IMPOIECCH HAa OCHOBE JIUIIMD JIOCTATOIHO 00-
IIEro IPeJICTaBJIeHHsI PEIleHNUs], TIPeIIPUHATast B [26], mpuBesia ecrecTBEHHBIM 06Pa30M K IIPOIECCaM,
OIMCBIBAEMBIM CHCTEMAMU C JPOOHBIME IPOU3BOAHBIME. B paborax [26-29| paccMoTpeHbl UIDOBbIE
3a7a49u COMMKEHUsT JJIsl JIMHEHHBIX [IPOIIECCOB IMPOU3BOJILHOIO JAPOOHOrO MOPSIAKA ¢ KJIACCHIECKIMU
npousBogHbIMu Pumana — JIuyBusijist, peryasipu30BaHHBIMU TPOU3BOIHBIMEA KamyTo U ceKBeHIm-
asbHBIME TponsBoaubiME Mumiepa — Pocca [30-33].

B nannoit pabore m3ydaioTcs UTPOBBIE 3aa4N JIJI CUCTEM C JIPOOHBIMU MTPOU3BOJHBIMU XHUJIb-
depa [34] npoussosbHOrO TMOpsiKa o, « > 0, Tuna p, 0 < p < 1. 3amerum, yro upu g = 0 s1H
MIPOU3BOIHBIE COBIAIAIOT C MPOU3BOAHLIME Pumana — JIuyBumis, a nupu g = 1 — ¢ IpOU3BOIHBIMUA
Kamyro. Ilomydensr moctarodnble YC/IOBUS IPUBEICHUS TPACKTOPUH KOHMINKTHO-YIIPABJISEMOrO
IIPOIecca € JPOOHLIMU IPOM3BOMHBIMU XMIbdepa Ha 3aJaHHOEe IUJIMHIPUIECKOE MHOMKECTBO 3
HEKOTOPOE TapaHTUPOBAHHOE BPEMsI C MCIIOJb30BAHNEM KOHTPYIIpaBieHuil. Pe3yibrarsl niumocTpu-
pyIOTCS Ha IIPUMEPEe UIPOBOM 3a1adu JjIsi KOebaTeIbHOIO IPOIEcca BTOPOro IOPSIKa ¢ APOOHBIM
nemibupoBanreM, oucbiBaeMoro ypastennem barsmm — Topeuka [35], a TakKe Ha JUHAMUIECKOT
urpe Jiist CUCTEMbI [IEPBOrO MOPsijiKa (¢ APOOHON COCTABIISIONIE!), OMUCHIBAIOIIEH MPOIECC PeJlaK-
CAITMH TIPU CTEK/I000PA30BaHNN TEPEOXIaXK IeHHBIX KU IKocTel. PaboTa mpomokaeT nccie0BaHus
[26—29].

1. JIpobHoe umHTerpo-anddepeHnmpoBanmue

O6osunaunm Ry = [0,00). IIycrs f: Ry — R™ — abcomoTHo HenpepbiBHAs DyHKITHSI.
[IpaBocroponnuit mHTerpas Pumana — Jlmysumas mopsinka «, 0 < « < 1, or ¢pyHkuum f

OIIpeJesIdAeTCA KaKk
t
= [ AT
7—)1 «
0

o
riae ['(a) = / e “u® tdu — ramMma-QyHKIUsI. 31ech U Jajee OyaeM moJjararb, 94To J 0 IpeJIcTaB-
0

JiseT coboil olepaTop ToKIecTBeHHOro npeobpasopanus: JO f(t) = f(t).

Hng cymecrBoBanusi uarerpaia Pumana — JInyBuLIst T0CTATOYHO TIPEIIONOKUTH, 91O f (1),
f: Ry — R™ — jokanpHO mHTerpupyemas Ha R DyHKITHIS.

[Tycrs Teneps 0 < ae < 1, 0 < p < 1. Cornacuo Xusbdepy [34] BBeseM Hpon3BoiHYIO IPOGHOTO
MOPSiJIKA (v TUTIA [ CJIEJYIONTUM 00pa30M:
y d

E(](l—ﬂ)(l—a)f(t)' (1.1)

IIpu p = 0 3710 ompeseeHne JaeT KJIACCUIECKYIO MPON3BOAHyI0 Pumana — JInyBuswis:

Do (t) = Jrli=e

t

w0 p o 1 d [ fr

D05 = DF0) =ty | e (12
0

a upu g = 1 MBI HOJIy4aeM Peryspu30BaHHYIO0 POou3BojHyio Karyro:

t
a1 N f(r
D) = D f(0) = s [ G D
0

[Tpumensist mpeobpasoBanue Jlammaca K mpoussoguoit Xmibdepa mopsaka 0 < a < 1 Tuma u,
ITOJTy IUM

LD f(t); s} = s F(s) — sV J U000 f(¢)
rie F(s) — obpas dyukuuu f(t).

‘t=0+’
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OueBuno, uro npu = 0 MBI HOJIyIuM IIpeobpaszopanue Jlamiaca Jjist Ipou3BoAHON Pumana —
JInyBuJLst:
cel 1—
L{DYf(t); s} = s*F(s) — J ~“f(t) ‘t 04
a mpu u = 1 — upeobpasoBanue Jlamtaca misa npoussogHoit KamyTo:

L{D@f(t);s} = s"F(s) — s f(0+).

OTMeTnM, 4TO olpee/eHne IPon3BoaHoil Xuibdepa MOKHO pacIIpOCTPAHUTL M Ha, CJIydail Io-
psiaka 6osbine equHUIBL. 1lycrs Terepp m — 1 < a < m, m € N, a ¢pyHkuus f mmeer abCOTIOTHO
HEIPEPBIBHBIE TPOU3BOIHBIE 10 mopsiaka m. [losoxxum mpousBognyto nopsiaka « tuna 0 < p < 1
paBHO

DO f (1) = Jim—) ;lt " jammm=a) p(p) (1.3)
B Takom ciydae npu g = 0 Mbl Takzke 1moayduM npousBoanyo Pumana — JInyBusuia nopsiaka o
(07 (e} dm m—o
DOf(t) = D f(1) = " f (), (14)
a Tuny p = 1 cooTBeTCTByeT mpou3BoaHas KamyTo:
dm
D (1) = DU f(e) = T (1), (15)

[TpousBomubie Pumana — JInyBusis n KamyTo BBICIINX HOPSIIKOB CBA3aHBI COOTHOIIIEHUEM

m—1 i—a m-1;
D@ f(t) =D f(t) - Z mf(l (0) = [f(t) - Z Ef(l)(o)} (1.6)
1=0 1=0

Yro6bl mosryunTh npeobpasosanue Jlamiaca npousoaHoii Buga (1.3), HEOGXOAUMO BOCIOJIB30-
BaThCs CJAEAYIOMUME (HOPMYyJIaMU:

L{IJYf(t);s} =8 YF(s), (1.7)
e k—1 k=1 '
L{ Tt Wiy =P =Y O0) = ) = XS0, (1)
=0 =0

Torpa, yunrsias (1.7), (1.8), moxyanm
dm
dtm

JO==0) pg); o} = oo g{d_ JO=m=0) £(): )

LD f(1); 5} = 2 { Jme) S T

mldmzl

— a—m) | .m 1—p)(m—a) trmim=a

OxoHvaTeabHO OyIeM MMEThb
dm—i— 1
dtm—i— 1

JO=m(m—a) f(t)(t_o. (1.9)

m—1
LD S(E)5) = F () = 3

B cumy (1.4) upu p = 0 dbopmysa (1.9) naer npeobpasosanue Jlamiaca st npousBogHOl Pu-

mana — JImyBunis:
m—1

LADf(1);s) = $*F(s) = 3 s' D! f(t)( .
i=0 1=0
ITpu p = 1 uz dopmyast (1.9) mbl noaygaem npeobpazosanue Jlamtaca nis npoussoasoii KaryTo
[IPOU3BOJILHOrO HMOpsaaka &, m — 1 < a < m:

m—1 m—i—1 m—1 i
d Zld

(@) . — a—m+1i a—
LADOf(0):5} =" F(5) = 3 )| = )= 2 S )

=0
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2. IlpencraBieHue pelieHUit ypaBHEHUIl JIPOOHOTO MOPSAIKA

Paccemorpum 0606mennyo marpuunyio dyakinuio Murrar-Jleddiepa:

oo

=) v

— I( kp Y+ p)

rie p > 0, p € C (C — MHOXKeCTBO KOMILUIEKCHBIX 4ucCesl), a B — Npou3BOJIbHAs KBaJpaTHAasi
MaTpPHIA TTOPSIIKA, 1.

O6obmennas marpudHas yHkius Murrar-Jleddirepa urpaer BazkHyIO poJib IPU U3YIEHUU
JIMHEHHBIX CUCTEM JIPOOHOIO mopsijika. bymem obo3HavuaTs [ e JMHUIHYIO MATPHILy mopsaka n. Cupa-
BeJIJTNBA CJIEIYTOIast JJeMMa, KOTOpasl TO3BOJISIeT HAXOANTh peobpasosamme Jlammaca BeIparXKeHMit,
cojiepKaIux 0060beHHy 0 MarpuaHyo Gyaknuio Murrtar-Jleddiepa.

Jlemma 1. ITycmo o >0, 8> 0, A — npoussoavhasn xeadpamnas mampuua nopadka n. Toeda
cnpasedausa Popmysa

Z {tﬁ_lEl(Ata; B); s} = 597F (s — A)™

JJokazaTeabcTBO. YUIUTbIBas OUpeeseHus 0000IIeHHol MaTpudHoil dbyukmmun Mut-
tar-Jleddiepa, raMma-pyHKIME U UCHOJIL3Yd 3aMeHy T = St, IOJIydaeM

o0 o0

o Ak)tak‘
g{tﬁ—lE;(Ata;ﬁ);s} = /e—sttﬁ‘lEl(Ato‘;ﬂ)dt = /e e IZ Fra)”
« « a

0 0

o0
e Trok+B-1 0 Z Aks—(ak-l-ﬁ)‘
k=0

oo o0 0o Ak
Z I( ak +5) /e d Z ['(ak + B)sek+8
0

k=0 k=0

ITokazkeM Terepb, 9To Y, Abg=(ak+8) — goa=B (o] — A)~1 Tlocmemmee paBHOCHILHO PABEHCTBY
Z Ak gkt e — (o _ Ay~ (2.1)

HomHokuM JieBy1o dacTb pasencTsa (2.1) a (s*I — A) (6e3pa3yinaHo cjieBa WK ClpaBa, IOCKOJIbKY
MaTpUIbl KOMMyTUpYoT). Tlomyanm

ZAkS—(k-‘rl)a(sa[ —A) = ZAkS—ka - ZA(k+1)S—(k+1)a I

HOCKOJH)Ky 06paTHa51 MaTpulla €AUHCTBEHHAQ, 3TO 3aBepIIacT JOKa3aTe/JIbCTBO. g

[Iycrs z = 2(t), 2 € R™, — da30Bblii BeKTOP, 3aJA0NIHH COCTOSIHUE JUHAMUIECKON CUCTEMBI B
MOMEHT t, & 9BOJIIOINSA CACTEMBI OIMCHIBAETCS YpPaBHEHUEM

D¥z=Az+f, m—-1<a<m, 0<pu<l, (2.2)
C HaYAIbHBIME YCJIOBUSIMU

& a-wm-a)

— .0 -
T z(t)‘t:OJr =z, 1=0,....m—1 (2.3)

7

[Tpumensist K J1eBoil U mpaBoil yacTu ypasHenus (2.2) npeobpasosanue Jlamnaca, mowyanm

Rm—i—1 —

m
$°Z = Y sHommtis) AZ + F,
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OTKY/Ia
m—1

= 3 sHemmIF (T — A)TID, o (s2T — ATV (s).
1=0

[Tpumensist obparHOoe peobpazoBanue Jlammaca u yauTbiBas ieMMy 1, a Takke OUYEBUIHOE Pa-

-1 -1
BEHCTBO ) 10" @ = D it 0" (yp—1—i, UMEEM

m—1

z(t) = Z fm-mim=—a) g %(Ato‘ i—(1—p)(m—a)+1)2)
=0

+ /(t — T)a_lEg (A(t —7)% Oé)f(T)dT.
0

B uwactnocTu, mirsa npousBonuoit Pumana — JInysusig npu p = 0 mojydaem cucremy
DY =Az2+f m-1<a<m,

C HaYaJIbHBIMU YCJIOBUAMUN

DR g =

Popmysia Kot 111 pererns TaHHONR CHCTEMBI TAKOBA:

m

A(t) = Zt"_iEé(A o —i41)59 +
i=1

) 1Eé(A(t —7)%a)f(r)dr.

o\W

[TomoxkuB 1 = 1, MBI OJTyYaeM peryJIsgpU30BaHHYI0 Mpou3Boanyio KamyTo, m cucrema mpunu-
MaeT BHUJL

D@ = Az 4 f
C HaYaJIbHBIMU YCJIOBUAMN

dt

@z(t)‘t:% 2i=0,...,m—1. (2.5)

Pemenne mannoii 3amaqdu Komm 3amnumercsa B BUge

"i: % (At 4+ 1)2) + [ (t—T7)* 1E1 (A(t —1)% ) f(T)drT. (2.6)

o\M

3. IlocranoBka 3ajjaum, cxemMa MeToda

Paccmorpum kBazmanHeinyo KOHMJIUKTHO YIIPABISIEMYIO CHUCTEMY C JIPOOHON ITPOU3BOIHOMN
Xwibdepa TpousBOJIBLHOTO HOpsiaKa o, « > 0, tuma g, 0 < p < 1:

DYz =Az+ ¢(u,v), m—1<a<m, m=12... (3.1)

3nech Ga30BbBIil BEKTOp 2z NMPUHAIJIEXKHUT 7-MEPHOMY BeEIeCTBEHHOMY E€BKJIMIOBOMY IIPOCTPAHCT-
By R", n > 1, A — kBazpaTHasl MaTPHIa MOPsIAKa 7, OJOK yIIpaBjeHUs — HEIpPepPbIBHAA II0 COBO-
KYIHOCTH nepeMeHHbIX byHKIms o(u,v), ¢ : U x V — R™ re w 1 v — yUpaB/Isonye napaMerpbl
HUIPOKOB, KOTOPbIE BRIOMpAIOTCst M3 MHOXKECTB U 1 V| SIBJISTIOIIUXCsT KOMITAKTAMHI IIPOCTpaHcTBa R,

U,V € K(R).
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Hauasbable ycioBust Jyist npoiiecca (3.1) 3amanst B Buge (2.3). B wacraoctu, npu p = 0 91u yciio-

Bust npuHUMaioT Buj (2.4), a ipu p = 1 HauaJbHBIE YCI0BHUS 3a1at0Tcsi (popmyJioii (2.5). Obosnadmnm

2= (28,...,2% ).

