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HUKOJIA HUKOJIAEBUY KPACOBCKUI

(K 95-aemuwio co Ona pooicderus)

Bosee 7 et mpomwio ¢ Toro mus, Korga Hukomait HukonaeBud yimesn us Ku3HM.

TpynHo mepeoneHnTh €ro BKIa B MaTEeMATHIECKYIO HAyKy, B Takue ee (PyHIaAMEHTAJIbHBIE Pa3-
JIeJTbl, KaK KadeCTBeHHast Teopus auddepeHualbHbIX YPaBHEHH, TeOpUs ONTUMAJILHOTO yIIpaB/Ie-
HUs, TEOPUsT YCTONINBOCTU W CTAOMIN3aINN JBMKEHISI, TEOPUs YIIPABICHUS B YCJIOBHUAX HEOIIPEIe-
JIEHHOCTH U KOHGIuKTa. Ero nmumonepckue paboThl B 9TUX 0DJIACTIAX MaTEMATHKUH U MEXAHUKU CTAJIN
UCXOMHBIMU JIjIsI MHOTHX WCCJIEIOBAHUN B CTpaHe W 3a PyOeKOM W OIPEIE/IHIN MEPCIEKTUBLI MX
pPa3BUTHUsI HA OBl BIEPES.

Huxkomnait HukosraeBrd ObL BBLIAIOMIIMCS [TPEICTABUTEIEM yPAIbCKON HAYIHOMN IITKOJIBI IO TEO-
puUM yCTOWYMBOCTHU ABUXKeHUsI. VM co3mana ypasibCKash HayTHas IIKOJIA 10 MATEMATUIeCKON Teopun
yIIpaBjeHus: U Teopun JuddepeHnnaabHbIX UI'D, H3BECTHASI B MUPEe CBOUMHU JocTikerusMu. Cpean
€ro y9IeHUKOB — MH2KEHEPHI U IIPEIoIaBaTe/ I, JOKTOPa M KaHINIaThl HAYK, 9ICHBI-KOPPECIIOH IeHThHI
n akagemnkun PAH. Muorme HaydHble Maen W KOHIEIIINM, BBIIBUHYTbIE WM, OBLIM B JIajbHEi-
IIIeM IIOAOTBOPHO PA3BUTHI €r0 YUEHUKaMU U KoJjleraMiu. HaydHble MKOJIBbI, BHIPOCIINE U3 IITKOJIbI
H. H. Kpacosckoro, mpomo/zkaioT npoBeenne 3pPEeKTUBHBIX HCCJIEIOBAHMIA.

Becowmsrit Bkimag Baec H. H. Kpacosckuit B MaremMarmaeckoe obpasoBaHme B Y PaabCKOM PErHOHe
1 KaK KPYIHBIA opraHu3aTop, W Kak OjecTdaimuil jiekTop. B YpaabCcKoM MOIUTEXHHYECCKOM HHCTH-
tyre uMm. C. M. KupoBa u ¥YpasbckoM rocymapcrseHHOM yHHBepcuTeTe uM. A. M. ['opbKoro um Ob110
pa3paboTaHO M IPOYUTAHO OOJIBIIOE YHCIO CIEIKYPCOB, OPUTMHAJBHBIX IO COHEPXKAHUIO U BKJIIO-
JaBIINX HOBEHINe HaydHbIE JOCTUKEHHUsI, B TOM YHCJIE HOJIydeHHbIe uM caMuM. B YpI'V on cozma
10/, HOBBIE CIIENMAJILHOCTH U CHEIUAIH3AINN Kadeaphbl BEIYUCIUTEIbHON MATEMATUKNA W IIPUKJIAI-
HOlt MaTeMaruku. BecbMma octpo Hukomait HukosraeBud BocmpmHHMAT IPOOIEMBI IITKOJIHLHOIO Ma-
TEMATUIeCKOr0 0Opa30BaHUsI, B YaCTHOCTH B Y PAJIbCKOM perunoHe. Tax, OOJIBIIYIO TPEBOI'Y y HEro
BBI3BIBAJIN MIPOBOANMBIE B IIOCJICIHUE JIECATUICTUsT PeOPMBI IITKOJLHOTO 0Opa30BAHMS, U IITKOJIb-
HOIO MaTeMaTHIecKoro obpasoBanmsi B ocoberHocTn. Heonenmma ponp Hukonass Hukomaesmua B
pellleHny KOHIIENTYAJIbHBIX, METOMOJOIUIECKIX U OPraHU3aIlMOHHBIX TPOOJIEM IIPEeIoIaBaHus II0
npeamery “OCHOBBI HHPOPMATHKI W BLIYUCIATEILHON TeXHUKN B IIKoJaX CBepIIoBCKOI 00JIaCTH;
6oJiee TIOAPOOHO cM. crarbio, nocssimennyo 90-meruto H. H. Kpacosckoro (Tp. Uu-ta maremarnku
u mexanuku YpO PAH, T. 20, Ne3, 2014 1.).

Haywunbie mocrmxenust H. H. Kpacosckoro 6bimm BbicOKO orenennl rocymapersoM (Iepoit Co-
nuajucTudeckoro Tpyna, jgaypear Jlemmnckoit u [ocymapcersenHoii npemuii, kaBajep opaeHos Co-

Berckoro Corosa n Poccun) u Hayunoii obmecrsentoctsio (Bosbimast 3ommorast means Poccniickoit



akagemnn HayK uMm. M. B. JlomonocoBa, 3osiorast memaas um. A. M. JIsanynosa, lemumoBckast mpe-
MusI B obsracTi (PU3UKO-MaTeMaTHIECKIX HayK, Harpada MexKIyHapomgHOro oOIecTBa MHXKEHEPOB-
ssiekTpukoB 1 ssiekTponiukos (IEEE)). Hukosait Hukomaesua Kpacosckuit — mokrop Honoris
causa Benrepckoit akajemun Hayk, jaypear mpemuu nporpavmbl Donma comeiicTBUsS O0T€IeCTBEH-
noit Hayke “Bormaromnuecs: yaenbre”.

Mer momuanm Hukonast Hukomaesmua kak demoBeka, obJiagaBInero (peHOMeHAIbHOM paboTocIIo-
COOHOCTBIO, BOJIEBBIM XapakKTepoM. EMy B BbICHIel CTeleHu OBbLIN CBOHCTBEHHDBI JI00POXKeIaTe b
HOCTDH B OOIIEHNH, BBICOKAsl BHYTPEHHSISI KYJIbTYypPa U OPraHU30BaHHOCTEL. OH OBLI HACTOAIINM I'PaXK-
JAHUHOM, KOTOPOIr'o TJIyOOKO BosIHOBaJIa cynbba Poccun. Corpyaunku MHCTHTY T MaTeMaTHKu U Me-
XaHUKHU ropabl TeM, uro VHcruryT HocuT nMsi Hukosmast Hukomaesnda KpacoBckoro, BBIIAIOMIErOCs

PYCCKOT'O YYEHOTO.
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O JIOKAJIN3AIINN HEIJVIAJKUX JIMHU PASPBIBA
OYHKINN ABYX IIEPEMEHHDBIX

A.JI. Areen, T. B. AuTonoBa

PaccMaTpuBaloTCsl HEKOPPEKTHO MOCTABJIEHHBIE 33[a41 JIOKAIn3anun (OIpeeIeHus TIOJIOXKEHNs] ) JIMHUI pa3-
pbIBa 3allyMJICHHON (yHKIHMK IBYX [epeMeHHbIX (n300pazkenusi). [lyisi paBHOMEPHOI CETKH C IIaroM T IIPEJo-
JlaraeTcsi, 9TO B KaXKJOM y3JI€ U3BECTHBI CPEJHIE 3HAUYEeHNsI Ha KBaJpaTe CO CTOPOHON T OT BO3MYIIEHHOM DyHK-
uuu. Bosmyiennas QyHKIS NpUOIIKAET TOYHYIO B TpocTpancTse Lo (Rz), ¥ yPOBEHD BO3MYIIEHUS 0 U3BECTEH.
Panee aBTopamu ObLI U3yYeH CiIy4dail KyCOYHO-IVIAKUX JIMHUN pa3pblBa, KOTOPbIE, KaK IIPABUJIO, OTBEYAIOT I'pa-
HHIIAM UCKYCCTBEHHBIX OOBEKTOB Ha M300parkeHuu. B Hacroseil craTbe pa3pabaTbIBaAeTCs MOIX0M] K U3y IEHUIO
aJICOPUTMOB JIOKAJIU3ALHMY, [IO3BOJIAIONIUN OC/IabUTh yCIOBUS Ha IVIAJKOCTDb JIMHUN pa3pblBa U BKJIOYUTH B pac-
CMOTpEHHE TaKKe HeIVIaJKWUe JIMHUHU Pa3pblBa, KOTOPbIE MOLYT OIMCBHIBATH I'PDAHUIBI €CTECTBEHHBIX OOLEKTOB.
st pelieHusi pacCMaTpUBaeMOR 3a/ia9i Ha OCHOBE IIPOLEAYD YCPEIHEHHS KOHCTPYUPYIOTCS U HCCJIELYIOTCS
r06ajbHbIE TUCKPETHBIE AJITOPUTMBI IIPUOJIMKEHNSI JINHANW pa3pbiBa MHOXKECTBOM TOYEK PABHOMEDHOM CETKH.
DOopMyIUPYIOTCS YCIOBUASL HA TOYHYIO (DYHKIHIO U CTPOUTCH KJIACC KOPPEKTHOCTH, COMEPKAIIUil, B 4aCTHOCTH,
dyHKIMYM ¢ HerIaJKoi JinHuell pa3pbiBa. IIpoBoauTcsi TeopeTudeckKoe MU3ydeHUe IMOCTPOEHHBIX AJIIOPUTMOB Ha
JAHHOM KJIacCe. YCTAaHABJIMBAETCs, YTO IIPEJIOXKEHHBbIE AJITOPUTMBI IIO3BOJISIOT MOJIYYUTh TOYHOCTH JIOKAJIU-
sanun nopsaka O(6). Takyke NPUBOAATCA OLEHKU APYTUX BarKHBIX IAPAMETPOB, XapaKTEPU3YIOUUX paboTy
aJITOPUTMA JIOKAJIUBAIIAH.

Korouesble ciioBa: HEKOppEKTHasI 3a1a49a, METO/T PErYJISPH3alii, JINHUN Pa3pblBa, II00AIbHAS JIOKAJIIN3AISI,
JUCKPeTU3alyid, IOPOr Pa31eIMMOCTH.

A.L. Ageev, T. V. Antonova. On the localization of nonsmooth discontinuity lines of a function
of two variables.

We consider ill-posed problems of localizing (finding the position of) the discontinuity lines of a perturbed
function of two variables (an image). For each node of a uniform square grid with step 7, the average values of the
function over a square 7 X 7 are assumed to be known. The perturbed function approximates an exact function
in the space L2(R?), and the perturbation level § is known. Earlier, the authors studied the case of piecewise
smooth discontinuity lines, which, as a rule, correspond to the borders of artificial objects in the corresponding
image. In the present paper, an approach to the study of localization algorithms is developed, which makes
it possible to weaken the conditions on the smoothness of discontinuity lines and consider, in particular,
nonsmooth discontinuity lines, which can describe the boundaries of natural objects. To solve the problem
under consideration, we construct and analyze global discrete algorithms for the approximation of discontinuity
lines by sets of points of a uniform grid on the basis of averaging procedures. Conditions on the exact function
are formulated and a correctness class is constructed, which includes functions with nonsmooth discontinuity
lines. A theoretical analysis of the constructed algorithms is carried out on this class. It is established that
the proposed algorithms make it possible to obtain a localization error of order O(J). We also estimate other
important parameters, which characterize the operation of the localization algorithm.

Keywords: ill-posed problem, regularization method, discontinuity lines, global localization, discretization,
separability threshold.

MSC: 65J20, 68U10
DOI: 10.21538/0134-4889-2019-25-3-9-23

Bsenenne

YacTo Ha MpakTUKe HEOOXOIUMO JIOKAJIN30BaTh (ONPEIEJIUTh TIOJI0KEHUE) JIMHUIT, BHE KOTOPBIX
n3MepsieMast (byHKIMs f IBYX MEPEMEHHBIX TJIaIKas, a B KaXKJIOW TOYKe JIMHUN TEePIHUT Pa3phiB
nepBoro poja (muHuE paspbiBa). Takoro poja npobaeMbl UMEIOT MECTO, HAIPUMED, TIpu 06paboTKe
M300parkeHnit, IIe JIMHAN Pa3phIBa, SIBJISTIOTCS T'PAHUIAMEI OOBEKTOB Ha M300paKeHuu. 1 paHuIam
HUCKYCCTBEHHBIX OOBEKTOB, KAK MIPABUJIO, OTBEUAIOT KYCOUHO-TJIAJIKAE JIMHUU C HEOOJIBIUM YUCIOM
KyCKOB. ['paHHIIbI €CTeCTBEHHBIX OOBEKTOB MOTYT OBITh HEDPEryJIAPHBI, U HEOOXOIUMO HAYIUTHCH
IIPOBOJIUTH OIEHKHU HA KJIACCAX, COJIEPKAIUX HEPErY/IsSpHbIe (DYHKITUN.



10 A.JI. Arees, T. B. Auronosa

PaccmarpuBaercs cirydaii, Korga TouHasg (QpyHKIMs [ HEM3BECTHA, a M3BECTHBI JUCKPETU3AIUS
npubmmkenno 3agannoi dyukmmn f0: || — fllr, < 6, Ly := Ly(R?) u yposems Bosmymenns 0.
B paGore BBIOpaH clieLyIomuii OAX0 K JUCKPETU3AIUM: [ PABHOMEPHOI CeTKH C IaroM T Ipe-
HOJIATAETCS, ITO B KAXKJIOM y3JI€ 3a/IaHbl CPEJIHUE 3HAUYEHHs Ha KBaJIpaTe CO CTOPOHON T OT BO3MY-
mennoi Gynakmn. HeTpyaHo moKasarh, 9To JIMHIN pa3pbiBa (MYHKIHE O MOIYT HE AIIIPOKCHMHE-
poBaTh JIMHUYU pa3pbiBa TouHOl dbyukimu f. CegoBaTe/bHO, 3a1a4a JOKATU3AIMN JTUHUI Pa3pbiBa
B 9TOM CJIy4ae HEKOPPEKTHO TocTaBjena [1-3] u mig ee permenusi HEOOXOIMMO CTPOUTH PEryJIsipU-
3UPYIOIINE AJTOPUTMBI.

Bajaua JIoKaIM3aIun B HACTOSIINEE BPEMsl BBI3LIBAECT 3HAYUTENLHBI WUHTEPEC, W CYIIECTBYET
BOJILIIOE KOJUYECTBO NPUKJIAJHBIX aJIrOPUTMOB, ITO3BOJISIONINX OPEIC/IUTh IIOJI0KEHNE JIMHIN Pas-
PBIBa 3allyMJIEHHON (DYHKINYU JBYX HEPEMEHHBIX. [109TOMY IpUBECTH MOJIHBIH HAGOP COOTBETCTBY-
IOIUX CCBLIOK TEXHUYIECKN HEBO3MOYKHO. HEKOTOpBbIE aJropuTMbl, MX YUCAEHHYIO DEAN3aluio U
CCBUIKM Ha JINTEPATypy MOXKHO Haiitu, Hanpumep, B [4;5| (cm. Takxke [6, r1.10]). Oxgnako B 9THX
paboTax IMOJHOE TEOPETUIECKOe 00OCHOBAHME NMPUMEHSIEMBIX HA MPAKTUKE AJTOPUTMOB OTCYTCTBY-
er. Hacko/IbKO M3BECTHO aBTOpaM, MEpPBbIE CTPOrHe TEOPETUYECKUE PE3YJIbTAThl (OIEHKH TOYHOCTH
AIIIPOKCUMAIMN) TI0 9TOH TeMaThke ObLaM 1oJydeHbl B [7; 8] (cM. Takxke pabory [9], rie usyda-
JIICH BONIPOCHI JuCKperusanun). Ho 3TH OLEHKM HOCUJIM JIOKAJIbHBINA XapakTep U MPeoJiarajm
JIOKAJILHYIO TVIQJIKOCTh JIMHUI pa3pbiBa. [VI0OAILHBIA TEOpeTHYeCKUit aHaIu3 aJrOpUTMOB YCPe/I-
HeHMsl JIJIs JIOKAJIU3AIUK JIMHUI paspbiBa, MO-BUJAMMOMY, BIIEpBbIe HpoBeieH B pabore [10], rae
JIMHAY Pa3pbIBa SIBJISLIACH 3aMKHYTBIME JIOMAHBIMU. DTOT aHAJU3 JOCTATOYHO MPOCTO 0600IaeTcs
Ha KyCOYHO-IVIQJIKHE JIUHAU paspbiBa. OIHAKO, HAIIPHUMED, €CJIM JIMHHUS UMEET U3JIOMBI B KasKJIOi
To4Ke, TO MeTouKa [10] HEe MOXKeT rapaHTUPOBATH, YTO MHOYKECTBO TOUYEK PDABHOMEDHON CETKH, KO-
TOPBIE BBIJIACT METOJ JIOKATU3AIMN B KAIeCTBE MHOYKECTBA, AIIIPOKCUMHUPYIOIIETO JTUHAN Pa3phiBa,
Oyaer He mycro. IIpu 3TOM, IpocTeiinuii aHaIus3 3a1a4 JOKAJIU3aIUH TOKA3bIBACT, UTO OTPAHNIUTh-
Cs1 HETIPEPBIBHOCTBIO JIMHUM Pa3pbIBa HEJIb3sI U BBEJIEHUE JIONOJTHUTEIBHON anpuopHoil nadopManmn
O JIMHUM SIBJIAETCA HEOOXOAMMOCTBIO, TaK KaK IpH (PUMKCHPOBAHHOM YPOBHE IIOTPEINIHOCTH § JJIs IIPO-
U3BOJILHOI JIMHUM paspbiBa [' HEb3sT rapaHTHPOBATH PAbOTOCIOCOOHOCTH HU ISt KAKOTO METOJIA.
B macrosmeit pabore mpejaraeTcsa MOAX0J, K U3yUeHHIO METOIOB JIOKAJIM3AIUU IIpu boJiee c1aboit
AnpUOPHOH MHMOPMAIINY, ITO MO3BOJISET HAPSILY € IVIAJKAME PACCMATPUBATH HETVIAJIKHE TPAHUIBI
(uMeroIIIe U3JIOMBI BO BCEX TOUKAX ).

OcnoBHas njest 3aK/II09aeTCA BO BBEJICHUH TI0CIEI0BATEILHOCTH 3aMKHYTBIX JIOMaHbIX g, KOTO-
pble alpOKCUMUPYIOT JuHUIO ' ¢ TouHOCTBIO g5 (¢s — 0 pu s — 00). Bee TpeboBanust Ha TOYHYTO
JIMHUIO pa3pblBa HAK/IAJABIBAIOTCS ITOCPEICTBOM OIPAHMYECHHI Ha MACHITAObl s U JIOMaHbIe JIUHAN 1y
(dopmasbHO 9TO 3anUCHIBAETCS KAK MPUHAJJIEIKHOCTH TOYHON (byHKIMHU f KJIACCy KOPPEKTHOCTH).
Takum 06pa3oM, Bce JIMHAU KJIACCU(DUIUPYIOTCS B 3aBUCUMOCTU OT CYIIECTBOBAHUA AIIPOKCHMHE-
pyIoIeil I0CIeI0BaTeIbHOCTH JIOMAHBIX C 3aJaHHbIMU cBoiicTBaMu. Ilpu yaydimeHnn sTuX CBOICTB
YAy 4IIAeTCsT KA9eCTBO TPUOIMKEHNs] JIMHAN pa3pblBa METOJIAMU YCPETHEHWS.

B macrosteit pabore paccMaTpUBAETCsl TACTHBIA CIydail: TouHast QyHKIMS UMEET OJIHY 3aMKHY-
TYIO JINHUIO Pa3pblBa U BCE OIEHKHU JIEJIAIOTCA JT0CTATOYHO rpy6o. TTosToMy HEOOXOAMMO OTMETHTD,
YTO MOJTyYeHHBIE PE3Y/ILTATHI MOI'YT OBITH CYIIECTBEHHO YCUJIEHBI, & allPUOPHBbIE TPeOOBAHUST Ha JIN-
HUM Pa3pbiBa elle 0cIabIeHbl. B KOHIE cTaThi IPUBEICHBI BO3MOYKHbIE HAIIPABJICHUS MOAU(MUKAIIN
HOJTy YeHHBIX PE3YJILTATOB.

[Tocte BBemenus KJtacca KoppekTHocTn I, comeprKalero, B 9aCTHOCTH, (DYHKIINNA C HETJIQ KON
JIMHUEH pa3pbiBa, OPMYJIUPYeTCcd 3a1ada JoKaausamuu. Jjis pemenns: paccMaTpuBaeMoil mpobJre-
MBI Ha OCHOBE TIPOIEYD YCPEJIHEHUsI KOHCTPYUPYIOTCS U UCCIELYIOTCS TVIODAIbHBIE JIUCKPETHDIE
AJTOPUTMBI AIIPOKCUMAIMN JIMHAU pa3pblBa TOYHONH (PYHKIMM MHOXKECTBOM TOYEK PaBHOMEPHOM
cerku. TeopeTwueckoe M3ydeHUe MOCTPOEHHBIX AJNOPUTMOB IIPOBOJUTCS HA KJIACCE KOPPEKTHOCTH
B COOTBETCTBHU ¢ MOAUDUIMPOBAHHOI cxemoit paGoTel [10]. Yeranasimusaercsi, 9TO NPEIJIOKEHHDIE
AJICOPUTMBI TIO3BOJISIIOT MOJIYIUTh TOYHOCTD Jiokaausanuu mopsigka O(J). Takzke puBoaATCst O1eH-
KM JPYTUX BaxKHBIX [IapaMeTpOB, XapaKTePU3YIOIIUX PaboTy aJrOPUTMOB JIOKAJIU3AIIH.

Crarbsa IIOCTPpO€EHa CJIEYIOIINM o6pa30M. B pa3i. 1 OIIpeJeJieHbI II0CJIeI0BaTC/JIbHOCTh 3aMKHY-
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TBIX JIOMaHBIX 'y, KOTOpBIE AIIPOKCUMUPYIOT JHHUIO pa3pbiBa ', U mocjaeqoBaTeIbHOCTh MaCIITa-
00B 5, chopMmypoBanbl TPeOOBaHUS K MacITabaM 1 JJOMAHBIM JIMHUSIM TP BCeX S. BBemennr kirac-
cbl KOppeKTHoCTH I, 3aBucAIye OT HapaMeTpoB. B pasi. 2 mojydeHbl BCIIOMOIraTe/IbHbIE OINEHKH.
[Tocnenunit pasmes MOCBSIIEH KOHCTPYUPOBAHWIO TVIOOAJBHBIX JMCKPETHBIX AJTOPUTMOB AIIPOK-
cUMaIlid W J0Ka3aTeJIbCTBY OCHOBHOI TeOpeMblI C OIeHKAMU TOYHOCTH. TaM »Ke IpUBEIEHBI JIBa
[prMepa IMPUMEHEHUsI TeOpeMbl. B 3aKJIFOUeHNN KPAaTKO CPOPMYJIUPOBAHBI UTOTH W PACCMOTPEHBI
BO3MOXKHBIE HAIIPABJICHUST MOIMMDUKAIINN PE3yJILTATOB HACTOSIIEH CTaThU.

1. Xapakrepu3salus HEIJIQJIKUX JIMHUI pa3pbIiBa
U IIOCTPOEHME KJIACCOB KOPPEKTHOCTU

Jlj1s1 IPOCTOTDLI M3/I0KeHns GyIeM paccMaTpuBaTh MHOxecTBo dbynxuuit f € Lo(R?), koTopsie
BHe KBagpara D = {(z,y): || < d,|y| < d}, d > 0, paBHBI HY/IIO ¥ He UMEIOT CKAYKa HA IDAHU-
ne ©. Takke IPEANONIOKUM, ITO MHOXKECTBO JIMHUI paspbiBa dyHKImU f(2,y) COCTOMT U3 OMHOM
zamMkHyTON JimawHd 1. Bee Ty mpeanosiozkennst MOryT OBITH OCIA0JIEHDI.

Haunem ¢ BBeseHust TpeboBanuii Ha MOCIEIOBATEILHOCTH MACIITAOOB (5 M 3aMKHYTBIE JIOMAHBIC
muann L'y, s = 1,2,..., KOTOpbIe B ONPEIEICHHOM CMBIC/IE allllPOKCUMUPYIOT JIMHUIO pas3pbiBa L.
MuoxkecTBO HATYpPaJbHBIX duces 1,2, ... Oymem obozHadaTh depes N.

Onpenmenenune 1. Ilycrs 3amaHbl NMOMOXKHUTEILHBIE BENIECTBEHHBbIC 4mMcIa vV < 1, q.
HazoBeMm 10CII€10BATEIBHOCTD HOJOKHUTENBHLIX 4dncen qv, ] = {qs}32, peeyaaprots nocaedosa-
MEALHOCTNDIO MACWMAb06, eCI slggo gs=0, ¢1 > qu nna Beex s € N cupaBeJIMBbI HEPABEHCTBA

v < QS+1/QS< 1.

Bsenem neobxomumbie obosnadenus. Ilycts 'y — 3amMkHyTast joMaHasg 6e€3 TOYEK caMoOIepece-
qenust, [’y = Uf,:zl s, tme 'y — oTpesku; [ — HATYypasibHOE IUCI0. Be3 orpanndenns oOMHOCTH
MOYKHO CYHTATDb, 4TO OTpe3KM l'yp 3amyMepoBaHbl Tak, uTO D'gg, ['gpi1 SBIISIOTCS CMEXKHBIMHU OT-
peskamu (TOCKoNIbKY Iy — 3aMKHyTast Jomanasi, To orpe3kn g ,I's; TakKe cMexkHBI); depe3 Vg
0603HAUNM HAMMEHBIINIT yroJI MK 1y CMEXKHBIME oTpe3kaMu 'y, I'sp 41 (coorBercrBenHO wepes Uy,
0603HAUNM HAMMEHBIIHUI IO MeXK1y cMeKHbIME oTpeskaMu [y, ['s1). O6o3natmm gepes |I'gx| aym-
ny orpeska [y, k =1,2,...,[;. Beemem Benmaumy

(sinVg)™t, 0 < g < /2,
O = (1.1)
{ 1, /2 < Vg < .

MoKHO Oompeae/nTh pa3Hble SKBUBAJEHTHBIE MOHSITHSI OKPECTHOCTH JioMaHoi I's. MbI BEIOEpEM
Takoe IOHSITHE OKPECTHOCTH, KOTOPOE CBSI3QHO C aHAJM3UPYEMBIMU J1ajiee METOAAMM YCPEIHEHHUS U
JIJIsI KOTOPOT'O BCe JAJIbHEHINE BLIYUC/IEHNS TPOBOIATCS CYIIECTBEHHO poIre. bymem Takke majee

6e3 creruaabHBIX OMOBOPOK CUHTATh, 9TO q[V, q] = {¢s}32; — peryjsipHas HOC/Ie0BATEIHLHOCTD
MacIITaboB.

Ounpeageneunune 2. Jna npousBonbHoro s € N BBeieM OKpPeCTHOCTb (Qgp KAXKJIOIO W3
3BeHbeB 15 ToManoIt Iy :

— €CJTM HauMeHBIIUH YToJl MeXKJIy OChIO Y W JIMHUEH, Ha KOTOPOU JIEXKUT OTPe30K [z, MeHbIIe
i pased /4, To mosokuM Qg = {(z,y) € D:V(z,y) € Tsk |z —Z| < qs,y = 3 };

— eCJTU HAaUMEHBIUH yroJl MeXKJIy OChI0 X W JIMHUEH, Ha KOTOPO# JIeKUT OoTpe30K Iz, MeHbIIe
7/4, 10 nonomina Qg = {(x,y) € D: ¥ (2.9) € T, w =2, |y — 3] < ¢s}-
MHuozkecTBO Q5 = Uf,jzl Qs HA30BEM oKpecmHocmbio JoMmaHoi I'g. Ecu mocitetoBaTeIbHOCTh OKpPECT-
Hocreir Qs ABJsieTcs BIoXKeHHO: Qs C (Qs_1, TO OyIeM rOBOPUTH, UTO IIOCIEIOBATEILHOCTD JIOMar
HBIX ['g annpoxcumupyem muauio I' = ﬂ;’il Qs.

Ounpenenenne 3. Hia upoussosbroro s € N Beegem nogmuoxkectso g, C 'y, Ha
KOTOPOM BBeIeM (PYHKIIUIO CKauka Agy :
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— ecJIM HaMMEHBIINH YroJl MeKIy OChbIO Y M JIMHKE, Ha KOTOPOIl JIEZKUT OTPE30K Iy, MEHbIIe
utn pasen /4, To nonoxum Lgp = {(Z,9) € Dsp: (2 £ q5,9) & Qsjr J £k, 5 = 1,2,...,1s}; na
(@, 9) € I'si BBEAIeM bynxmmo Age(Z, ) = f(Z + 45, 9) — f(T = 45, 7);

— eCJTM HaUMEHBIIUH yToJl MeXKJIy OChIO & W JIMHUEH, Ha KOTOPOU JIEXKUT OTpe30K [z, MeHbIIe
/4, To nonoxkum U'gy, = {(Z,9) € Tsp: (Z,9 £ qs) € Qsjy 7 #k, 5 =1,2,...,1s}; nna (z,9) € gy,
BeesieM byskuio Ag(Z,9) = f(Z,9+ qs) — f(Z,5 — gs)-

asee 6e3 crienuaJbHbIX OrOBOPOK OYJIEM CUUTATh, YTO MOCJIEI0BATEIBHOCTh 3aMKHYTBIX JIOMa-
HBIX 0e3 camorniepeceuenus 'y = Uij:l Iy annpoxkcumupyer juamio I' u juist Beex s € N 3aMKHyTast
nomanasi I's omgaa. Paccmorpum anprophyto mH(GOPMAIU O MIaJAKOCTH (GYHKIUU f BHE JTUHUN
paspbiBa B BUJe MPUHAJJIEXKHOCTH onpejiesienHoMy Hizke Muoxkectsy M Vy(R?). 3mech Gymem mc-
[IOJIB30BATh TO 0OCTOSITE/ILCTBO, UTO JIJIsl BCEX § IPAHUIA MHOXKECTBaA ()5, KOTOPYIO 0003HAYMM Yepe3
9Qs, cocrout uz jgomanbx. Ilpu 3ToM sicHo, uTo Qs = 0~ Qs | JOT Qs, e 0~ Qs — rpaHuIa MexK-
1y Qs m JacTbio KBajpaTa © BHe (Q,, cooTBeTcTBeHHO 0T (Q4 — rpanuna Me:kay Qs n JacTpio D,
nonasinei BHyTpb Q.

Ounpenenenune 4. O6o3naunm depes M Vq(R2) MHOXKECTBO (PYHKIMI JBYX II€pEMEH-
HeiX f € Lo(R?) Takux, 9To KpoMe HAJIOKEHHBIX BBITIE TPeGOBAHMI JOTIOHATETBHO BHITOTHAIOTCS
CJIe Iy OTIITE:

— mas Beex npsiMoyronbHukos D' = [A, B] x [C,D] co cropoHaMu, MapasueJbHBIME OCSIM
KOODJIMHAT, ecyiu jijig Hekoroporo s € N ©'N Qs = &, 1o miug nouru seex § € [C, D] dyukuus
onHoit nepemennoit f(x,y) abcomorHo HenpepbiBHa it © € (A, B); mis nouru Becex T € [A, B
dbyukuus onnoit nepemennoii f(&,y) abcomorno uenpepbisaa i y € (C) D);

— auia moboit Toukn (Z,y) € 0T Qs, s € N, cymectytor npenenst f1 (T, ) = ;13% f(z,g) =

lim £(Z,5), f"(@5) = lim fi(z9), F7(@5) = lim f1(Z,y) npu yorosus, 510 mpu MpeAeTEHOM

[Iepexo/ie TOYKa 0cTaeTcst BHyTpH Q;

— myist J000it Touku (Z,Y) € 0”Qs, s € N, cymecrByior upenenst f~(Z,y) = :llg}z flx,y) =

lim f(z,y), f,”(Z,9) = lim fi(z,9), f, (Z,9) = lim f,(Z,y) npu ycropuu, 4To Ipn npeebHOM
Yy T—=T Y=y
Hepexojie TOYKa OCTAaeTCsA CHApyKU Q;

— byukumn f(Z,7), f7F(Z,7), f;i(:z,g) HenpepbulBHLI Ha 0T Qs 1 07 ()5 COOTBETCTBEHHO JIJIst
Bcex s € N.

3aMmeTuM, 9TO BBeJIEHHAs BLIIIE AllpUOpHAad MH(OpMaIyd rapaHTHPYeT HEIPEPBIBHOCTL (PyHK-
it Ag(z,y) ana seex (z,y) € [gr, s € N,k =1,2,...,1,. B creayiomem onpe/ie/leHUN BBeieM
KJ1acc KoppekTHocTr I, Ha KOTOPOM OyIyT U3y4aThCs paccMaTpUBaeMble B paboTe METONBI JIOKa-
JIN3AIIH.

Onpenenenue 5 Kiacc koppekrroctu I cocrout u3 pyukuuit f € M %(R2), VIOBJIE-
TBOPSIOIIUX CJICIYIOIIIM OIPAHNICHISIM:

(i) samano monoxurenbuoe wnciao r: |f(z,y)| < r ana Beex (v,y) € D; |fi(z,y)|] < 1

[fyla,y)l <7 s (z,y) € Qs s meex s € N [fi=(z,y)] < 7, [ (2,y)] < 7 aa (z,y) € 0Qs
qutst Beex s € N (6e3 orpanndenust oBIIHOCTH MOXKHO CYUTATh, 4TO 1 = 1);

(ii) 3aaH0 MOJIOKUTEIBHOE YuCI0 O Takoe, ¥T0  max Og < O;

sEN, 1<k<l;
(iii) samano momoxuTebHOE U0 A™ Takoe, wto  min  {|Ag(w,y)|: (7,y) € [g}>AMD:
seN, 1<k<l;
@stS
(iill) 3a1aHO TIOJIOXKUTEIBHOE YHUCIIO P TAKOE, YTO  IMax < p.
seN, 1<k<ls |Tggl

Kitacc koppekTrocT 91 3aBUCHT OT mapaMerpos v, ¢, r, O, A™" p. [TockoabKy B HajbHERIIEM Ha
mapaMeTp p OyIyT HaKJIaJIbIBATHCS TPeOOBAHMSI, a OCTAJIbHBIE ITapaMeTPhl IIPEIOIaraloTcss PuK-
CHPOBAHHBIMU, TO JJIs KOMIAKTHOCTA OOO3HAUEHHUI JONOBOPUMCS JAHHBIN Kjacc 0003HAYATh Kak

M = M(p).
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2. IlocranoBka 3aj/lauM U BCIIOMOTraTeJIbHbIE YTBEP2K/IE€HUS

Beeziem B kBasipate © pasHomepnyto cerky 1T = {(z",y™)} ¢ marom 7 = 2d/M, tne M — nesoe
nosioxKuTeabHOe uncao; " = —d + (n — 1/2)1, y™ = —d+ (m — 1/2)1, tnRe n = 1,2,..., M, m =
1,2,..., M.

IMocranoska 3amaun. Iycrs f € M(p); fO € La(R?): || f — f°||z, < 6; 3amana pasHOMepHas
cerka T = {(2",y™)} ¢ marom 7, B y3/1aX KOTOPOIi 33/ jaHbl (M3MEPEHbI) CJIE/IYOIINe BeTMIMHbL:

ym47/2 x"47/2

fim=z [ fendan (2.)

ym—7/2 x"—7/2

ITo 3HaveHMsSIM fim U YPOBHIO IOTPEIIHOCTH 0 TPeOyeTcs alllIPOKCUMUPOBATHL JIMHHUIO pa3pbiBa I
yHKINK f IOAMHOXKECTBOM TOYEK CeTKH 1 C OIEHKOI TOYHOCTH IMPUOINKEHUSI.

JL1st ToCTPOEHNUsI PEryJIsIPHBIX METOIOB JIOKAJIU3AINN C TEJIbIO ITOJABJIEHNUsT IIIyMa, UCIIOIb3yeTCsT
njiesd YCpeIHEeHUsT BO3MYIIEHHBIX 3HAYCHUM fim. 11 IpoBesieHNsT aHAJIN3a HAM ITOHAI00SITCS KaK
HeIIPEPBIBHBIE YCPEeIHSIIOIe (MYHKIME, TaK U UX JUCKpeTHbIe aHajgorn. OupemesnM aBa KJacca
HEIPEPBIBHLIX yCPEeTHSIONNX (MYHKIUNA OMHON IepeMeHHOi. B KadecTBe oaHOro Kiacca BbIbepeM
mHO)KecTBO P F, cocrosiiiiee u3 dbunnTHbIX OyHKIMH ¢(t), t €R, yI0BIETBOPSIONUX YCIOBUIM:

(a) ¢ nBaxpl HenpepbiBHO auddepenimpyeMa u C — IOJ0KHUTEIbHAST KOHCTAHTA TAKasl, 4TO
9" (t)] < Ch;

(b) cymecrByror 0 < b <1, 0 < a <1 rakue, uro a < ¢(t) < 1 gus t € [—b,b];

(¢) ¢(t) =0 s t ¢ [—1,1].

Bropoe muoxkecTBo yepeausiiomux dynknuii U takxke cocrout u3 dbunuTHbX GyHKuuii 1(t),
t € R, yJ0BJIETBOPSIOIINX YCIOBUSIM:

(@) v mnenpepwisHO muddepennmupyema n Cy — TIOJOXKUTETbHAS KOHCTAHTA TaKast, UTO
[/ ()] < Co;

) / D(t)dt = 1;

Y(t)=0 st ¢ [—1,1]; () >0 gz t € [—1,1].

HCHO, 9TO I P € <I>F mveem |¢'(t)] < C1 m ¢ € WE(R) (zmecs WiH(R) — cobosesckoe
npocrpancTBo (yHkumii), a qist ¢ € ¥ ojerko mokaszarb, uro ¢(t) < Cy. Hepes || - ||z, Gyzem
obosnauath || - ||, w)- Tlomoxkmm

t 1 t
£) = (-) (-) AL, Ao > 0.

Host yuporenus sarmcu Bmecto (¢, (t));],—, Oyaem mucats ¢ (u).

Jluckpernble 3HaUeHUs yCpeaustioniei hyHKIuu st (GYyHKIUK JIBYX IEPEMEHHDBIX OY/1€M BbIUNC-
JIATD 110 popMyJIe Aijl)\z = qﬁ’/\l (iT)x, (G7)72, THe —ny < i < ny, —ng < § < ng. [apamerpsr ny, ng,
KOTOPBIE SIBJISIOTCS HATYPAILHBIMU YUCIAMU, OYJIyT OIpEJIeIeHbl HIXKe KakK (DYHKIUH yPOBHS I10-
rpemtaocT § u mara cerku 7. (OYeBHIHO, HApaMeTphl JOJIKHBI OBITH OBITH OIPEEIEeHbl TAKIM
06pazoM, 4ToGBI mar 7 GbLT MeHbIIE \; I \g.) Bcmomorarembubie auckpernbie dynxmumm G2, G‘S
BBIMUCIIOTCA B Toukax (2", y™) cetku 1" mo dopmymam

9 4,
Gm(xn’ym) = Gx7)1\11n>\22 ’y Z Z AZ)\]1)\2 n+i,m+j> (2'2)

j=—n2 i=—n1

5 A0,
Gyla”,y™) = G50 @y Z Z Nons Fvismts (2:3)

i=—ng j=-n1
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OrpeiesiuM BerioMoraTe/ibHble (DYHKIINN HEIPEPBIBHOI'O apryMeHTa IPU OTCYTCTBUU BO3MYIICHMI
qepes3

y+A2 T+

F:c(xa y) = Fx,)\l)\g (.Z', y) :/ /f(§7 77)¢,>\1 (.Z' - S)w)\g (y - n)dgdna (Z’, y) € ©7 (24)
Y—A2 T—A1

T+ y+A1

Fy(@,9) = Fyaa(@,y) = / / FENBy, (4 — Mg (& — O)dnde, (z,y) €D, (25)
T—A2 y—A1

[MosicauM cMbIcat 9TUX (DYHKIWMI U ucnosib3yeMbix obozHadenunii. Pyukius F(z,y) B (2.4) ectb
yCpeJiHeHne TOYHOH (hyHKIUU f 10 MEepeMEHHON & ¢ IIOMOIIBIO ¢’/\1(x) U 10 TEPEeMEeHHON Yy ¢ To-
MOIIBIO Yy, (y). Jduckpernsarust 910t dyHKINM, KOIa BMECTO TOYHON (DyHKIMM f HCIOIb3yeTcs
npubmkennas dbynkuus 0, oboznadaercs uepes GO (z",y™). Oynxiun Fy(x,y) n Gg(a:", y™) no-
JIy9IaIOTCs, €CJIN TIEPEMEHHDBIE T U Y TIOMEHATH MECTAMI.

Jlemma 1. ITycms sagurcuposans, ycpedusmowue gynkuuu ¢ € OF, 1 € U u namypasvrvie
wucaa ni,no. Tozda 6 Ycro8UAT paccmampusaemoti 3a0a4u NPy

2 1 2 1
)\1 = 7,”12_‘_ T, )\2 = 77122—1_ T

oas (x",y"™) € T' cnpasedausnvi caedyrousue oueHKuy:

Agd 1 1
S/..mn ,m n o,m 0
|G (2", y™) — Fyp(z™,y™)| < )2 —|—A0T<)\1 +A_2)’
Agd 1
S(m ,m
- I 15 A =), Ay =4C,05.
|Gy(x Y ) ( Y )| ()\1)\ )1/2+ 07'()\1 )\2), 0 C1C4

Hokasareanctso. Bpabore |9 (cm. memmy 1) mokasana mepsasi OleHKa pu (HOUKCH-
poBamuoMm Y. Bropasi omeHKa IOIy9IaeTcsl aHATOTHIHO. O

Iycrs U, V — muoxkectsa Touek 3 R2. Beegem Merpuky B R?

1nf{\/ :El — l‘Q (y1 — yg) : (:El,yl) eU, (ZEQ,yQ) S V}

B cirepyromux jjeMMax B COOTBETCTBUH C OCHOBHOI Heeil MpOBEICHUST OIEHOK B HACTOSAIIEH pa-
boTre OyaeM MMoJIydYaTh OIEHKH OTHOCUTEHLHO TOYHOI pyHKIun f ¢ auHueil pa3pbiBa I’ mocpemcTrBoM
dopmynupoBku orpanmderuit Ha 'y mpu puKCHpOBaHHOM S.

Jlemma 2. ITycms sagurcuposans, ycpedusougue gynrxyuu ¢ € OF, ¢ € ¥ u namypasvroe
wucao s. Toeda 6 ycaosuazr paccmampusaemots 3adavu s (x y) 6 D 0asa A06VLT NOAOAHCUMENOHBLT
AL, A2 npu evinoaneruy donoarumenvrozo ycaosus p((,y); > /AT + A3 + g5 umerom mecmo
oUEHKU

|Fp(z,y)| < A, |Fy(z,y)| < Aihi, A =9z,

HokaszaTeuabcrtso [lockoasKy npu Bemmosnennn yeaosust p((z,y); Ts) > /A3 + A3+ ¢s
B obstactu unTerpupoBanus dpopmyi (2.4), (2.5) dyukius f HenpepbiBHA, TO ;LOKaSaTeJILCTBo JIEMMBI
AHAJIOTUYIHO JIOKA3aTeJLCTBY JieMMbI 2 [9)]. O

BBeseM mapamMeTprudeckoe 3aJaHue OTPE3KOB {Fsk}lf: zo(t) = a%t + b5, ys(t) = a’t + 0%,
0<t<|wl, af, bg, ao, b, e R, k=1,2,...,1,. Hanomumm, aro dbynrkuus ckauka Agy(z,y)
st (z,y) € Tg C Tg BBesiena B onpegesiennn 3. Ilockonbky @ = xgx(t), y = ysi(t), 10 Agp(z,y) =
Ask(t)‘
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s mpousBobHOoro K¢ > 0 mosmoxxum
Esk = K5O, (2.6)
rie Ogp onpegeneno B (1.1). Oupemesum MHOXKECTBO:

%% — dactb orpeska L'gp: t € (esp—1, |Tsk| — €sk)- (2.7)

ls &
ey ISy Yenosue memycro-

Bamernm, uro npu K, = g5 maeem I'S, C [yt Obosnaumm S =
Tel 'S, Oyzer npuBe/ieHO HUXKe B TeOpeMe.

B cretyrommeit ieMMe HOJIy 9€HBI OLNEHKH CHEU3Y it yHKIuil Fy, Fy (cm. dopmyier (2.4), (2.5))
B Masioit okpectHoctu 'S, HanmomuuMm, uro Besmuunsl a,b, Cy comepxkarcs B yciaousx (a), (b) Ha
byukimio ¢; semranna A™" — g yenosuu (iii) ma dyukmmo f; 7 — mar cerkn T} a¥., b%, ai’k, bgk —
KO3 DUIMEHTHI B MapaMeTPUIeCKOM 3aJaHun oTrpeska g HaM Takske moHamobsiTcst KOHCTAHTHI

A1 = ||9||L,, A2 =2C1, A3 =4C,. OrmernmM, aro Cp > 1.