Kpowme munamugeckoro mporecca (3.1) 3a/1aH0 TepMuHaIbHOE MHOXKECTBO M ™* | nMeroree IuIinHI-
PUYECKUNA BUJ
M* = My + M, (3.2)

e My — nuneitnoe nomnpocrparctso B R™, a M € K(L), rne L = MOl — OPTOrOHAJIBHOE JIOTIOJI-
menne Kk My B R™.
[Tepeblit UTPOK (u) MbITAETCS BBIBECTH TPaeKTOpHIO mporecca (3.1) Ha MHOKecTBO (3.2), a Bropoii
(v) — MAKCUMAJIbHO OTTSIHYTH MOMEHT IONAJIAHUs TPACKTOPUU HA TEPMUHAIHHOE MHOYKECTBO.
[Tpuusas cTopoHy EPBOrO UrpOKa, OyIeM CcUnTaTh, 9TO OH (POPMHUPYET CBOE yIpaBJeHHE HAa
ocrosanun uncdopmarmn o 20 m v(t), T.e. u(t) = u(z°,v(t)) n angerca xKourpynpasenmem [1].
Usnoxkum cxemy MeToja paspemtaomux dyHkuuii [7] npumenurensho K 3amade (3.1), (3.2).
O6o3HaYMM Yepe3 T OpTONpoeKTop, Aeicrytomuii u3 R™ na L. Tonoxus ¢(U,v) = {p(u,v) :
u € U}, BBeJIeM MHOrO3HAYHbBIE OTOOPAYKEHUST

W (t,v) =t E1 (At a)p(U,v) = (| Wi(t,v)

Ycnosue HHourparumua domW =][0,+00).

C yderoMm npejno/ioxkenuii o mapamerpax mnpoiecca (3.1) orobpaxkenune W (t) siBisiercst 3aMKHY-
TO3HAYHBIM U u3MepuMbiM 10 t. [losTomy B cuny ycmoBusi [loHTpsirmHa ¥ TeOpeMbl U3MEPUMOTO
BbIOOpa [36] B Hem cymecTByer mamepumbliii cesiekrop y(+), t > 0. Sadukcupyem ero u BBeJeM
byHKIHIIO

3
L

E.
«

¢
E(t,20() =a Y I By (A% — (1 — p)(m —a) + 1)) + /’y (t—1)
0

Il
o

%
PaCCMOTpI/IM MHOI'O3HaYHOE OTO6pa}KGHI/Ie

Rt 7, 0) = {p = 0: [W(t—r0) =t —1)] N p[M () — £(t,2°1())] # 2}
7 ero ONOpHYIO (DYHKINIO B HAIIpaBjaeHuu + 1

p(t,7,v) =sup{p: p € R(t,7,v)}.

Jlerko BuzieThb, uro dyukuus p(t, 7,v) MoxKeT ObITh BbIpAsKeHA CJIEYIOIUM 0OPA3OM:

p(t T, U) = SUP PW(t—rw)—~(t—7) (m f(t z 7'7( )))

meM

riue

px(x) =sup{p >0:pzr e X}, zeR", XeK[R"), 0cX,

— obparublii dyakimonan Munkosckoro |7]. @yukimio p(t, 7,v) Ha3biBaOT pasperraoireit [7].

U3 Teopem o xapakrepusaimu 1 o6paTHoM obpase [36| cieryer, 4To MHOrO3HAUHOE OTOOparKeHne
R(t, T,v) asisiercs L X B-u3MepUMbIM 110 COBOKyIHOCTH T, v. Cliej0BaTe/IbHO, 110 Teopeme 00 Omop-
Hoit dynkunu [36] dyuxust p(t, 7,v) apiagercs L X B-u3Mepumoii, a 3HAYUT U CYNEPHO3UIUOHHO
u3Mepumoii. OHa K TOMY 2Ke IOJIyHelpepbiBHA CBEpXY 110 v [7].

PacemorpumM MHOXKECTBO

t

T(2%4()) = {t € R;: inf /p(t,T,v(T))dT > 1},

v(-)EQY
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rie (dy — COBOKYITHOCTb M3MEPUMBIX (DYHKIUH, TPUHAMAOIINX 3HadeHuss u3 objaactu V. [lomaras
T(2°,7(")) # @, saduxcupyem B Hem 31ement T 1 chOPMyIIIPYEM JIBa yCIOBHS.

Yecanosue 1. R(T,7,v) =[0,p(T,7,v)] Vrel0,T], veV.
T T

Ycanosue 2. inf p(T,7,v(T))dr = / inf p(T,7,v)dr.
v(-)EQy veV
0 0

Teopema. Ilycmv dan uzposoti sadawu (3.1), (3.2), 2de xondauxmno ynpasasemoili npovecc
codeporcum npouseoduvie Xuavgepa, svinoaneno ycaosue onwmpazuna, M = co M, npuuem das
navavrozo cocmoanusa 2° u ceaexmopa y(-), y(t) € W(t), t > 0, mnooicecmeo T(2°,v(-)) # @ uT €
T(2°,7()). Toeda, ecau dns T evinosnenss ycaosus 1 u 2, mo mpaexmopus npouecca (3.1) moorcem
6vms npusedena Ha muosicecmso (3.2) 6 momenm T ¢ NOMOWBLIO HEKOMOPO20 KOHMPYNPABAEHU.

Hoxaszareanbcrso. Ilycrs v(r), 7 € [0,T], — NpOU3BOJIBbHOE JIOIyCTUMOE yIIPABJICHUE
sroporo urpoka. Ilycrs &(T,2°,v(+)) ¢ M. Yuuresas yciaosue 2, 0603HaMIM

T

p(T) = / inf p(T,7,v)dr
0

1 IIOJIOZKHM

inf p(T,T,v).

1
(1) = oy Inf

[Mockosbky p(T) > 1, B cuity onpegenenust Mmomenta T u ycsosusi 1 bdyukuus p(T,7), p(T,7) <
p(T,7,v), 7 € [0,T], v € V, aBjIisleTcs] NU3MEPUMBIM CEJIEKTOPOM JIII KAXKJIOTO U3 MHOTO3HAMHBIX
orobpaxenuit R(T,7,v), v € V, 1. e. p(T,7) € R(T,,v), 7 € [0,T], v € V. Paccmorpum mHOro-
3HAYHOE OTOOPasKeHUe

U(r,v) = {u eU: n(T - T)Q_IE%(A(T —71)%a)p(u,v) — (T —7)
€ p(T,7)[M(T) = &(T, 24 ()] . (3.3)

U3 Buipaxkennst (3.3) BbITeKaet, uTo orobpazkenue U(T,v) sBJIseTcs KOMIIAKTHO3HAYHBIM 1 L X B-
U3MEPUMBIM TI0 COBOKYIHOCTH T, ¥, IIO9TOMY COIJIACHO Teopeme 00 u3MepuMom Beibope [36] B Hem
cymiectByer L X B-usmepumblii ceseKTop u(T,v), KOTOPBIH, B CBOIO OYepe/ib, sIBJISETCs CYIepIIo3u-
UOHHO u3MepuMoil dyHKiueit. [Tosoxkum ynpasienue nepBoro urpoka pasabiM u(7) = u(7, v(7)),
T €1[0,T].

B caygae &(T,2°,v(-)) € M nonoxum B soipazkenun (3.3) p(T,7) = 0 u BeIGepeM yIpaBjeHue
[IEePBOT0 UI'POKA AHAJIOTMYIHBIM 0OPA30OM.

[oxaxewm, uro B Moment T 7z(T) € M B mobom cayuae. Ecma &(T,2°,~() ¢ M, to u3
peJicTaB/IeHus perieHnst cucreMbl (3.1) ¢ yueroM BKIIKOUEHUs U3 BbIpazkeHust (3.3) mosydum

T

72(T) € £(T, 20 () [ /pTTdT}—I—/T,OTTMdT (3.4)
0

0

T T
[Mockosbky M — Bbinykibiit kommakT, a p(T', 7) > 0, npuyuem / p(T,7)dr =1, 10 / o(T, T)Mdr=
0 0

M. Yauresast 910 06CTOATETbCTBO, N3 BKmodenus (3.4) momyunm 7z(T) € M. B caygae (T, 2°,
v(-)) € M ¢ yuerom npasuia BeIGOpa ylIpaBJeHHsI IEPBBIM UI'POKOM ¥ IIPEJICTABICHUS DelleHuii
cucremsl (3.1) Henocpeacreenno noayunm wz(1T) € M. O
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4. KounebaTesibHBIE IIPOIECCHI C APOOHBIM JAeMII(pUPOBaHUEM

Bosbimoit naTepec ¢ mpakTUYIeCKOil TOYKM 3PEHUs MPEICTABISIOT COO0OI ypaBHEHUsT BUIA
"
az +bD(°‘)z+cz:f, l<a<?,

OIKCHIBAIOIINE 3aTyXalolue Kojaebanust ¢ ApoOHbIM (HopsaaKa «) neMibupoBanueM. Y paBHEHUSIMU
TAKOr0 BHUJA, B YaCTHOCTH, ONHUCLIBAIOTCA KOJIeOaHMs KPBLIa CaMOJeTa B CBEPX3BYKOBOM ITOTOKE
raza [37], npuBogsinue K siBjeHusiM Tuma darrepa, KojaebaHUl HAHOPA3MEPHBIX CeHCOpOB [38] u
ap. Ilpu o = 3/2 nanmnoe ypasHenue HasbiBaeTcs ypasHenueM Barsim — Topsuka um onucbiBaer
KOJIeOaHnsl TBEpAOil IJIACTUHDI, TOTPY>KEHHON B HBIOTOHOBCKYIO YKHJIKOCTD.

[Ipu onucanun pU3NYECKUX SBJICHUI U MPOIECCOB, KaK IPABUJIO UCIIOJIb3yeTCsd IPOM3BOIHAS
KamyTo, cooTBeTcTByIOmas THUILy i = 1, IOCKOJIBKY B TAKOM CIydae HAYAJIbHBIC yCIOBUS HMEIOT
ACHYI0 (pU3MYECKYI0 MHTepIpeTanuio. PaccMoTpuM ypasaenne Barim — TopBuka ¢ npousBoaHOil B
cMmbiciie KamyTo

ay" (1) + 6Dy (t) + cy(t) = f(t) (4.1)

C HaYaJIbHBIMN YCJIOBI/IHMI/I
y(0) =yo, ¥'(0) = y). (4.2)

HOKa}KeM, 9TO JaHHOE€ ypaBHEHNE 3KBUBaJIECHTHO CHCTEME

D2, —
DOy =
DDy — 2

DU/2)z = 2 (—cz1 —bza + f)

WM B MATPpUIHON dopme

DUz = Az + BY, (4.3)
0

0

0

e A= , B= o | 2= | .. | ¢ manamnenm yeropnam
3

—b/a 1/a 24

[en}
o O O
O O = O

—c/a
2000=2"=1"|. (4.4)

JIemma 2. ITycmo y € C*[0,d] dasn nexomopuw k € N w d > 0. Honoocum o ¢ N, 0 < a < k,
moada

DaJy(t)‘t:O = D(Q)y(t)‘tzo = 0.

Hoxasarennctso. Ioonpererenmo D®ly(t) = J" ™) (t). B cuny upemmoozxe-
Hus JeMMbl m < k, CJIeJOBATENIBHO, y(m) — HemnpepbiBHAs DYHKIUS 1 %in(l) J m_o‘y(m) (t) =0. O

Jemma 3. ITycmo y € C2[0,d] das nexomopozo d > 0. Tozda

D(1/2)D(1/2)y =, D(1/2)y’ - D(3/2)y, D(1/2)D(3/2)y ="
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Hoxkaszarennbcrtno. B cury (1.6) mpu f(0) = 0 cipasemymso pasercrso D) f(t) =
D f(t). Cormacuo memme 2 D(M/2)y(0) = 0, mostomy, yunrsmsas (1.5), mosryamu

D(1/2)D(1/2)y — D1/2D(1/2)y _ D1/2J1/2y’,

A nockoubKy omeparopst DV2 u JY2 gpusorcst B3anMHO 0GPATHBIMI B CHITY OLPEIEJICHHsT (1.4),
TO

DW2A DAy —
Hanee, onsitb-rakn ncxons u3 (1.5), nmeem

D(3/2)y — J1/2y// _ J1/2(y/)/ _ D(1/2)y'.
Haxonerr, mockombKy cormacio jemme 2 DG/2)y(0) = 0, to

D(1/2)D(3/2)y — D1/2D(3/2)y — D1/2J1/2y// — y//‘ 0

O6osmaumm 21 (t) = y(t), z2(t) = DI/Dy(t), 23(t) = 9/ (t), z4(t) = DB/Dy(t). Torma, B cumy
gemm 2, 3 DUz = 25, DU/ 2y = 25, DU/ = 2, D(I/2z, = 4. Takum o6pasom, ypabie-
uue (4.1) ¢ maganbHbiMu yesoBusiMu (4.2) sKkBUBaJeHTHO cucreMe (4.3) ¢ HAYAJILHBIMU YCIOBHUSI-
mu (4.4). C yuerom (2.6) pemrenue JaHHOf cucTeMbl 3a1aeTcs (hOpMyJIoit

t

2(t) = Fo(AVt;1)2° + /E2 <A\/t —T; %)B\/ft(i_)TdT.
0

[Ipeanonoxum Tenepb, uro B ypasuennu (4.1) f(t) = wu(t) — v(t), tae u, v — yupasieHus
[EPBOr0 U BTOPOI'O MI'POKOB, COOTBETCTBEHHO, Takue, uto |u| < r, r > 1, |[v| < 1. Byaem nonarars,
YTO [EPBBIf NTPOK CTPEMUTCSI IPUBECTH CUCTEMY B COCTOsIHEE 21 = (), & BTOPOii UI'DOK IIPEISITCTBYET
sTomy. B rakom ciaydae cucrema (4.3) npuHEMaeT BH/T

DYy = Az + a7,

riae & = Bu, v = Bv, u € rBS, v € BS, S =[-1,1].

Tepyunanbuoe muoxkectso M* = {z € R*: 2 = 0}, upu srom

1 0 0 0
4 4 0 000
My={z€R": 2, =0}, L={z€R": zo=23=24=0}, M={0}, n= 000 0
0 00O
Torna
1 1
W(t0) = b (A\/%, §>B(TS — ),
W(t) = oris (AVE: 1)Bsi 1B (Avi 1)BS _ Ll (avi 1)BS oy
NG 2 NG 2 Vi 2

u yciosue [loHTpsirnaa BBIIOHEHO aBToMarndecku. [Tomoxum (t) = 0, Torma
£(t) = TEy(AV;1)2°.

Paspemrarortas GpyHKIus onpeiesisieTcs: Kak

p(t,T,v) = max{p >0: —prnEy(AVE 1) € 7 Eo (A\/t —T; %)B(T’S - v)}

1
Vt—T
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Wccneposanne paspemalomnieii (pyHKINT I OMPeaeeHrs rapaiTHPOBAHHOIO BPEMEHN OKOHTA-
HUs UI'PBL B OOIIEM CiIydae BJIsSeTCs TPYAHOR 3a1adeil, T.K. 3aBUCUT OT KOHKPETHOrO BUIA 0000IIEH-
HBIX MaTpuaHbX dbyrkmait Murtar-Jledbdmnepa Ey(AvVt; 1) u Ey (A\/Z; 1/ 2). OHAKO B HEKOTOPBIX

YJaCTHBIX C/Iy4dadX 3ajJavda YIIPOIIaeTCHd.