Jlemma 3. ITycms sagurcuposans, ycpedusougue gynrxyuu ¢ € OF, ¢ € ¥ u namypasvroe
wucao s. Toeda 6 ycaosuar paccmampusaemots 3adauy npu 7 < bA1 0aa A1006LT NOAOHCUMENLHBLL

)\1, )\2 U NPpU 8bINOAHEHUY JoNoARUMENDHO20 Ycaosua pasdeﬂumocmu <k miln oy p( ik’ FE ) > KS,
1<k,j<ls,

2de 6 (2.6), (2.7) koncmanma Ks > /A2 + A2 +/27+¢qs, daa mouex (z,y) € D: p((z,y);15,) < 7

UMENTM, MECIMO OUEHKU:

(1) ecau |af,/a?] <1, mo

Fy(a,y)] > adm — Ay — 4,227 g %
)‘1 )\1
(2)  ecau la?,/a¥ | <1, mo
i A
|Fy(x,y)| > aA™ — A\ — Ao 217 — A3
)\1 )\1

HJoxkaszareunbctso. [lokaxkem cipaBemBocTb OneHKH B II. (1) jemmbl (oneHka B 11. (2)
JloKasbIBaeTcs anansormino). Braromapsa seibopy (2.6), (2.7) mmeem p(I'5:T5;) > K B cyae,
korga orpesku g, I'y; apisroresa cmexxnbivu. [lockonbky Ky > 4/ )\% + )\% + V27 + g5, TO ycioBue
Pa3ICIIMOCTHI Igl;n p(I i TS ) > K, rapaHTupyer, 4To B OKPY>KHOCTH C IIEHTPOM B TOYKe (,Y)

raxoit, aro p((z,y);%,) < 7, paguycom \/ A} + A3+ g5 dyukuus f wenpepbisHa BHe Qg;. CrienoBa-
TeJIbHO, Tpyu Bhraucsiennn gyukiun F,, B npeenax unrerpuposanus (x,y) = {(2/,y'): |[x — 2'| <
ALy — ¢/ < Ao} dynkmus f Moxker mMeTh 0COGEHHOCTH TOJIBKO HA MHOXKECTBE () g

Beenem dyukmuio fsx (', y) ms (2/,y') € I(x,y):

f(:E/)y,)’ (ﬂi‘l,y,) (:Evy) \ Q8k7
fsk(xluy/) = f((y/ - bgk)/a:;/k - QSuy/)7 (x/uy ) € sta .Z'/ < (y/ - b:;/k)/a:;/ku
Fy =)/ ad, +as.9),  (@,y) € Qe 2" > (¥ = b3)/ady

[Tockombky K> qs, To byakmmus fgp mmeer paspeis Ha gy, ¢ Bemmaunnoit ckauka Agy () n |(fsx),| < 1.
Ormerum, 4ro pasHocTh fg — f orpanudena u sup | for — f| < 2. Ilepeiinem or gBoiiHoro uaTerpasa
)

B 1paBoil yactu (2.4) K MOBTOPHOMY ¥ 3allUIIEeM €ro B BUJE CYMMBI JBYX CJIAraeMbIX:

y+A2 T+ y+A2 T+

Ry = | ( / f(é,n)¢&1($—£)d£>wz(y—n)dn= / ( / fsk(i,n)qb&l($—£)d£>%2(y—77)d77

y—A2 T\ y—A2 T\
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y+A2 T+4gs

+f ( [tst&m — sate. ol (o - s>ds) Uy — ).
Yy—Az2  T—(Qs
OrneHnM BTOpOE CIaraeMoe, UCIIOJIb3ysl YCJIOBUs Ha (DyHKIUU ¢ U 1):

y+>\2 T+qs ,
|¢'] qs

/ < /(f(é,n) = fsr(&,m) e, (z — £)d£>w2(y - n)dn‘ < 4g = Agyh

Yy—A2 T—(qs

1 g . €
Paccmorpum neppoe cimaraemoe. I1ocKOIbKY TIpY BBIMOJHEHUH YCIOBHUS Igl;glp(r Sk,st) > K,

B IIpe/ielaxX MHTErPUPOBAHUS HAXOJUTCS TOJIBKO I'gr, TO MMeEET MeCTO Creiylolee pasiiozkenue |8,
nemma 1]:

T4+ T+
/fsk(§7 77)¢,>\1 (‘T - f)df = Ask(t(n))(ﬁ)q (‘T - xsk(t(n))) + /(fsk)lﬁ(gv T,)gb)q (.Z' - f)df,
T—A1 T—M\1

rae t(n) = (n —bY))/a?,. Orciona

yt+A2 ozt

[ 1atenis, - £>ds> U (4 — )

y—A2 T—M\1

y+A2 y+A2 x4+
= [ Bakttmon, e—rante)in,r-min + [ ( / <fsk>g<s,nml(:c—s)ds)m(y—n)dn. (2.8)
y—A2 y—Aa =\

s Broporo ciaraemoro B mpasoii wactu (2.8) cipaBejjinBa OleHKa

y+A2 oz

/(fsk)’g(é, Mo (z — £)d£> Yo, (y — n)dn‘ < Ay

y—A2 T—M1

Iycrs (Z,9) € IS, n p((x,y); (Z,7)) < 7. Ucnonssys dbopmyiy Jlarpamzka, mepsoe ciaraemoe B
npasoit actu (2.8) MOXKHO IPEJICTABUTH B BHIE

y+A2 y+A2

/ Akt (5 — 2ak (E01)) )y (4 — m)el = b3, (2 — ) / Ak () Vng (y — )

Yy—A2 y—A2
y+A2
4 / At ), () - (& — o (E(m)) g (y — m)edn, (2.9)
Yy—A2

rje ¢ JIeXKUT MeXKIy TOUYKaMu & — T, T — Tgx (t(n)). Jus f € M (cm. onpenenenne 5) bdyakuns A gy (t)
HenpepbiBHA P ¢ € (¢sOsk—1, |Tsk| — ¢sOsk). CrrennoBarenbro, dbyukus Ag,(t(n)) coxpansier 3HaK
quist Beex 7). Tak kak | — Z| < 7 < bAy, 1o B cuity yeaosus (b) vHa dyakuuio ¢ u yenosuit (b'), (¢)
Ha (DYHKIMIO 1) JIst TIEPBOrO CJIaraeMoro B Ipasoii dactu (2.9) mMeeM OICHKY CHU3Y

y+A2
oo (z — 7) / A () y (y — m)dn| = aA™™.

Yy—A2
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PaccMoTpum Bropoe ciiaraemoe B ipaBoit wactu (2.9). Yuursisas ycaosue (i) na GyHKIMIO f, MOXKHO
cantarh, 4To |Ag(t(n))] < 2. Hockonsky T = ze(t(7)), tae t(7) = (§—bY,)/a%,., vo |z —xs(t(n))| <
[(G—mn)at,/aly] < (Aa+7)]a%,/a?,|. Tak kak ¢ € PF utp € ¥, 10 115t BTOPOLO CIAraeMOr0o B IPABOi
gactu (2.9) BBIBOJIUM OIEHKY

y+A2
_ 2C1(M\o + 1
[ Bt (€)@ = saletn)nsly — nan| < ZHEZED
y—A2
Takum obpazom, jgemMma 3 JOKa3aHA. O

Hanomunwm, uro sesmuaussl a, b, C BBeJeHbI B yeioBusix (a), (b) na dyukimio ¢, Beaumanna Co —
B ycaosun (a') Ha dynrkmmio v, Bemmunaa A™" — g yenosunm (iii) ma dynkmmo f; Ag = 4C1Cy,
Ay = ||9||L,, A2 = 2C1, A3 = 4C,. BejieM KOHCTAHTBI

P =

aA™in D 4_140(18142)1/2

2 > ‘T p\Up :%(P)m’ -

27 7p \184, 57T 4Ay

P /1 1yt P
By = '{bD,D,—(— —) } o= ———.
0 =min bl B o\ D, T D, 0= 164, D,

Hamomunwm, uro [z] = [2] + 1, rae [z] — nenas gacrs uncia z. Homoxnm

D15 1 132(S 1
- = | = _Z = = | === . 2.1
n1 = n1(7,6) ’7 - 2—‘ ;. ng =mna(7,0) ’7 . 2—‘ (2.10)
Bribepem mapaMerpbl perysisipu3aliui A1, Ao CJIEIYIOITUM 0Opa30M:
2 1 2 1
A= n12+ T, A= n22+ T. (2.11)

Hmxke nam mora106s1TCsT O9€BUIHBIE OIIEHKHU, KOTOPDbIE CPOPMYIUPYEM B BHJIE OTIEILHOIO yTBEp-
KJTEHUS.

YrBepxkaenue 1. [lycmv sadurcuposanv, ycpednaowue gynwkuyuu ¢ € OF, o € V. Toeda
ecau waz T 3adannol pashomepnot cemru T ydosaemeopsem wnepasencmsy T < 19(d) = Byd, mo
npu ceasu napamempos (2.10),(2.11) umeem 7 < min{bA1, Ao, D16/36} u das A1, A2 evinoarenwv
CACOYIOWUE OUEHKYU CEEPTY U CHUBY:

Did< A\ <Did+7< D1(5(1 + 1/36) < 2D16,

Dod <Ay < Dyd+7<2Dy6 < D15/18 < M.
Ecau donoanumenvro qs < D3d, mo qs < D10/16 < Ap.

JlokaszaTeadbCcTBso. DTo yrBepzIcHHE cleayeT u3 Toro, uro A < 2.y > 1. Torma

Dy < D1/36 u D3 < D;/16. O
B roukax cerku T = {(2",y™)} onpenennm dyHKImIO
H(a",y™) = max{| Gy («",y™)|, |Gy (", y™) |} (2.12)

Jlemma 4. ITycms sagurcuposans, ycpedusougue dynrxyuu ¢ € OF, ¢ € ¥ u namypasvroe
wucao s. Toeda 6 yeaosusazr paccmampusaemots 3adavu das 6: qs/Ds < 6 < 0, waza 7 < 19(9), npu
swbope (2.6), (2.7) u ceasu napamempos (2.10), (2.11), a makowce svinoarneruu JoONOAHUMENBHO20
YCAOBUSA PA3ICAUMOCTI

: £ . I“E' > K
1<k <l k#p( i Tag) 2 Ko,
2de Kg > /A2 + A3+ V21 +qs, das dynryuu H® 6 mouxe (z™,y™) € T umerom mecmo ovenku:
) ecau p((z™,y™);Ts) > /A2 + A2 + g5, mo HO (2™, y™) < P;
) ecau p((a",y™):T%) < 7, mo HO(a", y™) > P.

1
(2
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Hoxkasareasncrtso. [okaxkem cupasegmBocts (1). s Touek cerku (2, y™) Takux,
aro p((x™,y™);Ts) > /A + A3 + ¢s, ucnonnssys onenkn jgemm 1 u 2, nosyvaem

Agd 1 1
— + A T(— +—
(A1 A2)1/2 AUV

S(m ,m <
Gy < :

) 4 A

[Tpu mammOM BBIOOpE MAPAMETPOB, BBULY OIEHOK CHU3Y /IS A1, Ao U3 YTBEPKIEHUS 1, CIIpaBe I TuBO
nepasenctBo Agd /(A \2)'/? < P/4; ucnonssys monommurensuo Hepasenctso T < 1o(6), momyaaem
Aot (1/M + 1/X2) < P/8; u3 nepasencrsa 0 < dy caexnyer nepaserncTso A;\; < P/8. Torna

1
G, y™) < 5P < P

st (™, y™) taxux, aro p((z",y™);Ts) > /A + A2 + ¢s. Ananoruunas oleHKa UMeeT MecTo st
yHKIIN Gg B TouKax cerku (z",y™) takux, aro p((z",y™);'s) > /A2 + A3 +¢;. CaenosarensHo,

Ho(z",y™) < P

s (z,y™) raknx, wro p((z",y™); Ts) > /AT + A5 + gs.
Iepeiinem k nokasarenscrsy (2). Ilyers gg: |a%,/a% | < 1. s Touex (2™, y™) Takux, 910
p((x™,y™);T%) < 7, ucnoyb3ys oreHKu jemM 1 u 3, mosrydaem

Apd

__A09 As(A2+7)  Asgs
()\1)\2)1/2 :

A1 A1

G (2™, y™)| > aA™ — _ AOT(— " —) A —

1 1
A A
[Tpu nansOM BBIGOpE HApaMeTpoB Ao + 7 < 3D9d u Az(Ae + 7) /A1 < P/6. Ilockosbky gs < D3d, To
Asqs/M < P/4. CrenoBatesibHO, yUUTBIBasl ONEHKU U3 JloKa3aTeabeTBa 1. (1), mMeem

: 11 13
O (pn oMy > min _ ~~p_ =% :
|Go (2", y™)| > aA 12P 12P>P

AmnaJiorndHast OIleHKa CIIpaBe IJInBa JIJIsT Gg B TOuKax ceTku (z", y™) takux, uro p((z",y™);T%) <7
upu gt |a¥, /a%,| < 1.

IockombKy jis orpeska g, umeen |a%, /a?, | < 1 u/wm |a¥, /a% | < 1, To H’(z",y™) > P nua
touek (x",y™) Takux, aro p((z",y™);T%) < 7. Jlemma 4 jokazaHa.

3. HccaenoBanme ajiropuTrMa JIOKQJIU3AIU JUHUN pa3pbiBa

VI3/10KEHHBIH HIZKE aJITOPUTM JIOKATM3AIMN OIIPE/IENIsSeT MHOKeCTBO T Touek CeTKH, aImpok-
CUMUPYIOIIIX JTUHIIO paspbiBa I'. O6osnaunm depes N = N (T5) KOJIMIECTBO TOUEK MHOzKecTBa 1.
Horosopumcs, ecu T = @, caurars p((z",y™); T°) = oo ana moboit Touku (z™,y™) cerxu T.
[IpuBenennblil HI2KE aJITOPUTM JIOKAJU3AIUNA B CBOell paboTe MUCIOIb3YeT HapaMeTphl 11, Ng U Be-
sauny nopora P = aA™" /2. Hanomuuwm, uro dynxmus H % ompeseena B (2.12).

Aanropurwm HD(é,fim)
Iodzomoexa % yuxay. Homoxum N = 0; T = @.
Luxa nepebopa mouex (z™,y™) cemxu T. Eciu B npomecce nepebopa He pacCMOTPEHHBIX
TOYEK CeTKH 1’ He 0CTajoCh, TO KOHEI] IUKJIA.
ycrs (27, y™) — rexymtas Touka. Eeau HO (2, y™) > Pu p((x™,y™); T°) > 3v/2\1+2qs,
10 N:=N+1; T :=T°J(2",y™) u npomoszKaeM HuKIL;
MHaYe — MPOOJIKAEM UK.

3aMeTHuM, 9TO BhbIIIe C(OOPMYJINPOBAH MBI KJIACC aJI'OPUTMOB. TOOBI HOJIYYNTh KOHKPETHBII
MeToI, HyKHO 3adurcupoBarh dyuknuu ¢ € F, 1) € U u npasuio nepebopa touek. lasee Oymem
CYNTATh, YTO KOHKPETHOE MPABUJIO Itlepebopa U (DYHKINK BLIOpaHbI U 3a(DUKCHPOBAHDI.
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Iycrs U, V — muoxkecrsa Touek u3 RZ. Bribepem Mepy Gimzoctu MHOKeCTBa U K MHOMKe-
ctBy V:

w(U; V)= sup inf /(21— 22)2 + (41 — y2)2-
(z1,1)eU (T2,y2)€V

Hamomaum, gro

D5 1 2 + 1 2ny + 1
Do _ .

= mi(r,0) = | S|y ne=na(r0) = [ 23] A =T = T 3

T

Beenem xkorCcTaHTBI U (DYHKITHIO

~40v245
Py

B , D=+2Dy, & =min{dy, /D3}, h(6)=5Ds.

Hamomunm, 9T0 KOHCTAHTHI O, p BXOJIAT B oupeeseHne Kiacca .
[Momoxknm
esk = h(6)Osp, (3.2)
rie O oupeneneno B (1.1)

Teopema. [Tycmo gynrxyus f € M(p). Tozda 6 ycaosuax paccmampusaemoti 3adavu 0asn 6 <
0o, waza T < 19(0), npu ceazu napamempos (3.1), npu ewnoaneruu coomnowenus p < 1/B u

0 0 i ciTS) > h(0), 2de h(d) = 5DJ
ONONHUMENBHO20 YCAOBUA PA3ENUMOCTIU sent lglil,ljr%ls,k;éjp( i l'sj) = h(0), ede h(é) ,

anzopumam I1D(4, f,fm) nocmpoum mmoscecmso movex T # & maxoe, wmo:
(1) w(T?;T) < 2D6;
(2) pw(I;T°%) < (4+50)Dg;

(3) dnsa ecex pasiumva movex (x1,v1), (T2, y2) € T cnpasedauco nepaserncmeso

p((x1,y1); (z2,y2)) > 3DG;
(4) dan s =s(9): qs/D3 < § < qs—1/D3 cnpasedauen oyenku

L L]
D §

0 1 |FS|
(1-pB) < N(T°) < D5

JokaszarTeabcTBO. B cooTBEercTBUM C OCHOBHOI mzeeil IpOBeJIEHHs OLEHOK Iepeii-
JeM oT TouHoil yuHuME [ K anmpokcuMupylomeii ee nociaegosarenbroctu I's. Sadpukcupyem s =
s(0): qs/Ds < 6 < gs—1/Ds3. fcno, uro s(§) — oo upu § — 0.

Hokazkem orenky (1). 3ameTnM, 9TO yCJI0BUE PA3IEJUMOCTH B TEOPEME TapaHTUPYET BLIIOJIHE-
HEe yCIOBUST PA3IeTIMOCTH B JIeMMAaX, TOCKOMbKY h(8) > /A + A2 + /27 + ¢;. U3 orenku B 1. (1)
nemmbt 4 Boirekaer, ato ((T%; 1) < /A2 + A2 + ¢5. Crenoparensuo, u(T%T) < /A2 + A2 + 2q¢,.
Vcnonb3ys ONeHKN U3 yTBEPXKJIeHUs 1, mosrydaeM TpebyeMoe HEPaBEHCTEBO.

Hokazkem onerky (2). OueBujno, uro Bce I'S MOXKHO IOKPBITH OKPY?KHOCTSIMU C IIEHTPOM B
Toukax m3 MHOxkecTBa T° pammycom 3v/2\; + 2¢s + v/27. Ecim 310 HE Tak, TO cormacHo m. (2)
JTeMMBI 4 00sI3aTeIbHO HANeTCsT ToUKa ceTKn 1, He IMpuHAJIesKamas MHOKecTBy 1%, B KOTOpOIl
byukims H° Gosbine opora P. Toro He MOKeT GBITH, TTOCKOIBKY B XOJ€ paGoThl ajropurmMa 11D
nepebupatorcss Bce Touku cerku 1. CiienoBaresbHO, u(Fi;T5) < 3v2\1 + 2¢s + V27. Buaunrt,
w(Dg; T%) < 332X +2q5 + V27 +egp 1 u(T5T) < 3v/2)1 + 3¢5 +V/27 + 45 C yuerom soibopa (3.2)
U yUUTBIBas YCJOBUS Ha MAPAMETPBI, MOJYyYaeM TPeOyeMyIO OIEHKY.

Joxaskem onenky (3). Iycrs (x1,41), (22,y2) € T°. To nocrpoenuto muoxkecrsa T? aaroput-
moM I1D crpasenymso nepasenctso p((x1,y1); (T2,92)) > 3v2A1 > 3v/2D16.

Hokazxkem onerky (4). CornacHo onenke B 1. (1) jeMMbl 4 OKPY’KHOCTB € TIEHTPOM B TOYKE U3
MuOzkecTBa T pamycom \/)\% + /\% + g5 obsizaTesbHO comepKuT Touky us 'g. [lycrs (2, y™) € 19,
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torma cymectsyet (r,y) € I's Taxag, aro p((x™,y™); (z,9)) < /A2 + A3 + ¢s < V21 + ¢s. Anaro-
ruano as (27, y™) € T? naiinercs (Z,7) € T takas, aro p((x™,y™); (%, 7)) < vV2A1+q¢s. dAcwo, aro
p((z,9); (Z,9)) > p((z™,y™); (™, y™)) — 2(v/2A1 + ¢s). Vcnonn3ys oneHKy /s HepBOro CIaraeMoro
U3 JIoKazaTe beTBa 1. (3) HacTosmeil Teopembr, nomydaeM p((z,y); (Z,7)) > V2. Cienosaresno,
CIIpaBeIJINBA OIEHKA CBEPXY T, T,
) Fs Fs
MU=\ = Ve
[Momyunm oneHKy cHu3dy. B nokasarenbcrse 1. (2) ycTaHOBIEHO, 9TO BCe 'S MOXKHO TIOKDBITH
OKPY’KHOCTSIMHI C TIEHTPOM B TOUKax u3 MuozkecTsa T° pajmycom 3v/2\; + 2¢s + v/27. TlockombKy
h(8) — (3v2\1 + 2gs + V/27) > D§ > 0, TO KOIMECTBO TaKMX OKpyzKHOCTelH Ha I', 10/KHO GBITh
HE MEHbBIIe

’F‘;k‘ |Fsk| — Esk—1 — Esk
2(3v201 + 2gs +V27) T 2(3v2\1 + 2¢s + V/27)
Beuy (3.2) u coorromennus h(d) = 5D6 < (5v/2D1/Ds3)(qs/v) = 20v/2A3qs/(Pv) monyaaem

Esk < 20\/5143 @stS < IE
|Fsk| - Pv |Fsk| T2

05kl N 7Y
2(3v2\ 4+ 2¢s + V27) — TV2Dy 6

nenycrory I'$,. Ilpu BoiOpannom ajropuTme obIiee KOJMYECTBO TOYEK HMOJIyHaeTCs CJIOXKEHHEM II0
BceM k. Takmm obpaszom,

CarenoBaTesibHO,

(1 — pB). Yeiosue p < 1/B obectieunBaer

I
N(T%) >
( )_7\/§D15

Teopema moxkazaHa. O

(1-pB).

Ouenku B 1. (1)—(3) Teopembl mourn Takue ke (IyTh XyKe M3-3a HAJIMYUS (s), KAK COOT-
BercrBytomue oneHkn B [10]. OneHkn koamdecTBa TOYEK B HacTosieil crarbe (. (4) TeopeMsbr) B
ommYne OT cooTBeTCTBYIONEH oneHku B [10] 3aBucar or nepemennoii Besmuunsbl |Lg|, a 3HauuT u
or 0. IIpu JONOJHATEIbHBIX OMPAHUYICHUSAX HA KPUBYIO BOSMOXKHO YCTAHOBHUTD HODSJIOK [OBEJCHUS
ITs| kak yHKIMU OT § ¥ KOHKPETU3UPOBATH OIEHKY (4) B Teopeme.

[IpuBesieM mpuMepbl IAAKON JUHUM U JuHOH, He nudddepeHipyeMoil Hu B OfHON Touke. B
IprMepax yJI00HO CIUTATh, YTO HyMepanus [0 § (CM. omnpejiesenue 1) HAMHACTCS He ¢ eUHAIDL, a
¢ HEKOTOporo 5, .e. s =5,5+1,... .

[Ipuwmep 1. Pacemorpum ciydvail riuajakoii smaun paspbiBa. Ilyers Gyuknums f(x,y) pas-
Ha HyJI0 BHe OKpyzkHOCTH [’ pajgmycom R u exuHuIle BHyTPH 9T0# OKpyzKHOCTH. ClIeZl0BaTEe/IBHO,
A™n — 1. B kauectse I'y paccMOTPUM MPAaBHIIBHBIN S-YTOMLHUK, BINCAHHBIA B 3Ty OKPYKHOCTD.
Torma s < V2R(1 — cos(m/s)), Osx = (sin(m(s—2)/(25)))~! = (cos(r/s))7, |Lsx| = 2Rsin(n/s).

3amerum, 91O

. 2
qs”:(sm(ﬂ/(er ))> <1 7 & 1 mpr s— .

qs sin(m/s)

s

[ToCKOIBKY (s+1/(s SIBJISIETCSI MOHOTOHHO Bo3pacTaromuieil byHKIe, TO CyIecTByeT § Takoe, 4To
JJIsI BceX S = 5,5 + 1, ..., BBIIOTHSIETCS] HEPABEHCTBO

3

s sin(m/(s + 1))\ 2 2
qu_( sin(ﬂ/—:) > V=

Torma v < qey1/qs < 1 mns Beex s = 5,5+ 1,... . [Nonoxum § = gs < V2R(1 — cos(n/5)). Ilpu

sTOM © = max O, = 2. Badukcupyem ¢ € PF. Bamernm, uro orHomenne Og.qs/|Lsk| He 3aBucur
87

orku

Oskds < 1 — cos(m/s) B 2\/§(sin(7r/(2s)))2'
ITsk] /2 cos(m/s)sin(r/s) sin(27/s)
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9Ta BeJIMYMHA CTPEMUTCA K HYJIIO IIPU § — OQ. yBeJH/I‘{I/IB, €CJIN 9TO H606XO,H,I/IMO, §, MO2KHO CYHUTATD,
9TO
2v/2(sin(7/(28)))2 1 40v/2 A3

il B—
sin(27/5) sp e Pv

OueBnzno, uto dbyHKIUS f ¢ paspbIBOM HO JUHUA || NPHHAJJIEXKAT ONUCAHHOMY B pasf. 1 Kiac-
cy m(p)7 rae

_ 2V3(sin(rn/(25))

B sin(27/5) '

[T pumep 2. Paccmorpum ciydail uaun pa3pbiBa, He quddepeHnnpyeMoil Hu B OJHON TO4-
Ke. Byznem crponTh mociienoBareibHOCTD JIOMaHbIX 1y u jmmHUIO I' mrepannoHubiM criocoboM. s
oTIpe/ie/leHns KOHCTAaHTHI B B Teopeme sacdukcnpyem ¢ € ®F, momowmm A™P = 1, v = 1/3.
Bribepem § Takoe, 4To
sin(m/s) - 1
3v2cos?(r/5) B’

Takoe § cymiecTByeT, IOCKOJLKY BEIMYUHA B JIEBOW YACTH HEPABEHCTBA CTPEMUTCS K HYJIO IIPH
§ — o00. B kagectBe I'y BO3bMEM NpaBWIbHBIN S-yrobHUK co cropoHoit R. Jlomanyio I'y crpomm
CJIEIYIONINM 0Opa30M: KarKIyl0 CTOPOHY IPAaBUILHOIO S-yTOJLHUKA JIEJIUM Ha TPH PaBHBbIE YacTU U
CPeIHIOI JacThb 3aMeHsIeM CTOPOHAME PABHOOEIPEHHOTO TPEeyroJIbHUKA, YIOJI IPH BEPIIHHE KOTO-
poro paset 7(5—2)/5. lynst mocrpoenus I's moBTropsieM 3Ty OIEpaIuio Jijist KayKJI0ro orpeska B 'y u
. ;1. [Tosyuatomasicst B npeseste sunust [ He nuddepeniupyema HE B O(HOM TOUKe (0GOCHOBAHUE CM.
umke). [ycrs dyukuus f(z,y) Buyrpu [’ paBHa exunuie, a Bue bUrypbl, orpaHndeHHoi unuei I,

dbyuknus f(x,y) pasna HyIo.
[ockombky orromentue qs/|sx| < teg(m/5)/(3v/2) 1 Oy, < (sin(n(5-2)/(25)))~! = (cos(n/5)) 7"
IJId BCeX § > 8, TO Okds < 51n(7r/s) < —=.
Tsk| = 3v2cos?(r/5) B

910 § > 3, U JIjIsl BCEX S > S

Bes OorpaHuvIeHud O6HLHOCTI/I MO2KHO CYHUTATDb,

Ist+1 1 1
=-=u
qgs  6Gcos(m/5) 3
OueBnyHo, uTo dyHKIMs f ¢ Pa3pbIBOM 1O JUHUE || MPUHAIEKUT ONMUCAHHOMY B Pasid. 1 Kiac-
cy M(p), rae
sin(m/s)
p=—Fr—
3v/2cos?(m/5)’
IIPU 3TOM BBIIOJHEHO ycyosue p < 1/B B Teopeme.

O6o3nauuM 4depe3 Mg MHOXKeCTBO BepiuH JoMaHoil 'y, momgoxxum M = Ucl’o M. B crenyrormem
YTBEPXKIECHAN [TOKA3aHO, 9TO ITOCTpoeHHas JmHus I’ He nuddepeHnupyeMa HE B OHON TOYKE.

YrBepxkaeHue 2. Cnpasediusv. caedyroujue ymeepiHcoeHus:

(1) Hocaedosamenrvrnocms My asanemes eaoocennoti: My C My C ... C M.
(2) Mnoowcecmeo M C T' u 6cr0dy naommo 6 I

(3) JTunus T ne dugdepenyupyema nu 6 0drotl mouxke.

Hoxaszareuanbctso. (1) [Mocaenosareabrocts MHOXKECTB My BIIOXKEHA O OCTPOEHHUIO.

(2) HMockonbky |I'gx| < 2Rsin(w/s)/3° — 0 npu s — 00, TO MHOXKecTBO M BCIOAY ILIOT-
Ho B I', Tak Kak Jyst yo6oit Troukn (z,y) € I' mus moboro € > 0 cymecrByer Touka (Z,y) €
M: pl(,y); (7,9)) <.

(3) Mycrs (z,y) € M. Badbukcupyem 3 Taxoe, uro (z,y) € Ms. O6osnauum uepes (zF,yT),
s > 3, Toukm m3 MHOKecTBa M C M Taxme, uto cMexkubie orpeskn [(zF,yT), (z,y)] npunaniexar
nomanoit I'y. Tosromy jyist o6oit Touku (x,y) € M cymecTByoT jiBe pasHble HOCJIeI0BATEeIbHO-
cru (zF,yF) € M, cxonamuecs 110 pa3HBIM HalpaBIeHuaM K (x,%) npu s — oo. BHauuT, junus I
He muddepeHnupyemMa Hiu B OIHON TOUKe. Y TBEPK/IEHHE JOKA3aHO. O
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4. 3akiroyeHue

Taxum 06pa3oM, B HACTOIIEN cTaThbe pa3paboTaHa alllpOKCUMAIIMOHHAS CXeMa IPUOINKEHHSI C
MacimTaboM (s MOCJIEI0BATEILHOCTRIO JIOMaHbIX ' suaun ['. Orpannvuenust Ha JUHUIO || BBOISITCS
C IOMOIIBI0 TpeboBaHWil Ha JioMaHble 'y m mMacmTabdnl ¢z, s = 1,2,... . Oupenessiorcss Kiac-
ChI KOppeKTHOCTH N, 3aBUCSIIIE OT NAPAMeTPOB V, ¢, T, ©, A™1 p. DTy mapaMerpbl HCIOIB3YIOTCSI
IS TIOJIyY€HUsI OLIEHOK B TeopeMe ([mapaMeTpbl BXOAAT B KOHCTaHThl Dy, Do, D3, a Ha napamerp p
HAKJIA/[bIBACTCS JIOMOIHATEIbHOE TpeboBaHe B GOPMYINPOBKE TEOPEMBI).

Kak y»ke ynmoMumHAaJI0Ch BO BBEICHHUH, JJIsl IPOCTOTHI B HACTOSIINEH paboTe MPOBOASITCS CaMble
rpyobie onenku. /laee nmpuBegemM Tpu MOAUMDUKAINN TPEII0KEHHOTO TOIX0/Ia.

1. B [10] mpemmosaraercsi, 4To JMHUS Pa3pbiBa COCTOUT M3 KOHEYHOIO YHCJIA OTPE3KOB. [lyis
[IPOU3BOJILHON 3aMKHYTOW JIMHUHU TaKXKe MOXKHO PACCMATPUBAThL AHAJOTHIHBIN ciaydail. [lycTs mia
KaxKJIoro s joMaHaga I's pacrajaerca Ha KoHewHoe dmcyio L jpomanmerx I'7Y, m = 1,2,..., L, u Bce
yruibl Mexky [0 yuuThIBAIOTCS OT/IEeIbHO, a B Hapamerpbl © u p (cMm. onpenesnenue 5, yciaosust (ii),
(iill)) BXOIAT TOMBKO yribl Mexkiy JomanbiMu [0, Koneunocts uncsa L, 03BOJISIET [IPOBECTHU 110
JOOHYIO MOIM(DUKAIIMIO.

2. Moxno Beectn I'S, B pasm. 2 (mepen jemmoii 3) Goslee aKKypaTHO, ITOOBI 9TO MHOMKECTBO
ObLTO, B obmeM caydae, Ommke K ['gx. B wacTHOCTH, ecnn yriibl MexkIy 3BeHbAMU L'gpi1,lsp—1
u 3BeHOM Iy, GostbIlle HEKOTOPOroO (BHKCHPOBAHHOIO YIVIA, TO MOXKHO HOM0KHTH 1S, = I'gy (mpm
JIPYTOM 3aKOHE BBIOOpA IIApAMETPOB PEryJIsipU3AIUN ).

3. Ilpennaraemasi B HacTosIEll pabOTE CXeMa PACCINTAHA HA AHAJIN3 METOIOB YCPEIHEHUs CO
CIABUIOM II0 OCSIM T W §y. AHaJN3 MPOBEIEHHsSI OIEHOK IIOKA3BIBAET, UYTO METOJbI, MCIOJIL3YIONINEe
JIpyTUe BUJIBI yCPeIHeHUsl, HAIIPUMED ycpeaHeHue “c noBoporoM” [7], HO3BOJIAIOT 000CHOBATH [IPU-
MEHHMOCTDb 3THUX METOJOB s OoJjiee MIHUPOKOro Kjacca (DyHKIIHIA.

BuiarogapaocTu. ABTOPHI BhIparKaioT 1iiybokyto ipusnarebaocThb B. I [lumenosy u H. B. Baii-
JIAKOBO#1 3a I10JIe3HbIE 3aMeYaHus, CIIOCOOCTBOBABIIHUE YJIYYIIEHUIO CTATHU.
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SAIJAYA VIIPABJIEHNA KOJIEBAHNUAMN CTPYHBI
C HEPASAEJIEHHBIMUM YCJIOBUAMNM HA CKOPOCTHN TOYEK ITPOI'TBA
B ITPOME2KYTOYHBIE MOMEHTBI BPEMEHNI

B. P. Bapcersan

Paccmorpena 3amada ynpasiieHnst KoJIebaHUSIMU CTPYHBI C 33 JaHHBIMI HEPA3EICHHBIMY 3HAYEHUSME [IPO-
M3BOAHON (PYHKIMHU poruba B IPOMEXKYTOYHbIE MOMEHTHI BpeMeHu. MeTo1oM pa3/iesieHusi IEPEMEHHBIX 3a/1a4a
CBOAUTCS K 3aJade YIPABJIEHHS CO CIETHBIM YHCIOM OOBIKHOBEHHBIX NMEpEeHIINATbHBIX YPABHEHHH C 3aJaH-
HBIMU HAa4YaJbHBIMU, KOHEYHBIMU M HEPA3IEJE€HHBIMU MHOIMOTOYEYHBIMU IIPOMEXKYTOYHBIMHU YCJIOBUSMU. 3a/a4a
pemaeTcss ¢ UCIOJIb30BaHUEM MEeTOJOB TEOPHUHU YIPaBJIEHUs KOHEYHOMEPHBIMHU CHCTEMAaMU C MHOTOTOYEYHBIMHU
IIPOMEXKYTOYHBIMY yCJIOBHSIMU. B KadyecTBe NPUJIOKEHUsI IIPEIJIOXKEHHOIO IIO/IXO0/Ia ITOCTPOEHO YIIPABJISIOIIEE
BO3JeiCTBHE I 3aJa4i yIpaBJIEeHUs KOJIEOAHWSMH CTPYHBI C 3aJaHHBIMH HEPa3JeJIeHHBIMH YCJIOBUSIMHU Ha
3HaYEHUdA CKOPOCTU TOYEK CTPYHBI B JIBYyX HPOMEXKYTOYHBIX MOMEHTAX BPEMEHU.

Korouesnblie ciioBa: yuupaBJjieHue KOJ'Ie6aHI/I$Il\/II/I7 KoJiebanue CTPYHBI, IPOMEZKYTOYHbIE MOMEHTDBI, HEpa3eJIeH-
HbI€ MHOI'OTOY€YHBIE YyCJIOBUA.

V. R. Barseghyan. A control problem for string vibrations with nonseparated conditions on
the velocities of deflection points at intermediate times.

We consider the problem of control of string vibrations with given nonseparated values of the derivative
of the deflection function at intermediate times. By the method of separation of variables, the problem is
reduced to a control problem with countably many ordinary differential equations with given initial, terminal,
and nonseparated multipoint intermediate conditions. We solve this problem using the methods of the theory of
control of finite-dimensional systems with multipoint intermediate conditions. As an application of the proposed
approach, we construct a control action for the problem of control of string vibrations with given nonseparated
conditions on the values of the velocities of points of the string at two intermediate times.
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Bsenenune

Bosbmoit knace pusndeckux MpoIeccoB, CBI3aHHBIX ¢ KOJIe0ATeTbHBIMI CHCTEMAaMU, MOIE/TAPY-
eTCsl BOJIHOBBIM ypaBHeHueM [1-3|, mpu 9ToM Ha IpakTHKe YacTO BOSHUKAIOT 3aJIa9H yIIPABJICHUS,
KOT/1a HY?KHO CTeHEPUPOBATDH 33/ IAHHBIE XaPAKTEPUCTUKH KOJIEOAHUI, YIOBICTBOPSIONINX ITPOMEXKY-
TOYHBIM YCJIOBUSAM. BHUMaHUE uccaenoBaTeseil MIpUBIEKIN MHOTOTOYEIHbIE KPACBbIE 3a/1a9H YIIPaB-
JIEHUSI, B KOTOPBIX HAPSIJLy € KJIACCHYECKIMU KPAEBBIMU (HAYAJBHOE U KOHEYHOE) YCJIOBUSIMU 33 IAHBI
TaKKe HepasJesieHHble (HeJOKaJbHbIE) MHOTOTOYEYHbIE IIPOMEXKyTouHble ycsoBus [4-15]. C oxuoi
CTOPOHBI, HEpa3JleJIeHHbIe MHOTOTOYEeYHbIE KPAEBhIe 33/Ia1N BOZHUKAIOT KAK MaTeMAaTHIeCKIE MOJIe-
JIN peaJibHBIX IPOIECCOB, a C APYTOil CTOPOHBI, JJIsI MHOTUX YPaBHEHUII HEBO3MOXKHA KOPPEKTHAs
IIOCTAaHOBKA, JIOKAJIbHBIX KpaeBbIX 3a1a4. HepasaeseHHOCTh MHOTOTOYEUHBIX YCJIOBUH, B YACTHOCTH,
00yCJIOBJIEHA U HEBOBMOXKHOCTBHIO HA IMPAKTUKE IMPOBOAUTH 3aMEPbI H3MEPSAEMbIX IIAPaMETPOB COCTO-
SIHAS OObEKTa MI'HOBEHHO WJIM B €r0 OTJE/JbHO B3ATHIX TOYKaX. 11omobHbIe 3a1a4i NMEIOT BarXkKHOE
MIPUKJIQHOE U TEOPETUIECKOE 3HAYEHNE; eCTeCTBEHHBIM 00Pa30M BO3HUKAET HEOOXOINMOCTH UX UC-
CJIETIOBAHUS B PA3JIMIHBIX ITOCTAHOBKAX.
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Saaun yIpaBaeHUs KoJjedaTeJbHBIMEI IPOolecCaMi KaK BHEITHUMM, TaK U IPAHHYHBIMU YIIPpaB-
JISIONIME BO3JIEHCTBUSIME TIPH PA3JIMUHBIX THIIAX IPAHUYHBIX yCJIOBUIl paccMoTpenbl B [7—14], rie
[PEJIJIOYKEHBI PA3JIMIHbIE METO/IbI PEIleHUs 38,189 ylpaB/ienus. B paborax [7-12| ucciemyrores 3a1a-
Y1 yIpPaBJIeHHs KOJIEOAHUSIMU CTPYHBI U MEMOPAHBI € 38/IAaHHBIMU [TPOMEXKYTOYHBIMU (JIOKAJILHBIMH )
COCTOSIHUSIMU C TIOMOIIBIO BHEIIIHUX CUJI, JEHCTBYIOINX Ha cucTeMbl. B crarbe [13] anamusupyercst
MHOT'OTOYEYHAas KpaeBasl 3a/a4da B IOJUCJIOe U JIJIsl Hee JIOKa3bIBAETCS TeopeMa O CYIIECTBOBAHUN
KOPPEKTHOI KpaeBoii 3ajia4u. B [14] mocTpoeHb aJiropuTMbl HAXOXKICHUsT TPUOJINZKEHHOTO PEIIeHus
U yCTAHOBJIEHBI YCJIOBUSI UX CXOMMMOCTU. B pabore [15] Ha ocHOBe MeTos1a HapaMeTpU3aIul UCCIIeLy-
eTcsl JINHEHasi MHOMOTOYedYHasl KpaeBasl 3aJ1a4a JIJI CUCTEMbI HAI'PYKEHHBIX AudOepeHIInaaIbHbIX
YPaBHEHUI U MPEJJIOXKEH aJITOPUTM HAXOXKJICHUS PEITeHUs .

B omnmume or apyrux paboT B HaCTOMAIIEH CTaTbe PACCMATPUBACTCA 3a/a49a YIPABICHUS JIJTsT
ypaBHEHHS KOJebaHUsl CTPYHBI C 3aJaHHBIMI HAYaJIbHBIMU, KOHEYHBIMH YCIOBUSIMHU U HEpa3Je/IeH-
HBIMHU 3HAYEHUSIMU CKOPOCTEH TOYEK CTPYHBI B IIPOMEXKYTOUYHbIE MOMEHTHI Bpemenu. Meromgom pas-
JeJIeHHsI IIepeMEHHBIX 3a/1a9a CBOIUTCS K 3aJade YIIPABICHUsI CO CUETHBIM YMCJIOM OOBIKHOBEHHBIX
nuddepeHImaabHbIX YPABHEHNH C 38 IaHHBIMA HAYAJILHBIMI, KOHEIHBIMIA U HEPA3IeJIeHHBIMUA MHO-
FOTOYEYHBIMH ITPOMEXKYTOUYHBIMUA YCJIOBUSIME. JIIsT KaxKa0#l rapMOHUKN TIOCTPOEHO YIIPaBJISIONIEe
BO3JIEICTBHE C UCIIOJB30BAHUEM METOJIOB TEOPUHU YIIPABJIEHUsS] KOHETHOMEPHBIMUA CUCTEMAMU C MHO-
FOTOYEYHBIMU ITPOMEXKYTOUYHBIMHU YCJIOBUAMU. B KadecTBe MPUIOXKEHUs [TPEJJIOKEHHOI0 KOHCTPYK-
THUBHOI'O IIOJXO/a IIOCTPOEHO YIIPABJISIONIee BO3AEHCTBIE MJI YIIPABJIEHUs KOJIEOAHUAMI CTPYHBI C
3a/IAaHHBIMU Hepa3/eJIeHHBIMUA 3HAUYEHUSIMU CKOPOCTel TOYeK CTPYHBI B JIBYX HPOMEYKYTOUHBIX MO-
MEHTaX BpPEMEHU.

1. IlocranoBka 3amavu

PaccmorpuM ofHOPOTHYIO YHPYTVIO HATSIHYTYIO CTPYHY JJIUHON [, Kpasi KOTOPOH 3aKperiie-
HBI. [lycTh B BepTUKAJIBHON IIJIOCKOCTH Ha CTPYHY JEfCTBYIOT paclpeesieHHbIE CUJIBI C IJIOTHOC-
ThIO u(x, 1), KOTOPbIE SBISIOTCS YIPABJISIONIM BO3/efCTBIEM.

[TycTh cocTosiHmst pacipejiesieHHON KosiebaTeJbHOH cucTeMbl (MaJible MOIepevHble KoIebaHust
CTPYHBI), T.€. OTKJIOHEHUsI OT COCTOSIHUsI PABHOBECHsl, onuchbiBatorcs dpyukuueir Q(xz,t), 0 < x <,
0 <t < T, xoropast momunasiercss mpu 0 < x <l u 0 < ¢t < T BOJTHOBOMY ypaBHEHHIO

82Q(‘T7 t) — a2 82Q(1', t)

92 92 + u(x,t) (1.1)
C HAYAJIHLHBIMY YCIOBUSIME
0Q(x,t
Q.0 = gol), 28D gy, 0<as<t (1.2
=0

U OTHOPOHBIMU T'PAHUIHBIMU YCIOBUSIMU
Q0,t) =0, Q(,t)=0, 0<t<T. (1.3)
B ypasuenun (1.1) a® = To/p, tne Ty — HaTsZKeHHE CTPYHBI, p — IUIOTHOCTBH OJHOPOJHOMN

crpynbl. Oyuxius Q(z,t), yaosiersopsiomast ypasaernio (1.1), nBaxk bl HenpepbiBHO fAuddepen-
IUpyeMa BILIOTD JI0 IPAHUIIBI OOJIACTH.

[IycTs B HEKOTOPBIE TPOMEXKYTOUHBIE MOMEHTHI BpeMeHn 0 =ty <t < ... <ty < tp+1 =1 Ha
SHAUEHUs] IIPOM3BOIHBIX (DYHKIUMH IPOruba CTPYHBI 33J[aH0 HepasieseHHOe (HEeJOKAJIBHOE) YCIOBUe
B BUJE

m
IR i T} (14)

k=1 =ty

rje e — 3aganable Beqnaunbl (k= 1,...,m), f(x) — HeKoTOpasi u3BecTHAsT DYHKIUSI.
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3adavy ynpasseHua KOACOGHUAMU CMPYHDBL ¢ 340AGHHBLMU HEPASIENEHHBIMU SHAYEHUAMU CKOPO-
cmeti mouex npo2uba 8 NPoMeHCYmouHve Momenmu, epemenu t (k= 1,...,m) MoxuO chopmy-
JIIPOBATh CJIEJYIONUM 0Opa30M: Cpeli BO3MOXKHBIX ynpasienuii u(z,t), 0 < xz <[, 0 <t < T,
TpebyeTcs HafiTu yIpaBJjeHne, KOTOpoe epeBoiuT Kojiebanusi cTpyHbl (1.1) ¢ rpaHUYHBIMU YCIIOBH-
simu (1.3) u3 3a1aHHOrO HAYAJILHOTO cocTosiaust (1.2), obecrieunBast yJ0BIETBOPEHUE HEPA3IEJIEHHBIX
MHOI'OTOYEUHBIX [IPOMEXKYTOUHBIX yeaouii (1.4), B 33/laHHOE KOHEYHOE COCTOSIHYE

Q1) = er(@) = gnas(e), ZHD| @) = (@), 0=l (19

Baecw po(x), Yo(x), or(x), Yr(z) u B(x) — 3amanuble MIagKue QYHKIUA, YIOBJIETBOPSIONIIE YCIO0-
BUSIM COTJIACOBAHUS.

[Ipepnomnaraercs, uro cucrema (1.1) npu orpanmuenunsx (1.2)—(1.5) Ha npomekyTKe BpeMme-
uu [0, T'] siBiistercst BriosiHe yupasisieMoit [5;16].

2. Pemienune 3agayun

st mocTpoenust perieHnst HOCTaBICHHOI 3a/1a4n pertierne ypasaernust (1.1) ¢ rpaHuIHBIME YCII0-
Busimu (1.3) mimem B Buje

= ;Qn(t) sin ?:E (2.1)

[pencrasum dbyukmun u(x,t) u B(z) B Buge psgos Pypbe

Z un (t s1n Z B sin —a: (2.2)

[Moxcrasum passoxkenus (2.1), (2.2) B coorrnomenns (1.1)—(1.5). Jasee, B cuty opToroHaabHO-
CTH CHCTeMbI COOCTBEHHBIX (bYHKIWI mosryanM, 410 Koabduimentsr Pypoe Q,(t) yaoBaeTBopsor
CYETHOMY YHCJIy CHCTEM OOBIKHOBEHHBIX JudepeHmanbHbIX ypaBHeHni

. 2
On(t) + X200 (t) = up(t), N2 = (C”ZT—") L on=1,2,..., (2.3)
n cjaeayromuM HadaJIbHBIM, HEPa3JACJICHHBIM MHOI'OTOYCYHbIM IIPOMEXKYTOYHBIM WM KOHEYHBIM YCJIO-
BUAM:
QY =, QP =, (2.4)
S exQnlti) = B (2.5)
Qu(T) = o7 = (™, Qu(T) = ) = (™, (2.6)

rie depes Qn(t), 90510), 7(10), gpgmﬂ), flmﬂ) un(t) u B, obosnauennbl koabburnuentsr Pypbe, cooT-

sercreytomme dynxkmuam Q (z,1), ¢o(x), Yo(2), Ym+1(2), Ymi1(2), u(z,t) n B(z).
Obree perienne ypaBHEHHST (2.3) ¢ HAYAJIBHBIMA yCJIOBHAME (2.4) U €ro mpou3BOIHAS MMEIOT

BUT
1

1
Qn(t) = 09 cos At + )\—1#,(10) sin At + 3

t
/un )sin A\, (t — 7)drT,
0

Qn(t) = =X sin Ayt + {0 cos At + /un(T) cos A\ (t — 7)dT. (2.7)
0
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Tenepsb, yunThiBasi IPOMeKYTOUHBIE HepasjeseHubie (2.5) u koneuynblie (2.6) ycsioBusi, u3 ypas-
HeHust (2.7) mosryauM, 910 DYHKIMU Uy (T) Uil KAXKIOIO N JOJIPKHBI YIOBJIETBOPSITH CJIeLyOIedi
CHUCTEME PABEHCTB:

T T

/un )sin Ay (T — 7)d7 = C1,,(T /un ) cos A\ (T — 7)d7 = Con(T),

0 0
m tr
Z ek /un ) cos A, (t, — 7)dT = C(m)(tl, ooy tm), (2.8)
k=1

riue

Cin(T) = A cp(m+1) )\ngpglo) cos A\, T — wﬁlo) sin A\, T,
Con(T) = q/)gm“) + /\ngo(o) sin A\, T — 1/)&0) cos A\, T,

n

m

Cé:';) (t1, oovy tm) = Bn — Z ek( — )\ngpgo) sin At + 1/17(10) cos )\ntk). (2.9)
k=1

Bsenem dbyukium

hin(7) =sin Ay (T — 1), hop(7) =cos A\, (T —7), 0<7<T,

(m) - (k) (k) cos Ap(ty —7), 0 <7 < ty,
7) = exhs, (T),  hy, (T) = 510
)= > exh$) (1), S (7) {th<7§mﬁi:T. (210

Toryma unTerpasibubie cooTHomenus (2.8) npu nomoru dbyskimn (2.10) BbIpazuM ciaeayomum 06-
pa3oM:

U (T)h1n (T)dT = C10(T),

un(T)h2n(T)dT - C2n(T)7 (211)

Ot —y T

T
/un(T)hg:)(T)dT Oy, ), m=1, 2,
0

CreroBaTesbHO, NI HaXOXKAeHusT DYHKIWA Uy, (T), T € [to, T'], Moty uM GeCKOHEIHOE CeMEHCTBO
UHTEerpaJIbHbIX cooTHOImenuii (2.11).
Beeng obosnauenus

hln(T) Cln(T)
Hy(r) = | han(7) |, m= Con(T) : (2.12)
3aluIeM HHTerpajbHble cooTHomeHnst (2.11) Tak:
T
/mm%@w:%. (2.13)
0

U3 coornomenust (2.13) (wmm (2.11)) coremyer, 9To jijist KayK10ii FapMOHUKH JIBUXKEHHE, OIIChHIBa~
emoe ypasrerneM (2.3) ¢ ycaousivn (2.4)—(2.6), BIIojHe yIPaB/IsSeMO TOI/Ia U TOJIBKO TOI/IA, KOI/a
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ISt JII0OO0TO 3aIAHHOTO BEKTOPA 1)y, (2.12) MoxkuO Hajitn yupasienue uy,(t), t € [0, T], yaosiaerso-
psitortiee yesosuio (2.13) (um (2.11)).