Hanpuwmep, nosoxum B ypasaenuu (4.1) ¢ = 0. B rakom ciryuae, marpuna A IpUHAMAET BUJL

0100
0010 b
A=lo 00 1| "ePr="y
000 p
Torma 6ymem mMeTh
001 0 00 0 pk-
> [0 00 1 |0 0 0 pr -
A_OOOp’A_OOOpk_l’k_3’4’
00 0 p 000 pF
B pesyabraTe mosydanm
o AFViE
B(AVED) =S — 1
2(AVE51) ];)F(k:/2+1)
Vi Vi
1 t BE(pVEL) —p 3 — L —
'(3/2) PUEAVED =0 = e
Vi Vi
0 1 2By (pVt;1) —p2 —
0 0 1 p By (pVit1) —pt
0 0 0 Ey(pVt;1)
1 = ARViEE
B (aAavE=) =Y —— Y
2( Vi 2> kzzor«km/z)
1 t 1 1 Vit
7 SBE(pvE=) - —— =
T(1/2) v r3/2) 7 2<p*/’2> PT(1)2) P2
1 1 1
7 25 (pvVE =) = —— —
Y Tap *1[ b 2<p*/’ 2) PT072)
0 0o — 1By (pvE =) - ———
T(1/2) P 2(p‘[’z> P7?)
0 0 0 Ey(pvE: )
Jlajiee, yauTbiBasi paBeHCTBA
1 3z 1./1\ 7 2
(y)=vm 1(3)=3r(5) =5 BED=caf
1 1 2 1
E, (z, 5) = zFs(z;1) + T(1/2) = ze* erfc(—z) + 7

p
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rue erfe(z \/_ / g JonojiHuTeIbHAst hyHKIMs ommboK [39], Gyiaem nmernb
t Pt 2 [t ¢
1 2\/j t e—erfc( p\/_)————2 - — =
T p p ™ p

3 |

t epzt 2\/?

2¢

0 0 1 - erfc(—p\/Z) _Z
p p
0 0 0 erfc( —pV/t)
. 2% Vet Vit
NG Vi 7 ) \[erfc( —pVt) — ) :/Pﬁ
1 teP 7
Ey <A\/_; %) = 0 N \f » erfc(—pV/t) — "
0 0 ﬁ Vet erfc(—pv/t)
0 0 0 pVierttefe(—pVi) + =

NZS
O60o3Ha9M

&1(t) = {FE(AVE D} = o+ tyf,

w(t) = {%WEQ (A\/Z; %)B}l aj[ {\/;962” " erfo(—pvi) g - p%

:é[%terfc( V) — plz %}

Baeck {x}; — nepsasi KoMIoHeHTa BeKTOpa . B TakoMm ciiyudae pasperaroiiast hyHKIHs OMPeIeIsi-
ercd KaK OOJIBIINI [OJIOZKUTEIBHBINT KOPEHb CJIELYIONIEr0 YPaBHEHUsT OTHOCUTEIBHO p:

w(t =)o = p&r(t)] = |w(t —7)|r.

Pemaga JaHHOE€ ypaBHEHUE, HaXOAUM

w(t—1)

t,T,v) = ————(vEr). 4.7
pltvv) = LD o £ ) (47)
[Tmoc wim mMuHyC B CKOOKax Oepercss B 3aBUCHMOCTH OT TOIO, KAaKOH 3HAK HMMeeT BbIpayKeHue
w(t —7)/&1(t). YuurbBag busndeckuii cmbica koadduimenros ypashenusi barm — Topsuka,
umeem a > 0, b > 0, B takom ciaydae p < 0. Ormernm Takzke, 4ro mockoabKy w(0) = 0 u
W' (t) = 1/a (2 — erfe(py/))eP’t > 0, 10 w(t) > 0 mpu Beex ¢ > 0. Takum 06pason,
(r—1Dw(t—r1)

ilgf p(t, T, v) = 1€1(2)|

lapanTupoBanHoe BpeMsi OKOHYAHUS WPl HANRIEM M3 COOTHOITEHUS

t t
(r—=1Dw(t—1)
[ ing otemegar = [ Epie EEECI
0 0

JLj1st 9TOro pacCMOTPUM UHTETPAJT

[=Dwlt=r), _r=L [ r-l [ 127
T = w(r)dr = erfc(—py/7) — — — ——= | dr
0/ |0/ 0/ 2 2

IS10] €1(2)
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t

r—1 |1 t 4V
- = f Lo AvE
Ja |72 0/ rerfe(=pyVndr = 5 - 5

WuTrerpas B KBaJIpaTHBIX CKOOKAX MPOMHTErPpUpPYeM 110 dactsM. st aroro nomoxum u = erfc(—py/7),
2
dv = eP'7. Torna
2 2
pe P Tdr erT
du=—7—=—, v=—5
TT P

n

12\f

VT (18)

t 2 t 2
ePt 1 1 dr ePt
T erfc —erfc Vi) — = — —— | —= = — erfe(—pVt) —
0/ (=pV/T)dr pe (—pVt) e pﬁo N (—pVt)

OKkoH4YaTe/ILHO HaXOAuM, 9TO BpeMs OKOHYaHHA UI'DbI MOXKET OBLITh OIIpeJeJIEHO U3 YPaBHEHUSA

1 2Vt B a&)
T p? 3pym  r—1"

JlamHOE ypaBHEHME BCEI/ia MMEeT PeIleHue, MOCKOIbKY mpu t = (0 ero JjieBasg 9acThb paBHA HYJIIO

U UMeeT CKOPOCTh POCTa O(t?’/ 2), B TO BpeMsl KakK IIpaBasl JacTh B HAYAJbHBII MOMEHT BpPeMEHHN
MOJIOXKUTEIbHA U PACTET JUHEHHO 110 t.

5. IIponecchl penakcaliiuu ¢ APOOHBIMU ITPON3BOAHBIMU

VpaBHeHne IpoOHON peTakcalui UMeeT BUT,
ay (t) +bDWy(t) + cy(t) = f(t), y(0) =yo, 0<a <Ll

JlanHoe ypaBHEHME MOXKET OBITh HUCIIOJIB30BAHO Jjisi ONHUCAHUS MHOIUX (DU3NIECKUX U (DPU3UKO-
XUMHUYECKUX [IPOIECCOB, B YACTHOCTH JBUKEHUs cepbl, OIPYKEHHOl B BSI3KYIO XKUIKOCTH [40], a
TaKzKe MPOIECCOB PEJIAKCAIINH TIPU CTEKJI00OPA30BAHUN MIEPEOXJIarKICHHBIX JKuaKocTeii [41].

Hust wacrroro ciaydast o = 1/2 paceMoTpuM KOHMDIMKTHO YIPABJISEMbI TPOIIECC

Y (1) + bDYDy(t) + ey(t) = ult) —v(t), y(O0) =yo#0, |u[<r>1, |of <1, (5.1)

¢ TepMuHAJIBHBIM MHOKecTBOM M = {0}.
B cuity slemm 2, 3 JaHHOe ypaBHEHHE SKBHBAJICHTHO CHCTEME

DUy =2

1
DU/2) g = a(—czl —bzg +u—)

WIN B MATPUIHON dopme

DYy = Hz+u—v, (5.2)

TIIe

. 0 1 . Z1 _ _ _ _ . 0 T
H_<—c/a —b/a>’ Z_<z2>’ u=Gu, v=Gv, u€erGS, veds, G_<1/a>’ S =[-1,1],

C Ha4YaJIbHBIMU YCJIOBUAMUN
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B cuity (2.6) pemenue cucremsl (5.2) 3agaercs popMyIioi

t—T1

4@:EﬂHﬁﬂp@+jE4HWi7é)ﬂQ:ﬁﬁhr
0

[Tosoxkum B ypashenuu (5.1) ¢ = 0. B rakom ciyuae marpuna H npuHEMaer BHL

0 1
H_Q)J’

rje, kak u panee, p = —b/a. Torma Gyxem umersb
0 pk—l
H* = =1,2,3,....
(0 pk ) k 9 737

B pesyabraTe mosydanm

X HWE (1 pTE(pvl) —p!
Bl VD) = jg:?F(/<r/2+1> (0 Ey(pvt; 1) )’

k=0

1

- Ay

— I'((k+1)/2) 0 E2<p\[_})
)

Hasee B cuty pasencts (4.5), (4.6) 6yaem umers

1 p‘lep% erfc(—p\/f) —pt
Ey(HVt:1) = ,
D (0 7 erfe(—pV/T) >

1\ (1 ViteP*t erfe(—py/t)
b <H\/_’ 5) - <0 Vet erfe(—py/t) + 1/ﬁ> .

1
0 () 33Aata ABJIACTCA, IO CYIIECTBY, CKAQJIAPHON 1 MBI
OIPAHUIUMCS PACCMOTPEHHEM TOJIBKO IIEPBBIX KOMIIOHEHT BEKTOPOB.

[Tpumenum cxemy MeTOHa pas3pemaomux (yHKIHR:

[TockoJsibKy B TaHHOM MpUMeEpe 7T =

(W(t, o)} = {”%Ez (vis ) Grs - v>}1 — &t exfo(—pVA) (S — v),

(W(t)h = &t erfe(—pVE)(r — 1)S # o,
{eOh = {TE2(HVE D)2} = .

2
O6osnaamm wy (t,v) = eP"t erfc(—py/t). Paspematomas byHKIAs MO¥KeT GBITH OIpe ieTeHa Kak 60Tb-
MU TOJIOYKUTEJIBHBI KOPEHB CJIEIYIONIET0 YPABHEHUST OTHOCUTEIBHO p:

lw1(t — T)v — pyo| = |wi(t — 7)|r.
Pemas jamnHoe ypaBHeHHe, HAXOIIM

wl(t—T)

vETr),
Yo ( )

p(t,T,v) =
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ILmoc mm MuHYC B CKOOKax 0Gepercsi B 3aBUCHMOCTH OT TOIO, KAKOil 3HAK MMeeT BbIPayKeHHe
2
w1 (t — 7)/yo. Tockombky wi(t,v) = eP ! erfc(—py/t) > 0 mus Beex t, To

(r—1Dwi(t—1)
|0l '

inf p(t, 7,v) =
v

lapanTupoBanHoe BpeMsi OKOHYAHUS UT'PHI HANRIEM M3 COOTHOITEHUS

t
/ t—7‘ T =1.
0

t

/mfptTv

0

YunrsiBas opmyiy (4.8), 6yeM UMETh CIe/IyIoIIee YPaBHEHUE J1Jisi ONIPE/Ie/ICHUsT BDEMEHU TIOUMKH:

eP’t 1 2Vt lyol
— erfe(—pVt Bl S .
P2 (=pvt) - P py/m r—1

,HaHHOE YpaBHEHNE TaK>Ke BCeTJJa UMEET pelIeHue, IIOCKOJIbKY IIPpU t = 0 ero JieBast 9acCThb PpaBHa HYJIIO
1 HEOT'PAHUYICHHO BO3PpacCTaeT, B TO BPpEM KaK IIpaBasd 9aCThb ABJIACTCA MOJIOZKATEJIbHON KOHCTAHTOM.
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OPTIMAL GROWTH IN A TWO-SECTOR ECONOMY
FACING AN EXPECTED RANDOM SHOCK!

Sergey Aseev, Konstantin Besov, Simon-Erik Ollus, Tapio Palokangas

We develop an optimal growth model of an open economy that uses both an old (“dirty” or “polluting”)
technology and a new (“clean”) technology simultaneously. A planner of the economy expects the occurrence of
a random shock that increases sharply abatement costs in the dirty sector. Assuming that the probability of an
exogenous environmental shock is distributed according to the exponential law, we use Pontryagin’s maximum
principle to find the optimal investment and consumption policies for the economy.

Keywords: Dynamic optimization; Optimal control; Pontryagin’s maximum principle; Endogenous growth;
Climate change; Random shock; Government policy, Technological development

1. Introduction

Facing the possibility of climate change and global sanctions, a fictitious social planner (gov-
ernment) in an idealized open economy attempts to reduce pollution and develop new cleaner
production technologies. In many circumstances, the old “polluting” technology is not immediately
replaced by a modern efficient “environment-saving” technology, instead they coexist. Why is not
the former one abandoned immediately, or why not try to benefit from both technologies? The
answer is that “clean” technologies are expensive to develop, less productive (at least in the initial
stage) and often more expensive in use.

The government knows that it is only a matter of time when old polluting technologies will
be internationally penalized (through, e.g., quotas, carbon trade, taxes or trade restrictions), but
there is a lot of uncertainty when these sanctions will actually take place. This is supported by the
fact that even today there are no global binding agreements on reducing greenhouse gas emissions.
The Kyoto process is a first step towards such sanctions, but it is applied only to a part of the
world countries. More binding emission targets and stricter sanctions are, however, being negotiated.
Given the ongoing international negotiation process and climate change, a rational government takes
into account that at some stage in the future it will be penalized for an old “polluting” technology.
Under these circumstances, it is instructive to study how a rational government should adjust the
economy to an expected exogenous environmental change that will increase the abatement costs of
emissions some time in future.

Traditional growth models (e.g., [1,5,10,11]) with random technological change are built on a
Schumpeterian process of creative destruction. The old technology and the capital bound into it
cannot be recycled and the new technology takes immediately over. Thus a technology jump occurs
and the old technology is destroyed. However, in contrast to this, it is empirically evident that both
technologies are bound to coexist for a while, and a rational government does not abandon the old
technology at once.

In this paper, we consider two alternative technologies that produce the same composite good (or
perfect substitutes) which can be consumed or invested in capital. The first technology is “clean,”

!The first two authors were supported by the Russian Foundation for Basic Research (Grants Nos. 09-01-
00624-a, 11-01-00348-a and 10-01-91004-ASF-a); the work of second author was supported also by a grant
of the President of the Russian Federation for the Leading Scientific Schools.
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or “non-polluting,” while the second one is “dirty,” or “polluting.” Both technologies are used
simultaneously and are characterized by AK production functions. At some stage of development,
the sanctions for the polluting technology will become stricter due to environment problems (cf.
climate crisis), increased international awareness and the need to develop new technologies. We
model this as an “exogenous environmental shock”. The government knows that this shock is
coming, but does not know exactly when, and the probability of its occurrence is proportional to
the length of time. The shock increases the consumer cost for the second technology through higher
abatement costs.

In this paper, we show how a rational government could adjust its technology development policy
to an expected environmental change. We treated this problem earlier in [3] under the additional
assumption that the ratio of consumption to the total income is fixed. Here we characterize all
optimal regimes in the general case without this assumption.

Note that the developed methodology can also be applied to other economic growth problems,
with random exogenous shocks not necessarily of “environmental” character.