[Tpumem
: T
- [m@unoTa-| &8 . (2.14)
, () )

831 5320 S33

Bnecs Hy(t) (Hn(t))T — sremmee npomssesenme BekTopos (3gech n ganee Gyksa “T” B BepxmeM
MHJIEKCe O3HAYAeT OIlepaluio TpaHcnonuposanus ). [Ipeanonaraercs, aro det S, # 0. Torga, cuemys
[5;17], st kaxxoro n =1, 2,... dbyskuuio u,(t), t € [0, T'], yA0BIETBOPIONIYIO HHTETPATBHOMY
coorromenuio (2.13), 3anmiiem B BuIe

un(t) = (Ha(8))" S mn + (1), (2.15)

rjie vy (t) — HeKoTOpast BeKTOP-(DYHKIHsI, TaKasl ITO

T
/ H,(t)vp(t)dt = 0.
0
OrmernM, 4TO yupasieHue uy(t), t € [0, T|, ynosiaersopsitomee yeaosuio (2.13) (mmm (2.11)),
CYIIECTBYeT TakKyKe TOrJa, KOIJa PAaHr MaTpUIpbl S, COBIAJAeT ¢ PAHIOM DPACIINPEHHOH MaTpu-

sl {Sp, M}
DjieMeHTBI MAaTpPUIIbl S, coryiacuo (2.14) u oboznadenusiv (2.10) UMEOT Cieyomuii BUI:

T T
sg?) :/(hln / (sin Ay (T — 7)) drr;
0 0

T T
sgg) = sgll) = /hln(T)hgn(T)dT = /Sin M (T — 1) cos \p (T — 7)dr;
0 0

T T m
sgg) = sgll) = /hln(T /sm)\ — T)(Zekhg;) (T))dT
0 0 k=1

k

= Z ek / sin A, (T — T)hg;) (r)dr = Z er | sin A\, (T — 7) cos A, (ty, — 7)dT; (2.16)
0 k=179

T T

0 0
m T m tr
= Z ek / cos A\ (T — T)hg;) (t)dr = Z ek / cos A\ (T — 7) cos A\ (tg, — 7)dT;

T T T T
2 m 2
) = [ (hanlr)dr = [ (osrn(@ = m)arsy) = [ (17) dr = [ (Y enls) ) ar
0 0 0 0o k=t
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OTmeTHM, 9TO B COOTBETCTBUH € 0003HadeHUAMHA (2.12) mmosryaum

m
doercos Aty —t), 0 <t <t,
k;l
ST ercos Aty — 1), t1 <t <tg,
k=2
g (1) =

m

Yooercos A (ty — 1), st <t <tpm_1,
k=m—1
em CoS Ay (tm, — t), tm—1 <t < tm,
0, ty <t <ty =T

CanenoBarenbHo, yanTbiBasi obosnadenust (2.10), (2.12), yupasisttoree Boszeiictsue uy,(t), t € [0, T1,
corytacHo (2.15) mpejicraBUM Kak

( sin A\p (T —t) cos Ay (T —t) D> epcos Ay (ty — t))Sglnn +up(t), 0 <t <ty
k=1

( sin Ap (T —t) cos Ay (T —t) > epcos A, (ty — t))S;lnn + vp(t), t1 <t <t
k=2

( sin A\ (T —1t) cos A\ (T —1t) emcos Ay (tm — t)) S +un(t), tme1 <t <tpm,

[ (sin A (T =) cosA(T —1t) 0)Sytnn +vn(t), ty <t <ty =T.
(2.17)

[Moxcrasmsis (2.17) B (2.7), nonyuum @, (t) Ha npomexyTke Bpemenu t € [0, T, a u3 dopmyssrt (2.1)
u (2.2) BeiBoguM dyukruuio Q (z,t) nporuba u u(z,t) ynpasienus. Takum obpasom, OynemMm uMeTh

m

3 [( sin Ap (T —t) cos Ay (T —t) > exsin A\, (tx — t))Sglnn + yn(t)] sin ?Jj’
n=1 k=1

0<t<ty,
> [( sin Ay (T'—t) cos Ay (T —t) > epsin\,(tg — t))Sglnn + yn(t)] sin @az,
n=1 k=2 l

t1 <t < ta,

u(z, t)=

[(sin A (T —t) cos Ap(T —t)  emsin Ay (tm — 1) V) Syt + v (t)] sin ?x,

tme1 <t < tm,

18

3
Il
—

™
[( sin Ay (T —1t) cos Ap(T —t) 0) S,y + vp(t)] sin 7 bt <t <tmp1=T.
1
(2.18)
N3 3TOT0 BBIpAXKEHUS BUHO, YTO YIIPABJIAIONIEE BO3JIEHCTBHUE, pellaiollee MMOCTaBJICHHYIO 3a/1ady,
SIBJISIETCS KYCOYHO-HEITPEPBIBHOM (DyHKITHeH.

18

n

Takum 06pa30M, JOKa3aHa CJICAYIOIlasd TeopeMa.

Teopema. Ilpu coenacosanuu UCTOOHBT 0GHHHBLT 360GY4U U BHINOAHEHUL YCAOBUA YNPABAAL-
mocmu cucmemots (1.1), ykasannwx 6 pasd. 1, sadaua ynpasserus (1.1)—(1.5) umeem wycowro-
nenpepuisroe pewenue, onpedeasemoe gopmyaamu (2.18).
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3. IIpumep

[peamonoxkum, aro m = 2 (r.e. 0 < t1 < tg < t3 = T), Torma upu v, (t) = 0 u3 dopmyssr (2.17)
HOJLy 9aeM

( sin Ay (T —t) cos Ay (T —t) ejcosA,(t; —t) + egcos Ay (ta —t) ) Sln, 0 <t <ty
Un(t)= ( sin A\ (T'—t) cos A\, (T —t) egcos\(ta —t) ) Soln,, t1 <t <ty
(sin A (T —1t) cosAg(T —1t) 0 ) Sy, tg <t <tg=T.

(3.1)
Cornacuo dopmyste (2.16)
T 1 n ny  sin? A\, T n T 1
Sgl) == 5 - m S11 2)\TLT7 S:([2) = Sgl) = W’ 822) = 5 + m sin 2)\TLT7
t1 t2
Sgg) = 5:(3?) =€ /sin A (T — 7)) cos A\p(t1 — 7)dT + € / sin A\, (T — 7) cos A\ (te — 7)dr
0 0
1 in A\, T . .
=3 [erty sin Ay (T — t1) + eatosin A\, (T — to)] + SH;/\ (e1 sin Aty + eg sin A\, t2),
t1 t2
Sgg) = 3:(,)’2” =€ /COS A (T — 7)) cos A\p(t1 — 7)dT + € / cos A\p (T — 7) cos A\ (te — 7)dT
0 0

1
= o0 {\n [e1ti cos A (T — t1) + eata cos Ay (T — ta)] + cos A, T (€1 sin Aty + easin A\yta)},

t1 t1

sgg) = e% / (cos A (t1 — 7'))2 dt + 2ejes /cos An(t1 — 7) cos Ay (te — 7)dr

0 0
t2
1
+ €2 / (cos Ap(to — 7'))2 dr = oo [2)\n (e%tl + e%tg) + dejeati Ay cos Ay (t1 — t2)
n
0

+ 4dejeatg cos A\ to sin A\t + e% sin 2A\,t1 + e% sin 2/\nt2] .

Teneps, npeanonaras t1 = l/a, to = 2l/a, T = 4l/a, nonyunm t1\, = mn, to\, = 2mn, T, = 47n,
CJIeJIOBATEIHLHO, U3 BBINIENPUBEIECHHBIX BhIPAZKEHUIT BHITEKAET

351) = 3&2) = 352) = Sgl) = 353) = Sz(ﬂ) =0,

n n l n n l .
353) = Si(%z) =5 [(—=1)"e1 + 2e9], 35’3) = 5 [e% + 2e3 + 2(—1) 6162]

nJjm
2l
— 0 0
¢ 2l l
Sn — O E % [(—1)n€1 + 262]

l . ! i
0 % [(_1) el + 262] % [6% + 26% + 2(—1) 6162]
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Orciona Gyaem umers det S, = 1/2(1/a)? [2€ + ((—1)"e1 + 262)2]. HAcno, uro npu e; # 0 u
eo # 0 det S, # 0. CiaenoBaresbHO, 1j1s0 OOPATHON MATPHUILHI TOJIY IHM

2
= 0 0
—(n)
., s11 _O(n) _O(n) 0 ef +2(=1)"erez + 2¢3 2a —[(=1)"e1 +2¢5]  2a
So=| 0 By By 2 + [(—1)"er +2e]” 1 263 4 [(—1)"er +2e9)”
0 S32 S33 0 _ [(-1)”61 + 262] 2_CL 1 8_CL
2¢2 + [(=1)me; + 2e9)® 1 22 + [(—1)"eq + 2e9)* 1
U3 (2.12) cornacHo (2.9) umeem
—(n), (n)
g A, <(10£L3) _ (’01(10)) 511 '
S O 2@ _ 40 Ry, M [ O R OM ()
(n) 0
o B =00 [(—1)" 1 + el e <n> OO

[oncrapnas snadenue sexTopa S, 'n, B (3.1), a mosyuennoe Bbipazenue — B (2.2), BLIBOIIM
CJIeJTyIOIINE SIBHBIE BBIDAsKEHUs! it (DyHKIUM yTpaBJeHust u(x,t):
upu 0 <t <l/a

NE

u(z,t) = [sfl(")ngn) sin A, (T — ) + <322(")77é") + 32_3(")n§")> cos A\ (T — t)

3
Il
—

+ (S?;(")ng”) + 853(n)77§")) [e1 cos A (t1 — t) + eg cos A\, (t2 — t)]] sin ?JE;

upu l/a <t <2l/a

NE

u(z,t) = [31_1(")77%") sin \p (T — t) + <322(n) ) 4 32_3(")77&")> cos A (T —t)

3
Il
A

n n —(n n . n
(s34 53 e cos Ma(t — 1)] sin "

€5

upu 2l /a < t < 4l/a

= Z [31_1(")7]§") sin )\n(T - t) + (32_2(")77é n) + 323(")n§ )> CcoSs )\n(T - t) sin ?x
n=1

Takum oOpazoM, nMest TTOJIy YeHHbBIE STBHBIE BhIDAaYKeHUs (DYHKIUI yIIPpaBIE€HUS, C TIOMOIIBIO BbI-
HIENPUBEJIEHHBIX (HOPMYJT MOXKEM HAUTH TakKe (PYHKIIMIO IPOruda CTPYHBI.

3akJrouyeHue

Saada yupaBJIeHHs KOJEOAHUSIMA CTPYHBI C 3aJaHHBIMUA HEpa3IejeHHBIMA 3HAYECHUSIMH IIPO-
U3BOAHBIX (DYHKIUN mpornba B MPOMEXKYTOUIHbIE MOMEHTHI BPEMEHU METO/IOM pPa3/Ie/eHus Iepe-
MEHHBIX CBOJUTCS K 3aJiade YIPaBJIEHHsI CO CIETHBIM YMCIOM OOBIKHOBEHHBIX AudHepeHIInaIbHbIX
YPaBHEHUI C 3aJJaHHBIMHU HAYAJIbHBIMHU, KOHEYHBIMU U HEPA3/IeJIeHHBIMA MHOTOTOYEYHBIMHU ITPOMeE-
JKYTOYHBIMHU YCJIOBUSIMU. 3aJada PEeIIaeTcsd C MCIOJb30BAHUEM METOJI0B TEOPHH YIPABJICHUST KO-
HEYHOMEPHBIMHU CHCTEMaMU ¢ MHOTOTOYEUHBIMH IIPOMEXKYTOIHBIMHU YCJIOBUAMU. B KadecTBe IPUIIO-
JKEHUsI IIPEJIOKEHHOrO MOIX0a IOCTPOECHO VIIPAaBJISIONIee BO3JIeiicTBIE /I KOJIeOaHNA CTPYHBI C
3aJaHHBIMU HEPa3AeJCHHBIMIA 3HAUCHUSIMI ITPOU3BOMAHON (DYHKIINKM TPOrnba TOUYEK CTPYHBI B JIBYX
ITPOMEYKYTOUHBIX MOMEHTaX BPEMEHH.
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1. Bsegenne

IIycts A — nMHENWHBII HEeIIPepBIBHBIN OIlepaTop, AeiCTBY IOl Ha mape 6aHAXOBBIX IPOCTPAHCTB
U, F n uMmeronuii pa3pbIBHBIA 0OpaTHBII A‘l, 9TO BJIEYET HEKOPPEKTHOCTH B CMbICjIe Amamapa
YpaBHEHUSA

Au = f (1.1)

B YCJIOBHSX HPUO/IIZKEHHOIO 3aJaHus mpasoit wactu f°0, taxoii uro ||f — f°|| < 6. Ilpemmomaraenm,
qro perenne 3agaun (1.1) Hapsay ¢ mragkum (HOHOM COIEPXKHUT YUIACTKH C Pas3pblBaMU. XOPOIIO
U3BECTHO, YTO B TPAJUIMOHHOM (OJHOKOMIIOHEHTHOM) MOJXOJE HAJUYME B DPEIICHUN y9aCTKOB C
PA3IUIHBIMA CBOMCTBAMHI TVIAJKOCTH 3aTPYAHIET BLIOOP CTAOMIM3UPYIONIETO (QyHKIMOHATA, TPH
KOTOPOM DEITIeHIE BOCCTAHABIUBAJIOCH ObI ¢ TPEOYyeMOil TOTHOCTBIO Ha BCEX YUACTKAX C COXPAHEHU-
eM CTPYKTYpbl (pa3pbiBbl, u3joMbl). OJUH U3 BO3MOXKHBIX IIOJXOJ0B K DENIeHHIO 3TOH HPOGJIeMbl
OCHOBAaH Ha, UJiee MIPEJICTABJICHUS PEIEHUST B BUJIE CYMMBI JIByX KOMIIOHEHT U BBIOOpE CcTabmjim3aTopa
TakyKe B (popMe CyMMBI (DYHKITHOHATIOB, KaXKIbIif 13 KOTOPBIX 3aBUCUT TOJBKO OT OTHON KOMITOHEH-
TBI U YIUTHIBAET CBOMCTBO IVIAJKOCTU, XapPAKTEPHOE UMEHHO I[JIs 3TOI KOMIIOHEHTHI. JlaHHbIi Tpuem
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XOPOIIIO 3aPEKOMEHIOBAJI Cce0sI B IPUKJIAIHBIX UCCACIOBAHUSIX IIPA 00pabOTKe 3ally MJIEHHBIX CHUI'HAa-
JIOB M M300parKeHUii METOIOM peryJisipusanun THuXoHOBa TP BOCCTAHOBJIEHUN HEIIPEPBIBHON U pas-
PBIBHOI KOMIIOHEHT perenust |1;2]. Teoperndeckoe 060CHOBaHKE CXOJAUMOCTH TAKOIO JIBYX- U TPEX-
KOMIIOHEHTHOTO TI0JIX0/Ia COJIEPXKUTCs B paborax [3;4], B KOTOPBIX J1JIs AIlIIPOKCUMAIUI Pa3PBIBHOM
KOMIIOHEHTBI Hapsi/Iy ¢ 0O0DOIIEHHON Bapualfeil NCIoIb30BaJIach TaK:Ke HOpMa IIpoCTpaHcTBa, JIwi-
muta. B srom ciyaae dyukmuonan Tuxonosa siBisgercs HeauddepeHIUPyEeMbIM, 9TO MPUBOIUT K
HEOOXOMMMOCTH PelllaTh 3a1ady HerJIaIKol MUHUMU3AINN U IPUMEHSITH CyOrpaIleHTHBIE METOIbI,
3 PEKTUBHOCTL KOTOPHIX HEBBICOKA.

B mamnoit pabore ncciemyercs By XKOMIIOHEHTHBIM BapuaHT METOa Pery/spu3aiui THXoHOBa,
B KOTOpOM Heriajkast BV -nopma [5;6|, npencraBumast B Buje cyMMbl L1-HOPMBI 1 0000IIEHHOI Ba-
pUAIIE, AllIPOKCUMUPYETCsT IapaMeTPUIECKUM ceMeficTBOM audhepeHIupyeMbIX (yHKIIHOHAIOB.
TeopeMbl CXOMUMOCTH PEryJIIPU30BAHHBIX PEIIECHUI U X KOHEYHO-PA3HOCTHBIX AIIIPOKCHMAIINNA C
U3JI0’KEHNEeM KPATKON CXeMbl JI0Ka3aTebCTBa OblIM aHOHCUPOBaHbI B pabore aBropos [7]. Hacrost-
masl CTaThs COIEPXKUT Pa3BEPHYTOE JI0KA3aTEILCTBO 3TUX TeopeM. Kpome Toro, ycraHaBINBaeTCs
IIPUMEHUMOCTD K JMCKPETH30BAHHBIM 3aJadaM MUHUMU3BAINKA TUXOHOBCKOTO (bYHKIIMOHAJIA UTepa-
[IMOHHOI'O MeTojia HbIoTOHA M HEJIMHEHHBIX aHAJIOINOB (-IIPOIECCOB.

B pazz. 2 10Ka3bIBAIOTCS CYIIECTBOBAHNE HOPMAJIBHOI'O PEIIEHUSI OTHOCUTEIBHO BBIILYKJIOIO CTa-
OMINBUPYIONMIEro (PyHKIMOHAJA U CXOAMMOCTD PEry/IsSpU30BAHHBIX PEIIeHn IJIsi KayK 10l KOMIIOHEH-
Tel. B pazn. 3 ¢popMysmpyeTcst 1 JOKa3bIBAETCST TEOPEMa CXOMUMOCTH JUCKPETHBIX aIlllPOKCUMAIIHIA,
00pa30BaHHBIX SKCTPEMAIBLHBIME JIEMEHTAMI KOHEYHO-PA3HOCTHBIX 33144 MUHIMU3AIUHA C audde-
PEHIMPYEMBIMHI BBIIYKJIBIMUA IEJIEBBIMU (PYHKIIUSIME, K PEryJIAPH30BAHHBIM PEIIeHUsIM, ITOCTPOCH-
HBIM C UCHOJIb30BAHUEM KJIACCHUIECKOil 00001eHHoi Bapranun (6e3 criazkupanusi). B pas. 4 naercs
0060CHOBaHME IPUMEHIMOCTH &-IIPOIIECCOB U MeTona HbIoToHa JjIst pelrenns KOHEYHOMEPHBIX Pery-
JISIPU30BAHHBIX 33744,

2. Metoa TuxoHoBa C IJIaJIKUM CTAOMJIN3aTOPOM

[Tpu ycmoBum mpecTaBUMOCTH PEIIEHUs B BUJIE CyMMBI IBYX KOMIIOHEHT U = U] + U2 PACCMOT-
pum Meron, TuxoHOBa, B KOTOpoM Li-HOpMa U 00OOINeHHasl BapHallisi, OTBEYAIOIIe 3a HEeIrJIaIKyIo
KOMIIOHEHTY U2, 3aMEHEHBbI X CIVIAYKEHHBIMU aHaJIOTaMMU:

min {[|A(u1 +us) = 17, s) + alllual}, py + 2 (u2)] s ur € Ly, up € BV(D)} = &%, (2.1)

Bnecy f° makas, uro ||f — fO| <6, Ly = Ly(D), obnacts D C RY 1< g < oo, d=1,2,3;
cTabMIN3UPYIOMuUil PyHKINOHA JIJIsl BTOPOil KOMIIOHEHTHI o OIIpeAe/iseTcss popMy/IaMu

QF(u) = 1°(u) + JP(w), B>0, 1P(u)= / V@ E + B da, (2.2)
D

JP(u) = sup { /(—udivv +VB(A—uP?)):ve V}, (2.3)
D

e V = {v: v € C}(D,RY), |v(x)] < 1}. Ouesummo, uro bynxmmonan [ (u) sasnsercs riakoit
anmpokcumanueii Ly-nopmbl, a dynxmuonan J? (u), xkoroperit npu u € Wi (D) onpenensiercs: dbop-

MYJION
7w = [ VIVul@P+ B da, (2.4)
D
MOXKHO paCCl\lanI/IBaTb KaK FHaﬂKyIO aHHpOKCHMH3aHHIO O606H.IeHHOI>i BapI/IaLH/H/I

J(u) = sup { /—udivvdm: ve V}, (2.5)
D
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Ona ms v € Wi(D) npunumaer sun J(u) = / |Vu(z)| de. Bomykisii dynkumonan J2(u) 6bu
D

BBeJleH B pabore [6] u npuMeHsiicsl B KauecTBe cTabiIn3aTopa B OJHOKOMIIOHEHTHOI BEepCuu MeTo/a
Tuxonosa (u; = 0, 1?(up) = 0). Ynomsmyras soiume BV (D)-mopma onpeensercs hopMyIoit

lullBv oy = llullzy (o) + J(w). (2.6)

[Ipocrpancreo BV (D), cuabxkennoe HopMmoil (2.6), HaspiBaemoe BV-npocmpancmeom, siBisiercst
fanaxoBbiM [5]. B masbHeiinem B Tex cirydasix, KOIJ@ 9TO He BBI3bIBAET COMHEHUsI, OY/IEM OILyCKATh
HUZKHUE 3HAKN IIPA HOPMAaXx.

YeTaHOBUM CyIIECTBOBAHNE HOPMAJIBHOIrO pernenus ypasuenus (1.1); T.e. napsl (i, Ug), MuHU-
MU3HUPYIOIIEei cTabumn3npyomuii GpyHKImona

Q(uy, uz) = |lur]|? + Q% (uy), (2.7)
re Q8 (ug) onpenenserca dbopmyitoit (2.2), mpu sroM Gy + g = A7 f.

Teopema 1. Ilycmv A — aunetinoill Henpepuiehbill onepamop, delicmeyiouwutl us npocmpaH-
cmea Ly(D) 6 Lo(S), ede obaacmu D, S € R, d=1,2,3,1<p<d/(d—1), p < q, obaacmv D
obaadaem ceoticmeom xkonyca u ypasrenue (1.1) umeem eduncmeennoe pewenue U = ATLf

Toz0a cyuecmesyem, 603modHcHo, needuncmesennoe pewenue (U, Us) 3ada4y

min{Q(uy,u2): A(u; +uz) = f, w1 € Ly, ug € L1} = V7, (2.8)

2de yrryuonan Q(uqg, ug) onpedesern coomnowenuem (2.7), npuvem das 410600 makots napos (G, Us)
cnpasedauso Uy 4+ Uy =04 = AL f.

Hokasareasctso onybaukoBaHo B pabore [7].

HeobGxomumo orMeTTsh, UTO permienue 3a1aqu (2.8) B 00IeM cirydae MOKeT ObITh HeeIMHCTBEH-
HBIM, OJHAKO CYMMAa COCTABJIAIOIIMX €r0 KOMIIOHEHT U1 + Ug = U OIpeIe/sieT OIUH W TOT Ke 3Jjie-
MEHT — eJIMHCTBEHHOe perenue ypapuenust (1.1).

Uccnenyem peryssipusytoinue cpoiicrsa meroza (2.1).

Teopema 2. [lycmwv svinoanenv, yeaosus meopemuv, 1. Tozda das amobozo o > 0 cywecmeyem
pewenue (uf,u§) sadavu (2.1), das KOMOPO20 NPU CEA3U NAPAMEMPA PELYAAPUIAUUY C NOZPEUHO-
cmvio 0

ald) =0, 8%/a(d) =0, &0 (2.9)

CNPasediussl caAedyruiue ceoticmsa:

1) {u‘f(é)} — OMHOCUMENLHO KOMNAKMHO 6 npocmpancmee Ly;

2) {ug(é)} — ommocumenvro Komnaxkmuo npu 1 < p < d/(d — 1) u omnocumesvro caabo
xomnaxmmo npu p =d/(d —1), d > 2, 6 npocmparncmee Ly;

3) kaxosa 6w, nu Gwina napa (uf,uy), asasowasca pewenuem 3adavu (2.1), ona onpedeasem
eduncmeennolll anemenm u® = uf + ug;

4) ecau Uy, Uy — npedeavrvie MOUKU NOCACI0EAMEALHOCMET, COOMBEEMCMBEEHHO {u?(ék)}, {ug(ék)}
npu 0 — 0, mo napa (t1,U2) — pewenue 3adavu (2.8) u, caedosamervro, i = Uy + Uy — pewenue
ypasnerus (1.1);

5) das emabuausupyrowezo gynryuonara (2.7) cnpasedauso coommowenue

Jlim QS uSOR)Y = iy, dy). (2.10)

Hoxazarennbctso. Cuagana ybeaumes B cymecTBoBanun pemenus sajgadn (2.1). O6o-
saaanM depe3 D(up,ug) menesoit dyHKImoOHAT B 3a1ade (2.1) n 3a7a1uM MUHIMHU3UPYIONLYIO 10
cneposarensrocts (uf, uf), mua xKoropoit

O (uf, ub) — & npu k — oo. (2.11)
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Torna mpu a > 0 B cuty [6, TeopeMa 2.2] JIJIsT HEKOTOPBIX ¢; OyJIyT BBIIIOJTHEHBI HEPABEHCTBA
Jufl| <er, bl <1P(uf) <oy J(u) < TP (uf) <es, (2.12)

Y9TO BJIEYET B PaBHOMEPHO BBIIIYKJIOM IIDOCTPAaHCTBE CYIIIECTBOBaHUE cJ1800 CXO,HHHJ,GfICSI IIOAITIOCJIE-

JIOBATEIBHOCTH
ubt — 1y (cnabo) B L. (2.13)

Ha ocroBanun coornomrenuit (2.12) u TeopeMbl 0 KOMIIAKTHOM BJIOXKeHHH IpocTpancrsa BV B L,
u3 |6, Teopema 2.5 MOKHO HOJIATaTh, UTO

ugl — g (cmmbnO) B Ly, 1< p<d/(d—1). (2.14)

ki y
ITockombKy [uist {uy'} BeIIOIHEHBI cBOficTBa (2.12), (2.14), TO NCXOs U3 U3BECTHBIX T€OpeM (DyHK-
[MOHAJIBHOIO AHAJIN3A, HE OTPAHMINBAsST OOIIHOCTh, MOKHO CUATATH, YTO

ub? — iy (mourm Beiomy), lg& ki ()2 + Bdx = ¢, (2.15)

oTKyJsia B cuity TeopeMbl Dary ciemyer

/\mmmp+mm<g&/wmymp+wm:a (2.16)
D D

O6benunsist cBoiicTBo (c1aboi) HempepbBHOCTH oneparopa A, cBOHCTBO MOJIYHENPEPBIBHOCTU
cruzy dynkmuonana JP [6, Teopema 2.3] u coornomenus (2.11)—(2.16), moydaeM HeNouKy Hepa-
BEHCTB

O < D(uy,ug) < 11mlnf<I>(u1 ,ug ) = ®7,
i—00

HOJITBEPKIAONLY 0, UTO (U7, Ug) — perenue 3ajaqau (2.1).

ITepeoGosuaunm napy (Ui, us) depes (uf,ud). Tak xkak Q(u1,uz) — OyHKIHOHAT BBITYKIIbIH, &
u3 obparumoctu oneparopa A cienyer, uro dyuximuonan ¢(u) = ||Au — f<5||2L2 — CTPOTO BBIIYK-
JIBI, TI09TOMY, KakoBa Obl HU Oblia mapa (i1, U2), peajusyrolas MUHUMYM B 3ajade (2.1), cymma
KOMIIOHEHT OIIPEJIEJISIeT OJMH U TOT Ke 3JeMeHT u® = uf + u$, 4To 03HAYaeT CIPABE/JINBOCT II. 3.

[Tapa (uf, u$) peanusyer MEHEMYM B 3ajade (2.1), cie/I0BATEILHO, BBIIOIHEHO HEPABEHCTBO

O (uf,ug) = [|A(uf +ug) — f5]* + alluf|® + Q7 (ug)]

<A + a2) = fill* + afllan|* + 17 (i) + 77 (@), (2.17)
rae (U1, Ug) — perenne 3amaqau (2.8). 13 (2.17) mosmydaem OIEHKY

52
[ 7 + 17 (u) + 77 (ug) < — + i |* + 1% () + J7 (i12). (2.18)

IIpu BBIGOpe (J%) cormacuo (2.9) uz (2.18) must (uy (6’“),ug(6’“)) CcJIeJlyeT BBIIOJHUMOCTb AHAJIOIOB

HepaBeHCTB (2.12) ¢ HekoTOpLIMU ¢; U cooTHomeHnit (2.13)—(2.16) ¢ 3amenoit (U1, u2) Ha (U1, Uz).

(u?(ék), ug(&c))

DT0 O3HAYAET CYIIECTBOBAHUE IIOMIIOCTIE0BATEIEHOCTI , TIJIST KOTOPOM

u‘f(é’“) — w1 (ciabo) B Ly, ug(é’“) — Up (cumpnO) B Ly, (1 < p < d/(d—1)), (2.19)
9TO BJIEYET

JAG@L + @) — £l < lmint |4} +u5") = f]] < lm inf[@(uy ), u3 )]
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< lim sup[(ay, )]/ < lim sup[57 + (8 ) ([ |2 + 1 (i) + JP(a2))] V2 = 0,

k—o00 k—o00

T.e. U = Uy + Uz — pemenne 3anaan (1.1). VI3 nHepasencrsa (2.18) npuxoauM K COOTHONIEHHIO

i1 ll? + Q% (@) < limint[us | + (a5 ™))

< limsup[|uf )2 + Q8 (ug O] < i ||? + Q° (aa), (2.20)

k—00

T.e. (Uy,ug) — pemtenue 3agaun (2.8), 9T0 JoKasbiBaeT 1. 4. B cuily 1OJIyHENIPEPBIBHOCTH CHU3Y

BXOJANMX B crabmmsarop dyHKImoHANIOB u3 (2.20) ciie/yer CXOAUMOCTb HOPM klim ||u'11(5’“)\| =
— 00

ok)

||u1||, aro BMecTe ¢ (2.19) BireueT CHIBHYIO CXOJMMOCTH klim Hu(ll( ¥ — || = 0. OgHOBpEeMEHHO
—00

ciupaseuinBocTh (2.20) o3Hauaer cxogaumoctb (2.10), 4ro 3aBepiiaeTr JI0Ka3aTeabCTBO TEOPEMBI B
IETIOM. O

Bameuanue 1. Teopemsl 1, 2 ocTatorcst ciipaBe/yIuBLIME [IPU 3aMeHe B 3aj1ade (2.1) GyHk-
nmonana 17 (ug) na |lugl| L.(p), 1 <1 < 00. B aTOM Cclydae JIONONHUTETLHO TADAHTUPYETCs €JIHH-
CTBEHHOCTD pemtenust (U, Ug) 3amaau (2.8) n pemenns (uf, uy) samaan (2.1).

3. JluckperHas annpokcuMalis MeTOo[a PeryJisgpu3aiun

Momudumpyem crabumsarop Q°(u) B 3amade (2.1), samenus B mem 17 (u) Ha ||u\|%r, a JB(u)
Ha HeryIaJKyio obobmennyio Bapuanuio J(u), T.e. Bmecto QP (u) Teneps GyieT HCIOIB30BATHCS

Qug) = |lualli, + J(uz), 1<r<cc. (3.1)

ITpy HOCTPOEHNN YNCIEHHBIX METOJIOB TPEOYETCsl ITAIl IUCKPETHON AIIPOKCUMAIIIN HCXOAHOM 3a,/1a-
unt (2.1) HocsIe10BaTeIbHOCTIO KOHETHOMEPHBIX 33/1a4. B ogroMepHOM cityuae (d = 1) B pabore [§]
ObliIa TIpeJIo’KeHa 1 0OOCHOBAHA CXeMa IOJIY/IMCKPETH3AINH, OCHOBAHHAsI Ha KyCOYHO-JIMHEHHOM
AIIIPOKCUMAIMN TOJILKO B IIPOCTPAHCTBE pemtenunii. B 9ToM pasesie nccseyercs obimast cxema Jiic-
KpPeTHO#i (KOHEe4HO-Pa3HOCTHOM) ammpokcuManmn 3agaan (2.1) (mocie samennt Q8 (ug) na Q(ug)) c
HEIVIQ KM CTaOHIN3UPYIONUM (DyHKIMOHAIOM IIO0CJIE/[OBATEILHOCTBI0 KOHETHOMEPHBIX 3a/1ad MA-
HUMU3AIUHI C BBILYKJIBIME ] OePeHINPYEeMbIMI TIEIEBBIME (DYHKIUSIMA.

Paccmorpum B KadecTBe D d-MepHYI0 00/1aCTh IPSMOYTOJIBHBIX OUepTaHUil, HAIPUMED €/IMHIY-
wbiit Ky6. [TocTpouM ceTounblii aHAIOT

RY = {z e R?: 2 = (jih, joh, ..., jah), j1,. .. ja=0;£1;4£2; ...}

npocrpancTsa RY i BBesieM cerounsie GyHKIME U, : RY — R, re Rfl — nf-MepHOE TPOCTPAHCTBO
BEKTOPOB; UHJIEKC N O3HAYAET, UTO Uy, () 3aj1aHa Ha ceTKe ¢ maroM h = 1/n 1o Kax 1ol nepeMeHHO.

OrnpeiesiuM ceMefiCTBO CBSI3BIBAIOIINX OIEPATOPOB

P= {pn: pn(u) =h™? / u(y) dy},

wa(z)
rie wq(r) — saementapras seiika he ¢ yanom z = (z1,T9,...,74), wa(r) = {y € R : z; —h <
yj < zj,j =1,2,...,d}. UIsBecTHO, 4TO CceMeiicTBO omepaTopos P 06pasyer ANCKPETHYIO AIIIPOK-

n kT3
cumaruio npocrpatctsa Ly(D) (1 < p < 00) mOC/IeJ0BATEIBHOCTHIO IIPOCTPAHCTB l;y ¢ nopmoit

1/p
l[wnllim = < >l Iun(x)|p> ., D,=DnNRY,
r€Dy
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1 TOPOXKIAeT JUCKPETHYIO W JUCKPETHYIO CJIabyIO CXOIAMMOCTDL 3JIEMEHTOB U oreparopoB. OCHOB-
Hble (paKThl, KACAIOIIUECS CBONCTB JMCKPETHON CXOMMMOCTHU, KOTOPbIe Oy/IyT MCIIOJIb30BaThCA MIPH
0bocHOBaHUU O0IIElH CXeMbl JTUCKPETHOl anmnpokcnmanuu 3agaqan (2.1), cogepxkarcs B [9-11].

Bazaue (2.1), mocse samenst 27 (u) ma dbynknmonan Q(u), onpenensenmsrii dbopmy.toii (3.1), mmo-
CTaBUM B COOTBETCTBUE IIOCJIEIOBATEILHOCTh KOHEUHOMEPHBIX 3aJ1a4:

min{HAn(uln + ugy) — anlzg + a[HulnH%&L + HUQnHl%@ + JBn (ugn)]: uin € lys u2n € lf} =, (3.2)

31ech
d
I (uza) =sup { 30 01 (= w20(@) 3 Oyvna) + VBl — [on(@)P)) ¢ [va()| <1,
x€Dy 7j=1
Uy € C’Ol(Dn;R‘i)},
rie
Up(x) — vp(x — hje;)
8jUn(x) == 7;1 _— €= (0, N 1 4707 70)
J
Beesem oboznavenus: “— —” u “— — (cnabo)” s QUCKPETHOl U JUCKPETHOl ciaaboil cxomu-

moctH, coorBercrBento. Coxpannm obosnadenus (uf,u§) st pemenns 3agaqn (2.1) upu f =0 u
samene 17 (u) na ||ul|z, u obosnaumm uepes (&, tay,) pemrenne sagadn (3.2).

Teopema 3. [Tycmo das 3adaw (2.1) u (3.2) svinoanens, ycrosus duckpemmol annpokcumMayul
Ap— — A, Ap— — A(caabo), fo— — f7, (3.3)

ede A, A,, — nenpepuisroie onepamopsvt u3 L, 6 Ly u us ' 61y coomsememesenno, u By, > 0, B, — 0.
Tozda cywecmsyem edurcmeennoe pewerue (Uip, Uay) 3adauu (3.2) u umeem mecmo Juckpemmuas
CTOAUMOCTVD

= [e% = (6%

Upp— —> uf, Ugp— — ug, (3.4)
a maxsice CroouUMOC® 0606WEHHVT BAPUAUUTE U ONMUMAALHHLT 3HAYEHUT

Jim I (tigy) = J(ug), lim @} = *. (3.5)

JokaszareabcTBo Ybeaumcsa B paspemuMocTu 3ajaun MuruMusanun (3.2). O6o3na-
anmM gepe3 P, (uin,, ugy) ee nenesyio dynkmumio. Ilycrs (u'fn, ulgn) — MUHAMH3UPYIOMAs IIOCIEI0BA-
TeabHOCTD B 3a1ade (3.2), T. e. B, (uf, ,ub ) — @ npu k — oo. Tak Kax Bce ciaraeMble, BXOJISAIIIE B
@, (uk,, ub ), monoskurenHbl (cM. [7, memMa 1 | OTHOCHTETBLHO TIOOKUTETHHOCTH JP), To maiiayres

CcXoodmuyecd ITOAIIOC/IeJ0BATEC/IbHOCTI

. ks _ . ks _
B g, = @il = 0, Tim {lug;, — t2q iy = 0. (3.6)

Jng mo6oro BekTopa vy, € Cd(Dy, RE) mmeenm cootromTeHNns

d
> 0 (= () 3 Opvn(a) + VB = on(@)P))
j=1

LEEDTL

d
= 1im " 87 (= uby (@) Y Gyen(@) + v/Ba(l — [on@)P)
j=1

SCED'!L

(3.7)

1—+00
LEEDTL

< lim inf sup{ Z he ( —ubi (z) Zd:(‘)jvn(a:) + v/ Bn(1 — \Un(m)\z)) s ()] < 1}
j=1

= liminf J2" (ub? ).
1—00
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[Tepexonst B JsieBoit wacTu coorHomenuii (3.7) K BepxHell IpaHu 1o v, € C’&(Dn,R‘fl), 110JIy4aeM
CJIEIYIONIEE CBOMCTBO JIJIst Jon (ugn):

JBn (tg,) < liminf J2 (ufi). (3.8)
71— 00

[Ipuaumasi BO BHMMaHHEe HENPEPLIBHOCTH olieparopa A, u ycranosiennsle cpoiictsa (3.6), (3.8),
OPHUXOJUM K HEpAaBEHCTBAM
* — — P ki ks *
Py < Py (Uip, Ugpn) < liminf &, (uyl, us’) < s
1— 00
9TO O3HAYAET, ITO (Uiy,Usy) — pemrenue 3agaqn (3.2). EquHCTBEHHOCTD pellleHnst CiielyeT U3 Bbl-
IYKJIOCTU MEPBOTO U YE€TBEPTOrO CJIAraeMOr0 W CTPOroii BBIIYKJIOCTH BTOPOTO U TPETHETO.
U3 pemmbr 2.1 [6] qst smo6oro € > 0 HaiigyTest byHKIMU uie, e € C°(D) Takue, 4ro

O = d(uf,uf) < P(uge,uze) < D" +¢. (3.9)
[Tokazkem, 9TO
(I)(ulaau%) = lim @n(ﬁnulayﬁnu%)y (3'10)
n—o0
rie {Pn} — CeMeHcTBO OmepaTopoB CHOCA HA CETKY, SKBUBaJIEHTHOE cemeiicTBy {py,}.
Beenem obozuadenne J, = Bn upu (3, = 0. YaursiBasi yCJIOBUS TEOPEMBI U CBOMCTBA JIUCKPET-
HO# CXOJIMMOCTH, JOCTATOYHO OKA3ATh, ITO
Tim TP (Bpuge) = J(use). (3.11)

[Tpu nokazarenberse TeopeMbr 4.1 u3 [12| 6but0 yeranosseno, 4To
lim J,(Pruge) = J(uge). (3.12)
n— oo

O6bemunsist ciepcreue 1 x semme 1 u3 [7] ¢ (3.12), nonyuaem (3.11) u, ciaegosaresnbho, (3.10).
Ha ocrosanun (3.9), (3.10) nepexoaum K HepaBeHCTBaAM

limsup @, = lim sup @, (t1y, t2,) < Imsup @, (Ppuie, Pruoe) = P(ure, uze) < * ¢,
n—00 n—00 n—r00
YTO BBU/LY IPOU3BOJLHOCTHU € > () BJI€9eT OLEHKY
limsup @) < ¢*. (3.13)

n—oo

U3 (3.13) BbITEKAET OrPaHMYEHHOCTD MOCJIeI0BaTeIbHOCTEH {U1y, }, {U2y }, 3HAUNT, 1S HEKOTOPOIL
nonocaenoBarensaocTn Homepos {n'} C {n}

Uy — — Uy (c1abo B) Ly,  Ugy— — Ug (cs1abo B) L. (3.14)

U3 semmbr 2 paborst [7], (3.13), a Takzke cBOiCTBA JUCKPETHOM CXOAUMOCTH, B TOM YHUCIIE U3
up— — u (cimabo) = ||ully < liminf ||u,||y,,
n—oo
BBITEKAET CIIPABEIJINBOCTL HEPABCHCTB
O < O(uyg,a2) < liminf @,/ (U, o) < limsup @y (U, Ugy ) < limsup @), < &7, (3.15)

n'—00 n/—oo n/—oo

OTKY/Ia CJIeyeT BBIBOJ, 4TO (U1, U2) — pemienne 3agadn (2.1), T.e. U1 = uf, Uy = ug.

Kpowme Toro, mepasencrsa (3.15) BiaekyT coorromenus (3.5), a Takke

[l = llufllZ,, Iz, = llus]IZ,,

lim lim
n’—o0 n’—o0
gro BMecre ¢ (3.14) BBHIY auckperHoro cpoiicrBa Edumosa — Creukuna [13, semma 5.2| s
PABHOMEPHO BBIIIYKJIBIX IPOCTPAHCTB O3HAYAET JUCKPETHYIO CXOAMMOCTb KOHEYHO-PAa3HOCTHBIX all-
HPOKCUMAIHN Uy — — uf, Uopy— — u§. B cmny 3amevanus 1 permenne (uf,u§) samadam (2.1)

OIIPEJIEJISIETCs OJTHOZHAUHO; CIIPABE/JIMBLI U cOOTHOIIeHUsI (3.4). ]
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4. O6ocHoBaHme cxoamMocTtu meTonoB HploToHa u se-mipoiecca

PacemoTpum B OJTHOMEPHOM CJlydae KOHEYHOMEPHYIO 3aady (3.2), JJisi OpeIeJIEHHOCTH MOJIO-
KUB ¢ = r = 2. SameruM, 4To neaeBas GyHKIms P, sIBJISETCS BBITYKJIONH U auddhepeHImpyeMoii.
Ucnonb3ysi HEOOXOAMMOE YCIOBHE SKCTPEMYMa, CBOAUM 3ajady (3.2) K ISKBUBAJIEHTHON CHCTEME
HeJIMHENHbIX YpaBHEHUN

Vo, (u) =0,
1

re u = (u!,u?)T. Beemem obosmauenme B(u) = V@, (u). Ilockombky @, — Boimyktas byHKmms,
To corsacuo [14, semma 4.10, . 3| oneparop B — monoronublii. B pabore [15] auist ypaBHenust ¢
MOHOTOHHBIM OIIEPATOPOM HCCJIE0BAHA CXOJAUMOCTD PEryJIsIpU30BAHHBIX MeTo10B HbloToHA

Tt = uF — 4 [B'(uF) + eI 7Y (B(WF) — e(uf — u))
1 ero MoAuUIIPOBAHHOTO aHAJIOTa, & TaKsKe -IPOIecca,

v p (B + DB (). B
(B’ (u®) + eI)=+1 B.(u*), B.(u*

u ) B.(uf), 1< &< oo,

)

re B.(u) = B(u) + e(u — u®), B'(u") — camoconpszkeHHBIH HEOTPHTIATETLHO OTIPeIe/IeH b OlTe-

paTop.
JocTaToOUHBIM YCIOBUEM CXOIUMOCTH UTEPAIUil K PEryIsspU30BaHHOMY PEIIEHUIO SIBISIETCA YCJIIO-
pue JIummmma [T TpOM3BOIHOM OllepaTopa MCXOIHON 331849l B HEKOTOPOM Iape Sr(uo).

Teopema 4. /J[as onepamopa B(u) = V@, (u) cnpasedausa ouenra
IB'(u) = B'(@)[| < Nlu—a. (4.1)

HHoxaszaresbctTBo. IlockoabKy mepBble Tpu cjaraeMble B IeIeBON (DYHKIUHA 3319~
qit (3.2) SBJISIOTCST KBQIPATUIHBIME, TO JIJIsi 0O0CHOBAHMsI CXOJUMOCTH UTEPaluii JOCTATOYHO yCTa-

HOBUTE, uTo yeosne (4.1) Bomomnsiercs s By (u) = VJ5 (u), nae w = (ug, u1, .- . , uy). Oneparop
Bi(u) umeer npejicraBiienne
1 UL — UQ UL — Ug U9 — UL 1 Up — Up—1
Bl“”i(‘ﬁ ey h 7l o ) R e )
(ulhuo u1—ug uo _|_ B u2—u1 ul + 5 \/ n hnfl )2 + ,8

a ero npousBojHast Bf (u) — cuMMeTpudHast Tpex [aroHaabHas MaTPUIA, i-s1 CTPOKa KOTOPOI nMeeT
BU/L

B 8 1 B B
(0,..., h((H=1)2 4 g)3/2] h<((L;;i1)2+5)3/2+h((M) +5)3/2>

_ b )0
M )

Yrobbl yoenuThest B cupasemmBoctu (4.1) mist By (), 10CTaATOYHO HOJIYYUTH OUEHKY IS MO-
JyJteil KaXKJI0ro U3 Tpex HEHYJIeBBIX 3JIEMEHTOB i-i crpoku Marpunpl Bj(u). Ioscaum nomydenune
OLIEHKH Ha IIPUMEPE LIePBOro HEHYJIEBOIO dJIeMeHTa i-if crpoku Marpuusl Bi(u) — Bf(@). st sToro
3JIEMEHTa BOCIIOJIb3yeMCsl TeopeMoil Jlarpanrka 0 KOHEYHBIX ITPUPAIEHUAX:

B B ‘5 3¢ U — Uj—1 — Ui + Ui—1
W+ B2 AR+ 62| B @+ A p

3¢
(&2 +B)/2

(]u,-_l — ﬂi_ﬂ + ]u, — ﬂz‘)
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asee, BbIMUCIAS MaKCUMyM TI0 &, MOJIydaeM, 9To OH jocruraercs npu & = ++/f/2. Toacrasiss
9TO 3Ha4deHue &, IPUXOJUM K OIEHKE CBEPXY

B3
ERIGEIORE

[Tpumensist aHajJOrUIHbIE HEPABEHCTBA K OCTAJbLHBIM 3JIEMEHTAM i-ii CTPOKHU, yOeKIaeMCs B CIIpa-
BEJIJITUBOCTH CJIEIYIONIEN OIEHKN

48

sz (-t — Bl fui = ),

(i1 — 1| + Juy — 44]) <

192

! ! /=
|B1(u) — By(u)]| < 52502

lu — .

KpoMme Toro, BLIIIOIHEHO yCJIOBHE CAMOCOIIPSZKEHHOCTH OllepaTopa (CHMMETPUYHOCTH MaTPUIIBI)
U HeoTpunaTebHoit onpesesnennoctu B (ul).

Bameuanue 2. Ecan Bmecro (3.2) ucnosb3yercs JAuckperHblii BapuanT 3ajgaun (2.1),

TO TOTpebyeTcss aHaJOTMIHAsi OIeHKa i (DYHKIIAN lg(u) = > h\/uf + (. B stom caydae

Bsy(u) = VI (u) — Bexrop ¢ KommonenTtamu hii;/ u? + 3, a By(u) — nmaroHanbHas MaTpuIa

¢ Komronenramu hf3/ (1%2 +3 )3/ 2, JJ1sl KOTOPOI, IPUMEHS sl OLIEHKH, aHAJIOTMYHbIE OIIEHKAM B IIPE/Ibl-
Aylieil reopeMe, IIoJydaeM
48h

1B5(u) — By(@)]| < mllu — al|.

Takum obpaszom, Jyist perenust 3a1a4 (2.1), (3.2) npuMeHUMBI CXO/AIINECs] UTEPAIMOHHBIE Me-
Tobl HbroTOHA M HETMHEHHBIE AHAJIOIH (-TIPOIECCOB (&-IPOIIECCH).

CIINCOK JINTEPATYPBI

1. Gholami A., Hosseini S.M. A balanced combination of Tikhonov and total variation regularization
for reconstruction of piecewise-smooth signal // Signal Processing. 2013. Vol. 93, no. 7. P. 1945-1960.
doi: 10.1016/j.sigpro.2012.12.008 .

2. Gandes E.J., Romberg J., Tao T. Stable signal recovery from incomplete and inaccurate
measurments // Pure Appl. Math. 2006. Vol. 59, no. 8. P. 1207-1223. doi: 10.1002/cpa.20124 .

3. Bacun B.B. Boccranosjenue ryiajkoii 1 paspbiBHON KOMIIOHEHT DEIIEeHUsI JUHEHHBIX HEKOPPEKTHBIX
samaq // Hoxka. AH. 2013. T. 448, Ne 2. C 127-130. doi: 10.7868,/S0869565213020096 .

4. Vasin V.V. Regularization of ill-posed problems by using stabilizers in the form of the total variation
of a function and its derivatives // J. Inverse Ill-Posed Problem. 2016. Vol. 24, no. 2. P. 149-158. doi:
10.1515/3iip-2015-0050 .

5. Giusti E. Minimal surfaces functions of bounded variation. Basel: Birkhauser, 1984. (Ser. Monographs
in Mathematics; vol. 80). doi: 10.1007,/978-1-4684-9486-0 .

6. Acar R., Vogel C.R. Analysis of bounded variation penalty methods for ill-posed problems // Inverse
Problems. 1994. Vol. 10, no. 6. P. 1217-1229. doi: 10.1088,/0266-5611,/10/6,/003 .

7. Bacun B.B., Bessies B.B. Annpokcumaliiusi KOMIIOHEHT pPelI€HUs] HEKOPPEKTHBIX 3aJ1a9 METOJOM
Tuxonosa ¢ 0606mmennoit Bapuanueit // Hoksu. AH. 2018. T. 480, Ne 6. C. 639-643.
doi: 10.1134/S1064562418030250 .

8. Vasin V.V., Belyaev V.V. Modification of the Tikhonov method under separate reconstruction of
components of solution with various properties // Eurasian J. Math. Comput. Appl. 2017. Vol. 5, iss. 2.
P. 66-79.

9. Vainikko G. Functionalanalysis der Diskretisierungsmethoden. Leipzig: Teugner Verlag, 1976. 136 S.
doi: 10.1002/zamm.19780580410 .

10. Grigorieff R.D. Zur Theorie Approximations regularer Operatoren. I; II // Mathematische
Nachrichten. 1973. Bd. 55, Nr. 3. S. 233-249; S. 251-263. doi: 10.1002/mana.19730550113.

11. Stummel F. Diskrete Konvergentz linearer Operatoren. I // I Mathematische Annalen. 1970.
Bd. 190, Nr. 1. S. 45-92. doi: 10.1007/BF01349967 ; Diskrete Konvergentz linearer Operatoren. II //
Mathematische Zeitschrift. 1971. Bd. 120, Nr. 3. S. 231-264.



AHau3 peryisgpusyolero aaropurma 43

12.

13.

14.

15.

Vasin V.V. Regularization and iterative approximation for linear ill-posed problems in the space of
functions of bounded variation // Proc. Steklov Inst. Math. 2002. Suppl. 1. P. 225-239.

Vasin V.V., Ageev A.L. Ill-posed problems with a priori information. Utrecht, The Netherlsnds: VSP,
1995. 255 p.

TaeBckuii X., I'pérep K., 3axapuac K. Henuneitabie omepaTopHble ypaBHEHUS U OIEPATOPHBIE
muddepenimanpubie ypasaeans. M. Mup, 1978. 336 c.

Vasin V.V., Skurydina A.F. Two-stage method of construction of regularizing algorithms for
nonlinear ill-posed problems // Proc. Steklov Inst. Math. 2018. Vol. 301, Suppl. 1. P. 173-190.
doi: 10.1134/S0081543818050152 .

ITocrynmmna 18.04.2019
IToce mopaborkm 8.07.2019
[Tpunara x mybaukamuu 15.07.2019

Bacun Bragnvmup BacnibeBua

JI-p dus.-mar. Hayk, wi.-kopp. PAH

IVIABHBI HAy4. COTPY/IHUK

WNucruryt maremaruku n mexanuku nM. H.H. Kpacosckoro YpO PAH;
mpoceccop

Ypanbckuit desiepasibHblil YHUBEPCUTET

r. Exkarepunbypr

e-mail: vasin@imm.uran.ru

Benges Bragumup Bacuibesua

MJIAJIIINI HAyd. COTPYIHUK

Wucruryt maremaruku n mexanuku nM. H.H. Kpacosckoro YpO PAH;
ACCUCTEHT

Ypanbckuit desiepasibHblil YHUBEPCUTET

r. Exkarepunbypr

e-mail: beliaev_ vv@mail.ru

REFERENCES

. Gholami A., Hosseini S.M. A balanced combination of Tikhonov and total variation regularization for

reconstruction of piecewise-smooth signal. Signal Processing, 2013, vol. 93, no. 7, pp. 1945-1960. doi:
10.1016/j.sigpro.2012.12.008 .

Gandes E.J., Romberg J., Tao T. Stable signal recovery from incomplete and inaccurate measurments.
Pure Appl. Math., 2006, vol. 59, no. 8, pp. 1207-1223. doi: 10.1002/cpa.20124 .

Vasin V.V. Reconstruction of smooth and discontinuous components of solutions to linear ill-posed
problems. Dokl. Math., 2013, vol. 87, no. 1, pp. 23-25. doi: 10.1134/S1064562413010146 .

Vasin V.V. Regularization of ill-posed problems by using stabilizers in the form of the total variation
of a function and its derivatives. J. Inverse Ill-Posed Problem, 2016, vol. 24, no. 2, pp. 149-158. doi:
10.1515/jiip-2015-0050 .

Giusti E. Minimal surfaces functions of bounded variation. Basel, Birkhéuser, 1984, Ser. Monographs in
Mathematics, vol. 80. doi: 10.1007/978-1-4684-9486-0 .

Acar R., Vogel C.R. Analysis of bounded variation penalty methods for ill-posed problems. Inverse
Problems, 1994, vol. 10, no. 6, pp. 1217-1229. doi: 10.1088,/0266-5611/10,/6,/003 .

Vasin V.V., Belyaev V.V. Approximation of solution components for ill-posed problems by the
Tikhonov method with total variation. Dokl. Math., 2018, vol. 97, no. 3, pp. 266-270. doi:
10.1134/S1064562418030250 .

Vasin V.V., Belyaev V.V. Modification of the Tikhonov method under separate reconstruction of

components of solution with various properties. Furasian J. Math. Comput. Appl., 2017, vol. 5, iss. 2,
pp. 66-79.



44 B. B. Bacun, B. B. bensen

9. Vainikko G. Functionalanalysis der Diskretisierungsmethoden. Leipzig: Teugner Verlag, 1976, 136 S. doi:
10.1002/zamm.19780580410 .

10. Grigorieff R.D. Zur Theorie Approximations regularer Operatoren. I; II. Mathematische Nachrichten,
1973, Bd. 55, Nr. 3, S. 233-249; S. 251-263. doi: 10.1002/mana.19730550113 .

11. Stummel F. Diskrete Konvergentz linearer Operatoren. I Mathematische Annalen. 1970. Bd. 190, Nr.
1. S. 45-92. doi: 10.1007/BF01349967 ; Diskrete Konvergentz linearer Operatoren. II Mathematische
Zeitschrift, 1971, Bd. 120, Nr. 3, S. 231-264.

12. Vasin V.V. Regularization and iterative approximation for linear ill-posed problems in the space of
functions of bounded variation. Proc. Steklov Inst. Math., 2002, Suppl. 1, pp. 225-239.

13. Vasin V.V., Ageev A.L. Ill-posed problems with a priori information, Utrecht, The Netherlsnds, VSP,
1995. 255 p.

14. Gajewski H., Groger K., Zacharias K. Nichtlineare Operatorgleichungen und Operatordifferential-
gleichungen, Berlin, Akademie-Verlag, 1974. 336 s. Translated to Russian under the title Gaevsky H.,
Groger K., Zakharias K, Nonlinear operator equations and operator differential equations, Moscow: Mir
Publ., 1978. 336 p.

15. Vasin V.V., Skurydina A.F. Two-stage method of construction of regularizing algorithms for
nonlinear ill-posed problems. Proc. Steklov Inst. Math., 2018, vol. 301, suppl. 1, pp. 173-190. doi:
10.1134/S0081543818050152 .

Received April 18, 2019
Revised July 8, 2019
Accepted July 15, 2019

Viadimir Vasil’evich Vasin, Dr. Phys.-Math. Sci., Krasovskii Institute of Mathematics and Mechanics
of the Ural Branch of the Russian Academy of Sciences, Yekaterinburg, 620108 Russia; Ural Federal
University, Yekaterinburg, 620083 Russia, email: vasin@imm.uran.ru.

Vladimir Vasil’evich Belyaev, Krasovskii Institute of Mathematics and Mechanics of the Ural Branch
of the Russian Academy of Sciences, Yekaterinburg, 620108 Russia; Ural Federal University, Yekate-
rinburg, 620083 Russia, email: beliaev_ vv@mail.ru.

Cite this article as: V. V. Vasin, V. V. Belyaev. Analysis of a regularization algorithm for a linear
operator equation containing a discontinuous component of the solution, Trudy Instituta Matematiki
i Mekhaniki URO RAN, 2019, vol. 25, no. 3, pp. 34-44.



TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHUKU YpO PAH

Tom 25 Ne 3 2019

VIIK 517.977
O ,Z[HCI)@EPEHLII/IAJIBHOﬁ UTPE B CTOXACTUYECKON CUCTEME

JI. A. Bnacenko, A.TI.Pytkac, A.A.Yukpuwmii

N3zyuaerca urpoBast 3amada COMMMKEHUS IJIsT CUCTEMBI, JUHAMHKA KOTOPON OIMCBIBAETCS CTOXACTHIECKUM
nuddepeHnaIbHbIM YPaBHEHUEM B T'HJIbOEPTOBOM mIpocTpaHcTBe. OCHOBHOE OrpaHMYEHUE Ha yPaBHEHUE CO-
CTOHUT B TOM, UTO OIEPATOP IIPU COCTOSIHUM CHCTEMBI SIBJISIETCSI TEHEPATOPOM CHJIBHO HEIIPEPBIBHOM MTOJIYIPYIIIbI
(mosyrpymnner kmacca Cp). Pemenusi ypaBHeHUsI IPEICTABISIOTCS € HOMOIIBIO CTOXACTUIECKON (DOpPMyJIbI Ba-
puauu DocTosaHHBIX. C MCIOIb30BAHUEM OIDAHUYEHHUI Ha ONOpPHBIE (PYHKIMOHAJBI MHOXKECTB, KOTOPBIE OIIpe-
TeJIAIOTC MOBEJICHUEM IIPECIENOBATENsI U yOEraioero, moJydeHbl yCJIOBUsl MIPUBEIEHUsI COCTOSHUS CACTEMBI
Ha [WIMHIPUYECKOE TEPMUHAJIBHOE MHOXKECTBO. Pe3y/braThl WJLTIOCTPUPYIOTCA HA MOZEIHHOM IMPUMEPE IPO-
CTOrO IBUXKEHUsI B MHMJIBOEPTOBOM IIPOCTPAHCTBE IPH CJIYYAHHBIX BO3MYIIEHHAX. PaccMaTpuBaloTcs IPHIIOXKe-
HUSI K DACIPEIEICHHBIM CACTEMAaM, OMUCHIBAEMBIM CTOXACTUYECKUMU yPABHEHUSIMH B YACTHBIX IPOU3BOIHBIX.
C y4eToM CIydaifHOrO BHEIIHErO BO3IEHCTBUS HUCCIIELYETCs IIPOLECC PACIPOCTPAHEHUS TEILIA C yIPABIISEMBIMUI
PAaCIpPEIeIEHHBIMU TEIVIOBLIMUA UCTOYHUKAMHA U YTEUKAMHU.
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BBenenne

Vpajbckasi HaydHasl MIKOJIa B 00JACTH MATEMATHIECKON TEOPUH YIIPABJIEHUs] U TEOPUHU JTAHAMI-
JecKux urp, ocaopaunas Hukomaem Hukomaesuuem KpacosckuM, sBjsieTcst KpyIHEAIINM Hay IHBIM
IIEHTPOM, XOPOIIIO U3BeCTHbIM cpeau crermannctos. Uccaenosanust H. H. Kpacosckoro [1-5], co-
3IAaHHBIE UM (DYHIAMEHTAIbHLIE METOILI CTAJId OCHOBOH IJIs NabHEMIIero IIPOABUMKEHHUS B 3TOMR
06J1aCTH, OCYIIECTBIISIEMOTO €r0 yUYeHUKaMK U IocjaenoBaTeasMu (cM., Hanpumep, [6-8|). Psx ma-
TeMaTUIeCKUX IOHSITU, BBEIEHHBIX B HAYJHBIH OOOPOT yPaJbCKUMH YUIE€HBIMHU, CTAJU KJIIOUEBbI-
MM JJIsI MHOIHMX HaydHLIX paboT. Takue TepMUHBLI, KaK TO3ULIMOHHLIE nuddepeHiualibible UrPhI,
cTabUIbHBIE MOCTHI, CEeJJIOBast TOUKA B MAJIEHBKOHM UIpe, IPABUJIO SKCTPEMAJIbHOIO IPUIETUBAHNS,
SKCTPEMAJILHBIN CIBUI, aJbTePHATUBA, IPOrPAMMHLIE UTEPALIUN, YIIPABICHUE C [IOBOALIPEM AKTUBHO
HCIIOJIB3YIOTCs crieruasimcramu. OJHIM U3 BaXKHEHINX HAllpaBJIeHUN NCCIeI0BaHIi eKaTepuHOy pr-
CKOIl HAy4HOHN IIKOJBI SABJSIOTCS CcToXacTudeckue nuddepennuanbuble Urpul. Ilomuac kondaukr
MeXK/Iy TPOTHBOOOPCTBYIOMIMMEI CTOPOHAMHE OCJIOXKHSIETCSI BJIUSTHIEM PA3JIMTHOIO POJA CJIYUIaiHBIX
IIOMEX, ITO ODYCIABINBAET PACCMOTPEHIE KOHMIINKTHO-YIIPABILEMDIX CJIyUYalHBIX [IPOIEeCcCoB. M3y-
TEeHUI0 TOL00HOT0 poa mpobieM mocesier 1uka pabor H. H. Kpacosckoro, B. E. TperbsikoBa n nx
ydeHukon [9-13].



46 JI. A. Bnacenko, A.T.Pyrkac, A.A.Yukpui

O630p 110 Teopur cTOXACTUIECKUX UMD DEPEHITMATBLHBIX UI'D MOXKHO HafiTu B Kuure [14]. D1u ur-
DBl OTHOCSATCS K COCPEJOTOYEHHBIM CUCTEMAM, COCTOSTHUS KOTOPBIX OIHUCHIBAIOTCH CTOXACTHYECKUMU
b depeHITnaIbHBIMEI yPABHEHUSIMA B KOHETHOMEPHBIX ITpocTparcTBax. OMHAKO B psijie obacTeit
PU3MKN 1 TEXHUKU JUHAMHUKA MU3Yy4YaeMbIX [IPOIECCOB OIUCHIBAETCS cToxacTudeckuMu juddepenim-
AJIBHBIMU YPABHEHUSIMU B YACTHBIX IPOU3BOJIHBIX, KAK, HAITPUMED, IIPU UCCIe0BaHIE nuddepeHiu-
asJbHBIX Urp B [15]. B Hacrosmeit pabore paccmarpusatorcs muddepeHuaabHble UTPhl B pacipe;ie-
JIEHHBIX CHCTE€MaX, OIUCHIBAEMbBIE CTOXACTUIECKUMU UMD PEPEHITNATBHO-OEPATOPHBIMU Y PaBHEHHU-
sIMU, 8 TaKKe CTOXaCTUYECKUMH yPABHEHUSAME B YaCTHBIX [TPOU3BOIHBIX, KOTOPbIE TPAKTYIOTCSH KaK
croxactuueckue uddepeHImaibible yPaBHEHNsT B THIHOEPTOBBIX WM ODAHAXOBBIX IIPOCTPAHCTBAX.
B crarbsix [16;17] Mbl mokaszasm, Kak MeroJ| paspematonux ¢yukiumii [18;19] pacupocrpausiercs: Ha
JIETEPMUHUPOBAHHDIE PACTIPEICIEHHBIE CUCTEMBI. JTO PACTPOCTPAHEHUE TIOJTYIIIO HA3BAHUE ‘METO]T
paspermarmux GyHKIUOHAIOB . st IpuMeHeHnsT MeToMa MPUHIINITUAIBHBIM SIBJISIETCS IIPEJICTAB-
JIEHUE PelleHnsl yPaBHEeHUsl, JIOIyCKAIOIee a/IMTUBHOE BXOXKJIEHUE YJIEHA C HAYAJIHHBIMU JTAHHBIMHI
u OJioka ymupasienusi. [Ipu onpeesieHHBIX OrpaHUYEHUSIX Ha OlE€pPATOPHBIE KOI(MDMUIUEHTHI ypaB-
HEHUs TaKOe IIPeJICTaBJIEHUE JTAeT CTOXacTudeckas (popMysia BapUallUU MOCTOSHHBIX.

Bynem ucnonb3oBaTh ciaemayromine 0003HATEHUSI.
Y,U,V, H — BemecTBeHHble cenapabebHble TMILOEPTOBBI IIPOCTPAHCTBA;
|- |ly u (-, )y — COOTBETCTBEHHO HOPMa M CKAJISIPHOE [IPOU3BEJIEHNE B IIPOCTPAHCTBE Y
L(H,Y) — npocTpaHcTBO OrpaHUYeHHbIX JimHeiHbIX oneparopos u3 H 8 Y, L(Y) = L(Y,Y);
FE — epunuunblii oreparop;

Ly = Ly(0,7;Y) — mpocrpancTBO MHTErpupyembix 1o Boxuepy ¢ kBajgparom Hopmbl Ha [0, 7]
Y -3HauHBIX QYHKIHI;

W2k (0,7;Y) — upocrpancrso dyukmit u3 Ly(0,7;Y), y KOTOpbIX 0000IIEHHBIE TIPOU3BOIHBIE JIO
nopsijika k BKIIFOUUTEIbHO NpHUHaIeskar npocrpanctsy La(0,7;Y);

K* — conpskennsiil oreparop k orneparopy K.

B cuity reopemsr [lerruca [20] B cenapabesbHBIX IPOCTPAHCTBAX IIOHSTUSI CUJIbHOI 1 C1ab0i n3Me-
PHUMOCTH 3KBHUBaJIeHTHBI. [loaToMy B masbHeiiem 6yaeM ynorpebygaTh TEpMUH “U3MEPUMOCTD .

[Tycrs {2, F, P} — 10JiHOE BEPOSITHOCTHOE IIPOCTPAHCTBO C HEYOBIBAIOIIMM CeMEeHCTBOM g-ajredp
(morokoM mim dussrparmeit) {F;o<i<r, Fs € Fr € F, 0 < s <t < T. Yepes M oboznazaem
MaTeMaTHYeCKoe OXKHJAHUE OTHOCHTEIbHO BepOsTHOCTHOH Mepbl P. Paccmarpusaem H-3Hausblii
BuHepoBcKuii nponecc w(t) = w(t,w) na [0,T], BLIXOAANMI U3 HyJs W COITIACOBAHHBINA ¢ (BIIb-
rpaieii {F;}, ¢ sIEPHBIM CUMMETPUYHBIM IOJOKUTEIbHBIM KOBAPHAIMOHHBIM onepaTopom W,
kaK B [21]. Yepes trW obosnauaem cies oneparopa W. Vmeem Mw(t) = 0 u M ||w(t)||%, = trtW -¢.
Bamernm, 9T0 B [22] paccMaTpUBaJICs BAHEPOBCKUIT IIPOIECC € eIMHIIHBIM KOBAPHAIMOHHBIM Ollepa-
TOPOM, T. €. IIIIMHIPIYECKIM BHHEPOBCKHM IIporieccoM [23]. Ob6osnaunm depes Lo (0,7;Q;Y) = Lo o
IUIbGEPTOBO MPOCTPAHCTBO Y -3HAYHBIX U3MEPUMBIX CiIydaifHbix mporneccos y(t,w), 0 < ¢t < T,

T
w € ), yIOBJIETBOPSIOMINX YCIOBHIO / M]|y(t,w)||3dt < o0, co CKaJAPHBLIM MPOU3BEICHEEM
0

T

Y1,Y2) Ly = / M (y1(t),y2(t))ydt. IogmpocrpancTBo mpocrpancTBa Lo, cocrosiee u3 JFi-
0

COIVIACOBAHHBIX CJIyYaiiHBIX MPOIEccoB, oboznaunum udepes Lo (0,75 QY Fy).

[Tycrs Ha(Q;Y) = Ho — rumbbepToBo IPOCTPAHCTBO Y -3HAYHBIX CJIydaiiHbix Beqnanl & = &(w),
KOTOPBIE UMEIOT KOHEUHbIl abcoOTHBIN MOMeHT BToporo nopsiaka M|E[|2 < oo, co ckanapubM
npounssesenneM (&1, &)y, = M (£1,&2)y. Ecim Fy — o-noganrebpa o-anrebpsr F, To Ha (2 Y5 Fo)
0003HAYAET MOIIIPOCTPAHCTBO MPOCTPAHCTBA Hg, COCTOsMIEE U3 JFo-M3MEPUMBIX CJIyYAHBIX BeJId-
YUH.
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1. IlocranoBka 3aJjauM M BCIIOMOTAaTEJIbHbIE CBEAECHUS

JluHaMUKa CHCTEMBI OIMCBIBAETCA CTOXaCTUYECKMM JIuddepeHnnabHO-0IePaTOPHBIM ypaBHe-
HueM B cmblcie VTo:

dy(t) = Ay(t)dt + [Kiu(t) — Kov(t)]dt + Adw(t), 0<t<T. (1.1)

OrnHocuresbho ypasaenusi (1.1) npeanosaraeM: 3aMKHYTBIi JiuHeliHbIH onepatop A: Dy CY — Y
HOPOXKJaeT CHJIbHO HenpepbiBHyIO nosyrpyimy S(t) B Y (moayrpynmny kiaacca Cp), obiacthb omnpe-
nesienust D 4 oneparopa A morhna B Y; Ky € L(U,Y), Ky € L(V,Y), A € L(H,Y); yupasienus
upecsiesioBaresis u(t) u yberatomiero v(t) cyTh ciydaiinbie mporecchl u(t,w) € Lo(0,T;QU; Fy) u
v(t,w) € Ly(0,T;9Q;V; F). Croxacruueckoe ypasHenue (1.1) takxke GopMabHO 3alMCHIBACTCS B
BUJIE

y'(t) = Ay(t) + Kiu(t) — Kou(t) + Aw'(t),

rae w'(t) — obobmennas mpomsBogHas H-3HAYHOrO BHHEPOBCKOTO IIPONECCA, T.€. OEJbId ImyM.
st ypasuenus (1.1) paccmarpuBaeM HavdabHOE YCIOBHE

y(0) = ¢, (1.2)

rie & = €(w) € Ha(;Y; Fo). Ecam B (1.1) oneparop A mysesoit (A = 0), a u(t) u v(t) — Hecyqaii-
HbIE YIPABJIEHUS], TO MbI IIOJTydaeM yPaBHEHHe

Y (t) = Ay(t) + Kiu(t) — Kov(t), 0<t<T, (1.3)

KOTOPOE OIHUCBIBACT I1€TePMUHUPOBAHHYIO KOH(MDIMKTHO-YIPABILAEMYIO CUCTEMY, KaK, HAIIPHMEp, B
[16;17;24]. Ero perrerust MoryT ObITh CJIy9aillHBIMHU IIPOIECCAME TOJIBKO 3a CYeT BBIOOpa CJIyIaiiHOro
BekTopa & = {(w) B HavasbHOM yciaoBun (1.2).

Pewernuem nauarvrot zadavu (1.1), (1.2) nazosem ciayqaiinsrii nporecc y(t) € Lo(0,T5Q;Y; F)
takoii, uro Ay(t) € Lo(0,T;Q;Y; F) u BbIIOIHSIETCSI PABEHCTBO

y(t) — &= /Ay(T)dT + /[Klu(T) — Kov(7)|dr + Aw(t), ns. t€[0,T], we.
0 0

EnuncrBennocts pemenus HadaapHOi 3agaqan (1.1), (1.2) GyaeM HoHEMATH B CMBICIE CTOXACTHIC-
CKOIl 9KBHBAJEHTHOCTH. VI3 ompejesieHnst ciaelyer, 4To ciydaitHblii mpomece y(t,w) nmeer Hempe-
PBIBHYIO MOJMGDUKAIIIO € BEPOSTHOCTBIO ¢uHuIA. Mbl GyeM paccMaTpUBATh HEIPEPBIBHYIO MOJU-
dbukamnuio sToro nporecca. Ham nmonaoburest BCoMoraTeIbHbINH Pe3yJIbTaT 0 Pa3pernMOCTH CTOXA-
crudeckoil HadasabHOM 3ama4an (1.1), (1.2). YTBeprKaeHne cieayromeii JIeMMbI SIBJISIETCST CTOXACTHYIe-
CKHM aHAJIOrOM JICTEPMHUHUPOBAHHOI (hOPMYJIbI BADHAIMA OCTOAHHBIX U3 MoHOrpaduu [25, 1. 4,
Teopema 2.9).

JIemma 1. ITycmov onepamop A saeasemca 2enepamopom Co-nosyepynnui, 3HAUEHUA CAYHAT-
noti seaununo, E(w) € Ha(; Y5 Fo) npunadaescam Dy, ImKy C Dy, ImKy C Dy, ImA C Dy,
u(t) € Lo(0,T;Q;U; Fy), v(t) € Lo(0,T;Q;V; Fy). Toeda ¢ mounocmuvio do cmozacmuueckot IK6u-
sasenmmnocmu cywecmeyem eduncmeennoe pewenue y(t) sadawu (1.1), (1.2), xomopoe zadaemcs
cmozacmuueckoti Popmyaoti 6apUALUL NOCTNOAHHBIT ¢ NOMOULLIO noayepynnv, S(t):

y(t) = S(t)§+/S(t—T)[Klu(T)—KgU(T)]dT—I—/S(t—T)Adw(T), n.e. t€[0,T], we (1.4)
0 0
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Pesyusibrarsl, mogobusie jgemme 1, Moxkao HaiiTu B [21;22]. Ilpn ux gokazare/bcTBe UCIOIb3YIOT-
sl CBOICTBA CTOXaCTUYECKOTO MHTerpajia (TpeTbero cjaraeMoro) B mpasoil yacru dopmysst (1.4).
DTOT MHTErpaJjl Ha3bIBAIOT CTOXACTUIECKOI KoHBoJtonuei [23]. B ciyuae anajuTuaeckoii moayrpyn-
ubl S(t) yTBep:KeHHe JIEeMMbI IIPUMEHSJIOCh [IPU MCCIEIOBAHUE CTOXACTHYECKOIO ONTUMAJILHOTO
yupasienus B [26;27|. Ecin paccMarpuBaTh BUHEPOBCKHUiT MPOIECC C €JIUHUYHBIM KOBAPHAIIMOH-
HBIM OIEPATOPOM, TO JIOTIOJTHUTENHHO HYKHO MOTPeOOBATh, ITOOBI omepaTopbl A n AA sBisiHCh
oneparopamu ['misbepra — MImuara (cp. ¢ [22, ri. VII, reopema 2.2]).

Yupasnenusim u(t) u v(t) oreedaer pemenne y(t) = y(t;u,v) HavambHoit 3amaun (1.1), (1.2),
CYIIECTBOBAHUE U €IMHCTBEHHOCTH KOTOPOTO TapaHTUPYIOT yCjaoBus JiemMMbl 1. Beromy B jasbHeii-
meM OyeM IPeIIoJiaraTh BBIIOJIHEHHEe 3TuUX ycjoBuil. 11ogobHO JleTepMUHUCTHYIECKON CHTYAIH
B paborax [16-18; 24|, onpemenum 1ens urpbl B croxacrudeckoit cucreme (1.1), (1.2). Jonycemu-
MOMU Ynpasaeruimu npecaedosamens u(t) u ybezarouwezo v(t) SBISIOTCS CJydailHbIE POIECCHI
u(t) € La(0,T;Q;U, Ft) u v(t) € Lo(0,T;Q; V., F;), upuaumaroniue 3uadenusi U3 obacreil yrpasie-
nusi Uy u Vjy, KOTOpBIE NIPEIIoIaraoTcsd 3aMKHYTHIMU BBIIYKJIBIMA OTPDAaHUYEHHBIMI MHOYXKECTBAMU
B NPOCTPAHCTBaX ciydaitabix Beaudud Ho (2 U) u Ho(2; V). MuOXKecTBa JOIyCTUMBIX YIIDaBJIe-
Huit mpecseaoBaTesisi u yberaromero obosuadnm coorBercrBento depe3 Uy u Vi. Iomsrao, aro U
u Vi — BBIIYKJIbIe 3aMKHYThIe OorpaHudennbie MuOkecTBa B Lo(0,T;Q; U, Fy) u Lo(0,T;Q;V, Fy).
[Tox mesbio urpsl B JerepmunupoBannoil cucreme (1.3), (1.2) moHMMAOT IpPUBEIEHUE COCTOSHUSI
y(t) Ha HEKOTOpOE MUJIMHJPHYIECKOe TepMUHAIbHOe MHOXKecTBO I = My @ My 3a KOHEUHOE BpeMsi
B KJIACCE JOIYCTUMBIX YIPABJECHUI IIPEC/IeIoBATE sl IPU JIFOOOM JTOIMYCTUMOM YIIPABJICHUHU yOera-
fomero. 37ech My — 3aMKHYTOe JUHEHHOE MOAIPOCTPAHCTBO B Y, 91 — BBIIYKJIOE 3aMKHYTOE
OrpaHUYeHHOe MHOMKECTBO U3 OPTOroHaIbHOTO fononenns My k Mo B Y. B nambueiintem Gyaem
[I0JIb30BAaThCHA TeM (PAKTOM, YTO BBIIMYKJIOE 3aMKHYTOE OIDAHMYEHHOE MHOXKECTBO B I'MJIBOEPTOBOM
IPOCTPAHCTBE sIBJIsIeTCst ¢1abo KoMmakTHbIM |20, pas. 2.9, 2.10]. [Ipuaumast Bo BHUMaHUE, 9TO pe-
IIIEHUE CTOXACTUYECKON CHCTEMBI €CTh CJIyYaflHbIil [IPOIecc, TEPMUHATIBLHOE MHOYKECTBO OIPEIeIM
B IIPOCTPAHCTBE Y -3HAUHBIX CJIyJYARHBIX BEJIMUNH:

H = H & By, (1.5)

rae o — 3aMKHYTOE JInHEHOe moanpocTpanctBo B Ho(2;Y); By — 3aMKHYTHI map u3 OpToro-
HAJIBHOT'O JIOTIOJIHEHU ST ﬁé‘ K $0 B H2(€2;Y) c nenrpom B Hyste u pajauyca d. Ecau d = 0, ro B4 = {0}.
O6ozramM wepes 11 € L(Ha(2;Y)) oprompoektop B Ha(;Y) Ha $H3. Terepn creryer naTh ompe-
JIeJICHHEe TOro, 9To cocrosiume y(t) croxacrmaeckoil cucremsr (1.1), (1.2) moxker OBITH HEpeBEIECHO
Ha CTOXACTUYECKOe TepMHUHAJIbHOEe MHOXKecTBO §) (1.5) B MomenT Bpemenu Tp, He npeBocxosiiuit T .
Hepy 6 cucmeme (1.1), (1.2) wmoorcro 3asepwums 3a epems Ty, ecan jjist JIEOOOTO JIOMYCTUMOIO
yupasisienus yoerarorero v(t) € Vi naiigercs jomycrumoe ynpasienue npeciegosaress u(t) € Uy,
qutst koroporo ||IIy(To; u, v) ||z, < d.

2. VcioBus pa3pelninMOCTU CTOXacTU4deckoil JuddepeHnnaabHON UTrpbl

Bceiony B masbHeiiem 6yaeM IpeanoaraTb, 9T0 BBIIOJIHAIOTCS YCJIOBHS JIEMMBI 1, TapaHTHDY-
IOIIHe CYIIEeCTBOBAHNE U €IMHCTBEHHOCTDH pellleHnst croxacTudeckoil 3amaan (1.1), (1.2). Herpyano
BuzieTh, uro urpy B cucreme (1.1), (1.2) mMoxkHO 3aBepmuThb 3a BpeMsi Ty TOTJa U TOJBKO TOLJIA,
KOTIa BBIMTOJIHSIETCSI HEPABEHCTBO

sup inf ||y (To;u,v)[|z, < d.
veVy u€l1

[TonpasymeBaercs, 9To BpeMs 1" IBJIseTCs JI0CTATOYHO O6osbmmM, Tak uro T > Tpy. Jlns qokasaTesib-
CTBa JOCTATOYHOCTU 3TOIO HEPABEHCTBA BOCIOJIL3YeMCs TeM, YTO HEIPEPBLIBHLII BBIMYKJIbIH (DyHK-
muonadt f(u) = [Ty (To;w,v)||x,, oupenenennslii Ha ruasbeproBoM npocrpancree Lo (0,T;Q; U, Fy),
JIOCTUTAET CBOEr0 MUHKMMYMa, Ha BBIIYKJIOM 3aMKHYTOM OIPaHMYEHHOM MHOXKecTse U .
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2.1. Cxema mero/ia paspernammmx (pyHKIUOHAIOB I quddepeHnaIbHON
UTI'PbI B CTOXaCTUYECKOU cucTeme

CrocobHOCTD BBIYUCIATE pasperaronue byHKIUN 1in hyHKITHOHABI TO3BOJISIET CTPOUTH YIIPaB-
JIEHUsI [IpecsieioBaTe isi, 00eClednBatoIye IPUBEIeHIe COCTOSTHUS CUCTEMbI Ha TEPMUHAJIBHOE MHO-
»kecTBO. [loKarkeM, Kak BBITJISITUT CXEMa METOJIa Pa3pealonuX (hyHKIUOHAJIOB JJIsl 3aBEPIICHUST
urpel B croxacrudeckoii cucreme (1.1), (1.2). Byaem moiab3oBaThCst ONpeIeIeHUsIME ¥ TOHATUSIMU
U3 TEOPUU MHOT'OZHAUHBIX OTOOpaykeHuii [28].

PacecmorpuM MHOrO3HATHOE O0TOOpaskeHne

Q(t,m,v) =IIS(t —7)[K1Up — Kav], Q: AxVp~ Hao(Y), A={(t,7): 0<7 <t<o0}. (2.1)

OueBuIHO, YTO 9TO OTOOpPAYKEHNE UMeeT OrpaHUYEeHHbIE U BbIMyKJIbie 00pa3bl B Ha(€2;Y). Bamkhy-
TOCTB 00Pa30B CiIeyeT 13 caaboil KOMITAKTHOCTH B THb0epToBoM Ha(€2; U) BBITYKIOrO 3aMKHYTOTO
orpanndennoro muoxkecrsa Uy. [peamnonoxum, aro 0 € Q(t, 7,v) aus (t,7,v) € A x V. Dror ciy-
Jaif IMeeT MEeCTO B PACCMATPUBAEMBIX HAME MPUIOXKEHUSAX. BBeIeM B PaCCMOTpEHUE CITyIalHbIii
porece

C(t) = C(t,w) = TIS()E +T1 / S(t — 7)Adw(7). (2.2)
0

[onsitro, uro ((t) € Lo(0,T5Q;Y; Fp).
U106l OIPEJe/UTh paspeuarouwuti GyHKyuoHal, PACCMOTPUM MHOTO3HAMHOE OTOODPasKeHHe

gt,mv) ={a>0: Q(t,7,v)Na[By — C(t)] # 2}, £:AxVy~RL (2.3)

9T0 oTOOpaAXKEHNEe UMEET HEIYCThie 00pa3bl. 3AMKHYTOCTb 00pPa30B CJie/lyeT u3 CIaboil KOMIIAKTHO-
cru MuoxkecTsB By u Q. Eciu [|((t)]|n, < d, 10 £(t,7,v) = [0,00); B IPOTUBHOM CJIydae MHOIO3HAY-
Hoe orobpazkenne £ nMMeeT OrpaHUYEHHbIE U BBIIYKJIbe 00pa3bl. Pasperraomuii pyHKIIMOHAT €CTh
OIIOPHBII (DYHKIMOHA MHOTO3HAYHOTO O0TOOpazkenust (2.3) B HanpasjeHun +1:

aft,7,v) =sup{a > 0: Q(t,7,v) Na[Bg— ()] # 2}, a:AxVy—RL (2.4)

Ecmm ||C(t)|l, < d, TO a(t,T,v) = o0; ecim ||((t)|l2, > d, TO B crily KOMIAKTHOCTH 0Opa30B
£(t, T,v) (2.3) Tounast BepxHsis rpaHb B (2.4) gocTHraeTcs.

Ecmu ||¢(t)||4, > d, To MBI npemnonaraem, aro s v(7) € Vi dyukius o(t, 7,v(7)) aBiasercs
u3mepumoit o 7 € [0, t]. OnpemesnuM cieyiomnee MHOXKECTBO MOMEHTOB BPEMEHH:

T ={te[0,T]: |C(t)|l < d} U {t € [0.7): I¢(®) o > d A int /a(t,T,v(T))dT > 1}. (2.5)

[Tycrs muoxectBo Y (2.5) He aBisercs nycreim u Ty € Y. Pacemorpnm MHOTO3HAYHbIE 0TOOPasKEHIs

u3 [0, 7] x Vo B Ha2(;Y):
Gl(T,U) = {u e Up: HS(T() — T)[Klu — Kg?}] = O}, (2.6)
GQ(T,U) = {u e Uy: HS(T() — T)[Klu — Kg?}] S Oé(T(),T,’U)[%d — C(TO)]} (2.7)

[pennonoxnm, aro [[((Th)||x, < d, 1.e. ((Tp) € By. Torga na npomexyrke [0, Tp| upu gomycru-
MOM yIpaBieHnn yoeraomniero v(7) yipasieHne IpecsieoBaresst u(7T) HOoJ0KUM PABHBIM CEJICKTODY
91(7) € L2(0,T;9Q;U; Fy) muorosunaunoro orobpazxkenusi Gp(7,v(7)). [Ipu Takom BbIGOpE yipasiie-
must npecienosarens Iy(Ty) = ((Tp) € By u, caegosarensro, urpa B cucreme (1.1), (1.2) Gyxer
3aBepieHa B MoMeHT Tp.
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ITycrs||C(To)||n, > d u v(T) — moumycrumoe yupasienue yberarorero na mpomexyrtke [0, 7p].
Umem moment Bpemenu t, € (0, Tp] Takoii, aro

ts

/a(To,T,v(T))dT =1. (2.8)

0

B kadectBe yupasienus mpecsegosaresst u(7) Ha npoMexkyTke [0,t,) BO3bMeM ceneKkTop go(T) €
L2(0,7;Q; U, F;) muorosuadnoro orobpaxenus Go(7,v(7)), a Ha npomexyTke [t, To] — cesexrop
91(7) € Ly(0,T;Q; U, Fy) muorosuaunoro orobpazxkenust G1(7,v(7)). Ilpu Takom BbIGOpE yIIpaBie-
HUS [IPECTIeI0BATE s CIPABEJIUBLI COOTHOIIEHNUST

T To

y(To) = ¢(Tv) + /HS(TO — 7)[K192(7) — Kov(7)]dT + /HS(TO — 7)[K191(7) — Kav(7)|dT
0 s

ts ts

= C(TO) + /HS(T() — T)[Kng(T) — KQ'U(T)]CZT S C(T()) + /Oé(T(),T,U(T))[’Bd — C(Tg)]dT
0 0

= /OZ(T(),T,U(T))%ddT C sde
0
IJIe HHTErPaJl OT MHOIO3HATHOI'O OTOOparKeH!sl IOHNMAETCSI B CMBbICIe AyMaHHa, T. €. KAK MHOZKECTBO
UHTErpaJjioB OT MHTerpupyembix ceiekropos. CienoBaresnbro, cocrosinue y(t) cucremsr (1.1), (1.2)
Oy/IeT IpUBEJICHO Ha TepMUHAIbHOE MHOXkecTBO §) (1.5) B MomenT Bpemenn Tp.
Taxum 06pa3oM, MBI MOy YIUINA CJIEAYIONINI Pe3yIbTAT.

Teopema 1. [Tycmv dasn xonpauxmmo-ynpasasemot cucmemo: (1.1), (1.2) ¢ mepmunarvrom
mmoorcecmsom ) (1.5) swnoanaromesn caedyrougue npednonoscenus: onepamop A sasasemcs eere-
pamopom Co-noayepynno; cayuatinas sesuvuna &(w) € Ha(Q;Y; Fo) npunumaem snavernus 6 D y;
ImK; C Dy, ImKy C Dy, ImA C Dy; 0 € Q(t,7,v) (2.1) daa ecex (t,7,v) € A x Vp; ec-
au |[C(t)||ny > d, mo dan v(T) € Vi dynryua a(t,7,v(T)) asasemea usmepumot no T € [0,t];
mroorcecmso momenmos epemenu L (2.5) ne asasemes nycmows; oas v(T) € Vi mmozosnaurvie
omobpasicenus G1(7,v(7)), Go(T,v(T)), 2de G1,Ga onpedeaenvi 6 (2.6), (2.7), umerom cesexmopo
91(1) € Lo(0, T3 U3 Fy) w g2(7) € Lo(0, T30 U, Fy).

Tozda cocmosnue y(t) cucmemos (1.1), (1.2) moorcem 6voimov npusedeno nHa MePMUHANLHOE MHO-
orcecmso $) (1.5) 6 momenm Ty € Y.

2.2. Bpewms 3aBepiiieHus UTpPbl B CTOXaCTUYECKON CHCTeMe

N3 cxembr MeToma paspentaionux (pyHKIMOHAIOB BUIHO, UTO JJIsT OIPeIeIeHIs] BpEMeH! OKOH-
YaHWUSI UTPbl M TIOCTPOEHUS YIPABJIEHUs IIPECTIEIOBATEIsT HEOOXOUMO BBIUYHCIUTD Pa3pPeIIaroIinii
dbyuximonasn (2.4). Huxkecsemyrommue ycIoBust MO3BOJISIIOT JI0 BBIUUCIEHHsI PA3pPeNamnero GyHk-

IIMOHAJIA YCTAHOBUTD CYIIECTBOBAHUE MOMEHTOB OKOHYAHMUS UI'PbI.
Hust dukcuposanuoro Ty € [0,7] oupenenum oneparoper My € L(Lo(0,T;Q;U, Fy), Ha(2;Y))
u My € L(L(0,T;Q;V, F), Ha(€;Y)) paBercTBaMu

To To
Miu = H/S(TO — 1) Ku(r)dr, Myv = —H/S(TO — 1) Kov(T)dT. (2.9)
0 0

PaCCMOTpI/IM BLBIITYKJIbIE 3aMKHYTbI€ OI'DaHUY€HHbIE MHO2KECTBa

Q.= MU C HQ(Q;Y), Q, = MyVi C HQ(Q;Y), (2.10)
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U UX OTNOpHBIE (DYHKIIMOHAJIBI

qu(h) = sup <h7 Z>7‘l27 ‘;Dv(h) = Sup <h7 z>7‘l2' (211)
ZGQu ZGQU

YkarkeM yciioBusl 3aBepinenus urpbl B cucreme (1.1), (1.2) ¢ TepmunanbabivM MHOZKecTBOM §) (1.5)
3a Bpems 1j.

Teopema 2. [Tycmv das xonpauxmmo-ynpasasemots cucmemo: (1.1), (1.2) ¢ mepmunarvrom
muoorcecmeom § (1.5) ewnoanaromesn caedyrousue npednosostcenus: onepamop A aAeasemcs 2eme-
pamopom Co-noayepynno; cayuatinas sesuvuna &(w) € Ha(Q;Y; Fo) npunumaem snavernus 6 D y;
ImKy C Dy, ImKy C Da, ImA C Dy.

Jlas mozo wmobwr uepy 6 cucmeme (1.1), (1.2) mootcro Gviao 3asepwums x momenmy epeme-
nu Ty, 1Heobxodumo u docmamowro, 4mobv, 6bNOAHANOCH HEPAGEHCTNEO

‘pv(h) - ‘;Du(_h) <d- <h7<(TO)>H2 Vhe IH2(Q;Y): ||hH7-l2 =1, (2'12)

2de oy, py — onopuvie dynryuonarv, (2.11) mmoorcecmes Qy, Qy (2.10); cayuatnwi npovece ((t)
onpedenen 6 (2.2).

Hoxkasareasncrtso. Ilepenumem nepasencrso (2.12) B sxBuBanenTHoii ¢popme. B cuity
JeMMbl 1 yist Jiio0bIx yrpasienuit u € Uy, v € V) cymiectByer euncTBeHHOe pererne y(t; u, v) (1.4)
sagaqn (1.1), (1.2), npuuem

Ty (Th; u, v) = Myu + Mav + C(Ty), (2.13)

rie oneparopbt My € L(Lo(0, T3 U, Fy), Ha(€;Y)), My € L(L2(0,T5Q;V, Fy), H2(Q;Y)) ompe-
nesierbl B (2.9), a cayuaiinsiii npomece ((t) — B (2.2). Jua moboro h € Ho(2;Y) cupasenmso
PaBEHCTBO

(h, Iy (To; w, v))3ey = (hy Miu)p, + (hy Mav), + (hy C(10)) 3,
Ob6o3nadnM

p(h) = sup inf (h,Iy(To;u,v))y, = inf sup (h, y(To;u, v))sy,.
vEW uelU; uely veVL

CupaBelJINBO COOTHOIIIEHHE
p(h) = @u(h) = ou(=h) + (h, ((T0)) 21,
CanenoBarenbHO, HEPABEHCTBO (2.12) SKBUBAJIEHTHO HEPABEHCTBY
p(h) <d VheHa(QY): ||h]l3, = 1. (2.14)

Hokazxkem neobxodumocmy. TTokazkeM, 9T0 ecJi NPy MOYKHO 3aBEPIIUTD 32 BpeMsi 1), TO BBIIOJI-
HseTcs HepaseHCTBO (2.12). TIpeamonozkum nporuBHOe, T.e. cyimectByeT h € Ho(Q;Y) ¢ ||hlly, =1
TaKOM, YTO BBIIOJIHSIETCS HEPABEHCTBO

(1, ¢(T0)) 4 + pu(h) — pu(=h) > d. (2.15)

Tak Kak MHOXKeCTBO V7 ¢jab0 KOMIIAKTHO, TO TOYHAsl BEPXHssl I'PAHb B OLPEJIEJEHHH OIOPHOIO
dyuxmonana o, (h) (2.11) mocruraercs: ¢, (h) = (h, Mavg)y,, vo € V1. DT0 no3BOJISIET HEpABEH-
crBo (2.15) mepenucarb B Buje

<h,Hy(T0;u,U0)>H2 >d Yue U.