2. The model

Let us consider an economy with two economic sectors, one based on “clean” technology and
the other, on “dirty” technology. The productivity of the dirty technology is assumed to be higher
in the initial stage, and the externality of pollution in the initial stage is taken into account as
abatement costs by the social planner (government). Let a state variable Ki(t) > 0 (K2(t) > 0)
represent capital stock in the clean (dirty) sector at time ¢t > 0. At each moment ¢ > 0, the output
of the clean (dirty) sector, Q1(t) (Q2(t)), is a linear function of its capital:

Q1(t) = AiKq(t)  (Q2(t) = A2K>(t)),

where the parameter A; > 0 (A2 > 0) is the level of technology in that sector. The outputs Q;(¢)
and Q(t) are perfect substitutes as a private consumption good, but the dirty sector produces more
emissions as a by-product in proportion to its output Q2(t). Let T be the time of the expected
environmental shock that changes the abatement costs for these emissions from (1 — ¢)Q2(t) to
(1 — p)Q2(t) units of the final good, where 1 > ¢ >p > 023

National income in terms of “money” is equal to the total output Q1(t) + Q2(¢) minus the
abatement costs (1 — ¢)Q2(t), that is,

Yy(t) = Q1(t) + Qa(t) — (1 — 9)Q2(t) = A1 K1 (t) + A2 K> (t) (2.1)
for t € [0,7) and

Yp(t) = Q1(t) + Q2(t) — (1 — p)Q2(t) = A1 K1 (t) + pA2Ka(2) (2:2)
for t € [T, 00). At the moment T, we have

Y(T) = lim Yy(t) + (p— 0) A2 K (T), (2.3)

Note that the change in abatement costs decreases the monetary value of the national income
in the economy, as ¢ > p. We also assume that abatement costs are some exogenous costs that are

2The mathematical solution of the optimal control problem described below is valid for all p, ¢ € (0, 00);
that is, the assumption p,q < 1 is never used in what follows. However, if p,q > 1, the abatement costs
turn around and become a support for the dirty technology. Thus, we excluded this case from the final
results. In the mathematical part of this paper we also included the opposite case where ¢ < p, due to
the mathematical interest of the model, but this case is not interesting for this particular problem with an
exogenous environmental shock.

3In this setup of the problem, ¢ < p would imply that the abatement costs fall at the shock at time T,
i.e., the dirty technology is awarded in the future.
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paid to the world economy as a penalty fee for pollution and are not returned to the economy as
any subvention.

The social planner (government) of the economy distributes all income Y (t) (or Y,(t)) between
consumption C(t), investment in the first sector I1(¢), and investment in the second sector Is(t) at
each moment ¢ > 0. This implies

Yy(t) = C(t) + i (t) + I2(t),
C(t) = u(t)Yq(t), D(t) =u(t)Yy(t), ILo(t) =ia2(t)Y,(),
w(t) +i1(t) +i2(t) =1, w(t) >0, 41(t) >0 and is(t) >0,
for t € [0,T), and
Yy(t) = C(t) + Ii(t) + I2(t),
C(t) = u(t)Yp(t), DLi(t) =i (D)Yp(t), Ia(t) = ia()Yp(t),
w(t) +i1(t) +i2(t) =1, w(t) >0, 41(t) >0 and is(t) >0,

for t € [T, 00).
By introducing a new control parameter 0 < v(t) < 1, ¢ > 0, we can decrease the number of
control parameters as follows:

i) = v - u(t), is(t) = (1—v(®)(L - u(t), t>0.

The quantities u(-) and v(-) are treated as control parameters (or, simply, controls); u(-) sym-
bolizes the control for consumption, and v(-), for the ratio of investment in the first sector to the
total invesments. As usual, we assume that these control parameters are (Lebesgue) measurable
functions defined on [0, 00) and satisfying the indicated constraints.

Now, the capital stocks K (t) and Ka(t), t > 0, accumulate according to

Ki(t) = bi11(t) — 6K, (1),
Ko(t) = boIy(t) — 6Ko(t).
This is equivalent to (see (2.1))
Ki(t) = v(t)(1 — u(t))bs [A1 K1 (t) + qA2 Ko (t)] — 6K1(t), (2.4)
Ko(t) = (1 —v())(1 — u(t))be [A1 K1 (t) + A2 Ka(t)] — 6 Ko (t) (2.5)
on the time interval [0,7'), and (see (2.2))
Ki(t) = v(t) (1 — u(t))by [AL K1 (£) + pAsKs(t)] — 6Ky (1), (2.6)
Ks(t) = (1 — v(t))(1 — u(t))ba [A1 K1 (£) + pAsKs(t)] — 5K (t) (2.7)

on the rest infinite time interval [T, o).

Here b; > 0, be > 0 and 1/by, 1/by are constant costs of units of capital in the first and second
economic sectors, respectively; ¢ > 0 is the depreciation rate of capital, which is assumed to be the
same for both economic sectors.

Due to (2.1), (2.4) and (2.5), the instantaneous income Y;(-) satisfies on [0, 7] (in the sense of
Carathéodory) the differential equation

Y(t) = (0(6)(1 = u(t)brAr + g(1 — v(t))(1 — ult))baA2) Yy(t) — 6Y, (1) (2.8)

with the initial condition Y,(0) = A1 K;(0) + ¢A2K>(0).
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Similarly, due to (2.2), (2.6) and (2.7), the instantaneous income Y, () satisfies on [T, 00) the
differential equation

Yp(t) = (v(t)(1 = u(t))br Ay +p(L = v(t))(1 — u(t))baA2) Yy (t) — Y, (t) (2.9)

with the initial condition (2.3).
The social planner evaluates the quality of the control pair (u(-),v(-)) on the time interval [0, T7,
T > 0, with the following utility index:

T
Jr(u(-),v(-),Yq(-), Ki(T), Ko(T)) = /e"’t ln(u(t)Yq(t))dt+e_pTV(T, Kq(T),Ky(T)), (2.10)
0

where p > 0 is a subjective discount rate (time preference in the utility function) and

oo

VK (D). Ka(T) = max [ D nu(e)y, (0) di 2.11)
u(+),v J
is the current value of the capital stocks K;(7") and K»(T') at instant 7.
Due to (2.9) we have (see (2.11))

ooe— =T 1y (y L _9
[N o) de = Sw v - &
T
pT 7 —pt 1
+e /e P [ln u(t) + ;(v(t)blAl +p(1 —v(t))baA2) (1 — u(t))| dt. (2.12)
T

The integral on the right-hand side of (2.12) does not depend on the state variables K;(-) and
Ks(+), while the first two terms are constants. Hence, the integral on the right-hand side of (2.12)
can be maximized in the control parameters v(-) and u(-) independently.

Thus, two cases are possible: (i) by A; — pboAs > 0 and (ii) by A1 — pbe As < 0.

Consider case (i). Maximizing the integral on the right-hand side of (2.12) in v(:) and u(-)
gives the following optimal controls on [T, 00): 0.(t) = 1 for all t > T, while 4. (t) = p/(b1A;) if
p < b1Aj or U, (t) = 1if p > by Ay for all t > T. Thus, the size of the time preference p matters for
consumption in the second period.

Substituting these optimal controls in (2.12), we get

V(T, K (T), Ko(T)) = %lan(T) + My, (2.13)

where either

_ Inp—In(byAr) -1 N b1A1 — 0

My
p p?

if P < blAl (2.14)
or 5
M, = —? if p > b1Aq. (2.15)

Consider case (ii). In this case, the maximization of the integral on the right-hand side of (2.12)
gives 0, (t) = 0 for all t € [0, T, while @.(t) = p/(pbeA2) if p < pbaAg or U, = 1 if p > pba Ay for all
t € [0,T]. Hence, substituting these optimal controls in (2.12), we get

V(T, K)(T), Ko(T)) = %lan(T) + My, (2.16)



Optimal growth in a two-sector economy 275

where Inp—In(phydy) — 1 phyAy — &
My = 2P In(phaAs) — 1, pho 2~ if p < pbody (2.17)
p p
or 5
My =—— if p > prAg. (2.18)

2

Thus, due to (2.1) and (2.3), in both cases (i) and (ii) (see (2.13), (2.16) and (2.3)) we have
VT K2 (D). K1) = 5 (A K (7) + pAsKalT) + M. (2.19)

where the constant M is either M (see (2.14), (2.15)) or My (see (2.17), (2.18)) depending on the
relations between the values of the parameters. Recall that here the state variables K;(-) and Ks(-)
satisfy (2.4) and (2.5), respectively, on the time interval [0, T].

All previous constructions have been performed under the assumption that the instant of time
T > 0 is fixed.

Assume now that the instant of time T' at which the environmental shock happens is a random
variable with an exponential distribution (see, for example, [7]). This means that on each small
time interval [t,t + At], t > 0, At > 0, the relative probability of the event that the abatement
cost of the unit of production in the second sector jumps to a value of 1 — p under the condition
that before t it equals 1 — ¢ is proportional to the length At of this time interval. Analytically this
property of the random variable T' can be expressed as follows:

P(T <t+At|T >t)=vAt+ o(Ab).

Here v > 0 is a proportionality coefficient of the distribution and o(At)/At — 0 as At — 0.
In this case the distribution ®(t) = P(T < t) and the density () = ®(t), t > 0, of the random
variable T are
dt)=1—e" and @(t)=ve ™, t>0. (2.20)

In this situation the social planner faces the problem of maximizing the expected value of the
random variable Jr(u(-),v(-), Yy (+), K1(T), K2(T)) (see (2.10)) at a random instant 7.
For an arbitrary admissible control pair (u(-),v(:)) on [0,00), due to (2.10), (2.19) and (2.20),
we have
E(Jr(u(-),v(), Yy (), Ki(T), K2(T))) =/Ve_”tJt(U('),U('),Yq('),Kl(t)’Kﬂ))dt
0

[e.9] [e.9]

M
_ Y +/e—<”+f’>t In u(t) dt + ”+p/e—<”+f’>t In 'Y, (t) dt
v+ p p

[e.e]

v _ A1K1 (t) —l—pAgKg(t)
—|——/e v+0)t 1y dt.
p Yq(t)

(2.21)
0
Consider the second integral on the right-hand side of (2.21). Due to (2.8) we have

/ W+At 10 Y, () dt
0

—ln 0 lOoe_(” ) (v —v —u
= ~Y,(0) pw+m+p! 0 (u(E)br A+ g(1 — v(t))baAo) (1 — u(®) di.
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So, formula (2.21) for the expected value of the random variable Jr(u(-),v(-), Y5(-), K1(T'), K2(T))
can be rewritten as follows:

ECr(u(), 0, Yy (K (1), KaT) = 0 ¥ (0) =~ 2
T 1
+ / o (tp)t [lnu(t) + ;(1 —u(t)) (v(t)b1 A1 + q(1 — v(t))baAs) | dt
0

oo

+ v / e—(u—l—p)t In A1 Ky (t) + pAQKQ(t)
p ALK (t) + qA2Ks(t)

dt. (2.22)
0

Since the first three terms on the right-hand side of (2.22) are constants, they can be neglected
when optimizing the expected value of Jp(u(-),v(-), Y, (), K1(T'), K2(T")). So we can formulate the
social planner’s optimal control problem as the following optimal control problem (P):

K (8) = o(t)(1 — u()by [A1 K () + qAs Ko (1)] — 655 (1),
Eoo(t) = (1= v()(1 — u(t))ba [A1 K3 (1) + qAs K (1)) — 6K(2),

Kl(O) = Klo, KQ(O) = KQ(), u(t) S (0, 1], Z}(t) S [O, 1],

[e.9]

T, Ko, v) = [t g o OO LA o0
) ) ) 0 p
1% AlKl(t) —l—pAgKQ(t)
+ ;ln N0 +qA2K2(t)] dt — max.

Note that for p = ¢ problem (P) is trivial. The utility functional J(K(-), Ka(-),u(-),v(+)) in
this case does not depend on the state variables Kj(-) and K3(-), and the solution is obtained
by maximizing the integrand Inw(t) + p~* (1 — u(t)) (v(t)b1 41 + q(1 — v(t))b2A2) in the variables
u(t) € (0,1] and v(t) € [0,1] at each instant ¢ independently. It is natural that this expression
coincides with that in (2.12), and we obtain similar optimal controls in this case: v,(t) = 1 for all
t > 0ifby Ay > qboAg and v, (t) = 0for allt > 0if by A; < gba Ao, while u, (t) = p/ max{b; A1, gbs A2}
if p < max{b1A1,qbaAs} and u.(t) = 1 if p > max{b; A1, gbsAs}.

So, in what follows, we consider only the most interesting case p # q.

Under this condition we can simplify the problem by reducing the dimension of the state
variable. Namely, we introduce a new state variable z(-) as follows:

_ ALK () + pAs K (t)
ALK (t) + qA2 K (t)’

x(t) t>0. (2.23)

Note that x(t) is equal to Y, (t)/Y, () if we formally define Y,(t) for ¢ € [0,7] by the same for-
mula (2.2). This can be interpreted as the ratio of the “fictitious” instantaneous income Y, (t) to
the real instantaneous income Y;(t) at time ¢, where the term “fictitious” means that Y,(t) would
be the instantaneous income if the shock happened at this current point ¢.

Below we study both the case p > ¢ and the case p < ¢, although only the latter (where

sanctions increase) is meaningful in our particular economic problem.
Differentiating (2.23), we obtain (see [3] for details)

&(t) = (1 —u(t)) [blAlv(t) + pbaAs(1 —v(t)) — (brA1v(t) + gbaA2(1 — v(1)))z(t) |-
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Since for any admissible trajectory (Ki(-), Ka(-)) of problem (P) we have K;(t) > 0 and K»(t) > 0
for all ¢ > 0, it follows from (2.23) that

xz(t)yel forall t>0, where [= (min{l,]—g},max{l,g}). (2.24)
q q
Thus, we have reduced problem (P) to the following equivalent optimal control problem (P1):

i(t) = (1= u(®)[brAru(t) + pbada(1 = v(t)) = (b1 Aro(t) + abaAs (1 = v(t))x (1))

—~

x(0) = xo, wu(t) €(0,1], w(t) € [0,1],

(1 —u(®))(v(t)b1 A1 +q(1 — v(t))ba Az)
P

Ji(z(),ul-), v() =

el [ln u(t) +

+ %ln x(t)] dt — max,

where
~ A1K1(0) + pAs K5(0)

P07 A K (0) + g A2 K (0)

The equivalence of problems means, in particular, that a control pair (u(-),v(-)) is optimal in
problem (P) if and only if it is optimal in problem (P1).

In [3] we analyzed this problem in the case when the consumption is fixed at a certain share of
the total income, i.e., u(t) = up = const, t € [0,00). In the present paper we solve the problem in
the general case.

To simplify the notations, we multiply the utility functional Ji(z(-),u(-),v(-)) by the positive
constant p (the time preference of the utility function) and set a = by A1, b = gba As and ¢ = pbe As.
Then problem (P1) takes the form

(1) = (1 —u(t)) [av(t) + (1 — v(t)) — (av(t) + b(1 — v(t)))z(t)],

z(0) =x9, wu(t) €(0,1], w(t)€]0,1], (2.25)
Ji(x(-),u(-),0()) = /6_(”+p)t [plnu(t) + (1= w(t)) (av(t) +b(1 - v(t)))
0

+vin :E(t)] dt — max,

where zg € I is a given number (see (2.24)).

To apply the technique of optimal control theory, we need to compactify the range of values
of u(-). To this end, we touch up the utility functional J;(2(-), u(-),v(-)). Namely, let us introduce
a function L.(+): [0,00) — R! as follows:

(u—e)?

1
Lo(u) = lns+g(u—€)— for 0 <wu<e,

Inu for u > e,

(2.26)

where £ < 1 is a small positive constant that will be specified later. Obviously, £.(+) is a continu-
ously differentiable strictly concave function on [0, 00) and £.(u) > Inw for any u € (0, 1]. The term
—(u — €)?/2 is added for convenience; we could easily dispense with it, but in this case the func-
tion L.(-) would not be strictly concave.
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Now consider an auziliary problem (P.)

i(t) = (1 — u(t))[av(t) + c(1 —v(t)) — (av(t) + b(1 — v(t)))z(t)], (2.27)
xz(0) = xo, wu(t) €10,1], w(t)€]0,1],
Je(x(),u(-), v() = /6_(”+p)t [pﬁe(u(t)) + (1= u(t))(av(t) + (1 — (1))
0

+vin a:(t)] dt — max, (2.28)

where x( is the same as in (2.25). It is clear that any admissible process (z(-),u(-),v(-)) in prob-
lem (P1) is also an admissible process in problem (P.).

Proposition 1. If there exists an optimal process (x«(+), us(:),v(+)) in problem (P.) such that
u(t) > € for a.e. t € (0,00), then

(i) this process is also optimal in problem (P1);

(ii) any other optimal process (Tu(:),u«(:),0x(:)) (if it exists) in problem (P1) is such that
Uy (t) > € for a.e. t € [0,00) and so is also optimal in problem (P.).

Proof Indeed, assertion (i) is valid because Je(z(-), u(-),v(-)) > Ji(z(-),u(),v(:)) for any
admissible process (z(-), u(+),v(-)) in problem (P1) and J (24 (+), ux(*), v« (+)) = J1 (@ (), us (+), 04 (+))-
If (Z(-),u(-),0(-)) is an admissible process in problem (P1) such that @(t) < € on a positive measure
set of values of ¢, then

Ji(@(),a(), () < Je(@(),a(-),5()) < Je(@a(-), wi(-), ve()) = i@ (), us (), ve ()

and hence this process cannot be optimal in problem (P1). This implies (ii). O
Denote
f(@,u,0) = (1 —u)|av+c(l —v) — (av+b(1 —v))z], x>0, wu,vel01] (2.29)
and
ge(z,u,v) = pL(u) + (1 —u)(av +b(1 —v)) + vInz, x>0, wu,vel0,1], (2.30)

so that (2.27) and (2.28) become

[e.e]

i(t) = f(x(t),u(t),v(t)) and Je(z(),u(),v()) = /6_(”+p)tge($(t),U(t)vv(t))dt-

0

Formally, problem (P.) is not affine in control. However, if we return to the initial control
variables i1 = v(1 — u) and is = (1 — v)(1 — u) defined on a convex compact set

{ir,ig € R?*: iy >0, g >0, iy +1ip < 1},

then we obtain an equivalent optimal control problem that is affine in control. Moreover, under
this change of the control variables, the utility function remains concave in control. Hence, due
to the standard existence theorem (see, for example, [4]), there is an optimal admissible process
(24(*), ux (), v4(+)) in (P.). This problem (P.) is in the focus of our analysis below. In the next
section we characterize all optimal regimes in problem (P.) (and hence in problem (P1), due to
Proposition 1) with the use of optimal control theory. In concluding Section 4 we offer an economic
interpretation of the solution.



Optimal growth in a two-sector economy 279

3. Solution of the problem

In the standard way, we define the current value Hamilton—Pontryagin function M(z,u,v, @)
and the current value Hamiltonian M (z,¢) for problem (P.) in the normal form* (see (2.29) and
(2.30)):

./\/l(a:,u,fu,gzﬁ) :f(x7u7v)¢+g€(x7u7v)7 (31)
M(z,6) = sup Mz, u,0,6). (3.2)
u,v€(0,1]

Here x > 0, u,v € [0,1] and ¢ € R

It is easy to see that problem (P.) satisfies the conditions of Theorem 12.1 from [4]. Hence due
to Theorem 12.1 from [4], we obtain the following version of the Pontryagin maximum principle for
problem (P.):

Theorem 1. Let (x.(-),us(-),v«(:)) be an optimal process in problem (P:). Then there ezists
a current value adjoint variable ¢(-) (corresponding to the triple (z.(-),u«(:),v«(+))) such that the
following conditions hold:

(i) The admissible triple (x4(+),u.(-),v«(+)), together with the current value adjoint variable ¢(-),
satisfies the core relations of the Pontryagin maximum principle in the normal form on the infinite
time interval [0, 00):

OM (24 (1), us (1), vs (1), 9(1))
Ox ’

@

o(t) =

(v +p)o(t) -

M (8), e (1), 04(8), 9(1)) = M (4(2), $(1)). (3.3)

(ii) The admissible triple (x.(-),u.(-),v«(:)), together with the current value adjoint variable
o(+), satisfies the normal-form stationarity condition

o0

M (2. (1), p(t)) = (v + p)e TPt / e~ WA g (2,(5), uw(s), v4(s))ds  for all t> 0.

(iii) For any t >0

¢(t) —e (v+p)t Z(t /6 (v+p)s —z(s ag€($*(8)7g;(s)av*(8)) dS, (34)
t

where z(t) = —

o\ﬁ_
Q
~»
~—~
8
*
—
»
N—
£
*
—~
»
S~—
<
*
—
V)
N—
S~—

Theorem 1 serves as a main tool in our construction of optimal regimes in this section. As we will
see below, there is a unique admissible triple (. (-), u«(-), v«(+)) satisfying the conditions of Theo-
rem 1. Due to Theorem 1 and the standard existence theorem (see [4]), this triple (z.(+), u«(), v (+))
is a unique optimal admissible triple in problem (P.). Moreover, u.(t) > ¢ > 0 for a.e. t € (0,00)
if e is sufficiently small. Hence, by Proposition 1, this triple (x.(-), us(+),v«(+)) is a unique optimal
admissible triple in problem (P1).

4Here and below for the sake of simplicity of notations we omit index ¢ and write M and M instead of
M, and M..
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Corollary 1. The current value adjoint variable ¢(-) corresponding to an optimal process in
problem (P.) is positive and bounded:

0<o(t) < #p max {1, ]%} for all t>0. (3.5)

0
Proof. Since 9g:(,u,v) =S 0forz> 0, it follows from (3.4) that ¢(t) > 0 for all £ > 0.

T x

On the other hand, v/x < vmax{1,¢q/p} for any = satisfying (2.24). Note that
t

/ (1 — ui(s))(avi(s) + b(1 — vi(s))) ds for ¢ > 0;
0

thus, z(+) is a nonnegative monotonically increasing function of ¢. Therefore, we can estimate ¢(-)
using (3.4) as follows:

[e.e]

£ < o)t x(0) / e 1,4 gs = 2 1,1l O
p(t) < e e e Vmax{ p}ds V+pmax{,p}

t

Note that since z(t) > 0, ¢(t) > 0 for all ¢ > 0 and any admissible trajectory z(:) is bounded
(see (2.24)), mequahty (3.5) 1mphes the validity of the standard transversality condition at infinity

(see, for example, [1,4,5])
tlim e~ Pt (D) (t) = 0.

Now we analyze the maximum condition (3.3). Since the current value Hamilton—Pontryagin
function M(z,u,-,¢) (see (3.1)) is affine in the control v, the maximum value of M(z,u, -, ¢) over
v € [0,1] for arbitrary fixed x > 0, u € [0,1] and ¢ > 0 is reached either at v =0, at v = 1, or at
all points v € [0, 1] simultaneously.

Denote

MO(x>u7 qb) = M(x,U,O,QS) = (1 - U)[C - bﬂj‘]¢ + Pﬁe(u) + (1 - ’LL)b + I/IDJE,

(3.6)
x>0, wel0,1], ¢ >0,
and
Mi(z,u,¢) = M(x,u,1,¢) = (1 —u)[a — az]é + pLe(u) + (1 —u)a+ vinz, 57)
3.7
x>0, wel0,1], ¢>0.
Thus, Mo(z,u, ) > Mi(x,u, @) if and only if
(br —c+a—azr)p<b—a and u<]l,
Mo(z,u,p) < Mi(z,u,¢) if and only if
(br —c+a—azr)p >b—a and u<]l,
and M0($7 17 qb) = Ml(xa 17 ¢)
Define a function ¢g: I — R! as follows:
b—a
¢o(z) = zel. (3.8)

br —c+a—ax’

Note that if p < ¢, then the denominator in (3.8) is positive, while if p > ¢, this denominator is
negative.
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(a) (b)

Fig. 1. The sets 'y and I’y (a) in the case p < ¢ and (b) in the case p > ¢, and one of the possible forms
of the set I'y,—1. The arrows indicate the direction of the change of the xz-coordinate for trajectories of the
Hamiltonian system.

Introduce the set
I'={(z,¢) eR?: z €1, ¢ >0}

of admissible values of x and ¢. The graph of ¢(-)
groo ={(z,¢) €' ¢ = ¢o(z)}
(if it intersects I') divides I' into two parts
Iy = {(x,(é) el Mo(z,u, ) > My(x,u,d) for u < 1}

and

Iy ={(z,9) €T: Mo(z,u,¢) < My(z,u,¢) for u <1}

(see Fig. 1). If p < ¢, then I’y lies below the graph of ¢g(-) (or is empty if gr ¢p = @) and I'; lies
above the graph of ¢g(-) (or coincides with I" if gr ¢g = @), while if p > ¢, Iy lies above the graph
of ¢o(+) (or coincides with T if gr ¢9 = &) and I'; lies below this graph (or is empty if gr g = &).
Set
uo(x, ) = argmax Mo (z,u, @), (z,¢) € I'oUgr o,

u€[0,1]
and
ui(z,¢) = arg[mf?le(w,u, ¢), (z,¢) €' Ugrdo.
u€e(0,1
Then
1 if p>b+ (c—bx)o,
uo(z, ¢) = m if (b4 (c—br)p) <p<b+(c—bx)s,
Wf@,0) i p<e(b+(c—bo)o)
for (z,¢) € I'g U gr ¢p, and
1 if p>a+a(l—2x)e,
p

if e(a+a(l—2)p)<p<a+a(l—zx)d,

ui(x, @) if p<ela+a(l-x)9)



282 S. Aseev et al.

for (z,¢) € T'1 Ugr¢g, where 0 < uj < € and 0 < uj < ¢ are some functions whose explicit
expressions are not important for what follows.

In the open set Ty, due to condition (3.3), the Hamiltonian system of the maximum principle
for problem (P.) has the form

(t) = (1 - uo(a(t), (1)) (c — bas(t)), (3.9)

o) = (v + p)o(t) + b(1 — uo(x(t), &(1))) d(t) — 20) (3.10)

In the open set I'y, the Hamiltonian system of the maximum principle for problem (P.) has the
form

i(t) = (1 - wi(a(t), 6(t)))a(l — (1)), (3.11)

4(0) = 4 p)olt) + a1 —ua(a(t), (1)) 010) ~ 5. (3.12)

Let us separately consider the set of those (z,¢) at which either ug(x,¢) = 1 or uy(z,¢) = 1.
Denote this set by I'y—1:

Dy—1 = {(z,0) €ToUgrdo: p>b+(c—ba)p} U{(z,¢) €T1: p>a+a(l—z)p} (3.13)

(see Fig. 1). In I';,—; the Hamiltonian system of the maximum principle for problem (P.) has the
form

i(t) =0, (3.14)

O(t) = (v + p)o(t) — D (3.15)

Now note that if ¢(-) is the current value adjoint variable corresponding to an optimal process
(24(*), ux (), v4(+)) in problem (P.) by virtue of Theorem 1, then by Corollary 1

bt (c—buu(t)o(t) <b and a+a(l—2.(1))6(t) <a+alg—p)- s

if p < gq, and

v
v+ p

b+ (¢ —bxi(t))p(t) < b+ (c—b) and a+a(l —x.(t))o(t) <a

if p > q, for all £ > 0. Assume that ¢ is chosen from the very beginning (see (2.26)) in such a way
that

e < min{%, ot alg _]';y/(u + p)}

if p<q and
. p p
°= m““{b+ (- b)u/<u+p>’5}
if p > q. Then
p .

u(t) = 3 (e b, @)000) if (z4(t), (1)) € (To Ugrgo) \ F'u=1 (3.16)
and

w(t) = £ if (2.(0), 6(t)) € (T Ugreo) \ Ty (3.17)

a+a(l —z.(t))o(t)
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for all ¢ > 0. Therefore, instead of systems (3.9), (3.10) and (3.11), (3.12), we may consider the
system

3 = — p c—bx .

i) = (1 e tarem ) © ) 19

60 = v+ 9)0(0) + (1~ e )00 - s (3.19)
in I'p \ T',=1 and the system

] = — p a(l —x .

(0= (1= o Lora )2~ ) (3:20)

616) = v+ 2000 + (1~ oL Jolt) - 2 (3.21)

in I'; \ T'y=;. In T';—; the Hamiltonian system is defined by (3.14) and (3.15). Note that
I'=Ty=1 U (Lo \ Tu=1) U (I'1 \ Tu=1) U (gr ¢0 \ T'u=1).

On gr ¢ \ I'y—1 we have in fact a vector differential inclusion whose right-hand side is the set of all
convex linear combinations of the limit values of the vector fields in I'g and I'y determined by the
right-hand sides of (3.18), (3.19) and (3.20), (3.21), respectively. (The corresponding control v(-)
will be a singular control at such points, see [6]).

System (3.14), (3.15), (3.18)—(3.21) will be referred to as system (S) in what follows. It differs
from system (3.9)—(3.12), (3.14), (3.15) only for large values of ¢(t), and, as explained above, if
¢(+) is the current value adjoint variable corresponding to an optimal process (.(-),u«(+),v«(+))
in problem (P.) by virtue of Theorem 1, then (z.(-),¢(:)) is a bounded solution of system (S)
(under our assumptions on ¢). Below we will show that for any admissible initial condition xg
system (S) has only one bounded trajectory (z(-), ¢(-)) such that x(0) = z¢. Therefore, this trajec-
tory gives a unique optimal process (z4(-), u«(+), v«(+)) in problem (P.) with x.(0) = x¢, and hence
by Proposition 1 this will also be a unique optimal process (z.(+), u«(+), v« (+)) with x,(0) = z¢ in
problem (P1).

Note that system (S) can be formally viewed as the Hamiltonian system of the maximum prin-
ciple for problem (P1), and the auxiliary problem (P.) was involved just to avoid the noncompact
restriction on u in (2.25).

So, now we focus on finding bounded trajectories of system (S) that lie in T" for all £ > 0.

Remark 1. If p < g, then for any trajectory (z(-),#(-)) of the Hamiltonian system (S) we
have #(t) > 0 if (z(t), ¢(t)) € T'1 \ Ty=1 and &(t) < 0 if (z(¢), ¢(t)) € Ty \ Tu=1. If p > ¢, then for
any trajectory (z(-), ¢()) of the Hamiltonian system (S) we have &(t) < 0if (z(¢), ¢(t)) € I'1 \T'u=1
and z(t) > 0 if (z(t),¢(t)) € Tp \ T'y=1. If (2(¢), ¢(t)) € T'y=1, then &(t) = 0.