Torma nmeem yrupasiienne yberaromiero vy € Vi Takoe, 9To Ipu JIIOOOM BBIOOPE YIIPpaBJIEHHS [IPEC/Ie-
noBaresid u € Uy BBIIOJIHSIETCS HEPABEHCTBO

Iy (To; w, vo)ll, > d, (2.16)
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9TO IPOTUBOPEYUT BO3MOKHOCTH 3aBepllieHust UIPhl 38 BpeMsi 1. TakoM o6pazom, HEOGXOIMMOCTh
HepaseHcTBa (2.12) mokasama.

Teneps mokazxkeM docmamourocmoe. TTokazkeM, 9TO e BBIIOJIHsIETCs HepaBeHCTBO (2.12), To
Urpy MOXKHO 3aBepnTh 3a BpeMs Tp. [Ipeanosnokum npoTuBHOE, T. €. HaleTCs yIpasieHne yoera-
fomero vy € V4 Takoe, 94To Ipu JHOOOM BBIGOPE ylpaBieHust pecsenoBaressi u € U BBIIOJIHSIETCs
HepaBeHcTBO (2.16). Henpepsisabiii Boimykibiit dyukimonan f(u) = ||Ily(To;w, vo)||x,, onpeenen-
HBI Ha rHIBLOepTOBOM TIpocTpancTse Lo(0,T;Q; U, Fy), J0CTHrAaeT CBOEI0 MUHUMYMA Ha BBIILYKJIOM
3aMKHYTOM orpanmdeHnoM muoxecrse Uj. Cremosaressro, Hajigercs € > 0 Takoe, 9TO yJ0BJIETBO-
psIeTCsl HEPABEHCTBO négl f(u) > d+ e. B cuny upencrasienust (2.13) i v = vy mostydaeM, 9To

uely

B npocrpancree Ha(2;Y) Boinykioe muoxecrso MUy + Mavg + ((Tp) u 3aMKHyTHIH map Bgy .
C TEHTPOM B HyJe U paguyca d + € me mepecekaiorcsa. U3 reopembl oraenumoctu [20, pasm. 2.6]
3aKJII0YAEM, 9TO HAWJETCA €IUHUIHBIA BeKTOp h € Ho(€2;Y) Takoii, uro

inf (h, Hy(To;u,v0))p, = sup (hy2)p, >d+e>d.

u€ly 2€Bgye

Orcrona ciefyer, 9T0 HepaBeHCTBO (2.14) He BBIIOIHAETCs, & 9TO HPOTHBOPEUUT HIPEIIOJIOKEHUIO.
Ha sTOM 70Ka3aTeIbCTBO TEOPEMBI 3aBEPIIACTCS.

3. Ilpunoxkenus

Psan dakToB Teopunm OOBIKHOBEHHBIX b (EPEHITNAIBHBIX YPABHEHWI W YPAaBHEHUN B YaCT-
HBIX IIPOU3BOJIHBIX MOXKHO IOJIyYUTH, UCXOMIs M3 OOIIUX IOJIoyKeHuit Teopun nuddepeHimaibHo-
OTIepaTOPHBIX YPABHEHUN B aOCTPAKTHBIX OAHAXOBBIX UJIN I'MJIBOEPTOBBIX IIPOCTpaHCTBaX. PaceMoT-
PUM IPUJIOXKEHUS IIOJIyYeHHBIX Pe3y/IbTaToB K JIBYM MOJEJIAM.

3.1. Mozaeap poOCTOro ABU2KEHUS B TMJIBOEPTOBOM MPOCTPAHCTBE
Opu CIIy4YalHBbIX BO3MYMIEHUAX

ITporecc mpoCTOro JABIZKEHUS HPECIIEIOBATENIS M yOETaOIero Moc/ie 3aMeHbl IIEPEMEHHBIX 3aIli-
coiBaercst B Buje y' (t) = u(t) — v(t) [18]. Mbl Gyzem paccMaTpuBaTh STOT IPOIECC B cenapabesbHOM
ruIbGEPTOBOM HPOCTPAHCTBE, & TAKXKE MPEIIOJIAaraTh HAJINYUe CJIy9IaillHOrO BO3MYINEHUS B BHJIC
aJUTUBHOrO Gestoro mryma. Takmm oOpasoM, JUHAMHUKA CHCTEMbI OLHCHIBACTCS CJIEIAYIOIIUM CTO-
xacTudecKuM audepeHuaIbibM ypaBHEHNEM B I'MJILOEPTOBOM IpocTpaHcTBe Y ¢ H-3HAUHBIM
BHUHEPOBCKUM IIporieccoM w(t):

dy(t) = [u(t) — v(t)]dt + Adw(t), 0<t<T. (3.1)

HauasbHoe cocrosinue cucreMbl onpesessieM ¢ nomornsio (1.2), rue £ € Ho (Y Fp); A € L(H,Y).
Cuayuwaiinble mpornecchl 3 MHOXKecTB U 1 V) JIOIyCTHMBIX yIpasiieHuil npeciegosaress u(t,w) €
L2(0,7; Y, Fy) u yberatommero v(t,w) € Lo(0,T59Q;Y, F;) nost nouru Beex t € [0, 7] yaoBierBopsi-
tor orpanndennam M ||lu(t,w)||2 < 0F u M|v(t,w)||?- < 03, 01 > 0, 02 > 0. Uepy 6 cucmenme (3.1),
(1.2) wmoorcno 3asepuums 3a epems Ty, ecan Jyist JTHO6ONO JIOMYCTUMOIO YIPABJIEHHs YOETraroero
v € V] cylecTByeT JIOIyCTHMOE ylpaBieHne mpeciegosareis v € Uy, /It KOTOPOIO COCTOSIHUE
cucremsl y(t,w) B MoMeHT Bpemenu T OyeT mepeBesicHO B HOJb.

Baece Y = U =V, A — nynesoii oneparop, K1 = Ky = E, S(t) = E. Tepmunanabaoe MHO-
»)kectBo (1.5) cocromr m3 mysnesoro Bekropa ) = {0}, o = {0}, By = {0}, d =0, = F —
enuHIYHBIH onepaTop. MuoxkectBa Uy u V) CyTh 3aMKHyTBbIE IIapbl B IPOCTPAHCTBE CJIyIailHBIX
Besimant Ha(Q;Y) ¢ nenrpamu B Hyse n pajguycaMu 91 U gz. VICKIIoYnM TpUBHAJIBHBLA cirydail u
IPEIOIOKAM, ITO HaYAIbHOE COCTOsHUE £ OTIIMYIHO OT HYJISL.

MHOkeCTBO BCeX MOMEHTOB BPEMEHH, 33 KOTOPBIE MOYKHO 3aBEPIIUTH UI'PY, OIPEJIEIIM C HOMO-
mipbio Teopembl 2. Curywaiinbiit nporece ((t) (2.2) ecrsb

C(t) =&+ Aw(t).



O muddepennuaabHoit urpe 53

Buneposckuii nporece w(t) (¢ > 0) He 3aBucut 0T o-ajaredpbl JF(, OTHOCUTEIBHO KOTOPOii U3MEPUMO
HadajibHOe coctosinme &. Mmeem

IC@OIF., = lIE@w) + Aw(t,w)lF, = M| + M[Aw®)[5 < MIEIS + tlIA]*trV. (3.2)

Tounasi BEpXHsisi TPaHb B ONPEJIEJIEHUN ONOPHBIX (DYHKIMOHAIOB ¢y (h), ¢, (h) (2.11) mocruraercs,
7 MBI IMEEM IIPeICTABICHUS

ou(h) = 1 Tol|h(W)l[#y,  pu(h) = 02Tol|h(wW)][3, -

JeiicTBurennuo, ecau h # 0, To

To To
Pull) = sup (h(w), / u(r, w)dr)a, = / (W), 0 (7, ) sy
" 0 0 h( )
o1nlw)
_— 0/ I@llsdr = Tl o) = T
To
polh) = sup(—h(w), / o(r,0)drYsy = 02T |1l
veEV] 0

HeoGxomumoe u jocrarodnoe ycsosue (2.12) 3asepinenust urpsl B cucreme (3.1), (1.2) B MmomeHT
Bpemenn Ty IpUHUMAET BH/L

(o1 = 02)Tb = (h(w), C(To, w))ry ¥V h € Hao(QY): [l = 1.

Torma MHOXKeCTBO BCeX MOMEHTOB BpeMeHN 1, 38 KOTOPbIe MOXKHO 3aBEPIIUTDL UT'PY, VIOBJIETBOPIAET
HEPaBEHCTBY

(01 — 02)To > [|<(To, w) |34, -

Ecimu g1 < 02, To Urpy HeBo3MOXKHO 3aBepiinTh. [Iycrb 91 > go. C nomompio (3.2) mosydaem, 9To
urpy B cucreme (3.1), (1.2) MOXKHO 3aBepHIUTbL B MOMEHT BpeMeHu T TOrJa U TOJIbKO TOTJIA, KOIJIa
BBIIIOJIHAETCS HEPABEHCTBO

(01— 02)To > / MIE[I3 + M| Aw(To) 2. (3.3)

C yuerom (3.2), (3.3) 3akiouaem, 4TO Jyist 3aBepiuenus: urpel B cucreme (3.1), (1.2) mocrarouno
BBIOpPATH MOMEHTHI BpeMeHH 1), YIOBIETBOPSIONINE HEPABEHCTBY

JAIPEW + \JIAII2W + 4(01 — 02)*M €]}
To > - =T, (3.4)
2(01 — 02)

Hanpumep, ecin A = AE, rjie A — koncranta, 1o ||A|| = || u nepasencrso (3.4) siBisiercst Heobxo-
JIMBIM U JIOCTATOYHBIM JIJIsl 3aBepIlleHusi urpbl B MOMeHT BpeMenu Ty. Orpesok spemenn [0, 7], Ha
KOTOPOM HM3y4YaeTcss Urpa, UPEIIoIaraeTcs JOCTATOIHO OOIbIuM, Tak aro 1T > T*.

Tenephb NMOKayKeM, Kak BHIOPATDH JIOMYCTUMOE YIIPABJIEHUE MIPEC/IEI0BATE ST TIPU JTFOOOM JIOIyCTH-
MOM ylpaBjieHun yberarolmero, 4robbl 3asepruthb urpy B cucreme (3.1), (1.2). 3aecs Q(t, 7,v) (2.1)
ecTb 3aMKHYTHIH map B Ho(2;Y) ¢ merrpom —v u paguyca o1, npudem 0 € Q(t, 7, v). Paspemaromumit
dbyuximonan (2.4) uMeer Bu

(C(t), v)m, + \/<C(t)7v>%2 + IS, (0 — IlvliZ,,)
IS, '

at,,v) = (3.5)
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Yrounum Buj MHOKecTBa 1 (2.5):

t

T = {tGOT 1nf/at7'v dTZl}.
veV
0

Torma muoxkecrso Y ecThb
Y- frefoes 10y
01— 02
Ba cuer BBIOOpa JoCTaTOUHO GosibImoro 1 > T 3T0 MHOXKECTBO He siBJsieTcs IycTbiM. Hampumep,
Ty € T MOXKHO BBIOpATH C MOMOIILIO HepaBeHCTBa (3.4).
Orobpazkenus (2.6), (2.7) npuHEMAIOT BHUJ

Gi(1,v) =v, Ga(r,v) =v — Ty, 7,v)((TpH).

Hng nomnycrumoro yupasienusi yoeratomiero v(r) € Vi umem moment Bpemenu t, € (0,Tp] Ta-

KOIf, uT0 BbINOJIHgETCs cooTHOIIeHue (2.8). B kauecTBe ylpasjieHus: mpec/ieoBaTe/is Ha IIPOMEXKY T-

ke [0,t,) BozbMeM u(T) = v(7) — a(Tp, 7,v(7))¢(Tp), a Ha mpomexyTKe [ty, Tp| BozbMeM u(T) = v(T).
JlokazaHo cleAyloliee yTBep:KIcHHe.

VYrBepxkaenue 1. [Tycmo dan konpaukmmuo-ynpasasemot cucmemos (3.1), (1.2) evinoansrom-
ca caedyrouwgue npednoaoodicernus: obaacmu ynpasaenus Uy u Vo cymov 3amrnymoe wapv, 6 npo-
cmparcmee cayuatinnr sesuwun Ha (YY) ¢ yenmpamu 6 nyae u paduycamu 01 u 02, 01 > 02;
momenm epemenu T asasemcs docmamowno Goavwum T > T* (3.4); & € Hao(QY;F),
M€} £0; A € £(H,Y).

Tozda npu mobom donycmumom ynpasaeruu v(t,w) = v(t) € Vi mpaexmopua cucmemovi (3.1),
(1.2) wmoorcem 6vimv npusedena 6 noav 3a epems Ty, ydosaiemeopsowee (3.3), ¢ nomowwro dony-
cmumozo ynpasaerus u(t,w) = u(t) € Uy suda

v(t) — a(Tp, t,v(t))C(Ty), te€]0,ts),

?)(t), tc [t*,TQ],

2de momenm t, nepexatoueHus ynpasienus ydosaemsopaem coommowenuro (2.8) ¢ pazpewarouyum
dyrryuonasom oft, 7,v) (3.5).

3.2. CroxacTuyeckmii KOH(PIIMKTHO-yIPaBJIsieMbIil TPOIECC
TENJIOITPOBOJHOCTH

B [17] uccaenoanack merepMuHupoBanHas auddepeHnuaibHasg Urpa JJisi Iporecca pacipo-
CTpaHeHHs TeIlla B CTAIMOHAPHON OJHOPOAHON cpele ¢ yIpaB/IgeMbIMHU PACIPEIeJeHHLIMU TEILIO-
BBIMH HCTOYHHKAMH M YyTE€UKAMU. 37€Ch MbI H3ydaeM IIPOIECC TEIJIONPOBOIHOCTH CO CJIyJailHbI-
MU MCTOYHUKOM (yIIpaBJIeHHUe IMpecjejioBaTelisi) U yTeukoii (ymnpasienue yberaromiero). B obinacru
[0,T] x [0, 7] paccMaTpuBaeM CMEIIAHHYIO 3a/[ady

2y(t, r.w
dy(t, z,w) = [% + K (u(t,z,w) — v(t, x,w))] dt + Adw(t, z,w), (3.6)
y(t,0,w) = y(t,m,w) =0, y(0,z,w) =¢&(x,w). (3.7)

B (3.6), (3.7) upenmonaraem: w(t,r,w) — BAHEPOBCKUIi IPOIECC CO 3HAUYECHUSIMU B IMPOCTPAHCTBE
L5 (0,7), cormacoBannblii ¢ morokoM o-aarebp {F; fo<i<r, Broxennsx B F, rae {Q, F, P} — Bepo-
SITHOCTHOE TIPOCTPAHCTBO (cM. BBeeHne); pynknus &(x,w) u3MepumMa OTHOCUTEILHO TIPOU3BE ICHIsT
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BopesieBcKoii o-arebpbl nogaMuokecTs u3 [0, 7] Ha JFp; YIPABJIAIONHME BO3IEHCTBHSI Ipec/ie10BaTe-
a1 u yoerarorero u(t, x,w) u v(t, r,w) usMepumbl u npu pukcuposanuoM t € [0,7] u3mepumsl 110
(z,w) OTHOCUTEJILHO MPOU3BEIEHUsT GOPETEBCKOl T-anrebphbl noamuoxkects u3 [0, 7] na Fy;

/M\g(az,w)lzdaz < oo, K € L(Ly0,m)),
0

T T

T 7r
//M|u(t,$,w)|2dxdt < 00, //M|v(t,$,w)|2dxdt < 0.
0 0 00

Homycrumble yrpasiienus mnpecienosaresis (ucrounuka) Uy u yberatorero (yreukn) Vi yuoBieTBo-
PAIOT OI'paHUYEHUAM

/M lu(t, z,w)|*dz < o3, /M!v(t,m,w)\Qda: < 03.
0 0

Canenosarenbho, obuacru yupasienust Uy, Vo cyTb 3aMkHyTbIe mapbl B Ha(€2, L2(0, 7)) ¢ nenTpaMun
B HyJIe U paJlyCaM# 01, 02 COOTBETCTBeHHO. Moesm 6esloro mmyma i CTOXaCTUIeCKOro ypaBHEHUS
TEIIONPOBOIHOCTH Tipeiaraiuch B [29;30], rie B kadecrBe w(t) paccMaTpUBaIUCh JHOO CTAHIAPT-
HBII CKaJISPHBI BUHEPOBCKUiI IpoLecc, MO0 BUHEPOBCKUII IIPOIECC CO 3HAYCHUAME B IIPOCTPAH-
crBe Lo. Ileav uepvi 6 cucmeme (3.6), (3.7) cocrour B npuBejerun cocrosiuust y(t, r,w) Ha HEKO-
TOpPOE TEPMUHAIBHOE MHOXKECTBO 3a KOHEYHOe BpeMsi, He mpeBocxojsinee T', B Kaacce JTOMyCTUMbBIX
yIIpaBJIeHuil Ipec/ieoBaTe s IIpU JIIOOOM JOIYCTUMOM yIIPaBICHUHN yOeraiomero.

B BemecrBennom npocrpanctse Y = U =V = H = L9(0,7) cmemannas 3amada (3.6), (3.7)
TpakTyercs Kak 3azada Kommu (1.1), (1.2) st croxacruueckoro ypasHeHust B cMbicsie UTo ¢ ome-
paTopom

2
Ag=TI by fg(e) € WEO,7), 0(0) = a(r) = 0},
u oneparopamu K; = Ky = K € L(L2(0,7)). Pemenne cmemannoii 3agaqu (3.6), (3.7) Gymem
HNOHUMATH B CMBICJIE DElIeHHsl COOTBETCTBYIOMmell abcrpaktaoii 3amaun (1.1), (1.2). Cuekrp orme-
paTopa A COCTOUT U3 IIPOCTBIX COOCTBEHHBIX UHCET A, = —k2, KOTOPBIM OTBEUAET IIOJIHAS OPTO-
HOPMUPOBaHHasl cucreMa cobcTBeHHBIX byHKmil ex(x) = /2/msinkx. Yepes g Mbl 0603HATAEM
k03 dunuentor Pypue B paznoxkenun byuximu ¢(z) € Lo(0,7) no dynkmusm 6azuca:

q(z) = Z%ek(x), qrx = /q(m)ek(az)daz, E=1,2,....
k=1

Omneparop A ectb reneparop moayrpymnbl Kiaacca Cp:
> 2
S(t)g = Z e lgren(x). (3.8)

k=1

[Tycrs Tak»Ke BBIIOJHSIOTCs orpanudenust: &(x,w) € Dy miug nmourn Beex w € O, ImK, ImA C Dy.
Crenanuble IIpe/IIIOJIOzKEeHNs TapAHTUPYIOT BbIoIHeHne ycsaosuil semmbl 1. [Tostomy cymecrsyer
enuHCcTBeHHOE perenne Y(t, x,w) (1.4) cmemanuoit 3amaqn (3.6), (3.7).

B kauecrBe TepMmuHasbHOrOo MHOXKecTBa §) (1.5) paccmarpuBaem

= (E — )Mo (% Ly(0, 7)) & By,
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rae II — oneparop oproronajnbHoro npoektupoBanusi B Ho(2; La(0,7)); By — d-okpecTHOCTH Hy-
as B nopnpocrpancTse IHq(Q; Lo (0, 7)). C momornpio onopubix ¢yHKImonaaos (2.11) ounpeennm
MHOYKECTBO MOMEHTOB BPEMEHH, 32 KOTOPble MOKHO 3aBepIInTh urpy. Haxomum

To To
eu(h) = 01 / [K*S(To — 7)Ih(z,w)|[2,d7,  @u(h) = 02 / [K*S(To — 7)ITh(z, w)||3, dT.
0 0

B cuny Teopembl 2 MHOXKECTBO MOMEHTOB BpeMeHU 1(, 32 KOTOPbIE MOXKHO 3aBEPIIUTh UTPY, YI0B-
JIETBOPSIIOT HEPABEHCTBY

To
(02 — 01) / | K*S(Ty — 7)ITh(x, w) |1, dT + (R, ((T0))3, < d ¥V h € Ho(2; La(0,m)): |23, =1,
0

(3.9)
rae caydaitaenii mporecce ((t) co smadenusimu B Lo(0, 7) onpemesier B (2.2) ¢ HOMOIIBIO HOIYIPYII-
usr S(t) (3.8).

Eciau repmunanbaoe mMuoxkectBo H (1.5) cocrour usz myns H = {0}, tod = 0, I = E u
HepaBeHCTBO (3.9) mpuHUMaeT BHUJL

To TO
(01 — 02) / |K*S(To — 7)h(x,w)||pdr > <h,S(T0)§ + /S(To — T)Adw(r)> . (3.10)
0 0 He
B KadecTBe KOBapHaIMOHHOTO omepatopa W BHHeposckoro mporecca w(t) Beibepem W = —A~L.

Torna
w(t) = Z wg(t)ex(x),
k=1

e Wy (t) — HE3aBUCHUMBbIC CKaJIAPHbIC BUHEPOBCKUE IIPOIECCHI C HYJIEBBIMU MaTEMATUIECCKUMU O2KHN-

1
JAHHUSME ¥ JAUCIePCHAMI —5T. [Tycrs I ecTh omepaTop OPTOrOHAIBLHOIO MPOEKTUPOBAHUS B IIPO-

crpauctie Lo(0,7) Ha jmHeiiHy0 060/104uKy dyHKImu sin kz. Opronpoekrop Ilj ecrecTBeHHBIM 06-
pPas’oM MHJIyIUPYET OPTOIPOEKTOD B IPOCTPAHCTBE CirydaitHbix Beaudud Ho(d; Lo(0,7)). dyist un-
JIYIIIPOBAHHOTO OTepaTopa coXpanuM mpexknee obosuadenue. [lomoskum K = A =1l u £ = 11;.€ =
Ek(w)ek(x). Nmeem cremyrolnee npecrapienne Juisi ciydaitnoro nporecca ¢ (t) (2.2):

t
() = e i(t)en(n) € Lo(0, T Lo(0,m): F)s () = [5k+ / ek“dwm)} € Lo(0,T; & RY: 7).

Hepagenctso (3.10) npunumaer Buz

1— e—k2T0 3
(Ql - Q2) \/ MhzT >e szOM[hkT](To)].

OTCIO,ZL& noJrydaeM, 9TO MHOXKECTBO BCE€X MOMEHTOB BpeMeHU T(), 3a KOTOpPbI€ MO2KHO 3aBEpPIIUTDH
urpy, yaoBJIETBOPAIOT HEPaBEHCTBY

1— e—k2T0

T 2 ¢ OM(Ty)] Y h € Ha(GRY): [[hfly, = 1.

(o1 — 02)

HOSTOMy JJIsd 3aBeEpIIeHnsd UI'Pbl B MOMEHT BPEMEHU TO HeO6XO,ILI/IMO u JO0CTaTO4YHO, 9TOOBI BBIIOJI-

HAJIOCH HEPaBEHCTBO
ek‘2 To

(01 — Q2)T_ > [[n(T0) |24, +
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rae
2k2t 1
2 _ 2 € -
()7, = ME& + —577—
2k

UckrounM TpUBHAJIBHBIN CIydail OKOHUYAHWsI UI'PbI B HAYaJIbHBIA MoMeHT Bpemenu (& # 0). Ecau
01 < 02, TO UTPY HEBO3BMOXKHO 3aBepiinThb. Ilycth 01 > go. g 3aBeprnenust urpsl B MoMeHT 1j
H606XO,HI/IMO 1 JOCTaTO4YHO, tITO6bI BBIIIOJIHAJIOCHh HEPABEHCTBO

V2(o1 — 02) (T — 1) > /2K ME + 2T 1. (3.11)

B wacrnocru, eciu o1 — 02 > 1/4/2, To nepasenctso (3.11) yaosneTBopsiercss npu

_ 1 | 2(01 — 02)? + \/2k4[2(91 —02)? — 1M+ 1 o
0=T2™ 2(01 —02)?—1 B

(3.12)

[TpuMeHuM CcXeMy MeTojia paspenialmx GyHKIMOHAIOB. Y TOYHUM BHJ MHOIO3HAYHOIO OTOO-
paxkenust (2.1)

_k2(—
Q(t,T,v) = {e k5 T)(uk —up)er(®): up € Ha(RY), Mu2 < 0%}
U ompe/iesiuM paspentatontuii dynknnonas (2.4)

a(t,7,v) = sup {a >0: Mv, — &e_szn(t)]2 < Q%}

Herpynuo Bumern, aTo

(1(8), ve)ma + 1/ (0(0), 0003, + (013, (03 — llonlF,)

(3.13)
e T In(t)|3,

aft,7,v) =

Muoxkecreo YT (2.5) cocrour u3 tex momentoB Bpemenu Ty € [0,7], Koropble yI0BJIETBODSI-
ot (3.11). TIpu onpesie/IeHHBIX COOTHOIIEHUSAX HA 01, 02 U 3a CYET BBIOOpPA JOCTATOYHO 6oJbIoro 1
9TO MHOYKECTBO He ABJISETCA IIYCTBIM, HAIPUMeD, 01 > 02 + 1/v/2 u T > T* (3.12).

Orobpazkenust (2.6), (2.7) upeacraBisiror cobOi CIIeyIONIHe BbIPaXKeHHsL:

Gi(1,v) = {u(zr,w) € Up: ug(w) = vi(w)},
Gao(1,v) = Hu(z,w) € Up: ug(w) = vg(w) — e‘szoz(To,T,v)n(To,w)}.
PacceMorpuM ceekKTophl 9THX 0TOOparkKeHni
g1(1,v) = v (w)ex(z) € Gi(1,v), ga(T,v) = [V (w) — e_sza(To,T,v)n(To,w))]ek(x) € Gy(t,v).
Hnst mo6oro morycrumoro yupasienus v(7T,z,w) = v(7) € V1 crpoum ynpasjienue

[or(T,w) — e FTa(Ty, 7, v(7))n(To, w)ler(z), T € [0,t.),
u(t) = u(r,z,W) = (3.14)
vg(m,w)ex(x), T € [ts, To),

rJie ty €CTh MOMEHT TIePEKJIoUYeHns ¢ yupasienus u(T, z,w) = go(T,v(7)) Ha yupasiaenue u (7, x,w) =
91(7,v(T)), KOTOPBIil ONpeJIesIsAeTcs: ¢ MOMOIIBI0 COOTHOIIeHNs! (2.8).
Takum 06pa3oM, MbI IIOJIYHUUJIN CJCILYIONIMAI PE3yJIbTaT.
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YrBepxkaeuue 2. [Tycmov das kondaukmmo-ynpasasemoti cucmemsvi (3.6), (3.7) svinoansrom-
ca caedyrougue npednoaoscerus: obaacmu ynpasaenus Uy u Vo cymo damrnymoe wapor 6 Ha(€2;
Ly(0,7)) ¢ uenmpamu 6 nyse u paduycamu 01 u 02, 01 — 02 > 1/v/2; momenm epemenu T s6-
aaemea docmamoyno 6osvwum T > T* (3.12); K = A = 1l — onepamop opmozonasvrozo npo-
exmuposanus 6 npocmpancmee Lo(0,7) na aunetinyro oboroury dynkuyuu e(x) = +/2/7sinkx;
§(x7w) € ,H2(Q§L2(077T);f0); §=1x¢ = fk(‘rvw)ek(w)f Mf% 7é 0.

Tozda npu arbom donycmumom ynpasaenuu v(t, z,w) mpaexmopus cucmemovi (3.6), (3.7) wmo-
orcem 6wms npusedena 6 noav 3a epemsa Ty, ydosaemsoparowee (3.12), ¢ nomowpro donycmurmozo
ynpasaenus u(t, r,w) euda (3.14), 20e momenm t, nepexstouenus Ynpasierus YooAEmEOPAEm Co-
omnowenuto (2.8) ¢ paspewarowgum Pyrryuonaiom o(t, 7,v) (3.13).
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K ACUMIITOTUYECKUM METOJAM OIITUMUNU3AIIVN
KBA3SUJIMHEMHBIX CUCTEM YIIPABJIEHUS!

P.Tabacos, A. . Kanuuun, ®. M. Kupusanosa, JI. . JlaBpuaoBuy

JuHamudecKre CHCTEMBI, KOTOPbIE B CBOMX MaTEMaTHYECKHX MOZEJAX COAEPXKaT MaJible ITapaMeTpbl IIpU
HEJIMHEHHOCTSAX, IPUHATO HA3bIBATh KBaswIMHEHHbIMH. CTaTbs Ipe/cTaBjseT 0030p pPe3yJIbTATOB, IIOJIYYEH-
HBIX JJIs1 3aJad ONTHMU3AIH KBAa3WJIMHEHHBIX JUHAMUYECKHX CHCTeM B MUHCKOM IIKOJIE IO OINTHMAJIBLHOMY
YIPABJICHUIO. PacCMOTPEHBI 3871491 ONTUMAJIBLHOTO OBICTPOIEHCTBHS, TEPMUHAJIBHOIO YIIPABJICHUS C TOIBUNK-
HBIM [IPaBBIM KOHIIOM TPAEKTOPHIi, YIIpaBJIEHUS MUHUMAJIBHON CHJION WM 3aJa4Yi MUHUMH3AIMH WHTErPAJIHHBIX
KBaIpaTUIHBIX (PYHKIMOHAJIOB. B OCHOBe mOIX01a K MCCIEIOBAHUIO JIEXKHUT Hesl CIIENUAILHON KOHEIHOMEPHOM
apaMeTpU3alii ONTUMAJILHBIX YIPABICHUH. Bhlaucienus npu mOCTPOEHUH aCUMIITOTUYIECCKUX TTPUOIUKEHUH K
ONTHMAJIBHBIM YIIPABJIEHUSIM B PACCMOTPEHHBIX KBA3HJIMHEHHBIX 3a/1a9aX CBOAATCS K PELICHUIO 6a30BBIX 3a1ad,
KOTODBIE, B OTJIMYHUE OT UCXOHBIX, SIBJISAIOTCH 3a@9aMU ONITUMUBAINN JIMHEHHBIX CUCTEM, MHTETPUPOBAHUIO CU-
creM JUHEHHBIX quddepeHInalbHbIX yPABHEHU, & TaKyKe K HAXOXKIEHUIO KOPHEN HEBBIPOXKIEHHBIX JIMHEHHBIX
aJirebpanv4ecKux CHUCTEM.

KoroueBble ciioBa: KBasuiInHEHHbIE CHCTEMBI, MaJIbIil IIapaMeTp, aCHMITOTHIECKHE TPUOIMKEHNsI, KOHEIHO-
MepHasi apaMeTpU3allys, OITUMAJILHOE YIIPaBJIeHne, 0OpaTHas CBS3b.
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methods for quasilinear control systems.

Mathematical models of dynamical systems containing small parameters in nonlinearities are usually called
quasilinear systems. We present a survey of results obtained for problems of optimization of quasilinear dynamical
systems in the Minsk scientific school on optimal control. We consider time-optimal control problems, terminal
control problems with variable right ends of trajectories, minimum force control problems, and problems of
minimization of integral quadratic functionals. The research is based on the idea of a special finite-dimensional
parameterization of optimal controls. The computation of asymptotic approximations to optimal controls in the
quasilinear problems under consideration is reduced to solving some basic problems, which, unlike the original
problems for quasilinear systems, are optimization problems for linear systems, to the integration of linear
differential equations, and to finding roots of nonsingular linear algebraic systems.

Keywords: quasilinear systems, small parameter, asymptotic approximation, finite-dimensional parameteriza-
tion, optimal control, feedback control.
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BBenenune

MHorue HIpUKJIaIHBIE 3aa9d ONTUMAJBLHOTO YIPABJIEHHS B CBOUX MaTEMATHIECKHX MOIENISX
coJiepKaT MaJible apaMeTpPhbl, IPUYEM 3a4aCTyI0 MOJE/U CYNECTBEHHO YIPOUIAIOTCs ([IOHMKAETCsI
nopsIoK uddepeHuaabHbIX ypaBHEHNUI, NCIe3aI0T CJAOXKHbBIE WIEHBl U T.1L.), €CJIM 9TH [apaMer-
PBI IOJIOXKUTH PaBHBIMHU HYJIIO. B Takux ciydasx 1e1ecoodpasHo MCIOIb30BaTh aCUMIITOTHYECKUE
METOZbI, OCHOBHOE JOCTOMHCTBO KOTOPBLIX COCTOUT B TOM, UTO IPHU UX IPUMEHEHHM HCXOIHLIE 3ala-
91, KOTOPhIE MPUHSITO HA3BIBATH BO3MYIIEHHBIMUI, CBOISITCS K KOPPEKIMH PelleHnil 6oee IpoCThIX
3aJa4 ONTHUMAJILHOIO YIIPABJICHUSI.

Hanbomee 3bdeKTUBHBI aCHMITOTUYIECKHE METOAbI MIPU ONTHUMU3AINN KBA3WINHEHHBIX IUHA-
MHYECKUX CHCTeM. KBasm/IMHEHHBIMU HA3BIBAIOT CHCTEMBI YIIPABJIECHUS, COIEpKalllue MaJible Ia-
paMeTpbl IpHU HEJUHEHHOCTSIX. BBIMIPHINI OT IpPUMEHEHHS aCUMITOTHYECKMX METOIO0B K 3aadaM
ONTHMAJILHOTO YIPABJIEHUS TAKMMU CACTEMAMH COCTOUT, IIPEXKJE BCEro, B TOM, 9TO BMECTO MCXOJI-
HBIX, 110 CYIIECTBY HEJIMHENHBIX, 3884 PeIrafoTcs 33 a9l ONTUMU3AINA JTUHEHHBIX JTUHAMIIECKIX

'Pa6ora BeImonnena npu noggepxxke I'TIHN “Konseprenmua-20207, Benapycs.
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cucrem. Cpeu nepBbIX paboT, B KOTOPLIX MCCICI0BAINCH 3312491 OIITHMAJILHOIO yIIPABJICHUA KBa-
SUJIMHERHbIMU cucTeMamu, oTMeTuM |1;24-26;28; 30; 32; 33].

Hacmoswan cmamuva aeasemca 0630pnoti. B meil npeacTaBieHbl pesyIbTaTbl, IOy YeHHbIe 115
3a/1a4 ONTUMU3AINN KBa3UINHEHHBIX JUHAMUYECKUX cucTeM B MMHCKOI MIKOJIe 110 ONTHMAJILHOMY
yIIpaBJIcHUIO. B IepBoM pasjesie BBOAATCS IIOHATHUS, KOTOPLIE MO3BOJIAIOT yTOYHUTH, YTO IIOHHU-
MaeTcsl 10JI ACUMIITOTHYECKMMHU IPUOIMKeHUAME K PelleHrio BO3MYIIeHHBIX 3aa4 OIITHMAILHOTO
ylIpaBjieHus. Bo BTOpoM paszjesie u3jaraeTcs MeTOIMKa HCCIeI0BaHMs, C IIOMOIIbI0 KOTOPOil Io-
CTPOEHBI ACUMITOTUYCCKHIE TPUOJINKEHUsT K PelIeHIAM IIPOKOIo KJacca Pery/sipHO U CHHIYJISPHO
BO3MYIIEHHBLIX 3aJad, B TOM 4YHCIe U KBasWIHHeHHbIX. B pasza. 3, 4 IpuBeieHbl pe3yJbTaThl Ka-
YECTBEHHOI'O aHAJIM3a PACCMOTPEHHBIX 3aJad ONTUMU3AINU KBA3UIMHEHHBIX CHCTEM U AJTOPUTMbI
HOCTPOEHUsI ACUMITOTUYECKUX MPUOIUZKEHUIT K UX PeIleHUsIM.

1. BO3MyIJ.l€HHI)Ie 3aJa4d1 OIITUMAJIbHOI'O yIIpaBJIEHUA

ITox BO3MyIIIEHHON 3ajadeil ONTUMAJIBLHOIO yIpaBJeHUs TUIa Bojblia IMOHMMaeTCst ceMeficTBO
3371249 BUIA

= flz,u,t,p), x(ty) =z« wu(t)eU, telt,t"], (1.1)
pi(x(t"),p) =0, i=Tm, (1.2)
J(u) = po(x(t™), n) + / fo(x,u, t, p)dt — max, (1.3)

[

rJie [ — MaJIblil TT0JI0KUTebHBIN apamerp (0 < p < fig); 4 — r-BeKTOp YIIPABJIEHUs]; T — N-BEKTOD
ba30BBIX TIEpEeMEHHBIX; by, t* — 3ajaHHbIE MOMEHTBI BpeMeHH (t, < t*).

Onpenenenne 1. Yupasremme uM(t, 1), t € [t.,t*], ¢ KyCOUHO-HEIPEPHLIBHEIMU KOM-
[OHEHTAMH M 3HAYEHHUsIMU M3 MHOKecTBa U Ha30BeM (IIPOrPAMMHBIM) ACHUMITOTHYECKH CYOOITH-
MaJIbHBIM yipasienneM N-ro nopsiaka (N = 0,1,2... ), eciit OHO OTKJIOHSIETCST 110 KPUTEPHIO Katie-
ctBa (1.3) or onruMabHOrO ynpassenns na emmamry O(uN*t1), a mopokenmas mM TpaekTopus
x(t,p), t € [ts,t*], cucremsr (1.1) yaoBieTBoOpsieT TepMUHATIBHBIM OorpaHudeHusM (1.2) ¢ TOIHOCTBIO
TOrO 7K€ HOPsJIKA MAJIOCTH.

Onpenenenne 2. Bexrop-dbymxmmo uN)(z,t, 1) masoBen acmmmroTmaeckn cyGomru-
MaJIbHOMN 06PATHOM CBsi3bI0 N-I0 TIOPSIIIKA, €CIIH JJIst JTI0O0I0 HATATBHOIO COCTOSTHUST (T, ) (s < 1)
mveer mecto ulN) (z,,t,, 1) = uN) (t,, 1), tme N (¢, 1), t € [te,t*], — acummroTHUecKH CyGONTH-
MaJsibHOe yupasienne N-ro nopsijika B 3a1aqe (1.1)—(1.3).

Bosmymennoit 3agadeii onTuMaabHOTO OBICTPOAEHCTBUS HA30BEM CEeMEHCTBO 3aad BHUIA

x':f(x,u,t,,u), ﬂj‘(t*) = Tx, ﬂj‘(t*) =0,

(1.4)
u(t) e U, tE€ [ty t"], J(u)=1t"— min,

B KOTOPOM [ — MaJIbIi IIOJIO?KUTEILHBIN ImapaMeTp.

Oupegeneunue 3. YupabjieHue uN) (t,p), t € [te,t* ()], ¢ KyCOIHO-HENPEPHIBHBIME KOM-
HOHEHTAMU U 3HaYeHUsIMU U3 MHOXKecTBa U, Ha30BeM ([IPOrPaMMHBIM) ACHMITOTHYECKH CyGOIITH-
MaJIbHBIM yrpasjienueM N-ro nmopsijaka B 3ajade (1.4), ecim OHO IEPEBOIUT JIMHAMUYIECKYIO CUCTEMY
B da30BoE COCTOSAHHE O(,uN +1), a KOHEeUYHbIIi MOMEHT BpeMeHN t*(u) oramdaercss OT MOMEHTa OITH-
MaJIbHOTO OBICTPOJIEHCTBUS Ha BEJIUIUHY TOTO YKE MOPSIKA MAJIOCTH.

Acumurornuecku cyGonTuMaabHble OOpATHBIE CBS3U B JAHHOM CJIydae OLPEJIE/ISIOTC TaK JKe,
kak u B 3amade (1.1)—(1.3).

B wuccrenoBanny 3a/1a4 ONTHMAJIBHOIO YIIPABJIEHHUsI ¢ MAJIBIME [APAMETPAMU, KaK U B aCHMII-
ToTHIecKoi Teopun uddepeHnuanbHbIX ypaBHEHUH, MOXKHO BbIJIENTD JBa Hanpasienus. K mep-
BOMY OTHOCSITCSI PAOOTBI 110 ONTHMHU3AIUN CUCTEM C PEryJISPHBIMUA BO3MYIICHUSIME, B TOM YHCJIE U
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KBa3unHeHbIME. BTOpoe HalpaB/jieHune BKJIOUAET B cebsi UCCIIEIOBAHNE CUHTYJISIPHO BO3MYIIIEH-
HbIX 3aJa4. Jlesienne 3a7a4 ¢ MaJbIMUA IIapaMeTPaMH Ha PEryJIsipHO U CUHTYJISIDHO BO3MYIIEHHBIE
sABJETCd yCJAOBHLIM. HazoBeMm 3a/1avy ONTUMAJLHOTO YIPABIEHUS PE2YAAPHO S03MYWEHHOU, €CIIH
dopmupyitoriue ee OYHKIME TaKUe, UYTO UX MOXKHO HEIPEPBIBHO MOONpPENeauTh npu p = 0 s
JIIOOBIX BO3MOXKHBIX 3HAYEHUI OCTAJIbHBIX apr'yMEeHTOB. B mporuBHOM cjydae OyjeM CUUTaTh, UTO
3ajlada ABJIAETCS CUHLYAAPHO 803MYUEHHOU.

2. MeTtoauka mccJjieoBaHUsI

B paborax [5;13] npeyioxKeH MOAX0/ K UCCJIEI0BAHUIO BO3MYIIEHHBIX 3814 ONTUMU3AIUM [IVi-
HAMUYECKUX CUCTEM, B OCHOBE KOTOPOI'O JIEXKUT CHeNna bHasd KOHeYHOMepHas TapaMeTPpU3alius Oll-
TUMaJIbHBIX yrpapiaeHuii. C ero moMoInsbo pa3paboTaHbl aJIOPUTMbI IIOCTPOEHUST ACUMIITOTHIECKIX
IpUOJIM2KEHN TPOU3BOJIBHOIO TOPSIKA K PEIIEHUsIM IMHPOKOr0 KJIACCa PEryJIsipDHO W CHHTYJISPHO
BoamyIieHHbIX 3aja4 [14]. Cyrb 3T0ro mojaxoga cocrouT B cieiyomieM. Jlus MHOrmX 3ajad orl-
TUMAJILHOTO YIIPABJIEHNs] MOXKHO yKa3aTh KOHEYHOMEDHbIE 3JIEMEHTBI (HA30BEM UX OIIPEJIeJIsIOIII-
MH), 110 KOTOPBIM JIEFKO BOCCTAHABJIMBAECTCS PEIICHHE 3aJa4M, IPUIEM B BO3MYIIEHHBIX 3ajadax,
9TO OYEHb CYNIECTBEHHO, OHU, KaK IIPABUJIO, IVIQJKUM O00PAa30M 3aBHCAT OT MaJjoro mapamerpa.
K ompenensromnum sjeMeHTaM, B YaCTHOCTU, OTHOCIATCS TOYKH IEPEK/IIOUEHUsT peJIefiHbIX yITpaBiie-
HUI, HAYaJIbHBIE I KOHETHBIE MOMEHTBI 0COOBIX U KBA3UOCOOBIX pesKUMOB [6], MHOKuTe M Jlarpanzxka,
JUTUTEIHHOCTD Tporiecca (B TOM CIydae, Korja oHa He 3ajaHa). C IOMOIIBIO IPUHIUIA MAKCUMY-
Ma [29] u ycioBuil JOIyCTUMOCTH yIIPABJIEHU JJIsl OIPEJIEJISIOINX JIEMEHTOB a1, 42, . . . , A MOXKHO
COCTaBUTH CUCTEMY KOHEUYHBIX YPaBHEHUI

Fi(ay,a9,...,a5,p) =0, i=1k, (2.1)

riae g — Majblii mapaMerp. HaszoeMm aTu ypaBHeHusl, Kak 1 UX KOpHH, onpedessrouumi. Popmu-
pytorcst ypasHenus (2.1) myTeM MHTErpHpOBaHUsl MPSIMOil U CONMPSKEHHON JMHAMUYECKUX CHCTEM,
KOTODBIE SIBJISIFOTCS BO3MYIIEHHBIME. [IPUMEHsIST COOTBETCTBYIOIIUE ACHMIITOTUYECKAE METOBI (B
pery/ispHO BO3MYIIEHHBIX 3ajadaX — KJIACCHYeCKYIo TexXHHKY llyaHkKape, a B CHHIYJISPHO BO3MY-
IIEHHBIX — MeTOJ IorpaHnyHbIX dyHkuuii [4]), MmoxHO paznoxurs dyukuuu Fj(a,as, ..., ag, 1)
IO CTEHEeHAM MaJIoro IapaMeTpa

Fi(al,ag,. .. ,ak,,u) ~ Fio(al,ag, - ,ak) —I—,uFil(al,ag,. .. ,ak) 4., 1= 1,](3,

a 3aTeM B yCJIOBHAX IPHMEHUMOCTH TE€OPEMBI O HEsIBHOI (DYHKIIMH METOIOM HEONPEIEJCHHBIX KO-
5bOUINEHTOB HAWTH aCHMIITOTHKY PelleHusi cucreMbl (2.1), T. e aCHMITOTHKY OLPEIEIISIIOIINX e~
MEHTOB. [IJIs1 OCTPOEHUsT aCHMITOTHYECKH CyOONTHMAILHBIX YIPABJICHHI 33/ IAHHOTO MOPSIKA JI0-
CTAQTOYHO 3aMEHUTH HEM3BECTHBIE OIpEJIeJIsiomue sjeMeHThl ay (i), az(i), ..., ap(p) ux acummro-
THYCCKUMU NPUOINAKEHUSIME COOTBETCTBYIONIEro Hopsiaka. OCHOBHAS TPYIHOCTH IIPU PeaH3alinn
YKA3aHHON CXEMBI COCTOMT B HAXOXKJICHUH CTAPIINX KO3(MQUIMEHTOB PA3JIOKEHUS OIPE/IEIISTIONINX
9JIEMEHTOB, T.€. KOPHE( CHCTEMBI HyJICBOIO IPUOIINKEHUST

Fyo(ay,az,...,a,u) =0, i=1k. (2.2)

B cityuae perysiipHbIX BOSMYIIEHNN KOPHAME 3TOM CUCTEMBI OYIYT OIPEIE/ISIONIe 3JIEMEHTHI B
HEBO3MYIIIEHHON 3a/ate, KoTopast popMajbHO mojaydaerca u3 ncxomuoit mpu p = 0. Takyto 3amaay
B JajbHeiemM 6ygeM Ha3blBaTh 6a30Boii. Eciam ke mcxomHasi 3ajada ONTHMAJILHOIO yIPABJIEHUS
SIBJISIETCsI CUHTYJISIPHO BO3MYIIEHHOMN, TO KOPHSIMU CHCTeMBI (2.2), KaK [PaBUIo, OYILyT OlpeIeIsiio-
e 9JIEMEHTHI JIBYX 3aJa4 MeHbIeil pasmepHoctu. OaHa U3 HUX — BBIPOXKJICHHAs 3aa4a, & BTOpas
nombupaeTcs B pe3yabTaTe aHaIm3a CHCTeMbI (2.2), 9To mpe/cTaBiser coboil HedopMabHbIH STal
HCCJIEIOBAHUS.