It follows from Remark 1 that fixed points of system (S) may only be on the graph of the
function ¢o(-) or in I',—1. Let us find them.
In I',— the fixed points fill a whole segment of the graph of the function

v
= 3.22
@) = (3.22)
if this graph intersects I',—1; i.e., the set of fixed points in I';,—1 is I'y—1 N gr ¢1.
Let Vo(z,¢) = (Vor(z, @), Voa(z, ¢)) be the vector field generated by the right-hand side of
system (3.18), (3.19) in I'y \ T'y=1, and let Vi(z,¢) = (Vi1(z, ¢), Via(z,¢)) be the vector field
generated by the right-hand side of system (3.20), (3.21) in I'y \ T'y=1. We can extend these fields
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by continuity to assume that they are also defined on gr ¢\ I';,=1. Then at any point of gr ¢g \ I'y=1
we have a family of admissible vectors (velocities)

Viz,¢) = A\Vi(z,¢) + (1= NVa(z,¢), 0<A<1 (3.23)

This family contains a zero vector if and only if the vectors ‘71(33, ¢) and ‘72(55, ¢) have opposite
directions (or one of them vanishes). Since the first coordinates of Vi (z, ¢) and Va(x, ¢) are nonzero
and have different signs (see Remark 1), this condition is equivalent to

Voi(z, 9)Vaz(z, ¢) = Vir(x, ¢) Voo (x, ¢), (3.24)

(1= uo(6.2))(e — ba) [(v + p+ a1 — wr(6,2)))¢ — ~ |
= (1 —ui(,2))a(l — z) [(u +p+ b(1 — ug(¢, 7)) — g] .
Recall that ¢ = ¢p(z) and

P _ P

- b+(c—bx)p a+a(l—2x)p <1

U()((b, .Z') = U1(¢, .Z')
(because we are on the graph of ¢g(-) and outside I';,—1). Then we can rewrite this equation as
v
do(z)|(v+p)(c—bx —a(l —x))+alc—b)(1 —up(x, po(x)))| — E(C —bxr—a(l—z)) =0. (3.25)

Note that this automatically implies ¢g(xz) > 0 if = € I is a solution of (3.25). Indeed, if p < ¢,
then bx > ¢ and x < 1, while if p > ¢, then bx < ¢ and z > 1.
Substituting (3.8) into (3.25), we obtain

alc=b)(b—a) alc=bplb—a) wvia—rc)

_(b_a)(y+p)+bx—c+a—ax_ alb— ) +— +v(b—a)=0,
or
a(c—0b)(b—a) n v(a—c) _o,
br —c+a—ax x
or
P(z) = (b—a)lalb—c) —v(a— )]z —v(a—c)* =0. (3.26)
Note that P(x) # 0 for p # ¢. A solution of this equation (if it exists) is given by
_ v(a—c)?
= . 2
"= =0l — o) - via—o)] (3.27)
Since P(0) <0, the point (Z, ¢o(Z)) belongs to I' if and only if
. p p
P(mln{l,a}> <0 and P<max{1,5}) > 0. (3.28)

Thus, in '\ T'y=; system (S) either has no fixed points or has one fixed point (Z, ¢o(Z)).

Remark 2. It isinteresting to note that T does not depend on p and is the limit, as p — 0,
of the steady state in a similar optimal control problem but with consumption fixed at a certain
share of the total income (i.e., with u = const > 0) (see [3, (51)]).

Now, we show that no part of any trajectory (z(-),¢(:)) can go along the curve gr ¢g, except
for staying at the fixed point.

Proposition 2. If (z(-),¢(:)) is a trajectory of system (S) such that (z(t), #(t)) € gr ¢\ [u=1
for any t from some time interval [to,t1], t1 > to, then (x(t), d(t)) = (Z, ¢o(Z)) for any t € [to, t1].
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Proof. The curve grog is defined by the equation Mg(z,u, ) — My(z,u,¢$) = 0 for an
arbitrary fixed u < 1 (see (3.6), (3.7)). Therefore, a normal to this curve is given by

& (3./\/10 _ (9./\/(1 aMo _ 3./\/11)
Oz oxr = 0¢ o

Note that for b # a both coordinates of 7i are always nonzero, while for b = a we have gr¢g = &.
The vector fields Vjy(x, ¢) and Vi(z, ) in Ty \ I'y=1 and T'; \ T'y—1, respectively, are given by

. M oM
Vo = (Vor, Voo) = (5% (v + )6 = 578) for w=wo(,6) <1
and oM oM
Vi = (Vi1,Via) = (T;,(V+P)¢— 63:1> for uw=uy(z,¢)<1.

On gr¢p \ I'y=1 we have ug(z,¢) = ui(x,p). Hence, assuming that 7 is calculated for the same
value of u, we obtain the equality of scalar products

<ﬁ ‘—/»> B _(9./\/(1 (9./\/(0 (3./\/10 _ E?Ml
0T T 0 9 By o

But then for any vector V from the family (3.23) we obtain the same value of the scalar product
with 7
<ﬁ7 V)= <ﬁ7V0> = <ﬁ7 >

If a trajectory goes along gr ¢p, then we must have (7, V') = 0 at any point of this trajectory, i.e.,

OMoy OM;

)(V+p)¢+

T

(it, Vo) = (i1, V1) = 0.

This implies that the vector fields 170 and Vj have either the same direction or opposite directions,
i.e., Vo1Vie — Voo Vi1 = 0, which is nothing else but equation (3.24) of the fixed point. O

Remark 3. If atrajectory (z(-),¢(-)) of the Hamiltonian system of the maximum principle
reaches the curve grog \ I'y=1 at a point other than (&, ¢o(Z)), then it must necessarily cross the
curve gr¢g (due to the equality of scalar products (3.29)). Let us determine the direction of this
crossing (upward or downward).

To this end, we assume first that I',—; = @ and calculate the limit values of the vector field Vo

at the point <§’ N (S)) and of the vector field Vj at the point (1, ¢o(1)):

Vor (5 00(7)) =0,

V02(§7¢0(§)> = (V+p)¢0<§> +(b— P)%(S) b Ve(b—a) —v(a—o)

c ac(b—c)
vp(?)
o q
- F (3.30)
Vll(lv ¢0(1)) = 07
Via(L (1)) = (v + p)éo(1) + (a — p)go(1) —v = 20D =¥z PO g,

b—c (b—c)?

(see (3.18)-(3.21), (3.8) and (3.26)).

Since P(-) is a linear function and Vo and V; are continuous nonvanishing vector fields on gr ¢g
that are tangent to gr ¢g only at the point (Z, ¢o(Z)), we conclude that a trajectory of system (3.18)—
(3.21) crosses the curve gr ¢9 downwards at a point (z, ¢o(x)) if P(z) < 0 and upwards if P(x) > 0.
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Fig. 2. The structure of the trajectories of system (3.18)—(3.21) in a neighborhood of the point A = (&, ¢o(Z)).
Two trajectories reach the point A in finite time, and two trajectories emanate from it. The point A itself is
also a trajectory of the system. This is the only point at which the uniquenes of solution to system (3.18)-
(3.21) is violated.

Now note that the presence of the set I',—1 does not affect this conclusion, but in the general case it
applies only to the points of gr ¢ \I'y=1. In particular, if the point (Z, ¢o(Z)) belongs to gr ¢ \'y=1,
then in its neighborhood the vector field looks as shown in Fig. 2.

Now we are ready to describe the global structure of trajectories of system (S). Of course, this
structure is different for different values of the parameters of the problem, so we distinguish three
principally different cases:

I. Ty=1=9.
IT. gr¢p C I'y=1 # @ (the possibility gr oo = @ is not excluded).
III. T'y—1 # @ and grog \ ['y=1 # 2.

The analysis in case I is similar to that performed in [3] for the fixed share u of consumption.
Case II is the simplest one (because of the simple structure of the vector field in I',,—1), and case 11
is the most difficult one. Below we study each of the cases separately.

I. First, suppose that p < ¢, i.e., ¢ < b. Then the condition I';,—1 = @ is equivalent to the
inequality p < a. Indeed, if a < b, then
b—a

b+(c—ba:)¢>b+(c—bm)bx_c+a_ax >a for ¢ < ¢p(x),

while if a > b, then gr¢g = I'g = &. Hence, in any case the first term in the definition (3.13) of
I'y=1 is empty. The second term is empty because the inequality p > a + a(1 — x)¢ is impossible
for p<a,z<1and ¢ >0.

Similar arguments show that for p > ¢ the condition I',—; = & is equivalent to the inequality
p < b. Thus, case I is described by the conditions

(c<b, p<a) or (¢>b, p<b). (3.32)

It is clear from Fig. 2 that no trajectory may intersect the curve gr ¢y twice (at two different
points). Hence any bounded trajectory (x(-), ¢(-))

(i) either tends to the fixed point (Z, ¢o(Z)) € gr ¢,
(ii) or lies in I’y for all ¢ starting from a certain ¢ty > 0,

(iii) or lies in I'; for all ¢ starting from a certain ¢y > 0.
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In case (i) the trajectory goes to the fixed point either from I’y or from I'; (but not along gr ¢
by Proposition 2) and hence reaches the fixed point in some finite time 7 > 0 and then stays at
this point for all ¢ > 7. The optimal control wu.(-) after reaching the fixed point is equal to

= t>
b—rc a(b—c) —v(a—c)’ =7

P :B(b—a):i—i-a—c_ pla —c)
a+a(l—2)po(z) a

(see (3.17), (3.8), (3.27)). The optimal control v,(-) after reaching the fixed point can be obtained
by equating the right-hand side of (2.27) to zero at x(7) = Z:

Us(t) = uy =

vi(t) = v = bz —c ~v(a—c)—c(b—a)

= = t>T. 3.33
bt —c+a—ar (a—c)(b—a) ~’ ’ (3:33)

We always have 0 < v, < 1 if Z € I. Note that in this case v.(-) is an optimal singular control
on [r,00) (see, for example, [6]).

In case (ii) z(t) — p/q and in case (iii) z(t) — 1 as t — oo due to (3.18) and (3.20), respectively.
Since the vector fields generated by (3.18), (3.19) in I'g and (3.20), (3.21) in I'y have continuous
extensions to the boundaries x = p/q and = = 1 of I'y and T'y, respectively, a bounded trajectory
(x(-), ¢(+)) must tend to an “infinite” fixed point (Zg, ¢g) € Oy or (Z1,¢1) € ATy, where Tg = p/q
and z1 = 1. For ¢ from (3.19) we obtain the equation

_ vq
b - — =0.
(v +b)go »

For ¢ from (3.21) we obtain the equation
(v+a)p —v =0.

Thus,
v

_ vq _
= — d —
%0 p(v +b) and o1 v+a
Suppose that p < ¢. Then the condition (Zg,¢o) € Oy is equivalent to ¢g < ¢o(p/q), or
vq/(p(v +b)) < ¢o(p/q). Note that this inequality is equivalent to P(p/q) > 0 (see (3.30)), or

v(a—c) <c(b—a). (3.34)

Similarly, the condition (Z1, ¢1) € OI'; for p < ¢ is equivalent to ¢1 > ¢o(1), or v/(v+a) > ¢o(1).
This inequality is equivalent to P(1) < 0 (see (3.31)), or

v(ia—c) > a(b—a). (3.35)

The conditions P(p/q) > 0, P(1) <0, and the condition (3.28) of the existence of a fixed point
in gr ¢y are pairwise incompatible for p < ¢ and describe all possible situations (i.e., one and only
one condition from these three holds for any relation between the parameters of the problem).
Thus, one and only one fixed point ((z, ¢o(Z)), (Zo, ¢o), or (Z1,¢1)) exists in the closure of I' (this
fixed point lies on the thick curve in Fig. 1a).

Suppose now that p > ¢. Then the condition (Zg, ¢g) € OI'g is equivalent to ¢g > ¢o(p/q), or
vq/(p(v + b)) > ¢o(p/q). This inequality is equivalent to P(p/q) < 0 (see (3.30)); i.e., we obtain
the same condition (3.34) as above.

Similarly, the condition (Z1, ¢1) € OI'; for p > ¢ is equivalent to ¢1 < ¢g(1), or v/(v+a) < ¢o(1).
This inequality is equivalent to P(1) > 0 (see (3.31)); i.e., we obtain the same condition (3.35) as
above.

The conditions P(p/q) <0, P(1) > 0, and the condition (3.28) of the existence of a fixed point
in gr ¢ are pairwise incompatible for p > ¢ and describe all possible situations. Thus, one and only
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one fixed point ((Z, ¢o(Z)), (To, Po), or (Z1,¢1)) exists in the closure of I' (this fixed point lies on
the thick curve in Fig. 1b).

Note that if the system has an “infinite” fixed point (Zg, o) or (Z1,¢1), then in both cases
(p < q and p > q) the trajectories intersecting the curve gr ¢y (if gr¢ # &) cross this curve from
the domain whose closure contains the “infinite” fixed point to the domain whose closure does not
contain this point. (Indeed, the direction of this crossing is determined by the sign of P(-) (see
Remark 3). This sign is constant for x € I and can be determined by the sign of P(1) or P(p/q).)
Therefore, such trajectories either are unbounded or leave I' in finite time, and any trajectory that
tends to (Zg, ¢o) lies completely in I'g, while any trajectory that tends to (Z1,¢1) lies completely
in Fl.

If (Z,$o(ZT)) € gr do, then there is only one trajectory of the vector field V, in I'y and only one
trajectory of the vector field Vi in T that pass through this point, because (Z, ¢o(Z)) is a regular
point for both fields.

Now let us show that there may be only one trajectory that tends to an “infinite” fixed point.

Proposition 3. If system (3.18)(3.21) has an “infinite” fived point (To, o) € Ol \ Oly=1 or
(Z1,¢1) € O'1 \ OT'y=1, then there is only one trajectory that tends to this point.

Proof. Assume the contrary. Let (xz1(-),$1(:)) and (x2(:),$2(-)) be two trajectories with
21(0) = 22(0) and ¢1(0) < ¢2(0) that tend to the same “infinite” fixed point. Then any trajectory
(x(+), #(+)) with 2(0) = z1(0) = 22(0) and ¢1(0) < ¢(0) < ¢2(0) must also tend to this point (all
these trajectories lie in the same domain, I'g or I'1, and so either z;(t) > 0, @2(t) > 0, ©(¢) > 0 or
Z1(t) <0, 22(t) <0, £(t) <0 for all t > 0).