OTMeTHM, 9TO TIOCTPOEHHBIE C MTOMOIIBI0 M3JIOXKEHHOI'O IOIXO0/Ia ACUMIITOTHIECKNE MPUOJIHKe-
HHS OLPEIEIAIONINX 9JIEMEHTOB MOYKHO KCIIOIb30BATE JIjIsI HAXO0KIEHUS OIITUMAJILHOIO yIIPABICHNS
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B BO3MYIICHHOI 3aJiade C 3aJaHHLIM 3HauYeHueM f. /I 3TOro Hy»KHO HPUMEHUTH IPOLEAYPY J0-
BOJIKY [7], KOTOpasi COCTOUT B PellleHnn cucTeMbl ypasuenuii (2.1) merogom Herorona.

OnucanHbIii OAXO0J YA00EH JIJIs YUCJICHHON peajM3aly, IIOCKOJbKY MPH €ro NPUMEHCHUU JIe-
JIO CBOJIUTCS K PAa3JIOyKeHHI0 KOHCYHOMEPHBIX 3JIEMEHTOB. 3aMeTHM, YTO Hjes UCHOJIb30BAHUSI KO-
HEYHOMEPHOI IapaMeTPHU3aIiy PEIleHnsT B aCUMITOTHYECKOM aHaJu3e BocxoauT K Bam-mep-ITosro
(M. [3]), KOTOpBII IPUMEHSIT ee IPH UCCIE0BAHNE KOJIe0ATEIbHBIX PEXKUMOB.

3. KBazunuHeiinble 33/1a4u ONTUMAJIBHOTO yIPaBJI€HUS

PesybTaThl aCHMITOTUYECKOTO aHAIM3a PENICHA KBA3UIMHEHBIX 32,189 ONTHMAJILHOTO YIIPAB-
JICHHsI CIPABE/IMBLI U JIJIT OTPUNATEIBHBIX 3HAYCHUIN fi, €CJIM OHU JOCTATOYHO MAJIBI IO MOIYJIIO.
[TosTomy B janbHeiimeM OyaeM CYATATh OGJIACTHIO MPUMEHEHHsl MAJIoro IapamMeTrpa HEKOTOPYIO
OKPEeCTHOCTD HyJIst |u| < .

PaccMoTpuM KBasuIMHEHYIO 3a/1ady TepMUHAJILHOTO yIIpABICHUS BUJIA

T=At)x + pf(x,t) +b(t)u, z(ty) =z, |u(t)] <1, t€E [t t"], 51)
Hz(t) + ph(z(t) =g, J(u) =l z(t*) + pd(z(t*)) — max, .

rje p — MaJiblii ([0 MOJYJII0) IapaMeTp; u — CKaJsp; T — N-BEKTOp; g — m-BeKTop (m < n).
IIpennomnaraercs, aro A(t), b(t), 0f (x,t)/0x, Oh(z)/0x, dd(x)/0x, v € R", t € [t,,t*], nupunasyre-
xat kiaaccy CP,p > 1.

Acumnrornueckuii anaaus [15] HOKa3bIBaET, YTO NPU HECTECHUTEHHBIX [IPE/IITOJIOKEHUIX OTHO-
CUTEJIBLHO pertennst 6a30Boit 3a1aun (cM. pasia. 2), KoTopas (hOPMAIBHO IMOIYyIaeTCs U3 UCXOTHOM
npu g = 0 U B owInuMe OT Hee sIBJISIeTCs JIMHEHHOM, onTuMasbHOe yipasienue B 3amade (3.1) ¢
JOCTATOYHO MaJIbIM II0 MOJIYJIIO (4 UMeeT pesIefiHBIIl XapaKTep M COXpaHseT IPU 3TOM CTPYKTYPY
pemenust 6a3oBoit 3amaun. Ha ocHOBaHUM 3TOro (hbaxrTa C MOMOIIBIO M3JI0XKEHHON paHee METOINKI
paspaboraH 1 060CHOBAH aJI'OPUTM, TIO3BOJISIIOIINI JIJIst 3a/1aHHOrO HaTypaJsibHoro ncaa N (N < p)
HOCTPOUTH peJIeiiHoe aCHMIITOTHYECKN CyOOnTHMaIbHOe yupasierne N-ro mopsika (CM. ompeete-
uue 1). Touku nepeksroueHnst TaKoro aCUMITOTHIECKOTO TIPUOJINKEHUsI TIPEJICTABIISIIOT COOOM TIOJIH-
noMmbl Teitiopa N-it cTelieHH TOYEK MePeKII0YeHns ONTUMAILHOIO YIIPABIEHNS, KOTOPHIE SBJISIIOTCS
GYHKIMSIMI MaJIOro IapaMmerpa, npudeM QyHKIusMu n3 Kiaacca CP. IlomyTHO cTpouTcst acuMII-
TOTUKa MHOXKHTeJell Jlarpam»xka, KOTOpble BMECTE C TOYKAME MTEPEKJIIOUCHUsT SABJISAIOTCI B TAHHOM
CJIydae OIPeNe/IAoNMMI d1eMeHTaMu. [Ipy crelaHHbIX IPeIIoIOKEHNAX peleHne 0a30Boil 3a1a4u
Oy/leT acCUMITOTHYeCKH CyOONTHMAJbHBIM yIIPDABICHUEM HYJIEBOIO TopsiKa B 3a1ade (3.1).

[Ipu nmocTpoeHnn aCHMITOTHYECKH CyOONTUMAJIbHBIX YIIpaBJeHuil 60jee BLICOKOIO MOPSIKA I10-
MEMO pelleHnsi 6a30BOii 3a1a9 BBIYMCIEHUSI CBOLATCS K PEIIEHUIO HAYAJIbHBIX 3aJad JIJIs CHCTEM
JIMHEHHBIX 1uddepeHuaIbHbIX YPABHEHNN, a8 TaKyKe K HAXOXKJICHUIO KOPHeil HeBLIPOXKICHHBIX JIHU-
HelHbIX ajrebpandeckux cucreM. Ha ocHoBe paspaboranHoro ajropurma B [15] mpesjioxkena urepa-
IMOHHAd IIPOLElypa PelleHnd CYIIeCTBEHHO HeJIMHENHBIX 3a/1a4, TAe B Ka4eCTBE MaJIOTo HapaMeTpa
BBICTYIIA€T IIar UTEePaluu.

B [8] onmcan anropur™ paboThbl PEryJssiTopa, KOTOPBI CTPOUT B PEXKUMe PeabHOIO BPEMEHU
MMO3UITUOHHBIE ACUMIITOTHYECKNA CYyOONTHUMAJbHBIE YVIIPABIECHUS IIEPBOrO IOPSIIKA B 3aJavUe TePMU-
HaJIbHOI'O yIIpaBJICHUA KBa3WJIMHENHON CHUCTEeMOM, II0[BEPXKEHHON EiCTBUI0O HEU3BECTHBLIX IIOMEX.
[Tpu paspaboTke peryssitopa HCIOJIb30BAINCH U3JIOKEHHBIN B [15] ajropurm u MeTos cuHTe3a Or-
TUMAJILHBIX YIIPABJIeHUil TUIIA 0OPATHOl CBsI3U Jiisl TMHEHHbIX cucTeM [9)].

B kiacce ckaJsIpHBIX yIPaBJIAIONMX BO3IEHCTBUNI PACCMOTPHUM 3a/1a9y OITHMAJJIHLHOIO OBICTPO-
JeNCTBUA 11 KBA3UJIMHENHON CUCTEMBI

t=At)x+ pf(x,t) +b(t)u, x(ty) = 4,
z(t*) =0, Ju(t)| <1, tel]ts,t"], J(u)=t"— min, (3.2)

lul <1, zeR",
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B npenosioxkenun, aro A(t), 0f (z,t)/0x, b(t), z € R™, t > t*, npunaniexar knaccy CP, p > 1.
B pa6orax [16;17] nokazaHno, 9T0 IPU HECTECHUTEIBHBIX MPEJIIOTIOKEHUAX OTHOCUTEIHHO PEIeHsI
6a30BoIi 33,1441 ONTUMAJILHOE yIIpaBJIeHue B 3ajade (3.2) ¢ JOCTATOUHO MAJIBIM [0 MOJYJIIO fi sIBJIsi-
eTcst peJIeliHbIM, COXPaHsst TP 3TOM CTPYKTYPY pernenus 6a30B0ii 3agaqn. C moMOIIbIO U3/I0KEHHOM
B pasJl. 2 METOJUKHU pa3paboTaH aaropuTM, HO3BOJILAIONTH 171 3agannoro auciaa N (N < p) nocrpo-
UTh aCUMIITOTHYECKH CyGonTHMasbHOe yupasieHue N-ro nopsjka (cum. onpejesenue 3). Oupese-
JISTIOIIAMHY 3JIEMEHTAMU B JAHHOM CJIydae sABJIAIOTCS TOYKH HEPeKIIOUYCHNs ONTUMAJLHOTO YIIpaBIe-
HHsI, MOMEHT OITHMAJIBHOIO OBICTPOJIEHiCTBIS U HaYa/IbHBbIE 3HAYEHUs (B MOMEHT () CONPSI?KEHHbBIX
[ePEMEHHDIX, COOTBETCTBYIONIUX B CHJIy NPUHIUIA MakcuMmyMa [29] onrumasibHOMY yIpaBIeHUIO.
OTn BesMUMHBI Kak (DYHKIUE MaJIoro napamerpa npunajexkar kiaaccy CP. Bpramcienus npu 1mo-
CTPOEHMU ACHUMITOTUIECKU CyOONTUMAJBHBIX YIIPABJIEHUIN CBOAATCA K PEIIEHUIO 6a30BOi 3a1a4u,
KOTOpas ABJISETCs JMHEIHON, MHTEerpupOBAHUIO CUCTEM JIMHEHHBIX Aud depeHnuaIbHbIX ypaBHeHHil,
a TakyKe K HaXOXKJIEHWIO KOPHeH HeBBIPOXKIEHHBIX JTUHEHHBIX anarebpandeckux cucreM. Pazpaboran-
HBI anropuT™M 0606maeT pe3yabraThl paboThl [25], KOTOpasi B IPUHSATO TEPMUHOJIOIMU TTOCBSAIIIE-
Ha [IOCTPOEHUIO aCUMIITOTHYECKH CyOOITUMAJIBLHOTO YIIPABJIEHHUs II€PBOro Mopsijika B 3ajaue (3.2).
O6o061enne CBI3aH0 HE CTOJIBKO € IMOPSAIKOM aCUMIITOTHKH, CKOJIBKO ¢ 0DOCHOBAHMEM AJTOPUTMA.

AJIropuTMBI aCUMITOTHYECKOrO PEIICHNs KBA3UIMHEIHBIX 3aa9 CO CKAISPHBIME yIIPABICHUS-
MU JIEFKO [IEPEHOCSITCsI Ha CUCTeMbI ¢ MHOTOMEpHBbIME yrpasiaeHusivu u(t) = (ug(t), ..., u.(t)), ecau
Ha 3HAYEHUs TIOCIEIHUX HAJIOXKEHbl orpanudenus sujga a; < w;(t) < b, i = 1,2,...,r. [Ipu sTom
NPUHIMIAAIBHBIE CXEMbI aJIFOPUTMOB HE IIPETEPIIEBAIOT CYIIECTBEHHBIX n3MeHenuit. OCHOBHOE J10-
CTOMHCTBO aJI'OPUTMOB COCTOMUT B TOM, YTO OHM OIMPAIOTCS Ha PEIeHns Da30BbIX 3aJad, KOTOPbIE
B OTJINYHME OT MUCXOJHBIX SABJSIOTCA JuHEeHHbIMU. OJHAKO B CJIyvdae MHOMOMEDHBIX YIPABJISIONINX
BO3EHCTBUIl BHIMIPBIIT MOXKET 3aK/II0UaThCA He TOJBLKO B 3TOM. B IaHHOM cilydae 6a3zoBas 3ajada
MOXKET PAclaIaThCsl Ha 3aja9K MeHblleill pasmepHocTu (cM. [14]), Torga ajgropurM 1iesiecoobpasHo
UCIIOIB30BaTh JazKe JJIsl JIMHEHHBIX BO3MYIICHHI, 0COGEHHO eC/IM NCXOQHAdA 3aa9a UMeeT OOJIbIITYTO
Pa3MEepHOCTD.

Bo MHOruX NpUK/IaIHBIX 33a9aX ¢ MHOTOMEPHBIMU YIPABJICHUSIMA OIPDAHUYEHNsT HA WX 3HATE-
nug umeror Bug ||u(t)]| < a, tue |lull = /u? + ...+ u? — eBximuoBa HOpMa BekToOpa u. B mepsyio
oYepe/ib 9TO OTHOCUTCS K 3aJadaM yIPaBJIeHHsl MeXaHHYeCKUMU cucreMamu. B pabore [11] pac-
CMOTPEHA CJIEYIONIAs 38,1894 TEPMUHAIBHOTO YIIPABICHNs KBA3WINHEHHON CUCTEMOIT ¢ TIOIBUKHBIM
HPaBBIM KOHIIOM TPAeKTOPMIi:

& =At)r + pf(x,t)+ Bt)u, z(ty) = x4, 33)
lu@®)| <1, te[t.,t], Hzt*)=g, J(u) =c z({t*)— max, .

rjge p — MaJblii ([0 MOMYJII0) Tapamerp; ti, t* — 3aJaHHble MOMEHTBI BpemeHu (t, < t*);
U — T-BEKTOpP; & — M-BEKTOp; g — m-BeKTop (m < n). OcrajbHble 3JIeMEeHTbl UMEIOT COOTBETCTBY-
fomue pasmeproctu. [Ipeanonaraercs, ayro marpuunbie dyukuuu A(t), B(t), df(x,t)/0x, © € R™,
t € [ts, t*], nupunagyexxar xiaaccy CP, p > 1. JlokazaHna TeopeMa O CyIIECTBOBAHUU HEIPEPBIBHOIO
OIITUMAJILHOTO yIIpaB/jieHus B 3ajade (3.3) U ero acUMITOTHYECKUX CBOHWCTBAX IIPU MPEIIIOJIOXKE-
HUSIX, CJIEJJAHHBIX OTHOCHTEHHO PeIleHus JIMHeHOi 6a30Boii 3a1aun. Pe3yabrarsl KaueCcTBEHHOIO
aHaJIM3a TI0JIOXKEHBI B OCHOBY AJrOPUTMa, € IOMOIIBI0 KOTOPOro st 3agannoro duciaa N (N < p)
MOXKHO ITOCTPOUTH aCUMIITOTHIECKN CyOOITHMAIbLHOE yIIpaBjieHue N-ro mopsaka B pacCMOTPEHHOM
zajade (cM. ompesnesieHre 1). DTOT aJropuTM IPEICTABISACT CODO OUePeHYIO0 PEAN3aIUui0 METO-
JIMKW, U3JI0XKEHHOI B pas3fl. 2. Ero cyTb cOCTOUT B PA3JIOKEHUH T10 1EJIBIM CTEIEeHsIM (i MHOYKUTE el
JlarpaH:ka, KOTOpble B JaHHOM CJIydae SIBJISIIOTCS OIPEIeJISTIONIAMA SJIeEMEHTaMU U Kak (DyHKIIN
MaJIoro Imapamerpa npuHaiexkar kiaaccy CP. BorancimrenbHasi Ipoleaypa aaropuTMa BKIIOYAeT
B cebst HaxOXKIeHne MHoxuTe el Jlarpan:ka B 6a30Boii 3ajate, pelleHne HauaJ bHBIX 3aa9 JIJIsT CH-
cTeM JIMHEHHBIX auddepeHnpalbHbIX YPaBHEHHUH, a TaK:Ke HaXOXKICHUE KOpPHEH HEBBIPOXKICHHBIX
JIMHEHHBIX ajredpandeckux cucreM. Kak v B IpeaplayIuX 3aadax, perenne 6a30Boi 3a1a4u Oy1er
ACUMITOTHYECKH CyOOITUMAJIBHBIM YIIPABJIEHUEM HYJIEBOrO MOpsiIKa B 3a1ade (3.3).
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PaccmorpuMm 3a1a4y onTHMAaJIBLHONO OLICTPOAECHCTBHSA I KBa3UJIMHEHHON CHCTEMBI IIPU OI'pa-
HUYEHUHN YIIPaBJIeHUs Tuepcdepoit, KoTopas UMeeT BHU/I

&= Az + pf(x,t) +0(t)u,  2(t) = s,
z(t*) =0, ||u(t)]] <1,t € [ts,t*], J(u) =t* — min, (3.4)
| <1, weR", zeR"™

[Ipennomnaraercs, aro snementst Marput A(t), B(t), f (z,t)/0x, x € R™, t € [t., t*], upunaiexar
kiaccy CP, p > 1. B [12] nokazano, 4To npu BBIIOJIHEHUN HEKOTOPBIX MIPE/IIIOJIOKEHUN OTHOCUTE b
HO pertteHnst 6a30Boli 3a/aun B 3aja4ue (3.4) CyIIecTByeT eMHCTBEHHOE ONTHMAJIbHOE yIIpaBJIeHUE,
KOMIIOHEHTELI KOTOPOI'O SIBJIAIOTCH HEIPEPLIBHLIMYU (DYHKIUAMEA BpeMeHr. C IOMOIIBLIO U3I0XKEHHOM
B pa3/l. 2 METOIMKH pa3paboTaH aJrOpUTM, MO3BOJSIONMIA st 3aganHoro dnciaa N (N < p) no-
CTPOUTL ACHUMITOTHYECKH CYOOITHMAJbHOE yIpasienue N-TO HOpsKa B PACCMOTPEHHON 3amade
(cM. omnpegesienue 3). Ero cyTh, Kak U B IPEJbIIYIIAX KBA3HJIMHENHBIX 33/a9aX, COCTOUT B PA3JIO-
JKEHHUH II0 LEJILIM CTEIEHSIM MAJIOTO IIapaMeTpa ONPEedesIONNX 9JIeMEHTOB, B KaueCTBe KOTOPLIX
B JIAHHOM CJIy9ae BLICTYIIAIOT MOMEHT ONTHUMAJILHOIO OBICTPOIEICTBUST M HAaJAJbHbIEC 3HAYCHUS (B
MOMEHT t,) CONPSIZKEHHBIX MEPEMEHHBIX. DTH BEJIMYUHbI Kak (DYHKIMU MaJjoro Hapamerpa Hpu-
Hajgiexkar kiaccy CP. AcuMmmrornaecku cybOnTHMAIBHOE YIIPABJI€HNE HYJIEBOIO HOPSIIKA SIBJISIETCSI
petrerneM 6a30Boi 3aga4un. [Ipu MOCTpoeHNN ACKMMIITOTHYIECKAX IPUOINKEeHN 60J1ee BBICOKOTO II0-
PsIIKa BBIMHUCJIEHUS [IOMUMO PeIleHns 0a30BOM 3aJa49i CBOAATCA K MHTEIPUPOBAHMIO CHCTEM JIMHEH-
HBIX JudpepeHnnaIbHbIX YPaBHEHNI, a TaKXKe K HaXO0XKIEHUIO0 KOPHEell HEBBIPOXK IEHHBIX JIMHEHHBIX
aJIredpamdecKuxX CUCTEM.
PaccvoTpuM 3a1ady ONTUMU3AINN IIEPEXOIHONO MIPOIECCa B KBA3UJIMHENHON crucTeMe

t=Alt)z + pf(x,t) + Bt)u, x(ts) = x4,

z(t*) =0, J(u)= sup |u(t)|| = min,
@) =0, I = s )] 55

lu| <1, weR", zeR"

KOTOpast COCTOUT B HAXOXKIEHNN MHOTOMEDPHBIX YIIPABJICHUN ¢ MUHMMAJILHON HHTEHCUBHOCTHIO. 1o
MHTEHCUBHOCTDIO B JJAHHOM CJIy9ae MOHUMAETCA MAKCUMAJILHOE 3HAYCHUE €BKJINI0BON HOPMBbI yIIPaB-
JISIOIIMX Bo3uelicTBuil. B nmpukiagubix 3amadax ynopapieHHe 3a9aCTy0 IMEET CMBIC O0OOIIEHHOM
CHJIBI; MHTEHCUBHOCTD OIEHMBAET TOTJa HanboJiblllee 3HaYeHue 3Toil cuibl. [losTomy 3amady (3.5)
HA3LIBAIOT 3a1a4eil 06 yIpaB/IeHun MUHIMAJILHOI cuitoii. [Tomo6Hble 3amaun 3aHuMAOT 0coboe Me-
CTO CPEIV TUIMYHBIX 3aJa4 ONTHMAJILHOIO yIPABJICHUS BCJICICTBUE HEMVIAJKOCTH (DYHKIUOHAJIA
kagecrsa. OHM BOSHHKAIOT B IIPUJIOXKEHUSIX, KOTIa OOJIbININE 3HAYCHNS YIIPABISIONUX BO3IeCTBUI
B IIEPEXOMHBIX IIPOIECCAX JUO0 TEXHUIECKA HEPEATIN3yeMbl, JINOO HEXKeIATEIbHBI N3-3a IPE3MEPHDBIX
Heperpy30K, BbI3BAHHBIX YCKOpeHusiMU. [Ipejionaraercs, 4To IuHaMuIecKast cucrema B 3a1a4e (3.5)
TaKoBa, 4To ssieMeHThl MaTputt A(t), B(t), 0f (z,t)/0x, x € R™, t € [t., t*], upunaexar kiaccy CP.
B [18] moka3ano, 4TO IpU BBIOJHEHUH HECTECHUTEJIBHBIX [IPE/IIIOJIOKEHUI OTHOCUTEIHLHO PElleHusT
6a30BOil 33/1a9N B MCXOIHON KBA3U/IMHEIHON 3a/1a49€e C JJOCTATOYHO MAaJIBIM 110 MOJIYJIIO [t CYIIECTBYET
€IMHCTBEHHOE ONTUMAJILHOE YIIPABJIECHAE, KOMIIOHEHTHI KOTOPOro HenpepbiBHBL. C MOMOIIBIO M3JI0-
JKCHHOI B pas3ll. 2 METOOMKM pa3paboTaH U 0OGOCHOBAH AJrOPHTM, IIO3BOJISIOIIMI IS 3aIaHHOIO
qucia N (N < p) HOCTPOUTH aCHMITOTHYECKH CyOONTHMAIBHOE yIpaBjeHne B 3a1ade (3.5), KoTo-
poe nepeBoauT JuHaMIdecKyto cucremy B cocrosuue O(pN 1) u ornmuaercs no kpurepuio KauecTsa
OT ONTUMAJIBLHOTO YIPABJICHUS Ha BEJIUIUHY TOTO K€ IOPAIKA MAJIOCTH.

CyTb alropuTMa COCTOMT B IOCTPOCHHHU ACAMITOTHUKH OIPEIC/IAIONNX 3JIEMEHTOB, KOTOPBIMU
B JAHHOM CJIy4ae SBJISIOTCA ONTUMAJIbHAS WHTEHCUBHOCTH W HAYAJILHBIC 3HAYECHUS CONPSYKEHHDBIX
HEePEMEHHBIX (B MOMEHT t4), COOTBETCTBYIOIIUX B CUJLy IPUHIAIA MakcuMyMa [26] onTuMabHOMY
YIPABJICHUIO. DTU BEJMYUHBI KakK (DYHKINK MAJIOro napaMerpa npuHamiexkar kiaccy CP. Kak u B
IpeapLIyIInX KBa3WINHEHHBIX 3a4a9aX, BOIYUC/IATEIbHAS IPOIeAypa aJllOPUTMA BKIIOYAeT B cebs
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periierre 6a30BOI 3a/1aYi, UHTETPUPOBAHNE CUCTEM JIMHEHHBIX nuddepeHnajlbHbIX yPAaBHEHUI, a
TaK»Ke HAXOXKJeHNe KOPHEN HEBBIPOXKJIEHHBIX JIMHEHHBIX aredpaniecKux CUCTEM.

4. 3agavym MUHUMU3AIUN WHTETPAJIbHBIX KBAaAPATUYIHBIX (DPYHKIIMOHAIOB
Ha TPAaeKTOPUAX KBA3UJIMHENHBIX CUCTEM

JIuneitHo-KBaipaTHUHbIC 3a/1a491 ONTUMAJILHOIO YIPABJIEHNsS OTHOCATCA K YUCIYy HEMHOIHX 3a-
129 ONTUMU3AIUK JUHAMUYECKIX CHCTEM, JIJIs KOTOPLIX pelleHa Ipob/ieMa CHHTE3a ONTUMAILHBIX
yupapjenuii tuna obparHoil cBs3u (cM. Hampumep, [19;22;23;27;31]). CiioxHee MOAIAIOTCT HC-
CJICIOBAHUIO 3a1a9U MUHUMU3AIUNA HHTEIPAJIbLHBIX KBaJPATHYHLIX (PYHKIMOHAIOB Ha TPACKTOPUIX
HeJINHeHHBIX IUHAMUYECKHX CUCTEM, K KOTOPLIM HPHHAJIIEXKAT U KBA3UIMHEIHbIC CHCTEMBI.

B KJacce r-MepHBIX yIpaBJsliomux Boszeiicrsuii u(t), t € [ts,t*], ¢ KycoOuHO-HENpPEPbIBHBIMY
KOMIIOHEHTAMH PACCMOTPHM CJICAYIONIYIO 33/1a9y ONTUMAJILHOTO yIIPABICHUSL:

i=At)x + pf(x,t) + Bt)u, x(t.) = s,

1 (4.1)

o(t) =0, Jw) =5 [ @ Q@ +uT Ptu)ds - min,
t

rJe @ — MAaJbIi 110 MOJYJIIO TapaMeTp; ty, t* — 3ajJaHHble MOMEHTBI BDEMEHU; & — N-BEKTOp da-

30BOro cocrosinus cucrembl; f(x,t), x € R" t € [ty,t*], — Hesuneitnas Bexkrop-dyHKIUA; Q(t) —

HEOTPUIATEHLHO-0IIPe IeJIeHHasT CUMMeTpryecKast MaTpuna; P(t) — H0oJI0KUTeIbHO-0IPe/Ie/IeHHAST

CUMMeTpHYIecKas MATpuUIa Jjis Beex t € [t,, t*]. IIpeamnonaraercst, aro sementsr Marpui A(t), B(t),

Q(t), P(t), Of (x,t)/0x, x € R", t € [ts,t*], upunagexar kiaccy CP, p > 1.

B gannoMm cirydae 6a3oBast 3aa4ua siBJIsieTcst JuHeiino-kBaapatuanoii. B [20] nokazano aro ecin
JIMHAMUYecKasl cucreMa B 6a30Boii 3aj1a4e BIOJIHE ylipasisieMa [26], To B 3azgade (4.1) ¢ mocraroano
MAaJIBIM 110 MOJLYJIIO f4 CYIIECTBYET eIMHCTBEHHOE ONTUMAJILHOE yIIpaBIeHUe, KOTOPOE MPHHAICKHAT
kiaccy CP. C IOMONIBIO M3JIOKEHHONW B pa3il. 2 METOAMKHN pa3paboTaH aJrOPUTM, MO3BOJISIIONIHI
Jutst 3aganaoro unciaa N (N < p) mOCTpOUTH aCUMITOTHYECKH CyOONTUMAIBHOE yipasieaue N-10
nopsaka B 3ajgade (4.1) B embicsie onpenenenust 1. B kadecTse onpesiesislionux 3J1€MEHTOB B JIaH-
HOM cJryuae GepyTcst HadaJlbHble 3HaYeHHsl (B MOMEHT ) CONpPsI?KEHHbIX [IEPEMEHHBIX, KOTOPbIe KaK
dbynknuu Masoro mapamerpa npuHaiexkar kiaaccy CP. ITpu mocTpoeHMH acHMITOTHYECKH Cy6-
ONTUMAJIBHBIX YIIPABICHUN TOMUMO PEIeHUs JTHHEHHO-KBIPATHIHON 623080 3a/1a9U1 HHTETPUPY-
IOTCS CHCTEMBbI JIMHEHHBIX JuddepeHnualbHbIX YPAaBHEHHH W HAXOAATCS KOPHU HEBBIPOXKICHHBIX
JMHENRHbIX asrebpandeckux cucreM. B [20] mosydensl Takzxke (GOPMyIIbI JJIsi ACHMITOTHYECKH CyO-
ONTHMAJIbHBIX OOPATHBIX CBsA3€ll HYJIEBOTrO U IIEPBOrO TOPSIAKOB (CM. ompe/eenue 2). 3aMeTuM, 9To
ACHUMITOTUYECKHU CyOONTUMAIbHAS 0OpaTHAsl CBSI3b HYJIEBOTO MOPSIKA €CTh ONTHMAJILHOE YIIPABJIEe-
Hue Tuna o6paTHoll cBsi3u B 6a30BoOil 3amaue [2].

PacemoTpum 3a/1ady ¢ TOABUZKHBIM IIPABBIM KOHIIOM TPAEKTOPHIii, KOTOpasl sABJISETCst 06001Ie-
uueM 3aza4an (4.1):

&t =A(t)x + pf(z,t) + B(t)u,z(ty) = ., Hz(t") =g,

N (4.2)

J(u) = 3 /(mTQ(t)x + u? P(t)u)dt — min.
[
3/1ech (1 — MaJIbIii 110 MOJIYJIIO HapaMeTp; ty, t* — 3ajanmble MOMEHTBI BpeMeHn (t, < t*); u — r-Bek-
TOp; & — M-BeKTOP; g — m-BekTop (m < n). OcTajbHbIe JIEMEHTHI 33J[a4l UMEIOT COOTBETCTBYIO-
e Pa3sMEPHOCTH, IIPU 3TOM CPeIu TEPMUHAIBHBIX OrpaHWYeHnil HeT “aumHux’, T.e. rankH = m.
B kpurepuu kauectsa @Q(t) — HeoTpHULATEIHLHO-ONPEIeIeHHAs, & P (1) — MoJI0KUTEIbHO-0IIPE/ eI H-
Hasl CUMMETPUYECKHe MATPHIbL JJist BeexX t € [ty, t*]. Ilpennonaraercs, aro dynknum, HopMupyo-
mpe 3aa4y, obIaIaloT Toll XKe TIaJKoCcThio, 4o U B 3ajade (4.1). Kak u npexie, 6azoBasi 3a1a4a
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SIBJISIETCs] JIMHEHO-KBaApaTnaHoil. B [21] ycranoBiieHo, 9T0 ecsiu AuHAMHYECKasi CUCTEMa B ITOf
3a/1aue ynpasJisieMa OTHOCUTEIbHO mojnpocrpancTea Hx = 0 (em. [10]), To B 3amade (4.2) ¢ gocra-
TOYHO MAJIbIM 110 MOLYJIO fi CYIIECTBYET €JIMHCTBEHHOE ONTUMAJIbHOE YIIPABJICHHE, IPUHAIJICIKAIIIE
kitaccy CP, KoTopoe sIBJIsieTCsl HOPMAJIBHON 9KCTpeMaJjbio. Paspaboradn m 060CHOBaH ajlOPUTM, C
HOMOIIBI0 KOTOPOro st 3aaHHoro duciaa N (N < p) MOXKHO HOCTPOUTH ACHMIITOTHYIECKH CyOOI-
THMaJIbHOE yrpasienue B 3agade (4.2) (cMm. oupenenenne 1). DTOT anropuT™ sSBISETCH OYEPEIHOM
peasmzarueil MeTOJMKNI, U3JI0KEHHOH B pa3j. 2. Ero cyTh cOCTOUT B IIOCTPOEHUI ACUMITOTHKH MHO-
kureseii Jlarpamka, COOTBETCTBYIONUX B CHITY IPHHIMIA MAKCHMYMa OINTHMAILHOMY YIIPABICHHUIO.
Onpeiesistionye 3J1eMeHThI Kak (DYHKIIUHA MAJIOro IIapaMeTpa [IPHU CAETAHHBIX [PE/IIOIO0KEHHSIX IPU-
naiexkar Kiaaccy CP. IIpu mocTpoeHnn acuMITOTHIECKUX IIPUOINKEHHIT K ONTHMAIbHOMY YIPAB-
JIeHnIo B 3a/ad4e (4.2) permaercs JMHEHHO-KBaipaTudHas 6a30Bast 3a7a9a, HHTEIPUPYIOTCSA CUCTEMBI
JHEHHBIX auddepeHnnalIbHbIX ypaBHEHNT U HAXO(ATCsl KOPHU HEBBIPOZK ICHHBIX JIMHEHHBIX ajre6-
pandeckux cucreM. Kpome toro, B [21] momydensr hpopMyiIs st aCHMITOTHIECKH YOOI THMAILHBIX
0OpATHBIX CBsi3ell HYJEBOTO U MEPBOrO IOPsJIKA B CMBICJIE ONpeeseHus 2. ACUMITOTHIECKH Cy6-
onTuMaabHas o0paTHasl CBS3b HYJIEBOTO IOPsJIKA €CTh ONTHMAJBHOE YIPABJICHHE TUNA 0OpaTHOM
cBsi3u B 6a30Boit 3amaue [19].

Bee nepeunciieHable aJropuTMbl alrpoOHpPOBaHbl Ha KOHKPETHBIX 3a/adaX yIIPABJICHHS JIBIZKe-
HUEM.
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ABCTPAKTHAS BHIIIYKJIOCTh ®YHKIIUN OTHOCUTEJIBHO
MHOXKECTBA JINIIIINAIIEBBIX (BOTHYTHIX) ®OYHKIINN!

B. B.Topoxosuk, A.C. TeikyH

Hacrosmas pabora nocssiiena abcTpakTHONH H-Boinykioctu dyuknuit (H — 3aaHHOE MHOXKECTBO 3JIEMEH-
TapHBIX (DYHKLIUI) U ee peaju3alu B CiIydae, KOrJa B KadecTBe H PacCMATPHUBAIOTCS IIPOCTPAHCTBO JIAIIIIA-
1EBBIX (DYHKIUA 1 MHOXKECTBO BOTHYTBIX JIMIIIUANEBBIX (hyHKIUA. B pabore BBOAUTCA HOBOE MOHATHE PEryJIsip-
HO H-BbIMYKIbIX (byHKnuil. Tak Ha3BaHBI (DYHKIMU, KOTOPBIE SIBJSIIOTCS BEPXHUMU OTMOAIONIUMY MHOXKECTBA
MaKCUMAJIbHBIX (B CMBIC/IE IIOTOYEYHOrO ynopsnodenus) H-muuopant. Kak o6o0uieHne MOHATHS TI06AIBHO-
ro cyomuddepennmana BBIMTYKJIONH (DYHKIMU BBOISTCS MHOXKECTBO MaKCHUMAJIBHBIX OIMOPHBIX FH-MUHOPAHT K
GyHKIMYM B 33IJaHHOM TOYKE M MHOXKECTBO HVKHUX H-ONOPHBIX TOYEeK (DYHKIUU, B TEDMHUHAX KOTOPBIX 3aTE€M
YCTAHABJIUBAIOTCS JIOCTATOYHBIE, & TaK¥Ke HEOOXOIUMbIE YCIOBUsI TJIOOAIBHOrO MUHUMYMa (byHKIU. Bo BTOpOii
qacTu paboOThl abCTPAKTHBIE MOHATUS H-BBIMYKJIOCTH PEAJU3YIOTCSl B KOHKPETHBIX CJIydasix, Korja (DyHKIMH
ompejiesieHbl Ha METPUYECKOM MJIM HOPMHPOBAHHOM IIPOCTPaHCTBe X, a B KAUECTBE MHOXKECTBA 3JIEMEHTaPHBIX
byuximit H paccmarpusaercs MHoxkectBo L(X,R) smnmunesbix niam MHoxkectBo LC(X,R) BOrHyThIX Jsinn-
muneBbix PyHKIuNA. BaxKHBbIM pe3ysibTraToM JAHHON YaCTH CTATHU SBJSAETCH JIOKA3aTEJIHLCTBO TOTO, YTO s
TOJIy HelPpepbIBHOMN CHU3Y (PYHKIUH, KOTOpas, KPOMe TOTO, OTPaHUYeHa CHU3Y JIMIIIUNEBO# pyHKImel, MHOMKe-
CTBO HUKHMX L-OIIOPHBIX TOYEK U MHOXKECTBO HIKHUX LC-OIOPHBIX TOYEK COBHAJAIOT U SIBJISIOTCS IJIOTHBIMU B
ee apdekTuBHON obacTu. JJaHHbIE pe3yIbTaThl PACIIPOCTPAHSIOT Ha GoJiee IMIMPOKUI KJIACC TOJIYHEIPEPhIBHBIX
cHu3y (yHKIM U3BeCTHYIO TeopeMy Bponjcrena — Pokadesiapa o cymecrBoBanuu cybaudddepenimasia mjis
BBIIYKJIBIX TIOJIYHENPEPBIBHBIX CHU3Y (DYHKIMIA ¥ BOCXOHAT K OJHOMY W3 BaKHEWINX DPE3YyJIbTATOB KJIACCHYIE-
CKOTO BBIIYKJIOrO aHajn3a — Teopeme Buiona — PeJinca 0 IMJIOTHOCTH OMOPHBIX TOYEK B MPAHUIE 3aMKHYTOT'O
BBIIYKJIOTO MHOYKECTBA.

KitroueBble ciioBa: abcTpakTHas BBIILYKJIOCTb, OIIOPHbIE MUHOPAHTHI, OIIOPHBIE TOYKH, IVIOOAJIBHBIA MUHUMYM,
[IOJIyHEIIPpEPBIBHBIE (DYHIINHN, JIUIIIUIEBl (DYHKIMH, BOTHYTHIE JIMIIIIUIEBbl (DYHKIHH, IVIOTHOCTH OIOPHBIX TO-
YeK.

V. V. Gorokhovik, A.S.Tykoun. Abstract convexity of functions with respect to the set of
Lipschitz (concave) functions.

The paper is devoted to the abstract H-convexity of functions (where H is a given set of elementary functions)
and its realization in the cases when H is the space of Lipschitz functions or the set of Lipschitz concave functions.
We introduce the notion of regular H-convex functions. These are functions representable as the upper envelopes
of the set of their maximal (with respect to the pointwise ordering) #H-minorants. As a generalization of the
global subdifferential of a convex function, we introduce the set of maximal support H-minorants at a point
and the set of lower H-support points. Using these tools, we formulate necessary as well as sufficient conditions
for global minima of nonsmooth functions. In the second part of the paper, the abstract notions of H-convexity
are realized in the specific cases when functions are defined on a metric or normed space X and the set of
elementary functions is the space L£(X,R) of Lipschitz functions or the set LC(X,R) of Lipschitz concave
functions, respectively. An important result of this part of the paper is the proof of the fact that, for a lower
semicontinuous function bounded from below by a Lipschitz function, the set of its lower L-support points
and the set of lower LC-support points coincide and are dense in the effective domain of the function. These
results extend the known Brgndsted—Rockafellar theorem on the existence of a subdifferential of convex lower
semicontinuous functions to the wider class of lower semicontinuous functions and go back to the Bishop—Felps
theorem on the density of support points in the boundary of a closed convex set, which is one of most important
results of classical convex analysis.

Keywords: abstract convexity, support minorants, support points, global minimum, semicontinuous functions,
Lipschitz functions, concave Lipschitz functions, density of support points.
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BBenenune

[Tousitre BbIIyKIOCTH (DYHKIWMA U MHOXKECTB UIPAET KJIOYEBYIO POJIb BO MHOTUX KJIACCHYe-
CKHX pa3jie/iaX MaTeMaTUKH, B YaCTHOCTU B reoMeTpu, (DyHKIMOHAIBHOM aHaauze u ap. Ocoboe
3HAYEHNe BBITYKJIble (DYHKIMHI U MHOYKECTBA IPHOOPEJH B IOCIIEIHNE [STHIECST JIeT B CBSI3H C MH-
TEHCUBHBIM Da3BUTUEM B 9TO BPEMsl TEOPUH ONTUMU3AINK, & TAKKe HEIVIAJKOIO U MHOIO3HAYHOTO
aHasm3a. BBIIOIHEHNE YCIOBUI BBILYKJIOCTH II03BOJISIET MOJIYIUTH HanboJiee NCUEPIbIBAIOIINE De-
3yJIBTATBl KAK JUIsl CAMUX BBILYKJIBIX (DYHKIUIT 1 MHOXKECTB, TakK M JJIs 33/7ad, JaHHbIE KOTOPBIX
SIBJISIFOTCSL BBILYK/IBIMA. B 9acTHOCTH, JJIsl BBIIYKJIBIX 3389 ONTUMU3AIME YAeTCs MOJIyIUTh He
TOJIBKO HEOOXOMMBIE WJIM TOJIBKO JIOCTATOYHBIE YCJIOBHUs ONTUMAIBHOCTH, KAK 9TO UMEET MeCTO B
OOIIEM HEBBIILYKJIOM CJIydae, HO U KPUTEPUH ONTHMAJBHOCTH, T.€. TAKUE YCJIOBUS ONTHMAJIbHOCTH,
KOTODBIE SIBJISTIOTCSI OJTHOBPEMEHHO KaK HEOOXOJMMBIMHU, TaK U JIOCTATOYHBIMUA. B 3HAINTEIbHOM Mepe
5T0 OOYCJIOBJIEHO TEM, YTO BBILYKJIBIM (DYHKIUSM U MHOKECTBAM COOTBETCTBYIOT B COIPSZKEHHOM
IPOCTPAHCTBE JIBOIICTBEHHBIE MM BBIILYKJIble OOBEKTHI, UCIIOIb30BAHNE KOTOPBIX IIO3BOJISIET IIOJTY-
YUTH UCUEPIBIBAIONIIE XaPAKTEPUCTUKH MCXOAHBIX BBIMYKJIbIX QyHKIMiT 1 MHOKeCTB. EcrecTBEHHO
LI09TOMY CTpeMJIeHne O0OOIUTE HOHSTHSI ¥ METOJIbl BBILYKJIOTO AHAJIN3a U PACIPOCTPAHUTH MX HA
GoJtee mUpoOKUe KIacchl PyHKImit n MHOZKECTB. JloCTATOYHO HOJHBIH 0630p PA3IMIHbIX 0600IIeHNU
HOHSITHsI BBIIIYKJIOCTH COJEPYKUTCsI BO BBOJHOM ryiaBe MoHorpaduu [1] (em. takke [2]).

Hacrosimee uccienoBanne IpUMBIKAET K OJHOMY M3 HAIpaBJIEHHI B OOODOIIEHHON BBLIIYKJIOCTH,
HaJajJ0 KOTOPOMY OBLIO 10jIo2KeHO B 70-e rompl mporuioro Beka B paborax C.C.Kyrarenanze u
A. M. Py6unosa [3;4]. JanbHeiiiee pazsurne ux ujien Haium B MoHorpadusax [1;5;6]. Orupasuoit
TOYKOH B JJAHHOM IIOAXOJE CTaJI CJIEAYIOIIM pe3yJIbTaT KJIACCHIECKOI'O BBIIYKJIOTO aHAIM3a: KaK-
Jast TOJIyHEIIPpEPhIBHAS CHU3Y BBIMYKJIas PYHKIMS ABJISIeTCsI BepXHeil orubalorieil ee HeIpepbIBHBIX
addbunHbIX MuHOpaHT (CM., Hanpumep, [7, npemyoxenue 3.1]). B manHOM cirydyae HelpepbIBHBbIE
acdpdunHbIe DYHKINNA BLICTYIIAIOT B Ka9eCTBE 3JIeMEHTAPHLIX (DYHKIINN, U3 CeMEHCTB KOTOPBIX II0-
CPEJICTBOM OIepaIi [IOTOYEYHOro CynpeMyMa (Olepanun BepxXHel orubaroleil) KOHCTPYUPYIOTCst
BBINYKJIbIe byHKnu. Ecan B KadecTBe 3/ieMeHTapHBIX (DYHKINN MBI BRIOHpPaeM KaKoe-JInOo JIpyroe
MHOYKECTBO (DYHKIMIA, CKayKeM MHOXKECTBO H, OTJIMYAIONIEeCcd OT MHOXKECTBa apPUHHBIX (PYHKITUIA,
¥ TPUMEHUM K ITOJAMHOXKECTBAM W3 H OIEPaIHio MMOTOYETHOrO CyIpPeMyMa, TO B pPe3yJbTaTe I0-
JIVIUM KJIACC TaKNX (PYHKIUI, KOTOpbIE, HE SBJIsISICh, BOOOIIE rOBOPsI, KJIACCUIECKU BBIIIYKJIBIMHA,
COXPAHSIIOT TIEJIbIH Psijl BAXKHBIX MX CBOicTB. B cmity sroro takue ¢yHkunu Obun HazBaHbl [4—6]
H-svinykavimu; B [6] mCnosb3yercst HApsiZly ¢ STUM TEPMUH aOCMPAKMHO SHNYKABE PYHKUUU.

B pasBuTne ykasaHHOIO IOAXOHa B HACTOMAIIEH paboTe BBOOUTCS MOHATHE PE2YAAPHO H-6binyK-
anz gynryud. Tak Haspaubl PYHKINKM, KOTOPLIE SBJILAIOTCA BEPXHUMU OIMOAIOIIMMM MHOMKECTBA
MaKCUMAJIbHBIX (B CMBICJIE TIOTOYEYHOrO yropsigodenus) H-muHopanT. Kpome Toro, o6obimast mo-
usrue cybauddepennuaia BbIyKIoil (GyHKIMU, B JaHHO paboTe Mbl BBOJAUM MHOXKECTBa (Mak-
CUMAJIbHBIX) ONOPHBIX H-MHHOPAHT K (DYHKIMU B 3a/IaHHON TOYKE M HUXKHHUX H-OIOPHBIX TOYEK
GYHKIUU, B TEPMUHAX KOTOPBLIX 3aTEM YCTAHABIUBAEM JOCTATOUHBIE, & TAKXKe HEOOXOIUMBIE YCJIO-
BHUS [VIODAJILHOTO MuUHUMYyMa (GyHKIHU. Bo BTOpoM m TperbheMm pazfenax aOCTpaKTHBIE MTOHSITHS
H-BBIIIYKJIOCTH PEAJIM3YIOTCI B KOHKPETHOM CJIydae, KOraa (pyHKIUU OIpeIeseHbl Ha, MeTPHIECKOM
MJIM HOPMUPOBAHHOM IIPOCTPAHCTBe X, a B KAUECTBE MHOXKECTBA JIEMEHTAPHBIX (DYHKIWA H pac-
cmarpuBatoTcs npocrpacTBo L£(X,R) JUNIINMIEBBIX MM MHOXKECTBO ﬁ@(X ,R) summunessx Bo-
FHYTBIX (PYHKIUNA. BaKHbBIM pe3yanbTaToM pasi. 3 U CTAThbU B ILEJOM SBJISETCS I0Ka3aTelbCTBO
TOrO, UTO JJIsT TOJIYHEIIPEPBIBHBIX CHU3Y (PYHKIINI, KOTOPhIE, KPOME TOr0, OTPaHUYEHBI CHU3Y JIUII-
muIeBoil PpyHKIMeH, MHOXKECTBO HUMKHUX L-OINOPHLIX TOYEK M MHOMKECTBO HUYKHIX £5’—0H0prIX
TOYEK COBIIQJAIOT U SIBJIAIOTCS IUIOTHBIME B 3¢ dekTuBHON obsactu PpyHKImu. Jlannubii pesyabrar
pacipocTpansger Ha 6ojiee IMUPOKUI KJlacC HOJIyHEeIPEPbIBHLIX CHU3Y (hyHKIMA Teopemy Bponacre-
na — Pokadesnapa [8] (em. Takxke |9, Teopema 2.10.2]) o cymecroBanunu cybauddepenimaia jiis
BBIIIYKJILIX IIOJIyHEIPEPLIBHBLIX CHU3Y (yHKIUHA. OTMETHM, UTO YKA3aHHBIE PE3Y/ILTATHLI BOCXOIAT
K OJHOMY M3 BarKHEHINX pPe3yJIbTATOB KJIACCHIECKOrO BBIMYKJIOIO aHAJM3a — TeopeMe buromna —
@esrca [10] 0 MIOTHOCTU OMOPHBIX TOYEK B IPAHUIIE 3AMKHYTOIO BBIIYKJIOIO MHOXKECTBA.
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[IpescraBiaeHHbie 3/16Ch PE3YJILTATHI MPOIOJIZKAIOT UCCIIEIOBAHNS, HAYaThIe MEPBBIM aBTOPOM B
paborax [11-13].

Berony nmamee R — MHOMXKeCTBO BelmecTBeHHBIX [mcesd, R := R U {400, —00} — pacmmpennoe
MHOYKECTBO BEIeCTBEHHBIX unces. CuMBojioM Z~ 0603HAUAETCH, KAK 9TO HPUHITO, COBOKYIIHOCTD
Beex dyukimit f : X — Z, onpeeseHHBIX Ha MHOXKecTBe X U NPUHUMAIONINX 3HAYEHUS] B MHO-
JKecTBe Z; HU¥Ke, KAK IIPABUIIO, PACCMATPHBAIOTCSH CiIydan, Korma Z pasno 6o R, 6o R. Co-
pokymuocTn dynknmii RY uw R mpeamonaraiorcss yIopsiioueHHBIME OTHOMICHHEM MOTOUETHOIO
cpasaerns f < g & f(z) < g(x) Vo € X. Oppexmusnom mrnoorcecmeom byukuuu f € R"
nasbiBaercss MuokectBo dom f = {z € X | |f(z)| < 4oo0}. Oyukmua f € R nasbsacrcs
l-cobemeennot nmm mpocto cobemeennot, ecau f(x) > —oo mas Bcex v € X ndomf # O, n
u-cobcmeennoti, ecim yuknust — f siBjisiercsi [-coOCTBEHHOM, T. e. ecan f(x) < +oo jyist Beex © € X

u dom f # &.

1. AoGctpakTHO H-BBINMYyKJble (DyHKIUU

B nannoM pasmeste, cieiysi B OCHOBHOM MoHOrpadusm [5;6], npusenem HeOOXOIUMBIE JIJIsT TAJb-
HEUIITero n3/I0KeHns MOHSITHAS U MOJIOYKEHNsT aDCTPaKTHON Teopun H-BBIMYKIbIX dyHKImMi. Hapsmty
C M3BECTHBLIMU 3I€Ch K€ OYIyT BBEIEHLI M HEKOTOPLIE HOBLIE IIOHATHS 9TOH TEOpHUH.

[Iycte X — 3amanmoe abCTpaKTHOE MHOXKECTBO, 3JIEMEHTHI KOTOPOrO HUXKe OyaeM Ha3bIBATh
TOYKAMU. B JaHHOM pazjesie HUKAKUEe TOMOJIOTHYECKNE, aJrebpandeckue Wil UHbIE CTPYKTYPhI He
[IPEJIIIoJIarafoTCs 3aJaHHbIMA Ha X.

[Tycrs, Kpome ToOro, 3ajano HeKoTOpoe MHOXKecTBO H := H(X,R) onpenenennbix Ha X Bere-
CTBEHHO3HAYHBIX (DYHKIHI, KOTOpbIE Jajiee 6yIyT pacCMaTpUBaThCsl Kak jeMeHTapHbie. [loguepk-
HeM, uTo dom h = X st 1060t pyaknum h € H.

st nmponssosbHoit dynkuun f € R muoxkectso ST(H,f) =4{h € H | h < f} nasbBa-
ercst wuotcnel H-onopot gynrkyuu f, a dyukuuun h uz S™(H, f) — H-munoparmamu Gynruuu
f. Hemnocpencreenno us onpegesienus cieuyer, aro ecaun S~ (H, f) # &, 1o byukuus [ sBisiercst
[-cobCcTBEHHOI U TIPU 3TOM

f(z) > sup{h(z) | h € ST(H), f)} nns Beex x € X.
Oynxmus f : X +— R nasesaercs abemparmno H-evinyxaots (namee npocto H-6vinykaoti), ecim
f(z) =sup{h(z) | h € ST(H, f)} nnst Becex x € X (1.1)
WM, S5KBUBAJIEHTHO, €CJ B H CyIIeCTBYeT Takoe MOIMHOXKecTBO H', 1ro

f(x) = sup h(z) s Beex x € X. (1.2)
heH’

Herpyano ybeauThest, uto ecam s noamuaozkectBa H' C H BeimonHsiercs pasencrso (1.2), To
H C S™(H,f).
Oynxuus f: z— fH(z) Taxag, uro

fH(z) = sup{h(z) | h € ST(H, f)} nns Beex = € X, (1.3)

HA3BIBACTC H-60inyKa0l 06040400 Gynryuy f.
HerocpecTBenno u3 onpesenenust GbyHKI f7F HOTy<daeM PaBEHCTBO

ST(H, [) =S~ (H, ), (1.4)

I3 KOTOPOro cJiejyet, uro (hyHKIus f7¢ ecTh HAnbO/bINAs H-BbIITYK/Ias MIUHOPAHTA (YHKIHE f.
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Bynem rosoputh, uro H-munopanra h € S~ (H, ) dyukuuu f sasiasiercss onopnoti 6 mowke T €
dom f, eciin h(Z) = f(Z). MuoxecrBo Bcex H-munopanT GyHKIun f, OHOPHBIX B Touke T € dom f,
6yaem obosnauarh cumBosiom S (H, f, ).

Mmnoxectso S™(H, f, ) He mycTo TOrja 1 TOJIBKO TOT/A, KOTIA

f(z) =max{h(z) | h € S™(H, f)}, (1.5)

[IPU 9TOM MAKCHMYM B ITOCJIEHEM PABEHCTBE JOCTUTACTCsSt UMEHHO Ha TexX dynknusx h uz S~ (H, f),
KoTopble npunaexar S~ (H, f,T).

Ecmu S™(H, f,Z) # &, To Touky T € dom f Oyjem HasbBaTh Husichell H-onophol mowkot
Ppynxyuu f. MHOXKECTBO BCeX HUKHUX H-OMOPHBIX TOUYeK (DyHKIWEH f OyJaeM 00603HAYATH CHUMBO-
aom Q7 (H, f).

U3 pasencrs (1.4) u (1.5) Jjierko czenaTh BBIBOJ, YTO MHOYKECTBO HUZKHHUX H-OMOPHBIX TOYEK
byHKIME f COMEPIKUTCS B MHOMKECTBE HIKHUX H-OIOPHBIX TOUEK ee H-BLITyK/I0i obomoukn f7L.
ObpaTHoe BKJIIOUYEHUE, BOODOIE MOBOPS, HE UMEET MECTA.

Ecau h € S™(H, f), To mobas dynknus h € H, Taxast aro h < h, ToXKe IpHHAIEKAT S~ (H, f)
U [IPA 9TOM

sup  h(x) = sup h(z) mns Beex x € X.
heS=(H,f) heS—(H,f)\{h}

Taxum obpaszom, Takas yHKIHT h daKTUIeCKn He yIaCTBYET B ITIOCTPOEHUHN H-BBIMYKJIOH 000JI0U-
ki DyHKIUKU f U, cJiefoBaTeIbHo, MOXKeT ObiTh yuauena uz S~ (H, f), npuuem pasercrso (1.3) npu
sTom coxpamnres. Ecmm dbynxmus b € S™(H, f) Takosa, ato B S™(H, f) He cymecTsyer (byHK-
muu h, yrosiaersopsiomeii yeaosusM h < h, h # h, To B HEKOTOPBIX CIydasx h MOXKHO yIAIUTD
u3z S~ (H, f) 6e3 napymenus: pasencrsa (1.3), a B Ipyrux Hesb3s. DTO HAOJIOJEHNE [OKA3bIBAET,
YTO JIJIsT XAPAKTEPUCTUKU H-BBIMTYyKJIOH 060109KH (PYHKIUE f MOXKHO BOCIIOTIH30BATHCS CJIEIYIOTITIM
noaMuOKecTBOM U3 S~ (H, f), KoTopoe MoXKeT ObITh cylecTBeHHO MeHbIuM, deM S~ (H, f).

Cumsosiom S, (H, f) 0603HAIMM MHOXKECTBO MAKCUMAJIBHBIX (OTHOCUTEIBHO OTOYEIHOTO YIIO-
psovenns) H-MuHOpaHT bYHKIME f, T.e. MHOKecTBO Takmx dynkmuait h € S~ (H, f), KoTopbie
VIIOBJIETBOPSIOT CiIeaytomemy ycaosmo: ecm h € S~(H, f) u h < h, 1o h = h.

[Tpumep, MpuUBeIEHHBIT HUZKE, TOKA3bIBAET, YTO, BOOOIIE TOBOPs, JIJIsi HEKOTOPBIX (DYHKIWii f
U MHOXKECTB 9JIEMEHTAPHBIX (PYHKIWH H MHOXKECTBO COOTBETCTBYIONIUX WM MaKCUMaJbHBIX H-
muHOpaHT S, (H, f) MOXKeT GbITH IIyCTBIM, XOTsI MHOXKECTBO Beex H-munopanT S~ (H, f) Hemycro

u pyHKIwUs f ABAsIeTCS H-BBIMYKJIOM.
Oynkmmo f : X — R mazsoem peayaapro H-evnykaoti, ecmu Sy (H, f) # @ n

f(z) =sup{h(z) | h € S (H, f)} mnst Beex x € X.

U3 (1.1) BeIBOIMM: JiJIsi TOTO 4TOObI H-BblityKiiasi (pyHKIust f Oblia peryasipHO H-BbIILyKJION,
nocratouno, atobnt Sy, (H, f) # @ u ana moboit bymaxmum h € S~(H, f) cymecrsosana h €
Seax(H, f), Taxas uro h < h.

Crreyromuit IpocToil IpUMep HOKa3bIBAET, U9TO H-BbINyKjas (DYHKIHA MOXKeT He OBbITbH pery-
sisipao H-Boinykioit. [Iycts X = R u mycts H — MHOXKECTBO JIMHEHHBIX (DYHKITUI ¢ PAIMOHATBHBIM
yriioBbiM Koabdunuentom, T.e. H = {z — qr | ¢ € Q}, rme Q — MHOXKECTBO paIUOHAJILHBIX
apcen. Pacemorpum dymkmmo f : R — R makyio, uto f(r) = v/2|z| mnsg Becex z € R. Torma
S~ (H,f) ={x—qr|qcQ —v2 < q< V2}. Tak kak gs moboro € R BeIIOIHACTCS paBEH-
crBo f(x) = sup{qr | ¢ € Q,—v2 < ¢ < v/2}, 10 bynkmus f asiserca H-soiykioii. Buecre ¢ Tem
Srax(H, f) = @ un, cnegoBarenbno, GyHKIW [ He SBISETCA PETYISPHO H-BBILYKIION.

MHOXKeCTBO MaKCUMAaJbHBIX H-MUHOpaHT GyHKIUU f, onmopHbIX K f B Touke T € dom f, Oymem
oboznadars cumsosioM S, (H, f, ). Takum o6pa3oM, B COOTBETCTBHU C OIPeeIeHIEM

Sinax(M; [, ) := Sipax(H, )N S™(H, f, 7).
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Mmuozxkecrso S, (H, f, ¥) Hemycro TOrIa M TOIBLKO TOT/A, KOIJA

f(@) = max{h(Z) | h € Spax(H, f)},

IPH 9TOM MAKCHMyM B IIOCJIEJHEM DABEHCTBE JOCTUIAeTCs MMEHHO Ha Tex (QYHKIUAX h U3
Srax(H, )}, xoropele npunaguexar Sy (H, f,Z)}.

CuMMeTpUYHBIM 00pa30oM MOXKET OBITh BBEJIEHO MOHATHE abCTPAKTHO BOTHYTOW (DYHKIIUU, OT-
HOCHUTEILHO 33/ IAHHOTO MHOYKECTBa 9JIeMEHTapHbIX (yHKImH. KopoTKo mpuBeseM OCHOBHBIE OTIpe-
JIETICHUST JIJIsT 9TOTO CITYTasl.

[Iycth 3agano MHokecTBO dbyHkuuit G := G(X,R). Muoxecrso ST(G, f) :={g€ G| g > f}
Ha3bIBaeTCA geprHelt G-onopol gynryuu f € @X, npu stoM bynkmuu g uz ST(G, f) HazbBaloTCst
G-maoicoparmamu pynxyuu f. Ecma ST(G, f) # &, To f aBisierca u-coGCTBEHHOI.

Boznymoti G-obor0uxoti bynxmmm f : X +— R maspisaerca bynknua fg : X +— R, onpenensemast
DPABEHCTBOM

fo(z) =inf{g(x) | g € ST(G, f)} nns Beex x € X. (1.6)

®ynxuus f : X — R maseBaerca abempaxmmo G-eoznymot, ecmm f = fg.

Bysem roeopurh, uto G-maxkopanta g € ST(G, f) dbyuxkuuu f sBasercs onopnoti 6 mouke T €
dom f, eciin g(z) = f(Z). MuoxkecTBO Beex G-mazkopaHT (yHKIMU f, OHOPHBIX B TOUke T € dom f,
GysieM obozHauaTh cumposiom ST(G, f, 7).

MmuozxkecrBo S1(G, f,T) # @ Torjaa u TOJLKO TOr/a, KOTJa

f(z) = min{g(z) | g € ST(G, f)},

[IPH 3TOM MUHUMYM B MOCJIETHEM PABEHCTBE JOCTUTAETC MMEeHHO Ha Tex dbynkmusax g uz S1(G, f),
koTopble npunasekar ST (G, f,T).

Ecmn ST(G, f,7) # @, to Touky T € dom f Gynem HasbiBaTh eeprhets G-onoprot mouxol
Pynxyuu f. MHOXKeCTBO BeeX BepXHUX G-ONMOPHBIX ToUeK MyHKIMH [ OyaeM 0003HAYATH CHMBOJIOM
QT (G, f).

Cumsosntom ST (G, f) 0603HAYHM MHOKECTBO MUHUMAJBHLIX (OTHOCHTEILHO TOTOYETHOTO yIIO-
psiyiovenns) G-maxkopanT QyHKIuu f, T.e. MHOXKecTBO Takmx dbyHkuuii § € ST(G, f), kKoropble
VJIOBJIETBOPSIOT CJIeyIoleMy ycaosuio: ecin g € ST(G, f)m g > g, o g = g.

Oyuxmo f : X — R nazsosem pezyaapro G-6oznymot, ecin St (G, f) # @ n

f(z) =inf{g(x) | g € St (G, f)} nna Beex z € X.

U3 (1.6) BeIBOIMM: syist TOrO 9TOOBI G-BoruyTast (yHKIust f Oblia perysisipHo G-BOrHYTOI, J10-
crarodno, atobet S (G, f) # @ n aaa moboit byrxmum g € ST(G, f) cymecrrosana g € S (G, f)
Takas, 4To ¢ > g.

MHOXkeCTBO MUHUMAJIBHBIX G-MarkopaHT (yHKIuu f, onopubix K f B Touke T € dom f, Oymem

_l’_ —
obosHa4yaTh cumBojioM S . (G, f,Z). Takum 06pa3oM, B COOTBETCTBHU C OIIPe/IeI€HIEM

mln(g f x) = S$1n(g7 f) ﬂS—‘r(g? f?"i)'

Muozxectso S, (G, f, ) HelycTo Torja u TOJIBKO TOLJA, KOLJA

f(@) = min{g(z) | g € S, (G, )},

IPM 5TOM MHUHUMYM B IOCJEJHEM DABEHCTBE JOCTUTAETCs HMEHHO Ha TeX QYHKIUAX U3
St. (G, f), xoropbie upunaanexar Si. (G, f, 7).
[Ipeacrasiser uarepec u3ydenne pyHKIMIA, KOTOPbIE SBJISIFOTCST OJHOBPEMEHHO (pery/sipao) H-
BBITTYKJIBIMH 1 (PEeryJisipHo) G-BOTHY TBIMH 1 TIpH 3ToM G = —H., Harmpumep Korya H — xomnyce B RY . B
sTOM ciyuae dbyHKIs [ siBJsieTcst G-BOMHYTON TOT/IA M TOJIBKO TOrJa, Koraa — f ecTh H -BbllyKJiast
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bynkrms. Ecim, 6oee Toro, H = —7H, B YaCTHOCTH ecu H — BEKTOPHOE IIOAIPOCTPAHCTBO B R
1O dyuKIus f ABAsIeTCsT H-BOTHYTO# TOTIA U TOJBKO TOTa, Korma — f H-BBITYyKIIA.

PacemorpnM, kak moHATHS abCTPAKTHON H-BBIMYKJIOCTH COOTHOCITCS C MOHSITUSIMHU KJIACCHTE-
CKOH BBIMYKJIOCTU (DPYHKIIUI.

ITycrs X — BelecTBEHHOE JIOKAJTHHO BBIMYKJIOE JTHHEHHOE TOIMOJOIHYECKOE MPOCTPAHCTBO, &
H = A(X,R) — BeKTOpHOE ITPOCTPAHCTBO HenpepbiBHBIX adbdunubx dhyuKuii. Ciemyromme yTBep-
JKJICHUST SKBUBAJICHTHBL:

(1) dyukuna f € R sapastercs xacemeck BBIIIYKJION (BOIHYTON) ¥ [OJIyHEIIPEPBIBHOM CHU3Y
(cBepxy);

(2) byukuus f € R sposercs A(X,R)-soiykioit (A(X, R)-BoruyToit);

(3) byukius f € R apnsercs peryssipuo A (X, R)-seinykioii (peryiasipao A(X, R)-BorayToit).

Hnsa moboit dyukmum [ € RY ee A(X,R)-omopa S™(A(X,R), f) cocrour u3 Bcex Hempe-
PBIBHBIX a(MUHHBIX MUHOPAHT (DYHKIHUU f, M €CIM OHa HEIyCTa, TO COJEP:KUT OOJIBINOE YHCJIO
GYHKIUI U B CHJTY 9TOTO SABJISETCS HEYIOOHOHN JjisT KOHCTPYKTUBHOM paboTsl ¢ Heil. [losTomy BMe-
cro ST(A(X,R), f) B KJIACCHYECKOM BBIIYKJIOM aHAJIN3€ HCHOJIb3yeTcst (haKTUIECKU MHOXKECTBO
Shax(A(X,R), f) makcumamnbubix A(X, R)-munopant dbyskiun f, KOTOpoe 3a1aeTcsi IPU TOMOIIN
conpsizkennoi pyukun. [IpogemoncTpupyem 310.

Jiobast adbdunnas wenpepoisaas yukius a € A(X,R) moxker ObITh IpejcTaBieHa B BUJIE
a(x) = z*(z) —cVax € X, tue z* € X* (X* — npocTpalcTBO JIMHEHHBIX HENPEPLIBHBIX (DyHK-
i, onpenenenabix Ha X ), ¢ € R. C yuerom sTOro mpejcrasienust s ao6oit dynknun f € RY

muokecTBO So (A(X,R), f) ee makcnmanbubix A(X, R)-MunopanT Moxker OBITH 33/aHO DaBEH-

crBoM Sp. (A(X,R), f) = {z — z*(z) — f*(2*) | 2* € X*}, tme f*(2*) = sup,ex(z*(x) —
f(x) Vaz* € X* — dbynknus, conpsizkennas f. Bropasi conpsizkennast f** dbyuxiun f, onpeess-
eMasi paBeHCTBOM [**(x) 1= sup,«¢ x«(z*(z) — f*(2*)) V & € X, aBisiercst npu 9TOM He €M HHbBIM,
kak A(X,R)-Boinykiioit 06osioukoii dbyHKImu f.

Makcumasbuast A(X, R)-munopanra x — z*(x) — f*(2*), x € X, byukuun f siiasiercst onopHoii
B Touke T € dom f B TOM 1 TOJIBKO TOM ciydae, Korna z*(Z) — f*(2*) = f(Z), 4ro sKBUBaIEHTHO
yesosuio z* € 0f(Z), tne 0f () :={z* € X* | z*(z — &) < f(x) — f(Z) V & € X} — kmnaccuueckuit
cybmuddepenman Mopo — Pokademnapa dbyukiuu f B Touke T [8] (cm. rakxke |9, ompeneiie-
mue 1.16.1]).

Takum o6pazoMm, B Teopun abCTPaKTHON H-BBITYKJIOCTH MHOYKECTBO MAKCHUMAJbHBIX H-MIHO-
PaHT, ONOPHLIX K (GyHKIWME f B TOUKE T, NPU3BAHO UIPATh Ty YK€ POJib, KAKYIO B KJIACCUIECKOM
BBIIIYKJIOM aHajn3e urpaer cydanddepentman GyHKINT B TOUYKe. B 9acTHOCTH, UCIOJb3YsT MHO-
xkectBo Sp.(H, f, T) MakcuMaibHBIX H-MUHOPAHT, OHOPHBIX K (DyHKIUU f B TOUYKE T, Mbl MOXKEM
HOJIyYUTh YCJIOBUS JIJIsl TOUEK IVIODATBHOrO MUHUMYMa (Makcumyma) pyHKImu f.

Teopema 1 (socratounoe ycjoBue robajbHOrO MUHUMYMA). [Tycms — 3adanv,  dymkyus
f: X = R, muooicecmeo anemernmaproir dynwuuti H = H(X,R) u mouka T € dom f maxue, wmo
Sax(H, f,Z) # &. Tozda, ecau cywecmeyem h € S, (H, f,T), daa komopoli T — mouka 2a06anv-
H020 MUHUMYMA Ha nodmmoocecmee 8 C X, mo u daa Pynxuyuu f moukae T Asasemca mouxol
24000451020 MUHUMYMA Ha noIMHOdCecmee (2.

Hoxaszareubctso. Ecun ns nekoropoit byukuuu h € S, (H, f,T) Touka T sBisgercs
ToUKOil robanproro MuHEMyMa Ha MHOXKectBe 2 C X, 10 f(Z) = h(Z) < h(z) < f(z) Vo € Q.
OTKya 3aK/I09aeM, 9TO T SBJISIETCS TOUYKOH IVI00AJBHOrO MUHHMyMa (DYyHKIHM f HA HOIMHOMKE-
crie €. 0

Teopema 2 (HeobxomuMoe ycsroBre robaabHoro Munumyma). Ilyemo daa dynwyuu f @ X —
R, wmmooicecmea snemenmapnor dynxuut G = G(X,R) u mowsu T € dom f mmoostcecmso munu-
MaAdHOT onopnulx G-madicopanm x dynkyuu f 6 mowke T nenycmo, m.e. St. (G, f, %) # @. Ecau
T — MouKa 2400041020 MUHUMYMA Ha nodmmoscecmee 8 C X dasa dynxuyuu f, mo moeda das
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060t pynrxyuy g € S;lm(g , [, @) mouka T maxorce aAsaaemes mowkol 2A00aAH020 MUHUMYMG HQ
nodmmnoostcecmese .

HoxkasarTeabctso. Eom f(Z) < f(z) Vo € Q, To st moboit dynkuuu g € S, (G, f,T)
umeem g(z) = f(z) < f(z) < g(x) ¥V & € Q. Creposarenso, 11s moboit dyukuuu g € St (G, f,7)
TOYUKa T SIBJISIETCS] TOUKON IVI00aIbHOrO MUHIMYMa Ha IOAMHOXKeCTBe ). O

2. BomykiocTs (pyHKIUIT OTHOCUTEIHBHO MHOXKECTBA JIUNMIIUAIIEBBIX (DYHKITUIA

[Iycte X — merpudeckoe mpoctpanctBo, d : X X X +— R — dyuknus paccroguus Ha X,
¢ : X — R — paciIupeHHoO-BeIecTBeHHO3HAMHAS (DYHKIHNS, OnpeaeIeHuas Ha X.

TosopsiT (cM., Hanpumep, [5, c¢. 59]), uro dyukus ¢ ydosaemeopsem na X ycaosuro Junwuua
¢ koucrauToit Jlummmuia k > 0 win uro ¢ saBasercs k-aunwuyesot na X, eciu domp = X u

lo(x") — p(z)| < kd(x,2') V x,2" € X.

Dyukus @ HasbBaeTcst aunwuyesol na X (ydosaemeopsem ycaosuro Junwuya na X), ecan oHa
SIBJISIETCsT k- TUNITUATIEBOI TTpu HeKoTopoM k > 0.

MuoxkecTBOo Beex (yHKIHUH ¢ € EX, yJIoBJIeTBOpsONuX Ha X yejaoBuio Jlummwmia ¢ KOH-
crauroii k > 0, Oyzem obosHauarh cumBosoMm Ly := Li(X,R), a MHOXKeCTBO BCeX JIMMITUIEBBIX
Ha X dyukmuit — cumBosiom £ := L(X,R). HenocpeacTBeHHO W3 ONpe/esieHUil CIeyeT, 9To
E(X7 R) = UkeN £k(X7 R)

Hwmxke, ectu 9T0 HE MOXKET BBI3BATDH HEIOIIOHUMAHNE, BMECTO “(DYHKIUS (p ABJISIETCS k-JTATIIITNATIE-
Boit ma X wmum junmuresoit Ha X7 GyJeM MOBOPHUTH MPOCTO, UTO “¢ sIBJISIETCS k-JTUIIITUIICBON WK
JIMIIIITUIIEBOM .

Pacemorpum B KauecTBe MHOXKECTBa djieMeHTapHbIX GyHKiumil npocrpanctso L := L(X,R) Bcex
JINTIIIATIEBLIX BEITECTBEHHOSHATHBIX (DYHKIINN, OMPEIeIeHHBIX Ha METPUIECKOM TpOCTpaHcTBe X.
Ipennonoxum, uro mig dynkumn f @ X — R mmoxecrso L-munopant S™(L, f) memycro. Dto
TPETIONIOKEHE YKBUBAJICHTHO TOMY, 9TO (DYHKIUS f OTpAHUYIEHA CHU3Y HEKOTOPOW JIMIITHIIEBOIT
dbyukuueii. Kax ciemyer uz |12, Proposition 4.2|, eciu dyukuus f rakosa, uro S~ (L, f) # &,
T0 f gaBnsteTcss L-BBIMYKJIONH B TOM W TOJBKO TOM CJIydae, KOTJ/Ia OHA SIBJISETCS TOJYHEITPEPBIBHOM
can3y Ha X. Bmecre ¢ Tem, HECMOTPsI Ha TO YTO JJIsT HEKOTOPON (DYHKIUHU f BBIMOJIHAETCS YCJIO-
Bue S™(L, f) # @, muoxectBo Sp,. (L, f) Makcumanbubix L-MuHOPAHT (bYHKIHN f MOXKET ObITH
nycreiM. Hanpumep, st dynknuun f @ R — R onpenesennoii pasencrsom f(z) = —\/m s
Beex = € R, muoxkecTBO S~ (L, f) HemycTo, OCKOJIbKY f OrpaHuYeHa CHU3Y JIMIIIUIEBON (yHKInel
g(x) = =1 — |z|,z € R. B To ke Bpemsi, NOCKOJIbKY [ He siBjsieTcs Jjmimunesoit, S, (L, f) = &.
JlelicTBUTENIBHO, CIIpABEIJINBA CJIEIYIONIAas TeOpeMa..

Teopema 3. IIycmv dynxuus f € RY maxosa, wmo S™(L, f) # &. Toeda S, (L,f) # @
mozda u moavko mozada, kozda f asasemca aunwuyesot na X, npu amom S (L, f) ={f}.

HoxaszareunsbctTso. Jlocmamounocme. llpeanosoxkum, ato GyHKIUS [ JIAIIIAIEBA.
Torna, kak 1o HerpyaHo BuaeTh, S (L, f) ={f} # @.

Heobxodumocmo. B cumy ycnosus S, (L, f) # @ u3 [12, Proposition 4.2| ciemnyer, uro cymie-
crByer k > 0 Takoe, aro dyukuus f )| onpenenennas pasencrsom

fP(@) = yig)f({f(y) +kd(z,y)} Vo e X, (2.1)

sBiIstercst k-smnmunesoii aust moGoro k > k, mpuuem f*) < f s seex k > k, uro Biewer f*) e
S~(L, f). Bosee Toro, mus xaxkaoro k > k dbynxmus f (k) spisiercss HAaMbOIIBIIEH k-JMIIIHIEBOI
vunopantoil dynrkuun f. Hakoner, f*1) < f#2) g mobeix k < ki < ko, Ipu 5TOM BO3MOXKHDIL
JIBa cJIydasi:
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1) cymecrByer kg Takoe, 4To fk1) = £(k2) g Beex ko < ky < ko;

2) fk) < fk2) g mobex k < ky < ko.
[TokaxkeMm, 4To ciydaii 2) HeBo3MOXkeH. Paccmorpum npoussosibhyio L-munopanty h € S~ (L, f).
Eciu coorBercrByomas eii koncranta Jlummmuma pasua ki, o h < f*2) tne ky > kq, u, cueno-
BaTeJbHO, h He MOXKeT ObITh MaKCHMaJbHOI. B cmity mpomsBosibHOrO BeIOOpa h 3aK/odaeM, UTO B
cayudae 2) B ST(L, f) He cymecTByeT MAKCUMAJIbHBIX 3JIEMEHTOB, HO 9TO IIPOTUBOPEYUT IIPEJIIOJIO-
wenmio S, (L, f) # @. 3uaunt, nmeer Mecto caydail 1) u, ciaeosarensro, f = f*) nas mo6oro

max
k > ko. Orcroma BbITEKaeT, 9To MYHKIUs [ JIAIIIAIEBA. O

=X 7. . .
Teopema 4. ITycms gynxyus f € R oepanuvena crusy k-aunwuyesott pynrkyuet. Tozda
L-svinyraan oborouka f cosnadaem ¢ HAUOOALWET NOAYHENDEPBIBHOT CHU3Y MUHOPAHMOT PYHK-
yuu f u ydosaemsopaem paseHcmey

FE(x) = sup f¥)(x) dns ecex x € X,
E>k

20e f*) — paubosvwan k-runwuyesa munoparnma gyrruun f, onpedessemasn pasencmeom (2.1).

Hoxkasareasctso. CupaBeymBocTb yrBepKIeHus cieayer us |12, Proposition 4.2]. O

_X .
CanencrBue 1. Qynuxuyus f: X — R asagemca L-eunykioti moada u mosvko mozda, x020a
OHA MOAYHENPEPHIBHA CHUSY U 02PAHUYEHE CHUSY HEKOMOPol k-iunwiuyesots Gynkyuet, npu Imom

f(x) = sup f®)(z) dan ecex z € X.
k>k

Teopema 5. IIycms [ : X — R — pacwupenmno-seuecmeenosnarnas Gynryus, onpedeicHtas
Ha mempuueckom npocmpancemse X, u nyems T € dom f. Toeda S™(L, f,T) # & mozda u moavko
moada, xozda cyuecmeyem eewecmeennoe wucao k > 0 maxoe, wmo

f(z) > f(z) —kd(z,z) Vz € X. (2.2)

Hokasareascrso. Iycrs S™(L,f,z) wenycro, u nycrs h € S™(L, f,z). Tak kak h
SIBJISIETCs JIMIIIUIEBOI, To cymmectByer k > 0 takoe, uro |h(z) —h(y)| < kd(x,y) ans Beex z,y € X.
[onarast y = T u yuurbiBasi, uro h < f u h(Z) = f(Z), npuxoauM U3 MOCIEIHEIO HEPABEHCTBA
K (2.2).

[Tpe/iooKuM Terephb, 9To Ipu HEKOTOpoM k > (0 mMeeT MecTO HepaBeHCTBO (2.2). 3amernm,
aro dynkuust b x — f(Z) — kd(z, Z) sBasiercs mummunesoit va X u h(Z) = f(Z). CrnenosaTenbuo,
heS™ (L, f,z) u, snauur, S~ (L, f,T) # @. O

=X
Teopema 6. Ilycmv gynrxyus f € R™ maxosa, wmo S~ (L, f) # &. Mnoocecmeo nustcruz
L-onopuux mouex gyrxuuu f cosnadaem c mmoorcecmeom ecexr maxur movex T € dom f, das
komopuiz cywecmeyem k > 0 maxoe, wmo f(z) = f*)(Z), m.e.

Q (L, f) = {z € dom f | Ik > 0 Takoe, uro f(z) = f*)(z)}.

Hdoxkasarennctso. Iockoneky S™(L, f) # @, To cymecrByer umcio k > 0 Takoe, 4TO
f®) e 5- (L, f) nnsa Beex k > k. Uz atoro dakTa u onpesenennus L-OMOPHLIX TOYeK (QyHKIUN f
cienyer, aro {Z € X | 3k > 0 rakoe, uro f(z) = f*)(2)} € Q~ (L, f).

Pacemorpum Terepb npousBoiibHy 0 ToUKy & € Q~ (L, f). VI3 onpenenenns muoxkecrsa Q= (L, f)
ciejtyer, 9aro cymecrByer L-muHopanTa h dyukuuun f rakas, aro f(z) = h(Z). Ecom k > 0 —
koncranTa Jlunmmmma dyskmun h, to h < f*) < f u, crenoparemsro, h(z) < f*)(z) < f(z).
Tax xax f(Z) = h(z), To u f*)(Z) = f(z). Bmauur, Q~ (L, f) C {Z € X | Ik > 0 Takoe, uro f(T) =
F® (@)} O

Sameuganue. Ecmu gusa toukn T € dom f npu HEKOTOpPOM k > 0 BBIIOJIHSIETCS PABEHCTBO

f(@) = f®(z), ro (&) = f*)(Z) upm mobom s > k.
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Teopema 7. Ilycmv X — noanoe mempuueckoe npocmparcmeo, u nycms gyuxyus f: X — R
NOAYHENPEPBIEHA CHUSY U, KPOME 020, 02PAHUNEHE CHU3Y HG X HEKOMOPOU AUNUuLULe80T GyHKyU-
eti. Tozda mmoorcecmeo Q~ (L, f) nuotcnux L-onopnvix movex gyrnkyuu f naommuo 6 dom f.

HokazaTeabcTsBo. Bcuny caeacrsus 1 cymecTByer BerecTBeHHOE Ynco k > 0 Takoe,

9TO
f(x) = sup f®)(z) nust Beex = € X, (2.3)
E>k
rae f%) — pambospmas k-nummmnesa MuHopanTa BYHKIMK f, OIpeLessieMas PABCHCTBOM (2.1).

Paccmorpum nipousBosibHyo Touky a € dom f. U3 pasencrsa (2.3) ciemyer, 9To s J060ro
e > 0 MoxknO yKazath k. > k taxoe, aro f(a) — e < f*)(a). Babuxcupyem mekoropoe £ > 0
coorercTyiomee emy k.. Torma dyukmus g : x — f(z) — f%*)(z) apngerca nmomymenpepssHoi
cumzy Ha X u mnel)f(g(a;) > 0. Bosee roro, g(a) < ;g}f( g(z) + €. Takum obpasom, st GyHKIUE ¢,

TOYKU a U 9ucsa € > () BBIIOJHEHBI BCe MPEIIIOIOKEHNs] BAPUAIIMOHHOIO NPUHIUIA DKIAHAA [7;
9; 14|, u3 koroporo cieiyer, 4o s joboro & > 0 Haiijgercs Touka xs € X, yJIOBIETBOPSIONIAs
CJIEIYIOIIAM YCJIOBUSM:

() gles) + sd(xs,a) < gla);
(i) d(xs,a) <0;

(iii) g(xs) < g(z) + %d(x,x(;) 11 Becex x € X, x # 5.

Oyuxmus h: z — fke)(z) — %d(x,x(;) + (f(x5) — f*) (25)) saBasercs mumIMIEBOH ¢ KOHCTAHTOL

Jlnnmmma L > max {kg, %} u, Kpome Toro, h(xs) = f(xs). U3 ycnosus (iii) caenyer, aro dyHkimst h
SIBJISIETCsI OHOPHO#T L-MuHOpaHTOl hyHKIMK f B TOUKE T, mpudeM B cuity ycsosuii (i) u (ii) Touka x5
npunajiexnt (dom f) N Bs(a), tae Bs(a) = {x € X | d(xs,a) < §}. Tak xak Touka a € dom f
u qucsao 6 > 0 6bum BHIOPAHBI HPONM3BOJIBHBIMHI, TO 3aKJIIOYAEM, UTO JII00ast OKPECTHOCTD KaxKIOi
Touku u3 dom f COmep:KUT HUAKHIOIO L-OMOPHYIO TOUYKY MyHKImu f. O

N3 teopem 6 u 7 u 3aMevaHUs TOTyJIaeM

CanencrBue 2. [lycmv X — noanoe mempudeckoe npocmparcmso, u nycms gynruus f: X —
R — noaymenpepuiena crnusy u, Kpome mozo, 02panuMena crudy ma X Hexomopoti Aunuwuyesot
Ppynryuet. Tozda drs 060t mouru a € dom f u w6020 wucaa & > 0 cyuecmeyrom mouka T €
dom f u wucao k > 0 maxue, wmo d(Z,a) < 6 u f(Z) = f)(Z) daa scex s > k.

3. Beimmykiocts pyHKIUT OTHOCUTEIHHO MHOXKECTBA
JUTNHIAIEBBIX BOTHYTBIX (DYHKITUIA

B srom pasjesie GyzeM 1penosarartb, 9ro X siBJIsSIeTCsl BEIIECTBEHHBIM HOPMUPOBAHHBIM IIPO-
CTPAHCTBOM. B KauecTBe MHOXKECTBa 3JIeMEHTApHBIX (DYHKIHH OyjieM paccMaTpuBaTh MHOXKECTBO
LC := LC(X,R), cocrosimee n3 summuiesbix (Ha X ) BOMHYTHIX (DyHKIHIL.

Hanomuum, aro dbyskims ¢ : X — R HasbiBaeTcs 6021ymot, eciu ee moArpaduk

hypoy :={(z,7) € X xR | p(x) >~}

SIBJISIETCS BBIMTYKJIBIM TOAMHOXKeCTBOM B X X R.
U3 pesysbraTos paborst [12, Proposition 4.2 u Theorem 4.8] ciemyer

Teopema 8. Jhobas aunwuyesa @!H%uu,ﬂ f: X —= R, onpedesennan Ha HOPMUPOBAHHOM NPO-
cmpancmee X asasemces peeyaiapro LC-6onykioti, npusem

f(z) = max  h(x) daa ecex xz € X
h€Smaaz(LC,f)

u, caedosamenvho, aobas mouka x € X asasemca nuscnets LC-onopHott moukot AunwuuLesot
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Kak mokaseiBator mpejicraBiennbie HimKe TeopeMbl 9 u 10, kjacc peryiisipao LC-BBITYKIIBIX
QYHKIMIT CYIIECTBEHHO MUPe MPOCTPAHCTBA JINIIITHIEBBIX (PYHKINIL, OHAKO MPU STOM HE BCSKast
Touka 3hdexTuBHOM 0bacTu QyHKIUHN sABIsgeTcsi LC-OMOPHON TOUKOM.

Teopema 9. Jlasa mo6ot dyrruyun f: X — R caedyrousue mpu ymeeprcoens, K6 uearernmms:

(i) pynruus f aeasemes peeysapro £5—6bznynﬂod;

(i) pynryusn [ asasemesn L-evinykaol;

(iil) gpynryus f noaynenpepvisha crudy Ha X u ozpanuvena cHudy rexkomopol dynryuet, yoo-
saemeoparowets yeiosuto Junwuya na ecem X .

-~

Joxkaszarensctso. Uummkanus (1) = (ii) cieayer n3 srmouenust LC(X,R) C L(X,R);
skBuBasienTHOCTH (ii) < (iii) m (iii) < (i) daxTHUeckn JOKa3aHbl COOTBETCTBEHHO B Proposition 4.2
u Theorem 4.8 u3 [12]. O

Teopema 10. Tycms X — noanoe HOpMUPOBaHHOE NPOCMPAHcmeo u nycms gynkuyus f: X —
R — noaynenpepuena crusy u, xpome mozo, ozpanudena crhuzy na X Hekomopol sunwuyesol
Pynrxyuet. Toeda mmoocecmeo Q~ (LC, f) nuotchux LC-onopuvix movex gynryuu f cosnadaem c
muoorcecmeom Q™ (L, f) nustcnuz L-onoprwoir mouek gynryuu f u asasemea naommuovm 6 dom f.

Hoxaszsarennctso. Tax kax LC(X,R) C L(X,R), To S~(LC, f) C S~ (L, f) u, cremo-
Barenbno, Q~(LC, f) € Q™ (L, f). Hokaxkem obparnoe BKmouenue. Ilycrs T € Q7 (L, f). B cuy
Teopensl 6 cymecrsyer k > 0 takoe, uro f¥)(z) = f(Z). [Mockomsky f*) spnsercs mummunesoit, To
1o Teopeme 8 j0bast Touka x € X, a 3HAYAT U TOYKA T, SIBJISIETCS ﬁé\—OHOpHOﬁ tst yHKIUu f (&),
CiiesioBaTesbHo, cymecTByer h € S~ (ﬁa f%®)Y rakas, aro f*)(z) = h(z). Iockomexy f*) < f,
10 S=(LC, f®) C S~(LC, ). YuntsBas 510 BrmoucHue 1 pasenctro fF)(Z) = f(F), saxmouacy,
qro h € S‘(ﬁ(?, f) u f(Z) = h(Z), .e. uTO h ABIAETCSH ONOPHOI LC-munopanToll dbyukuun f B
ToUuKe T. DTO AoKasbiBaeT, uro T € Q7 (L, f). Takum obpaszom, Q‘(ﬁCA, f)=Q (L, f). Hockoabky
B cuity Teopembl 7 Q7 (L, f) miorHo B dom f, To Q‘(ﬁ(?, f) makxke miorao B dom f. O

Teopema 11 (xpurepuii riobambnoro Munnmyma byukmun). Pynxyus f @ X — R docmuea-
em 2106a.4v1020 munuMyma 6 movke T € dom f 6 mom u moavko mom cayuae, Koeda Cyz) €
S (LC, f,7), 20e crz) » X 3w f(T) € R — wonemanwmnan dynwyua, pasnas f(Z) das ecex
zeX.

JloxkasaTenanbcTso. CopaBeanBoCTh JAHHOTO KPUTEPHUs CJIEIYET HETOCPEICTBEHHO U3
ompeiesiennii riobasbHoro MuauMyma gyuknun f u muoxecrsa S, (LC, f,T), a Tak:ke U3 TOro,
qT0 Jiobast KOHCTaHTHasz, Oojee Toro, addurHas OYHKIUS SIBJIAETCA BOTHYTOM. O

Teopema 12 (neobxoammMoe ycroBue TobaabHOro MakcuMyMma). [lyemo dasa dyrnxuyuy f: X —
R u mouxu T € dom f wmnootcecmeo Sr;ax(ﬁa, [, T) makcumaivrox onoprvis LC -munoparm G-
yuu f 6 mouke T nenycmo. Tozda ecau T asaaemea moukot 24000461020 MaAKCUMYMae yrruyuy f,
mo Ox € 0T g(T) daa moboli dynkyuu g € Sr;ax(ﬁé, f,z).

Bdecy 0T g(z) = {a* € X* | 2*(x — ) > g(x) —g9(Z) Vo € X} — xaaccuneckuti cynepdudgh-
peperyuans Mopo — Poxapennrapa soenymoti dynrkuyuu g 6 mowke T, a Ox — HYAe60U AuHetiHvl
Pyrxyuoran, onpedesernviti Ha X.

HJoxaszarenasctso. Ecm rouka € dom f sBiIsieTcss TOUKON I00aILHOIO MAaKCHMyMa
dbyukuun f, ro quis moboit dynkmmn g € Sy, (LC, f, %) TouKa T TakyKe sABIISIETCS TOYKON TTI00a/b-
HOIO MaKCHMyMa, & HOCKOJIbKY (DYHKIMU g BOTHYTBI, TO 3T0 paBHOCUIbHO yeiaosuio Ox € 0T g(z). O
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3akJIrouyeHue

Kak ciemyer u3z Teopem 9 u 10, Kaxk/1as HojayHenpepbiBHas can3y bynkmmu f : X — R, koTo-
pasi, KpoMe TOro, OrpaHuYIeHa CHU3Y HEKOTOPOU JIMIIIIUIEBOH (DYHKITHEl, B JIF000i TOUKe T ILIOTHOTO
HOJIMHOXKeCTBa, ee 3 dexTuBHOi obractu dom f MMeeT HelycTOe MHOYKECTBO Sglax(ﬁé , f, @) maxcn-
MAaJILHBIX OTIOPHBIX ﬁé\—MI/IHOpaHT dbyuknuu f. Herpynao ybenurhbess B ToM, uTo ecym byHKIius f
MTOJTYHETIPEPBIBHA CHU3Y W BBIMYKJIA, TO KAXKIast MAKCUMAaJIbHAS OMOPHAST ﬁé\—MI/IHOpaHTa by f
SIBJISIETCSI HEpepbIBHOI addunnoll dyHKIWmeil (910 ciieyer u3 reopeM 00 OTJEIUMOCTH BBIILYKJIBIX
MHOXKeCTB |9, ¢. 79| umm, 6osiee KOHKpeTHO, u3 TeopeMbl 0 cangpude [15, Corollary 1.76]), npu sTom
3JIEMEHTBI MHOYXKECTBA S;lax(ﬁé\, f, &) HaxomsITCS BO B3aMMHO OJHO3HAYHOM COOTBETCTBUM C CyO-
rpajimeHTamMu Kiaccuaeckoro cybuuddepeniunana Mopo — Pokadesnapa |9, onpenenenne 1.16.1]
0f(z) dbyukmun f B Touke T. Takum 06pasoM, MHOXKECTBO S;lax(ﬁé, f,T) MaKCHMAaJIBHBIX OIOD-
HBIX E@-MHHopaHT QYHKIMKE B TOYKE pacnpocTpaHseT (paKTHUIECKH MOHSITHE KJIACCHIECKOTO CyH-
muddepentmasa Mopo — Pokadennapa fjs mogyHEIPEPLIBHBIX CHU3Y BBIMYKJIBIX (DYHKIHI Ha
CYIIECTBEHHO OoJiee MUPOKMII KJIACC MOJIYyHENPepPbIBHBIX (byHKImuil. Kak u3BecTHO, 115 KJtaccude-
CKY BBIMTYKJIBIX (DYHKITHI CYIECTBYIOT JBa SKBUBAJEHTHBIX ONpejeseHns cyoanddepernmaia; TIo-
6abuoe [8;9, onpeznernenne 1.16.1| n jgokanbHoe |16, c. 44]. Begennoe B gaHHOl cTaTbe MHOKECTBO
SI;aX(ECA, f, &) MaKCHMAJIBHBIX OIIOPHBIX ﬁCA—MI/IHopaHT GYHKINN pacIpOCTPAHSAET IJI0DATILHOE OIIpe-
JesieHne Kiaccuaeckoro cybauddepennuaia. B To ke Bpems ucuepnbiBaoriuit cybanddepenmat
HembsinoBa — Py6unoBa, BBesieHHbI panee B [12;13], siBisiercst ﬁé\—paCHpOCTpaHeHI/IeM JIOKAJTHbHOTO
OIIpeieSIeHUsT KJIACCUIECKOTo cyOmuddepeninaia. B miane maqbHERINX UCCIIEIOBAHNIN IPE/ICTAB-
JISIETCsT TIEPCIIEKTUBHON pa3paboTKa METOJ0B aHAJIN3a HErJIaIKUX (PYHKIMH HA OCHOBE 9TUX JIBYX
KOHCTPYKITHI, & TAKKE M3yIEHNE CBSI3U MEXKTy HUMI.
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ACUMIITOTUYECKOE ITOBEJIEHUVUE MHOXKECTB JOCTU>KVMOCTHA
HA MAJIbIX BPEMEHHDBIX ITPOME2KVYTKAX

M. . T'yces, 1. O. Ocunos

Teomerpudeckast CTPyKTypa MHOYKECTB JTOCTHKUMOCTH HA MAaJIbIX BPEMEHHBIX IPOMEXKYTKAX UI'PAET BasKHYIO
POJIb B TEOPUU yIPABJICHUs, B YaCTHOCTH [IPU PEIICHUN 33J1a4 JIOKAJIBHOrO CUHTEe3a. B manHoi pabore paccMar-
puBaeTcs 3aa49a IPUOINIKEHHOIO OIUCAHUST MHOXKECTB JTOCTHKIMOCTH Ha MaJIbIX BpeMeHax /uist adpDUHHBIX 110
YIIPABJICHUIO CUCTEM C MHTETPAJbHBIMUA KBaJPATUYHBIMA OTPDAHMYEHHUsIMH Ha ylpasieHue. Vcnonb3ys 3ameny
BPEMEHM, aBTOPbI BMECTO UCXOJHOI'O0 MHOYXKECTBA PACCMATPUBAIOT MHOXKECTBO JOCTUXKUMOCTHU JIJIsl yIIPABJISAC-
MOM CHCTEMBI Ha €JUHUYIHOM HHTEpBaJje, CofeprKkalleil Majblil nmapamerp (JJIMHY BPEMEHHOIO MHTEpBaJa JJIs
HUCXOHOI cucTeMbl). IIpu 9TOM OrpaHuveHHs Ha yIpaBJICHHE 33JaHbl HIAPOM MAJOro paJuyca B MHMJILOEPTOBOM
npocrpanctse La. ITpu onpenesleHHBIX yCIOBUSIX, HAKJ/IAAbIBAEMBIX Ha MPAMHaH yIIPABJISIEMOCTH JUHEAPU30BaH-
HOM CHCTEMbl, TAKOE MHOXKECTBO JOCTHKUMOCTH OKA3bIBAETCH BBIMYKJIBIM IIPU JOCTATOYHO MAJIOM 3HAYCHUH
mapaMerpa. B pabore mmokasaHO, YTO B 9TOM CJIydae MHOXKECTBO JOCTHXKMMOCTH ACHMITOTHYECKU OJIM3KO IO
dopMe K IJLINAICOUY B IIPOCTPAHCTBE cocTosinmii. JlokazareabcTBO gaHHOro pakTa H6a3MpyeTcs Ha MPEICTaB-
JICHUU MHOXKECTBa JOCTHKUMOCTH B BHJIe 0Opa3a ImIb0epTOBa IMapa MaJjoro paaumyca B Lo Opu HeJUHEHHOM
orobpakenuu ero B R™. B wacTHOCTH, JaHHOE aCHMIITOTHYECKOE IIPEJICTABJIEHIE MMEET MECTO JJIsl JOCTATOYHO
MIAPOKOTO KJIACCA HEJMHEHHBIX YIPABJISAEMbIX CHCTEM BTOPOrO MOPSAJKA ¢ MHTErPAJbHBIMU OrPAaHUYCHUAMU. B
craTbe IPHUBEJEHBI TPH IIPUMEpPA CHUCTEM, MHOYKECTBA JOCTHXKMMOCTH KOTOPBIX JIEMOHCTPUPYIOT KakK HAJIMIHe
YKA3aHHOTO ACUMIITOTUYECKOTO MMOBEJEHUS, TAK U OTCYTCTBHE MTOCJIETHErO IIPU HEBBITIOJHEHUU HYKHBIX YCJIOBUA.