Thus, we obtain a continuum of trajectories that tend to a fixed point. Let us extend the
system to a neighborhood of the fixed point by formulas (3.18), (3.19) in the case of (Zg, ¢g) or by
formulas (3.20), (3.21) in the case of (Z1,¢;) and consider the linearization of this system at this
point. In the case of (Zg, ¢g) the linearized system is

&(t) = (p = b)(2(t) — Zo),

60 = (=p + 25 ) ((0) = 70) + (v + D)(B(1) = o)
The determinant of the matrix of this system is equal to (p—b)(v+0b). If ¢ < b, then p < b (otherwise
it is seen from (3.13) that (Zg,¢g) € OT'y=1). Therefore, the determinant is negative and, by the
Grobman-Hartman theorem (see [8]), the trajectories of system (3.18), (3.19) in a neighborhood of
(%o, o) behave qualitatively in the same way as the trajectories of the linearized system. Therefore,
the presence of a continuum of trajectories tending to the fixed point is impossible, and we arrive
at a contradiction.

If ¢ > b, then we only know that p < b (otherwise again (%o, o) € dTy—1). So for p = b we have
to conduct a more delicate analysis. Consider again two trajectories (z1(:), ¢1(+)) and (x2(-), ¢2(-))
with 21(0) = 22(0) and ¢1(0) < ¢2(0) that tend to (%o, ¢o). By virtue of (3.18) we have &1 (t) < do(t)
for ¢ = 0 and hence for all sufficiently small ¢. Thus, z1(t) < x2(t) for all sufficiently small ¢ > 0.
Suppose that z1(7) = x2(7) for some 7 > 0, and let 7 be the first such moment. Then ¢;(7) < ¢a(7)
and so #1(7) < Z2(7). But in this case x1(7 — ) > zo(7 — ¥) for small J > 0, which contradicts
the assumption that 7 > 0 is the first moment such that z(7) = z2(7). Thus, z;(t) < x2(t) for all
t>0.

Set &1(t) = ¢1(t)(c — bx1(t)) and &(t) = ¢2(t)(c — bra(t)). Then & (0) < &2(0) and

E2(t) — &) = (v + p)éa(t) — +bv— (v +p)&r(t) + Y _w

(1) z1(t)
> (v+p)(&(t) —&(t) forall ¢>0.

Consequently, & (t) — &1(t) — oo as t — oo, which contradicts our assumption.
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Similarly, in the case of (Z1,$1) the linearized system is
i(t) = (p — a)(x(t) — 71),

6(0) = (=00t + ) (0l = 7) + (7 + (6() = ).

The determinant of the matrix of this system is equal to (p—a)(v+a). If ¢ > b, then p < a (otherwise
it is seen from (3.13) that (Z1,¢1) € Ol'y=1). Therefore, the determinant is negative and, by the
Grobman—Hartman theorem, the trajectories of system (3.20), (3.21) in a neighborhood of (Z1, ¢1)
behave qualitatively in the same way as the trajectories of the linearized system. Therefore, the
presence of a continuum of trajectories tending to the fixed point is impossible, and we arrive at a
contradiction.

If ¢ < b, then we only know that p < a (otherwise again (Z1,¢1) € OI'y=1). So for p = a
we consider two trajectories (z1(-), ¢1(-)) and (x2(-), ¢2(-)) with x1(0) = 22(0) and ¢1(0) < ¢2(0)
that tend to (Z1,1). By virtue of (3.20) we have 31(t) < @o(t) for all sufficiently small ¢. Thus,
reasoning as above, we see that x1(t) < xa(t) for all ¢ > 0.

Set &1(t) = o1(t)(1 — x1(t)) and &a(t) = ¢p2(t)(1 — x2(t)). Then & (0) < £2(0) and

E(t) —&1(t) = (v + pea(t) — —— +v— (V4 P)Er() + —r — v

a(t) z1(t)
> (v+p)(&(t) —&(t) forall ¢>0.
Consequently, &(t) — &1(t) — oo as t — oo, which contradicts our assumption. O

Thus, we see that in case I system (3.18)—(3.21) has only one fixed point in the closure of T’
and only one trajectory that tends to this fixed point. All other trajectories either are unbounded
or leave I' in finite time. So this trajectory gives the optimal process in problem (P.) (and hence
in problem (P1)).

Under condition (3.34) this trajectory lies in Ty and tends to (Zo, ¢g) € L.

Under condition (3.35) this trajectory lies in I'y and tends to (%1, ¢1) € OI';.

If both conditions (3.34) and (3.35) are violated, then for zp < Z the trajectory (z(-),¢(-))
with x(0) = ¢ lies above gr ¢, reaches (Z, ¢o(Z)) in finite time and then stays in (Z, ¢o(Z)); for
xo > T the trajectory (z(-),¢(-)) with z(0) = ¢ lies below gr ¢, reaches (Z, ¢o(Z)) in finite time
and then stays in (Z, ¢o(Z)). If 9 = Z, then the only bounded trajectory with z(0) = xq is x(t) = z,
o(t) = do(Z).

This picture is illustrated in Fig. 3 for p < q.

II. As in case I, one can check that the condition gr¢y C I'y—1 # & is described by the
inequalities

(c<b, p>a, p>b) or (¢>b, p>b, p>a). (3.36)

If ¢ < b, then

Lu=1 ={(z,¢) €T: a+a(l —z)¢ < p}.
If ¢ > b, then
Fy=1 ={(z,¢) €T: b+ (c—bx)p < p}.

As in case I, we conclude that any bounded trajectory must tend to a fixed point. However, in
case II the whole thick curve shown in Fig. 1 lies in the closure of I',—1. Hence all fixed points lie
in I'y,—1 and, as mentioned above, are described by the equation

v

T =
6=

(3.37)

(see (3.14), (3.15)). Let us find the intersection of the curve defined by this equation with the
“upper” boundary of I';—;.
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p/q 1
(b)

Fig. 3. Trajectories of system (3.18)—(3.21) in case I for p < ¢. All bounded trajectories are shown by thick
lines.

If ¢ < b, then the upper boundary is described by the equation

p=a+a(l—x)op. (3.38)
Solving system (3.37), (3.38), we find
—h va S
T=2: wtp—a) p=0¢:  Tip

This point lies in I' if & > p/q = ¢/b (because & < 1 due to (3.36)), i.e., if a(vb+ pc) > cp(v + p).
If ¢ > b, then the upper boundary is described by the equation

p=0b+ (c—bx)p. (3.39)
Solving system (3.37), (3.39), we find
e ve _a_pr__bp
TR sy P=0= c(v+p)

This point lies in I" if & > 1 (because & < p/q due to (3.36)), i.e., if vc+ pb > p(v + p).
In I'y—; the trajectories are straight lines, with the upward motion above the curve (3.37) and
downward motion below this curve.
Thus, if
c<b, p>a, p>b, alvb+ pc) <cp(v+p)

or
c>b, p>b, p>a, vc+pb<p(v+p),

then the trajectories of system (S) look as shown in Fig. 4a, and for any xg € I the only bounded
trajectory with x(0) = z¢ is the fixed point z(t) = zo, ¢(t) = v/((v + p)xo).
Similarly, if
c<b, p>a, p>b, alvb+ pc)>cp(v+p) (3.40)

or
c>b, p>b, p>a, ve+pb>pv+p), (3.41)

then the trajectories of system (S) look as shown in Fig. 4b. For any z¢, & < ¢ < max{1,p/q}, the
only bounded trajectory with x(0) = zg is the fixed point z(t) = xo, ¢(t) = v/((v + p)zo). There
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¢

Lmin Tmax Tmin Tmax

(a) (b)

Fig. 4. Trajectories of system (S) in case II (Zmin = min{1, p/q}, Tmax = max{1l,p/q}). All bounded trajec-
tories are fixed points filling the curve ¢ = v/((v 4+ p)z) in T'y—; and a trajectory in I\ T',—; shown by a
thick line in case (b).

is also a trajectory (z(-),#(-)) with @(¢) > 0 for all ¢ that lies in I" \ I',—; and tends to the fixed
point (Z, (ﬁ) The only fact that remains to be checked is the uniqueness of such a trajectory. This
can be done as in the proof of Proposition 3. Indeed, the reasoning with estimating the difference
between &;(t) and &(t) applies in this case without any changes. However, here we also calculate
the matrix of the linearized system at the point (Z, ng) because we will need it in the analysis of
case III.

Under conditions (3.40), (Z,¢) € I'; and the matrix of the linearized system (for system (3.20),
(3.21) extended to a neighborhood of the point (&, (JAS) by the same formulas) at this point is

_(12(;5(1—33) a?(1 —2)?
A= . P (3.42)
212 2 1_ 4 )
LA Gk
P p

where we took into account that a + a(1 — )¢ = p (see (3.38)). Since 2 and ¢ also satisfy (3.37),
we obtain
a2¢(1 — &) a?(1 — £)? va®*(1— )

det A = — — = — trA= . 4
e (v+p) P v s P r v+p (3.43)

As < 1 for ¢ < b, we have det A < 0. Hence by the Grobman—Hartman theorem, there may be
only one trajectory that tends to (&,¢) from I'; (see the proof of Proposition 3 for details).

Similarly, under conditions (3.41), (2,¢) € Ty and the matrix of the linearized system (for
system (3.18), (3.19) extended to a neighborhood of the point (&, ¢) by the same formulas) at this
point is

~

_ bd(c— bi) (c — bi)?
A= P P, 3.44
bVy?: v bp(c—bz) |’ (3:44)
——t 5 Vtpt—=
p T

where we took into account that b+ (¢ — bi)p = p (see (3.39)). Since & and ¢ also satisfy (3.37),
we obtain

o o o
det A=—(v+p) bo(c—b3) _ V(c Ab;:) = _vele Abe), trA=v+p. (3.45)
p pi pi
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As ¢ — b2 > 0 for ¢ > b, we again get the desired result.

ITI. As in case I, one can check that the conditions I',—1 # @ and gr ¢o\I'y,=1 # @ are described
by the inequalities

(c<b,a<p<b) or (c>b b<p<a). (3.46)
If ¢ < b, then
b—p p—a
Tyey = 4 (2,6) €T <p< L2 L
! {(azqﬁ)e bx — ¢ ¢ a(l—x)}
If ¢ > b, then

_ . _a—p p—b
I'y—1 = {($,¢) el m <¢p< C—b$}‘

In fact, it is this case that was exemplified in Fig. 1.
Let us find the point of intersection of OT',—; with gr ¢ (this is also the intersection point of
the two curvilinear parts of the boundary of I';,—;):
.._alb—p)+tclp—a) alb—c)—pla—c) - _
T = = , ¢ =
o6 —a) oo —a)
As in case I, we conclude that any bounded trajectory must tend to a fixed point.
We divide the further analysis into several cases:

p(b —a)
alb—c)’

(i) all fixed points (finite or “infinite,” see case I) of system (S) lie to the right of (%, ¢) (hence
they lie in I'y—=1);

(£, ) = (%, 60(T));
(%, ¢0(7)) € grop \Ty=1 and gréy NLy—y = &

(ii)
)

(iv) (Z,¢0(Z)) € gr¢o \ T'u=1 and gré1 Ny # F;
)
)

(iii

(v) either ¢ < b and (Zg, ¢g) € OLg or ¢ > b and (Z1,¢1) € 'y, and gr ¢y NTy—y = 3;
(vi) either ¢ < b and (Zo, ¢o) € g or ¢ > b and (Z1,¢1) € 'y, and gréy Ny # T,

where ¢1(+) is defined by (3.22).
Case (i) is described by the inequality P(z) < 0 (see Remark 3), i.e.,

[a(b—¢) — pla—c)][alb—c) —v(a—c)] —vpla— c)? <0,

(b—c)]ab—c)— (v+p)(a—c)] <O. (3.47)

In this case we also have P(x) < 0 for min{1l,p/q} < x < & because P is a linear function with
P(0) < 0. Therefore, the trajectories intersecting the curve gr ¢\ I'y=1 cross this curve downwards.

Let us find the disposition of the curve gr¢; in I'y—1. Due to (3.47) we have
a(b—c) —pla—c) (a—c)(b—rc) p v

—1l—p— 1

¢ = a(b—c) a(b— c)? vtp vtp

(3.48)

This means that gr ¢; intersects the “upper” boundary of I',—1 (above gr ¢; denote this intersection
point again by (Z, qub)) and does not intersect the “lower” boundary of I',—1. Indeed, gr ¢; may have
only one point of intersection (in I') with the hyperbola (containing the “lower” boundary of T',—1)
defined by the equation p = b+ (¢ — bx)¢ for ¢ < bor p=a+ a(l — z)¢ for ¢ > b and lies above
this hyperbola to the right of the intersection point.

There is a (unique) trajectory that lies in '\ Ty—; (above gr¢g) and tends to (Z,¢) (this is
proved in the same way as above).
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So, the qualitative picture of trajectories of system (S) in case (i) resembles Fig. 4b and is as
shown in Fig. 5a.

Case (ii) is the limit case of (i): P(z) =0, i.e.,
alb—c) = (v+p)(a—c).

Inequality (3.48) also turns into an equality: ¢ = v/(v + p), i.e., (£, ¢) = (&, ¢o(Z)) = (&, $). The
trajectories intersecting the curve gr ¢o\I'y =1 still cross this curve downwards, and (z, ¢1(x)) € T'y=1
for < x < max{1,p/q}. There is a unique trajectory that lies in I" \ I',—; above gr ¢y and tends
to (Z,¢) (this is proved in the same way as above).

Let us show that no trajectory lying in I' \ I',—1 below gr ¢p may tend to (z, qb) Indeed, the
matrix A of the linearized system (3.18), (3.19) if ¢ < b or (3.20), (3.21) if ¢ > b (extended to a
neighborhood of (&, )) has positive determinant and trace (see (3.42)(3.45)).5 Therefore, (&, )
is a repelling fixed point for (any C'-extension to a neighborhood of this point of) our system in
'\ T'y=1 below gr ¢p.

So, the qualitative picture of trajectories of system (S) in case (ii) also resembles Fig. 4b and
is as shown in Fig. 5b.

Case (iii). Suppose first that ¢ < b. Then the first condition in (iii) is equivalent to P(p/q) <
0 < P(z), or
via—c)>clb—a), alb—c)>(v+p)(a—c). (3.49)

The “lower” boundary of I'y—; is given by p = b + (¢ — bx)¢. The second condition in (iii) is
equivalent to the fact that the rightmost point of this part of the boundary lies above or on (the
continuation of) gr¢; (to the right), i.e.,

b—p> v ’
b—c v+p

or bp+cv>p(v+p). (3.50)

If ¢ > b, then the first condition in (iii) is equivalent to P(1) < 0 < P(z), or
vic—a)>ala—>b), alc—>b)> v+ p)(c—a). (3.51)
The second condition in (iii) is equivalent to
a—p v

a<g—1> - (v+p)

Due to the second condition in (iii), (Z, ¢o(Z)) is the only fixed point of our system. Hence, the
qualitative picture of trajectories of system (S) in case (iii) resembles Fig. 3c and is as shown in
Fig. 5c.

Case (iv). As in case (iii), the first condition is equivalent to (3.49) if ¢ < b and to (3.51) if
¢ > b. The second condition is equivalent to

e , or a(bv+cp) > cp(v+p). (3.52)
b

bp+ cv < p(v + p) (3.53)

if ¢ < b and to
a(bv + cp) < cp(v + p) (3.54)

if ¢ > 0.
In case (iv) we have a point (Z, qub) of intersection of gr ¢; with the lower boundary of I'y,—1. As
in case (ii), it is proved that (%, ¢) is a repelling fixed point for (any C'-extension to a neighborhood

of this point of) our system in I' \ I',—1. Hence, no trajectory may tend to (&, ¢) from I"\ T',—;.

5Moreover, it can be shown that A has two positive different eigenvalues.
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Fig. 5. Trajectories of system (S) in case III (zpin = min{l,p/q}, Tmax = max{1,p/q}, @ = (&, (;3), 8= (z, gb),
v = (&, ¢o(Z))). All bounded trajectories are fixed points filling the curve ¢ = v/((v + p)x) in T'y,—1 and
trajectories in ' \ I',—1 shown by thick lines.

The trajectory reaching (Z, ¢o(Z)) from the right (and lying below gr ¢g) cannot intersect the
lower boundary of I'y,—; to the left of and above (i‘,gzg) because at such points the vector field
determined by our system is directed inside I',—1. Therefore, this trajectory either emanates from
(z, ngb), i.e., tends to (Z, (JAS) in the reverse time (as t — —00), or passes below this point. Let us show
that the latter situation is impossible.

Proposition 4. Under the conditions of case H}(iv), the trajectory reaching (Z, ¢o(Z)) from
the right (and lying below gr ¢g) emanates from (&, ).

Proof. Supposefirst that p < ¢, i.e., ¢ < b. We are interested in the behavior of trajectories
of system (3.18), (3.19) in I'y \ I'y=1. Let us introduce new variables

§=(bz—c)p, ¢=(b—-&x

and rewrite system (3.18), (3.19) in these variables. Note that this change of variables is one-to-one
because bz > cand £ <b—pin Ty \ 'y=1. We have
. . ve

§(t) = (ba(t) — c)o(t) + bo(t)&(t) = (v + p)d(8) (b (t) — ¢) —vb+ ——=

x(t)
_ ve(b—¢€(t))
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Fig. 6. The set 'y \ I';,=1 in the variables ((, &) for ¢ < b. The arrows indicate the direction of the change of
the coordinates for the trajectories of the system.

C(t) = (b—&(®)&(t) —z()§(t) = (b—p = &) (c —bx(t)) — (v + p)&(t)a(t) 4+ vbu(t) — ve
= (v +p=0)(C({) — ) — (1)

In the variables (¢, £) the equation of the line x = 1is ( = b—¢&, the equation of the lower boundary
of I'y—1 is £ = b — p, the equation of the line ¢ = 0 is £ = 0, the line z = p/q = ¢/b collapses to the
point ( = ¢, £ = 0, and the equation of gr¢g is (b — a)(¢ — ¢) = (a — ¢)§ (the latter requires some
calculations, which are omitted here). That is, the set I'g\ I',=1 in the new variables is a trapezoid
(see Fig. 6).

Note that ¢ < a < p < b < v+ p due to (3.49), (3.46), (3.53). The line of vanishing of the
¢-coordinate has the equation ¢§ = (v + p — b)(¢ — ¢) and connects the lower left corner of the
trapezoid with a point (f , é ) on the upper boundary that corresponds to the fixed point (z, (5) in
the coordinates (x, ¢). To the right of this line the (-coordinate of the vector field determined by
our system is positive, and to the left of this line it is negative.

The line of vanishing of the £-coordinate has the equation

vh(¢ — o)

S P

This is a hyperbola passing through the same two points (c¢,0) and (f ,é) Since it is concave, it
lies above (or, which is the same, to the left of) the line of vanihing of the (-coordinate in the
trapezoid. To the right of this hyperbola the £-coordinate of the vector field determined by our
system is negative, and to the left of the hyperbola it is positive. The hyperbola may or may not
intersect the left side of the trapezoid at an internal point of the left side, but this is not important
for our analysis. In any case we see that a trajectory reaching the left side of the trapezoid at an
internal point must originate from (CA , é)

If p > g, then the reasoning is similar. The trajectory in question lies in I'y \ I';,—; and sat-
isfies system (3.20), (3.21). We introduce new variables £ = a(z — 1)¢, ( = (a — )z and rewrite
system (3.20), (3.21) in these variables:

av(a — &(t))
«y

C(t) = (v+p—a)(C(t) —a) — at(t).

In the variables (¢, §) the equation of the line x = p/q is { = ¢(a — &) /b, the equation of the lower
boundary of I',—1 is £ = a — p, the equation of the line ¢ = 0 is £ = 0, the line z = 1 collapses to the
point ¢ = a, £ = 0, and the equation of gr ¢g is (a—b)((—a) = (c—a)&. Note that b < p < a < v+p
and a < cin this case. Hence, the set I'; \ I';=1 in the new variables is a trapezoid. Then we proceed
in the same way as above. O

Et) = (v +p)E(t) —av +
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The qualitative picture of trajectories of system (S) in case (iv) is shown in Fig. 5d. A unique
bounded trajectory with x(0) = xg reaches (Z, ¢o(Z)) in finite time and then stays there if xg < Z
and is a fixed point (zg, ¢1(xz0)) if g > 2.

Case (v). If ¢ < b, then the first condition in (v) is equivalent to P(p/q) > 0, i.e., (3.34). As
shown in case (iii), the second condition is equivalent to (3.50).

If ¢ > b, then the first condition in (v) is equivalent to P(1) > 0, i.e., (3.35). As shown in
case (iii), the second condition is equivalent to (3.52).

Due to the second condition in (v), any bounded trajectory must tend to (Zg,¢g) € Oy if
c <borto (Z1,¢1) € Oy if ¢ > b. The qualitative picture of trajectories of system (S) in case (v)
resembles Fig. 3a and is as shown in Fig. 5e.

Case (vi). If ¢ < b, then the first condition in (vi) is equivalent to P(p/q) > 0, i.e., (3.34). As
in case (iv), the second condition is equivalent to (3.53).

If ¢ > b, then the first condition in (vi) is equivalent to P(1) > 0, i.e., (3.35). As in case (iv),
the second condition is equivalent to (3.54).

In case (vi) we have a point (&, $) of intersection of gr ¢; with the lower boundary of I'y—;. As
in case (ii), it is proved that (zZ, qg) is a repelling fixed point for (any C'-extension to a neighborhood
of this point of) our system in I' \ I',—1. Hence, no trajectory may tend to (&, qub) from T\ Ty—1.

The trajectory that tends to (Zg, dg) if ¢ < b or to (Z1,¢1) if ¢ > b cannot intersect the lower
boundary of I',—; to the left of and above (£, ¢) because at such points the vector field determined
by our system is directed inside I',—1. Therefore, this trajectory either emanates from (Z, QAS), ie.,
tends to (&, ¢) in the reverse time (as t — —o0), or passes below this point. As in case (iv), the
latter situation is impossible.

Proposition 5. Under the conditions of case III(vi), the trajectory that tends to (Zo,do) if
¢ <borto (T1,¢1) if ¢> b emanates from (z, ).

Proposition 5 is proved in exactly the same way as Proposition 4. The only difference is that in
the coordinates (¢, &) the trajectory in question does not reach the left side of the trapezoid at an
internal point but tends to the lower left corner. However, this affects nothing in the proof. Note
that the change of variables from (x, ¢) to ((,&) is in a sense an inverse of the process of resolution
of singularity (see [2]).

The qualitative picture of trajectories of system (S) in case (vi) is shown in Fig. 5f. A unique
bounded trajectory with 2(0) = z tends to (%o, o) for ¢ < b or to (Z1,¢1) for ¢ > b if 29 < & and
is a fixed point (xg, ¢1(x0)) if zo > Z.

So, for any relation between the parameters of the problem, there is only one bounded trajectory
of system (S) with z(0) = xg. Denote it by (z4(+), ¢x«(:)). By Theorem 1 this trajectory gives a unique
optimal process (z.(-),us(:),v«(+)) in problem (P.). Hence, by Proposition 1, (z.(-), u«(+),v«(:)) is
a unique optimal process in problem (P1).

Note that the trajectory (z.(-), ¢«(-)) lies completely in one of the sets I'y=1, (ToU{(Z, ¢0(Z))})\
Ly=1, or (T1U{(Z, ¢o(Z))})\'u=1. In any case x.(-) is a monotone (nonincreasing or nondecreasing)
function. Thus, ¢4 (-), u«(+), and v.(-) can be considered as functions of x. The control v.(t) is 1
if (z(t),p(t)) € 't \ Ty=1, is 0 if (z(t),¢(t)) € T'o \ T'u=1, and is given by (3.33) if (x(¢),¢(t)) =
(Z,¢0(Z)). If (x(t),p(t)) € T'y=1, then v,(t) does not really participate in the control process (and
may be assigned any value). The control u.(t) is 1 if (z(¢),¢(t)) € T'y=1 and is given by (3.16),
(3.17) if (z(t),¢(t)) € T'\ I'y=1. Unfortunately, an explicit formula for the optimal synthesis u, ()
can hardly be written, and we can only describe some features of this function. In particular, some
estimates for u.(z) in the case when z < = < & and Z,Z € I can be derived from the proof of
Proposition 4. The following is probably one of the most important properties of this function:

Proposition 6. u.(-) is a nondecreasing function of x for all x and is an increasing function
for all x such that u.(x) < 1.
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Proof. If the optimal trajectory lies in I';,—1, then u, = 1 and the assertion is obvious.

Suppose that p < ¢ and the optimal trajectory lies in I’y and tends to (Zo, (230) (see Fig. 3a or
Figs. be, 5f). Set £(t) = (bx«(t) — ¢)p«(t). Then

vc

£(t) = ()

(v +p)E(t) —vb+

If £(7) > 0 for some 7 > 0, then &£(t) > 0 for all t > 7 (because z.(-) decreases) and £(t) — oo as
t — 0o, which is impossible. Therefore, £(t) < 0 for all t > 0, i, (t) < 0 for all ¢ > 0 due to (3.18),
and 1, (t) has the same sign as £(t) because of (3.16). This implies the required assertion.

If p > ¢ and the optimal trajectory lies in Ty and tends to (Zo, ¢o) (see Fig. 3b) or to (&, )
(see Figs. 4b, 5a, 5b), then we similarly find that £(t) > 0 for all ¢ > 0, i, (t) > 0 for all ¢ > 0, and
Uy (t) > 0 for all t > 0.

If the optimal trajectory reaches (Z, ¢o(Z)) from I'y (see Fig. 3c or Figs. 5c, 5d), then the same
conclusion can be drawn by considering the extension of the optimal trajectory in I'g if p < ¢ or
just by noting that d¢/dx >0 at x =z if p > q.

For the optimal trajectory lying in I'y, the proof is analogous (set £(t) = a(x.(t) — 1)@« (t)). O

Let us summarize the results of our analysis in the form of optimal synthesis.

Theorem 2. Set 0 =0 if p<q and o =1 if p > q. The optimal controls u.(-) and v(-) in
problem (P1) as functions of x € I are given by

u1-(z) if r <min{z, 1}, 1—0 if z<min{z,3}
) us if v=2 <%, _ ; <d
U*(x) = e . U*(x) =\ Ux Zf T=T <,
ug () if T<z<i, f T<x<i
o if T<x<Z
1 if x>z,

(ve(x) does not actually participate in the control process for x > & and may be assigned any value),
where

I/(CL—C)2 ; —a)la(b—c) —v(a—c
U i Y s e if (b=a)la(b—c)—v(a—c)]>0,
+o0 if (b—a)la(b—c)—v(a—-c)]<O0.
P max{p(z/—i—p—a)’p(u—i—p—b)} if v+ p>max{a,b},
+00 if v+ p < max{a,b},
w pla—c) ; :l/(a—c)—c(b—a) P
alb-c)—ve—c)’ (a—c)(b—a) foael
_ p _ p .
uo(:n)—m, ul(x)—m for zel, =<z,

where ¢ is the ordinate of the point (x,$) lying on the unique bounded trajectory (qualitatively
described above) of system (S) that passes “over” the point x € I.

If z €I and x,T < &, then ug(x) and ui(x) can be found as solutions of the Cauchy problems

duole) _ wo(@) + p)(buola) — p) — vhluo(@)? +velwo(@)et

dz o1~ uo(@))(c — be) |

dur(z) _ wi(@)(v + p)(aw (@) — p) — va(ui(2))? + va(ui (z))*z~" (@)
dz p(1 —ui(2))a(l — ) »w

I
e
¥
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For an arbitrary initial state xg € I, the optimal synthesis u.(z),v.(z), © € I, uniquely defines
the optimal trajectory z.(-) in problem (P1) as the solution of the Cauchy problem

i(t) = (1= wa(@(6)) [ava (2(8)) + (1 = va(2(1))) = (v, (@(8)) +b(1 = v.(2(t)a(t)].
z(0) = =o,
and the corresponding optimal controls u,(-) and v.(-) as the functions

Us(t) = us(x4(t)), ve(t) = vi(zs(t)), t€[0,00).

4. Economic interpretation

Let us now pass on to the economic interpretation of the results obtained. As we mentioned
earlier; in our model the planner expects an exogenous environmental shock to occur at time T > 0
after which the abatement costs increase, i.e., p < ¢. In other words, the productivity of the unit of
of capital (including the abatement costs) of the old technology sector after the shock, p, is lower
than its productivity before the shock, ¢q. So, we will assume throughout this section that p < q.

In our model any admissible state trajectory z(-) takes values

_ AlKl(t) + pAgKg(t)
A1 K4 (t) + qA2K2 (t) ’

z(1) t>0,
ie., is the ratio of Y,(t) = A1 K (t) + pA2Ks(t) to Y,(t) = A1 Ki(t) + gAsKs(t), where Y, (t) is
the real instantaneous income at instant ¢ > 0 (before the shock) and Y)(t) is the corresponding
“fictitious” instantaneous income at the same instant ¢, which shows what the income would be if
the shock happened right now.
Consider the variable
A1 K1 + pAs Ko Al% + pAs
xr = =
A1K1 +qA2 K> Al% + gAs

as a function of the ratio y = K3 /K> of the capital stocks of the modern and old technology sectors,
i.e., put
Ay +pAs

r=—"""" € (0, 0).
A1y +qAs yel )

It is easy to note that x(-) is a monotonically increasing function of the variable y € (0,0).
Hence there is the inverse A
x —_—
hwp e (2y)

y_Al 1—:17’

which is a monotonically increasing function of the variable z € (p/q,1) as well. This fact allows
one to reformulate Theorem 2 in terms of the ratio of the volumes of the modern and old technology
sectors.

Note that in the case v+p > max{b; A1, gba A2} [cf. the definitions for a and b and the expression
for & in Theorem 2| it can happen that for some values of the variable x (i.e. for some ratios
y = K1 /K> of capital stocks) the optimal regime consists in zero investment in both old and new
technological sectors (see Fig. 4 and Fig. 5). If so then in this case for some ratios y = K /K> of
capital stocks the situation is possible when all national product must be consumed and both old
and new technological sectors degenerate in optimal regimes.

However, in the opposite case v + p < max{b; A1, qba Az}, the optimal investment strategy is
always positive in one or in both technological sectors (cf. Theorem 2). Qualitatively the optimal
investment strategies in both sectors are similar to ones described in [3] (see Fig. 3).
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