Kirouesnie ciioBa: yYipaBjideMad CUCTeMa, HHTErpaJibHbI€ OrPAHUYICHUA, MHOXKECTBO JOCTU?KUMOCTH, BBIIIYK-
JIOCTh, aCHUMIITOTHUKA.

M. 1. Gusev, I. O. Osipov. Asymptotic behavior of reachable sets on small time intervals.

The geometric structure of small-time reachable sets plays an important role in control theory, in particular,
in solving problems of local synthesis. In this paper, we consider the problem of approximate description of
reachable sets on small time intervals for control-affine systems with integral quadratic constraints on the
control. Using a time substitution, we replace such a set by the reachable set on a unit interval of a control
system with a small parameter, which is the length of the time interval for the original system. The constraints
on the control are given by a ball of small radius in the Hilbert space LLa. Under certain conditions imposed on
the controllability Gramian of the linearized system, this reachable set turns out to be convex for sufficiently
small values of the parameter. We show that in this case the shape of the reachable set in the state space
is asymptotically close to an ellipsoid. The proof of this fact is based on the representation of the reachable
set as the image of a Hilbert ball of small radius in Lz under a nonlinear mapping to R™. In particular, this
asymptotic representation holds for a fairly wide class of second-order nonlinear control systems with integral
constraints. We give three examples of systems whose reachable sets demonstrate both the presence of the
indicated asymptotic behavior and the absence of the latter if the necessary conditions are not satisfied.
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BBenenune

B pabore paccMaTpuBaioOTCsS aCHMITOTHYECKHE CBOMCTBA MHOYXKECTB JIOCTHXKUMOCTH HEJIMHEN-
HBIX yIIpaBJIseMbIX CUCTEM C MHTEIDAJIbHBIMHU KBa/IPDATUUYHBIMU OI'DAHUYCHUSMU Ha YIIPaBJIAIONINAE
napaMeTpbl. Xoporno u3BecTHO (cM. [1;2]), uro B ciiyuae JIMHEHHBIX yIIPABJISEMBIX CUCTEM TaKHe
MHOXKECTBA, BBIIIYKJIbI. BoJiee TOro, 3T MHOYXKECTBA SBJISIIOTCH SJUIUIICOUJIAMU B KOHEYHOMEPHOM
IIPOCTPAHCTBE COCTOSHUM CUCTEMBI, TapaMeTPbl JIAHHBIX JIJIUIICOMJIOB JOIIYCKAIOT KOHCTPYKTUBHOE
onmcanue. B o0IeM ciryyae HEJTUHEHHBIX CUCTEM C MHTErPAJILHBIMEU OIPDAHMYEHUSIMUA CBONCTBO BbI-
IIYKJIOCTA MHOYKECTB JIOCTUKHMOCTU TePseTCd M JJis UX MOCTPOEHUs IPUXOIUTCS HCIIOJIB30BaTh



Acumnrorndeckoe noseJgeHne MHO2KECTB JOCTH2KMMOCTHU 87

JIOCTATOYHO TPYJIOEMKHE MPUOJINKEHHBIE aJropuTMbl [3-5]. OHAKO, e/t BpEeMEHHOi TIPOMEeZKYTOK
“MeeT JOCTATOTHO MAJIYIO JJINHY, MHOYXKECTBA JTOCTUKUMOCTH MOL'YT OKA3aThCsI BBIILYKJIBIMH.

leomerpryeckasi CTPYKTYpa MHOYKECTB JTOCTUKUMOCTH Ha MaJIbIX BPEMEHHBIX ITPOMEXKYTKaX -
paeT BayKHYIO POJIb B TEOPUU YIIPABJIEHMSI, B YACTHOCTU IIPHM PEIIEHUH 331849 JOKAJIHLHOIO CHHTE3A.
MHozkeCcTBa JTOCTHKUMOCTH Ha MAJIBIX HHTEPBaJIax BPEMEHHU IIPU T€OMETPUIECKIX OIPAHUIEHUSIX Ha
yIIpaBJIeHUe U3y4YaJuCh PAJIOM aBTOPOB (cM., Hampumep, [6;7]). BbILyKI0CTE MHOKECTB JIOCTUZKHI-
MOCTHU HeJIMHEHHBIX CUCTeM HccieoBata B [8;9]. AcuMITOTHYECKOMY TIOBEJIEHUIO MHOXKECTB JIOCTH-
JKUMOCTH JIMHEHHBIX YIIPABJISIEMBIX CACTEM C MHTErPaJbHLIMUA OTPAHUYCHHSMHU Ha yIpaBIeHUE Ha
MaJIbIX POMEXKYTKAxX BpeMeHH ocBsiiena pabora [10]. B nanuoit crarbe paccMarpuBaeTcs 3a1ada
OIUCAHMS MHOYKECTB JOCTHKHUMOCTH Ha MAJIBIX IPOMEXKYTKaxX BpeMeHH i1 adppUHHBIX 110 YIIpaBJje-
HUIO CHCTEM C HHTEIPAJIbHBIME KBAJIPATUIHBIMU OIPAaHUYEHUSIMU Ha yIpasieHnue. Mcmonb3ys 3ame-
HY BPeMEHH, MbI IIOJIMEHSIEM MCXOTHOE MHOYKECTBO JOCTHKUMOCTHA MHOYKECTBOM JTOCTUYKMMOCTH JIJIsT
YIPABJISIEMOll CUCTEMbI HA €JJMHUYHOM MHTEpPBAJIE, COJEpKaIeil MaJiblii mapaMerp (JJInHy BpeMeH-
HOTO MHTepBaJa Jyist ucxoaHoii cucremsl) [11]. TIpu sroM orpannyenust Ha yrpaBjieHIe OKa3bIBAIOTCS
3aJaHbl IIapPOM MAJIOI0 PaJUyca B I'MIbOEPTOBOM IIPOCTpaHCTBE Lo, & MHOXKECTBO JIOCTHXKHUMOCTHU
umeer BujL obpasa Imapa npu HesjuHeiiHOM orobpazkenuu ero B R™. 13 pabors! [12] mpu ycioBusix
PEryJIIPHOCTH, HAKJ/IAIBIBAEMBIX Ha IPOM3BOAHYIO OTOOPaYKEHUsI, CJIELYET BBLIIYKJIOCTH 0Opa3a IpH
JIOCTATOYHO MaJjiOM PaJHyce Iapa M, COOTBETCTBEHHO, MHOXKECTBA JOCTHXKMMOCTH. DTHU YCJIOBUSI,
[IPUMEHUTEIHLHO K PACCMOTPEHHOH B paboTe cucremMe, IPUHUMAIOT BUJ OIPAHUYCHWI CHU3Y Ha MU-
HUMaJIbHOEe COOCTBEHHOE UHCJIO0 MPAMHUAHA YIIPaB/ISIEMOCTH JTUHEAPU30BAHHON CHCTEMBI IIPU MAJIBIX
3HavYeHusAX napamerpa [11].

B macrosimieit crarbe moKa3aHO, 9TO B 9TOM CJIydae MHOMXKECTBO JIOCTHXKHMOCTH HE TOJIBKO BbI-
IIyKJIO, HO M aCUMIITOTHYIECKH OJIM3KO 110 (popMe K SJIIUIICOMIY B IPOCTPAHCTBE COCTOsTHUM. B wact-
HOCTH, YKa3aHHOE aCHMIITOTHIECKOE IIPEICTaBJIEHIE MMEET MECTO JIJIS JTJOCTATOYHO IIIHPOKOIO KJIacca
HEJIMHEHHBIX yIIPABJISEMbIX CHCTEM BTOPOI'O HOPSIAKA C HHTErPAJbHBIMEI OI'PaHUIEHUSIMA. B crarhe
[IPUBEJIEHBl TPHU IPUMEPa CHCTEM, MHOXKECTBA JOCTHXKUMOCTH KOTOPBIX HJLIIOCTPUPYIOT JTAHHBIIMA
dakT. B mepBbIX IBYX IprMepax JABYMEPHBIX HEJMHEHHDBIX CHCTEM CIPaBEIJINBO YKA3aHHOE aCHMII-
TOTHYIECKOE MOBEeHe MHOXKECTB JOCTHKHUMOCTH. B TpeTbeM IpuMepe, OIMUCHIBAIOIIEM IIOBEIEHUE
HEJIMHEITHON yTIPABJISIEMOil CUCTEMBI ¢ OJTHUM BXOJOM (yHUIUKJI), TIOKA3aHO, YTO MHOXKECTBA JIOCTHU-
JKAMOCTHU He SIBJISTFOTCSI BBITYKJIBIMU JayKe IIPHU MaJjIbIX BpeMeHax.

1. IlocranoBka 3aJla4d1 1 BCIIOMOraTeJibHbI€ pe3yJ/ibTaTbl

[Iycrs X,Y — GanaxoBbl HpOCTpaHCTBa, 0b6o3HaUnM udepes By (a, ug) C X map paguyca fi ¢
HEHTPOM B TOUKe a. Paccmorpum orobpaxkenue tmapa Fy : Bx(a, ji9) — Y, 3aBucsiiiee or napamer-
pa e, 0 < e < g9. B manpreiiiem 10T napaMeTp OyAeM CINTATD MAJIBIM.

IIpennosioxkenne 1. Omobpasicerue F.(xz) umeem npoussodnyto Ppewe no x, xomopas yoo-
saemesopsem ycaosuro Jlunwuya na Bx (a, 1)

HF;(‘Tl)_FEI(‘T2)H SL(E)”.’I’l —1'2”, L1, T2 EBX(C%NO)a €€ (0750]7 (11)
2de L(g) — oeparuvennan na (0,e0] dynryua.
[Tycrs dbyukius pu(e) orobpaxkaer nogxyunrepsan (0,e0] B (0, pol. Janee momaraem, uaro p(e) — 0
npu € — 0. Oyukmmo s(e) : [0,69] — (0,00) HA30BEM MACHITAGUPYIONM MHOKHUTEIEM, €CJIH
s(g) — o0, s(e)u?(e)L(e) — 0 mpm £ — 0. O6ozHaumm depes G obpas mapa By (a, u(€))

Ge = {F:(z) : x € Bx(a,u(e))}.

CHpaBe,ZLJH/IBO cilleayroiee yTBepKiaceHue.
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Teopema 1. [Tycmo evnoaneno ycaosue (1.1) u p(e) = 0 npu € — 0. ycmo s(e) — mac-
wmabupyrowut mHoxcumens. Toeda

h(s(e)(coGe — Fx(a)), pu(e)s(e) F(a)Bx (0,1)) = 0 npu & =0,

2de h — xaycdopdoso paccmoanue mencdy MHOHCECMEBAMU, CUMBOAOM “CO” 0003HAUEHA BLINYKAGA
060A0UKA MHOHCECTNEA.

Hokasareascrtso. g npousosbHoro sjementa x € Bx (a, ju(€)), uctosbsyst reopemy
0 cpeJiHeM, 3allullleM PaBeHCTBO

/ / / /

F.(x) ~ Fx(a) = FL(2())(z —a) = FL(a)(z — a) + (F.(2()) — FL(a))(z —a) = FL(a)(z —a) +r(c,z).

Baech T(g) — TouKa OTpe3Ka, coeMHsIomero = u a. VI3 yeaosus (1.1) BbITeKkaeT ciejyroiiee Hepa-
BEHCTBO:

Ir(e, )|l < Le)l|z(e) — all - [l — all < L(e)u®(e).

Borancisis cynpemyM oT obenx dacTeil paBeHCTBa

(", Fe(z) — Fe(a) = (v, FL(@)(@ — a) + 7(c, 2)),

Ha mape Bx(a, pu(e)) momyanm

sup  (y, Fe(z) — Fx(a)) < sup (", Fi(a)(w —a)) + sup  (y",7(e)).
le—all<p(e) le—all<p(e) lo—all<p(e)

31ech y* — MPOM3BOJILHBIN SJIEMEHT U3 CONPsi?KEeHHOro K Y mpocrpancrsa Y™, (-, ) — OmimHeiinas
dopma, npusonsdmag Y u Y* B gsoiicTBenHocThb. IIpuMenss momoOHYyIO olepalnuio K PaBEeHCTBY

Fl(a)(x —a) = F.(z) — F.(a) — (e, z), GyneMm umers

sup (v, Fl(a)(z—a)) <  sup (y',F.(2)— Fe(a))+ sup (—y",7(s,2)).
le—all<p(e) le—all<p(e) le—all<p(e)

13 noka3aHHBIX HEPABEHCTB, YIUTHIBAsI OICHKY JUIs 7(€,X), MOy UM

sup  (y, Fe(z) = Fo(@)) = sup (¢, Fo(a)(x —a)| < LE)lly' (). (12)
le—al|<p(e) lo—all<p(e)

O4eBUIHO, YTO

| Shlp ( )(y*,Fa(a:) — Fe(a)) = 6(y*|Ge — Fi(a)) = 6(y*|coGe — Fi(a)),
z—a|<p(e

sup (v, F.(a)(z —a)) = p(e) | F.(a)"y"|| = n(e)d(y"|F.(a) Bx (0,1)),
lz—all<p(e)
rae uepes 0(y*|A) obosnavena onopuasi gynkimst Mmuoxkecrsa A C X, T — crangapraoe 0b03HaUe-
HIe JIJIs OllepaTopa, CONPSIZKEHHOIO K JIMHEHHOMY orpaHudenHoMy oreparopy 1. Hepaserncrso (1.2)
MO2KHO B TAKOM CJIy9ae 3alucaTh B CJEIYIONEM SKBUBAJECHTHOM BUJIE:

b [6(y*[coG: — Fe(a)) — p(e)d(y*|F2(a) Bx (0,1))] < L(e)u’(e).

JleBast 9acTh MOC/IETHETO HEPABEHCTBA IIPeACTaBIsieT coboit (hopMyity i xaycaopdoBa pacCTOsTHUS
!

MEZK/ly OIDaHMYCHHBIMI BBIMIYKJIbIMU MHOKecTBamu coGe — F(a) u pu(e)F.(a)Bx(0,1)), caenosa-

TEJIBHO,

h(coG: — Fx(a), p(e) FL(a)Bx (0,1)) < L(e) i (e). (1.3)
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Yuuoxus obe gactu HepasencTsa (1.3) Ha s(e) u npuHHIMast BO BHEMaHHe paBeHCTBO h(AA,A\B) =
A(A, B), A > 0, cupaBeymBoe 7151 XaycaopdoBa pacCcTOsHUS MeKIy MHOKecTBaMu A, B, mpuxo-
JIIM K YTBEPKJIEHUIO TEOPEMBI. O

[TosicHnM CMBICTT BBEEHUS MacIiTabupyomero Muoxkuress s(e). Ecin e ymuoxars obe qacTu
HepasercTBa (1.3) Ha $(€), TO MBI IOJIyYUM, Pa3yMeeTCs, ITO

h(coGe — Fe(a), u(e)F.(a)Bx (0,1)) = 0, & — 0,

yuauThIBasd, 9To KoHcranTa Jlummumna L(e) orpanndena B okpecTHOCTH Hy/Isd. JlanHoe cooTHOmEHNE
HE OYEHb COJEpYKATEIHLHO, TaK KaK MOHSTHO, 9TO KaXKJI0e U3 ITUX JIBYX MHOXKECTB CTATUBAETCI K
Hymio pu € — 0.

Bo-niepBhix, BBIGOpOM s(£) Ham0 m0buThes, TT06H MEONKecTBO 5(¢)u(e)FL(a)Bx (0,1)) me crs-
UBAJIOCh K HyJI0. MHOKUTED $(€) JO0JIKEH CTPEMUThCs K GeCKOHEeIHOCTH 1pH € — (), ero MOXKHO
MHTEPIPETUPOBATDL KaK yBeJUIeHHe ‘MHUKPOCKONA , ¢ MOMOIIBI0 KOTOPOr0 M3y4daeTCs ACUMIITOTH-
YecKoe MOBeJIeHne yKa3aHHbIX MHOXKeCTB (cM. [10]). MoxKHO mpeioKuTh CIeyomuii cnocod Bbi-
6opa s(g). Muoxectso ju(e)F.(a)Bx(0,1)) — MeHTPATLHO-CAMMETPITHOE BBITYKIOC MHOYKECTBO C
IEHTPOM B HyJsie. BBe/ieM JiBe BEJUYMHBI, OMPEJIEISIONNe MAKCUMAJIBHBIA U MUHUMAJIBHBINA “pasmMe-
pbI” EHTPAIBLHO-CUMMETPUIHOrO MHOXKecTBa A C X

/\max(A) = Sup||y*||:15(y*|A), /\min(A) = 1nf||y*||:15(y*|A)

Ecim A nmeer HemycTyio BHyTPEHHOCTD, TO 00€ 3T BEJIMIMHBI TTOJIOKUTENBHBL. [IpeIoIoKuM, 9To
/

muo)kecTBa F(a)Bx(0,1)) uMe0oT HEIyCTYI0 BHYTPEHHOCTH IIPH JIOCTATOYHO Majbix €. DyHknuo

s(e) BblOepeM TakuM 0O0pa3zOM

s(€) = 1/ p(e)Amax (FL(a) Bx (0,1)),

510 nckmouaer crarusanue s(e)u(e)FL(a)Bx (0,1) k mymo npu € — 0.

Bo-Bropbix, HaJ10 H00UThCs, YTOOBI XaycopdoBO paccTosiaue Mex 1y MHokecTBamu $(£)(coG. —
F.(a)) u s(¢)u(e)FL(a)Bx (0,1) crpemmmnocs K myimo 6uicTpee, TeM Amin(s(€)u(e)FL (a)Bx (0,1)) —
MHUHUMAJIBHBIH M3 Pa3MepoB BTOPOIO MHOXKeCTBa. TOJIBKO B 9TOM CJIydae MOKHO TOBOPHUTH, UTO
dbopma sTux MHOXKECTB OiHM3Ka Mexkiy coboil. YMHOKHB 0b0e wyactu HepasencTBa (1.3) Ha s(e),
HOJIYIMM, YTO JAHHOE YCJIOBHE OyJeT BBIIOJIHEHO, eCIn

N(E)L(E)/)‘maX(Fs/ (a)Bx(0,1)) = O(Amin(Fel (a)Bx(0,1))),

T. €. JaHHOE€ YCJIOBUE HE 3aBHUCUT OT BbI60pa. Ma.CH_[Ta.6I/IpyIOH_IeI‘O MHOZKHTEJIA.

[Iycts X,Y — neiicTBUTEIbHBIE THIBOEPTOBBI IIpOCTPAHCTBA. [Ipemmookum, 4To oTOOparXKe-
ane F': Bx(a,po) — Y mudbdepennupyemo u ero npoussoguas Pperne F ' VIOBJIETBOPSIET YCJIO-
puto Jlummuna ¢ koucranToit L. Ilycts orobpaxkenue F' peryisipHO B TOYKE @, T.€. OIepaTop
F'(a) : X =Y saBngeTcst CIOPheKTUBHBIM (O0TOOpazkeHmeM Ha). VI3 1ocsietHero CBOiCTBa CiieayeT
CYIIECTBOBAHUE MOJIOKUTEILHOTO 4ucia v, Takoro uro ||[F’'(a)*y|| > ~v|y| mis Becex y € Y, uro
SKBUBAJIEHTHO HEPABEHCTBY

(F'(a)F'(a)*y,y) = 7*|lylI”

st Beex y € Y. B kauecrBe 2 MOXKHO B35ITh, HAIIPUMED, MUHIMAJIBLHOE COGCTBEHHOE HHCJIO CaMO-
coupsizkenuoro oneparopa F’(a)F’'(a)*.

B pabore [12] nokaszano, 9To ec/u BBIIOJIHSIETCS HEPABEHCTBO (< min {,uo, %} TO 0bpa3 mapa

B(a,p) — muoxecrBo G = {F(x) : v € B(a, jt)} — sIBIsIETCS BBIITYKJIBIM.

Pacemorpum cemeiictBo omeparopoB F., cunmTast majgee, uTo X — THIbOEPTOBO IPOCTPAHCTBO,
Y = R" — KOHEYHOMEpHOE €BKJIMJIOBO TPOCTpaHCTBO. IlycTh oTobpakenust F, perysisipHbl B TOY-
ke a. O6osnaunm 1epes v2(g) u n?(g) (y(e) > 0, n(e) > 0) COOTBETCTBEHHO MHHIMATLHOE U MAKCH-
MaJibHOe cOOCTBeHHbIe uncia oneparopa (Marpuisl) W := F.(a)F.(a)*. 3amerum, 410 MHOXKECTBO
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!
E. := F.(a)Bx(0,1) B JanHOM CjIy4ae — KOHEYHOMEDHBI{l SJLIMIICOM/, ONPEIeJsieMbIil COOTHOIIIE-
mueM . = {z € R" : 2T Wz < 1}, a n(e) m v(¢) — COOTBETCTBEHHO BeJMYHHBI MAKCHMATLHOM 1
MUHIMAJIBHOMN ITI0JIyOCeil 3/UINICOnIA.
Haiigem Apin(F:), Amax(E:). Boraucisisi 3Hadenue onopHoit hyHKIUH, 0Ty IUM

3(y*|F.(a)Bx (0,1)) = ( SU)Iil(y*,F;(a)U) = SU)Iil(F;(a)*y*w) = IF2(@)"y" | = /(" Wey").
CrenoBaTesibHO,
)‘min(Fe/(a)BX(O’ 1)) = Amin(E:) = min \/ y*) = \/72(5) =

yl=1

)‘maX(Fal(a)BX(Ov 1)) = Anax(E:) = max \/(y*7Wgy*) = \/772(5) =

lly*(l=1

CaencrBue 1.1. IIyemov p(e) — 0, n(e) oepanuvena 6 nyse u p(e)L(e)/n(e) = o(y(e))
npu e — 0. Ilyemo s(e) — macwmabupyrowuts mruoscumens, onpedesenmbili pasercmeom s(e) =
1/u(e)n(e). Toeda G. evinykao daa docmamouno Maibix € U

h(s(e)(Ge — Fe(a)), pu(e)s(e) Ee) < o(y(e)) = 0, &= 0.

Hoxaszareunbctso. Iycrs y(e) — 0, upu € — 0. Iockonbky u(e)L(e)/n(e) = o(y(e)),
TO IPH JOCTATOYHO MAJIBIX € BbinoJHseTcss HepaBeHCTBO 2pu(e)L(g) < 7(g), KoTOpOe rapanTupyer,
gro coG. = G.. CuenoBarenbHo, u3 TeopeMbl 1 HosydaeM yTBepzKeHue cieiactsus. [lpu y(g) >
a > 0 mepasencrso 2u(e)L(e) < y(e), 04eBUIHO, BHIIOJIHEHO IIPH MaJbIX €. B stom ciyqae o(y(€))
O3HAYACT BEJIMYUHY CTPEMSILYIOCS K HYJIIO. O

Taxum 06pa3oM, B yCIOBUSX CIEICTBUT 0OPA3bl MIaPOB MAJIOTO PAINYCa IIPU HEJTMHEHHOM 0TO0-
paxkenuu F;(x) no dbopme GIM3KE K SJLIUIICOMIAM.

2. AcumMOToTMKa MHOXKECTB JOCTU2KIMOCTHA

Paccvorpum ynpasisemyto cucreMy, ad@UHHYIO IO yIIPABJIEHUO

‘T(t) = fl(tvx(t)) + f2(t7x(t))u(t)7 .Z'(t()) = xov (21)

rie tg <t <tjy, x € R", u € R", byukuuu fi : [tg,t1] x R = R™, fo: [to,t1] x R" — R™*" Henpe-
PBLIBHBI 1 HenpepblBHO muddepenmupyemel no x. O6o3naunm depes Ly ruan6epToBO IPOCTPAHCTBO
MHTErPUPYEMBIX C KBaJIPaTOM BEeKTOP-(DYHKIIHUiL, CKaJIgpHOe IIPOU3BeJeHIe, B KOTOPOM OIpPeeIeHo

PaBeHCTBOM
t1

to
Orpanmuenns na u(-) saganst & suge mapa B(0, 1) = {u(-) € La : (u(-),u(:)) < p?} pammyca p > 0.
Bynem nmanee mpesmnonarars, 9ro mis Jjioboro u(-) € B(0, pp) cymecTByer u eJuHCTBEHHO pe-
menne x(t) cucrembl (2.1), 9TO peleHue onpejiesieHO Ha HPOMEKYTKe [to,t1] U Bce TpaeKTopum
cucremsl (2.1), orseuatoniue ynpasiaenusam u3 B(0, u), npunajiexar D C R™.
O6osnaunm G(t;) = {x € R" : Ju(-) € Ly : (u(-),u(-)) < p2, = = z(ty,u(-)}, G(t1) —

MHOXKECTBO JlocTuKumoctu (2.1) B 3aaHHbBIII MOMEHT t1.

IIpennosioxkenne 2. Qynxyuu f1(t,x), fo(t,x) umerom nenpepuervie npoussodHvie No T, Ko-
mopuie ydosaemeopsrom ycaosuro JTunwuya: das ecex t € [to,t1], 1,22 € D

Hafl of %(t ) — Ofs
e ox Oz
ede L; > 0 dan it = 3,4.

! t T2 H < Lngl —xg”

t T2 H < L4H£1 — xg”
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Hasee MbI nccsieiyeM noBeJieHre MHOXKeCTB poctukumoctu G(t1) npu (bUKCUPOBAHHOM [t B IIPEIIIO-
JIO’KEHUY, UTO UHTEpBa [to, t1] sBsiercs MasbiM. Vcmons3yst npeiokentyio B [11] 3ameny Bpeme-
HU, MBI CBOJIUM 3a/J1a4y OIMCAHUS MHOYKECTBA JOCTHKMMOCTH Ha MAaJOM MHTEpBaJe K aHAJOIMIHOM
3ajade Ha (DUKCUPOBAHHOM HHTEPBAJE IS CUCTEMBI, YPABHEHUsI KOTOPO M MHTErpajbHbIE Orpa-
HUYEHUs Ha yIIpaBJICHUE 3aBUCAT OT MAJIOro IapaMeTpa.

amee MbI pe osiaraem, 9To ypaBHeHust cucteMsbl (2.1) onpesesiensr Ha oTpeske [tg, t1], 90 Bee
Tpaekropun cucrembl (2.1), orsevaiomue yupasienusm u(-) € B(0,u), t € [to, 1], npunamiexar
KOMIIAKTy D M mpeosioxkenne 2 BBIIOJIHAETCA Ha [to, t1]. Pacemorpum tg < t1 < ¢ n obosHaumm
t1 —to = e. [Iponssesist 3ameny Bpemenn t = 7+t u nmonoxkus y(7) = x(e7+1tp), v(T) = eu(eT+to),
MBI TIOJTy IUM

9(r) = fi(r,y(m) + fa(r,y)o(r), 0<7<1, y(0) =2, (2.2)

rie fl(T,y) = efi(er + to,y), fg(T, y) = fa(eT + to,y) upm orpanuyenun Ha yupasieHue v(-),
3a/1aHHOM HEepPaBEeHCTBOM

/ 0T (B)o(t)dt < (jiy/E)?. (2.3)
0

Bamerum, 9To TpaekTopuu cucreMbl (2.2), (2.3), kak u panee, npunajiexar D npu € < t] —to u
y(1,0) = z(eT + 10, 0).

Omupegenum cemeiictBo orobpazkenuit Fy : Lo]0, 1] — R™ pasencrsom Fg(v(+)) = ye(1,v()), rue
Ye(t,v(+)) — coorBercrByIOIEe yupasiaenuo v(-) pemenne cucrembl (2.2). Torya, B cuity Toro 4to
y(L,v(-)) = z(t1,u(:)), mMeeT MeCTO PABEHCTBO

G(1) =G(t1) = G. == {F.(x) : x € B(0,u(e))}.

Brech G(1) — MHOMKECTBO TOCTHAKIMOCTH cucTeMbl (2.2) mpu orpammaenmn (2.3), p(e) = uy/e.
Ormermy, uro G(1) m G(t1) 3aBUCAT OT MAJOrO HADAMETPA &, XOTsl 3TO SBHBIM OODA30OM H HE
OTPA’KEHO B UCIIOJIb3YEMbIX 0O03HAYCHUSIX.

[Tpoussognas orobpaxkenusi F.(v(-)) onpemensiercss pasercrsom F.(v(-))Av(-) = Ay(1), rue
Ay(t) — peenne ymHeapu30BaHHON BOJb Hapel Y(t, v(+)),v(-) cucrembr

Ay(t) = eA(t)Ay(t) + B.(t)v(t), te[0,1], Ay(0)=0.

I[Tpu BbIOJIHEHUH YCIIOBUI 1pe Ioiozkenust 2 orobpaxkenue F(v(+)) yaosiaersopsier ycaoputo Jlum-
muna ¢ koucrantoit L(e) = Lo+ Lie (Lo, L1 > 0) [13]. Tlpuuem econ koadbdunmeHTs MaTpuIlb! fo
B ypaBHEHHHU CHCTeMbI He 3aBucaT or cocrostust (fao(t,z) = fao(t)), To Lo = 0. Orpanudenus: Ha
yupasJsenune 3a1anbl mapom B, (0,1) ¢ nearpom B Hyste. Camoconpsizkennsiii oneparop FZ(0)FL.(0)*
UMeeT BUJ

FL(0)FL(0)" = We(1),

€

rjie CUMMETPHYHAsT HEOTPHIATEIbHO OlpejesieHnas Marpuna We(t) — rpamMmaH ylnpaB/iseMOCTH
JIMHEAPU30BAHHON B OKPECTHOCTH HYJIEBOIO yIpasieHusi cucreMbl (2.2). I'pamuan onpezessiercs
PaBEHCTBOM

Wa(t) = / Xo(t,7)Be () BT ()X (¢, 7)dr.
0

Buecs X (t,7) — dyHmamenTaabHas Marpuiia pernenuit ogHopomgnoit cucrembl (X (t,T) =
eA:(t)X:(t,7), X(7,7) = I). Perynsipuocrs orobpaxkerns: F!(0) SKBUBaJIe€HTHA HEBBIPOXKJIEHHOCTH
rpamMmana, KOTopasi, B CBOIO OU€pPe/ib, IMEET MECTO TOIJIA M TOJBKO TOIVIA, KOIJIA JINHEAPN30BaHHAs
cucTeMa BIOJIHE yupasiasema. B gannom ciayuae F.(0)Br,(0,1) — MHOXKECTBO JOCTHKUMOCTH B MO-
MeHT t = 1 cHCTeMBI, JIMHEeApU30BAHHON BJIOJIb TPACKTOPUH, OTBEYAIONIECH HyJICBOMY YIPABIICHUIO.
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UsBectro (cM., Hampumep, [2]), 9T0 9T0 MHOKECTBO SIBJISETCS SJLTUIICOMIOM B R™, KOTOPBIN MOXKHO
IIPEJCTaBUTL B CJIEAYIONIeM BHUJE:

F/(0)Bp,(0,1) = {z e R" : 2" W1 (1)x < 1}.

€

Hanee mns kparkoctu ucnosb3yem obosnadenne W, = W.(1). CuenaeM HEBBIPOKJIEHHYIO 3aMEHY

~1/2
nepevennbix 2 = We /22, U1st IPOM3BOILHONO BEKTOpA T W3 MIOMKECTEA IOCTHAKUMOCTH Gyen
UMeTh HepaBeHCTBO (z,2) < 1, T.e. z € Brn(0,1). Orcroga nosyuaem

F'(0)B,(0,1) = W2/2Bga(0,1).

[ycrs, Kak u panee, v2(), n%(e) MuEEMaTbHOE T MakcuMambHOe cobcTBernble uncta We. Tax xak
u(e) = py/e 1o yenosue p(e)L(e)/n(e) = o(vy(e)) npurnmaer Bu

VEL(e)/n(e) = o(y(e)). (2.4)

B urore mbI OpuxoauM K CJAEAYIOIIEMY YyTBEP2KICHUIO.

YrBepxkaeuue. [Tycmv npu e — 0 umeem mecmo coommowerue (2.4). Toeda mmosrcecmeo
docmuprcumocmu G(t1) 6vinyrao npu 0ocmamouno Maiv ty u

h<s(s)(G(t1) — a(t1,0)), u(€)s(e) W2 B (0, 1)) 0 npu £ — 0. (2.5)

3decv t1 = to + €, x(t,0) — pewenue cucmemovl, omeeuarowee Hysesomy ynpasaeruto, s(e) =
1/(un(e)y/e) — macwmabupyrowsut mmodrcumens.

B obmiem ciyuae mpoBepKa BBIIOIHEHUsT yeaoBust (2.4) mpeacTaBiiseT J0CTATOTHO TPYIHYIO 3a-
Jady, TaK KakK TpebyeT MCCIeIOBaHUsA ACUMITOTHKH IpaMHUaHa yIPaBJIAEMOCTH JI HECTaIOHAD-
HOI JIMHEHHOW CHCTEMBI, 3aBUCIIIENl OT Majoro mapamerpa. Iy OTAeIbHBIX CIydaeB CTallmoHap-
HBIX YIIPABJIsIeMbIX cUCTeM B [13]| moJiyueHbl OleHKN MUHUMAJIBHOIO COOCTBEHHOTO YUCJIA TPAMHUAHA
YIPABJIAEMOCTH JIMHEAPU30BAHHON CUCTEMBI.

[IycTh ucxomHasi cucteMa UMeeT BHUJT

i(t) = f(z(t)) + Bu(t), z(0)=2° 0<t<t, (2.6)

0<t<ti;, zeR" , uekR, f:R" - R", B — marpuna pasmepoB n X 1 ¢ HHTerpajJbHBIMUA KBaIpa-
TUYHBIME OrpaHudeHusiMu Ha yupasienue u(-) € B(0,u). CunraeM, 9T0 CyIIeCTByeT KOMIIAKTHOE
muOkecTBO D C R™, comeprkariiee Bce Tpaekropun cucrembl (2.6) u rpajguent f(x) yaoBiaerBopsier
ycaosuio Jlumnmuna wva D.

IIycrs A(t) = g(az(t, 0)), tme x(t,0) — TpaeKTOpHUSI, MOPOXK/CHHAS HYJIEBBIM YIPABICHIEM.
x
pennonoxum, uro f(x°) = 0, Torma z(t,0) = 2, ciaenosarensuo,
of f o
At) = ==(z(t,0)) = == =A
0 = 2 (w20 = 2 o)

— IIOCTOSIHHAsI MaTpUIla. JIMHeapu30BaHHAsI CHCTEMA B 3TOM CJIydae UMeeT BHJY
Ay(t) = eAAy(t) + Bo(t), t€[0,1], Ay(0)=0.

[ycrs +2(¢) — MurmMambHOe cobersennoe umeio We. B [13] mokasano, uto econ mapa (A, B)
yrpasnsiema, To y2(¢) > ae? npu n = 2 u v%(e) < Be* npu n > 3 A HekoTOPHIX a, B > 0. Tak
Kak st cucreMsl (2.6) L(e) = Lie un(e) =a+ O(e), a > 0, 10

VEL(e)/n(e) = L1 /(a + O(e)) = o(¢) = o(4(e))-

Dro BieueT BbINOJHEHHE ycsoBus (2.4) u, ciemoBaresbHO, cooTHomeHust (2.5) mpu n = 2. g
cuCTeM IIOpAJIKa 1. 2> 3 ¢ OZHMUM BXOJOM BBIIOJHEHUE COOTHOIIEHUA He IapaHTUPYeTCH.

B cienyromem paszese Mbl UTIOCTPUPYEM IIPUMEHCHHE IIOJIyUeHHBIX PEe3yJIbTaToB K HCCIIeI0-
BaHMIO aCUMITOTHKU MHOXKECTB JIOCTMXKUMOCTH JJId HECKOJIbKMX HEJIMHeHHBIX cHCTeM 2-ro U 3-To
HIOPAIKOB.
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3. IIpumepsi

3.1. Ocuumnsarop dyddunra

Paccmorpum B KadecTse npumepa ocuusisaTop lyddunra, onucbiBaeMblii ypaBHEeHTEM
T = o, igz—xl—lOazi’—i—u, 0<t<e (3.1)

PN UHTETPaJIbHBIX OI'PaAaHUYCHUAX Ha YIIPpaBJIECHUE

€

/ )t < 412,

0

pu HyJseBbIX HauaabHbIX ycsaoBusx x1(0) = 0, x2(0) = 0. duddepennupyst dyukuuto Jlsiyrosa

5 1 1
V(z) =V (x1,22) = im‘f + éx% + 5:1:%

BJIOJIb TPAEKTOpUM cucTeMbl (3.1) U IpuMeHsisi aHAJIOr JIeMMbI [ paHyosia, MOXKHO JIOKA3aTh, UTO
BCce TpaeKkrTopun cucreMbl (3.1) ¢ Hy/JIeBBbIM HAYAJBHBIM COCTOSHUEM IPHHA/IEZKAT KOMIIAKTHOMY
vuoskectBy D = {x € R? : V(x) < p?e} [14].

JluneapusoBanHasi BJ0JIb TpaekTopun z(t) = 0, oTBevaloIell HyJIeBOMY YIPABJIEHHIO, CHCTEMA

UMeeT MaTPUIIbI
0 1 0
=(G) 2=()

U, CJIeJIOBATE/ILHO, SIBJISETCsl BIIOJIHE ylpaBbisgemoil. ['pamuan ynpasiasgemoctu W. mpeicTaBuM B
sugie [13] W = S?(g) + e3R(¢), rae

2 _ 901(6) 902(5)
5 @‘(eoz(s) ¢3<a>>’

1
R(e) — orpannvennasi marpudnasi yHkuus, ¢1(e) = §52, wae) = =g, @3(e) = —=e2 +1
Cob6cTBennble 3HaueHnst MaTpuIbl W. UMEoT BU
g2 9 g2 9
Amin(We) =v(We) = 5 +0(e%), Amax(We)=1-— D + o(e7).

Ucnonb3yst crieKTpaabHoe pasjoxkenue MaTpuisl W, = UEDeUET , TIOJIyYUM ng/ 2 = U€D€1/ 2U€T .
3necs D, = diag(c2/12 + 0(e2),1 — €2/12 + o(e2)), DY* = diag(c/V12 + o(e), 1 + o(c)), U. —
OPTOrOHAJIbHAST MATPUIIA.

[Tpu BeIGOpE S(€) = 1/14/€ MBI MeeM, yunTbiBas, uro U:B(0,1) = B(0,1) B cuty opToronasib-
noctu U, cemyromiee paBeHCTBO

5(e)G(e) = U.diag(e/V12,1)Bg2(0,1) + 7.,

IJie MHOXKECTBO T TakoBo, 4r0 h(rs,{0}) = o(e) nupu ¢ — 0. Takum 0O6pa3oM, MHOKECTBO JOCTH-
kumoctu G(g) npu MasbIx € 6Jau3KO 10 (hOpMe K SJUIUICOUJLY C IOIYOCIMH, HPOIOPIHOHATLHBIMI
£/v/12 u 1. UnmocTparueit K TaHHOMY 3aKJIIOUEHHIO MOTYT CJIYKUTh PE3YJIBTATHI IUCIEHHOTO MO-
Jle/IpoBanus B pabore [13], qeMOHCTpHUpPYIOIITE TIOBEICHIE MHOKECTB JTOCTUAKIMOCTH OCIIIIISTOPA
Hyddunra npu pasHbx 3HAYEHHIX JIMHB BDEMEHHOTO HHTEPBAJIA.
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3.2. DbuimHeitHas cucteMa 2-ro NMopdaKa C JBYMsl BXOJaMU
Paccmorpum Oununeiinyio cucreMmy

T1 = Taui — T1U2,
To = —T1U1 — T2U2,

HAYAJLHOE COCTOsiHME KOTopoil 3amano paseHcrBamu x1(0) = 1, x2(0) = 0. Ilpu orpanuvenusix Ha
yupasierne suga |ui(t)] < 1, Jua(t)] <1, 0 <t < e, maoxectBo pocrmzxkuMocTi G(€) HE BBIITYKIIO
upu jiobom € > 0 [15, c. 282|. [deiicTBUTEIHHO, €C/IU 3aIUcaTh CUCTEMY B HOJISIPHBIX KOODIUHATAX

"= —Tug,
Y = —ul,
TO HOHATHO, YTO MHOYKECTBO JIOCTUKUMOCTH IIPEJICTABIISAET CODOil YacTh KPYTOBOT'O KOJIbIIA Ha ILJIOC-

kocti: G(g) = {(r, ) : exp(—¢) < r < exp(e), —¢ < ¢ < e}. Ecam 3aMeHUTH [TOTOYEUHBIE OIDAHI-
YeHHsI Ha YIIPaBJICHIE HA WHTEIPAJbHBIE OIPAHMYCHUS CJIEAYIONIEro BHIA

3 13

/ﬁmﬁgL /@@ﬁgL

0 0

10 G(¢) Gymer no-npexkmemy wactbio Kpyrosoro koubna G(e) = {(r,¢) : exp(—ye) < r <
exp(ve), —vE < ¢ < \/2}, T.e. He BBIIYKJIOH. 3aMeTnM, UTO pasfesbHbIE HHTErPabHbIE Orpa-
HUYCHWs] HEJIb3sl IPEJICTABATH KaK OrpaHnYeHne Ha HOPMY B IMJILOEPTOBOM IIpOCTpaHCTBE Lio.
Paccmorpum Jrasee coBMeCTHbBIE HHTEIPAIbHbIE OTDAHUYEHUS] HA YIPABJICHIE
t1
(u% + azug) dt <1,

0
riae a > 0 — 3amansblii napamerp. Bee TpaeKTOpHN CHCTEMBI JIE2KAT BHYTPU KOMIIAKTHOI'O MHOZKe-
CTBa Ha IUIOCKOCTH. DTO JIETKO JI0KA3aTh, HCIIOIb3Ys MEPEXO/ K MOJIAPHBIM KOODIMHATAM.

CrenaB 3aMeHy yIpaBJICHUS Uy = QUg U COXPAHUB MpEKHUE O0DO3HAUECHUS JJIs YIPABJICHUS,
IIpUJEM K CUCTeMe

. 1
T1 = TU1 — —T1U2,
a
. 1
T2 = —T1Ul — —T2U2
a
t1
C OTPAHUYEHUSIMU HA HOPMY yIpaBjeHusd B Lo / (u% + u%) dt < 1. Marpunbt A, B nHeapn3oBaH-
0

HOIi By1oJ1b TpaekTopun x(t) = (1,0), orBedatoeil HyJIEBOMY yIPABJIEHUIO, CHCTEMbI NMEIOT BUJL

=(o) o= (57

CUCTEMa, CJIeIOBATEIbHO, SIBJIFETCA BIOJHE yIpapiseMoil. I'pamman ymupasiasemoctu W, 3mech He

LV:BBT:CM20>

3aBHUCHUT OT € .

0 1

[Mockombky v(We) u xoncranra Jlunmmna L He 3aBucar or €, To ycaosue u(e) = /e < v/2L,
OYEBH/IHO, BBIIIOJIHEHO JJIsl JOCTATOYHO MaJIbIX €. TakuM 06pa3oM, MHOXKeCTBO JocTukumoctu G(g)
SIBJISIETCs BBITYKJIbIM. Ecim B34Th B KadecTBe MacinTabupyomero Muoxkuresst s(e) = 1/4/e, To npu
MaJbIX € MHOXKecTBO 5(£)G(¢) 6mmusko x ammmconty B = {(x1,z2) : a®x? + 23 < 1}.
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MuozkecTBa, JOCTUXKUMOCTH JijIsi OMJIMHEHON CUCTEMbI

Ha pucynke mpuBeieHbl pe3yJsIbTaThl YUCAECHHOTO MOJIEJIUPOBAHUS IS JTAHHOTO IpUMepa IpU
a = 5. B Bepxueil ero yactu n3o0pakeHbl 'PAHUILI MHOYXKECTB JIOCTHXKUMOCTH JIJIs 3HAYEHUIT £ OT
0.1 10 0.01 ¢ marom 0.01. V3 pucyHka BUIHO, ITO HEBBIIYKJIbIE TIPHU £, Ou3kux K 0.1, MHOXKeCcTBa
JIOCTUKUMOCTH CTAHOBSATCS BBIILYKJIBIMHE 110 Mepe yObIBaHUS JJIMHBI IPOMEXKYTKa BpeMenu. Hiknss
qacThb pucyHaka coorsercTByer 3HadeHusM € ot 0.001 1o 0.0001. 31ech y2Ke Bce MHOXKECTBA BBITYKJIbI
1 110 popMme OJU3KHU K SJITUICOUIAM, TIOJIyOCH KOTOPBIX OTHOCATCH Kak 1 K 5.

3.3. YHuUIuKI

JaHnblii mpuMep JEMOHCTPHPYET HEBBIIYKJIOCTh MHOMKECTB JOCTHKUMOCTU C WHTETDAIBHBIME
OrpaHMYCHUSIMU Ha YIPABJICHHE JaxKe IIPH MAJIBIX JJIMHAX BPEMEHHOI'O IIPOMEXKYTKA.
Pacemorpum cucremy 3-ro nopsizka ((yHHAIIHKIT)

T1 = COS T3,
9 =sinzg, x1(0) =x2(0) =2z3(0) =0,
:i?g =Uu

Ha orpeske [0,¢], tae € > 0. [Ipu reomerpuyeckux OrpaHUYEHUsIX HA YIPABJICHHE MHOXKECTBA JI0-
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CTHKUMOCTH ISl JIAHHOJ CHCTEMBl Ha IJIOCKOCTH (X1, Tg2) mcciaenoBanbl B [16] (cm., Takxke |17,
c. 114-121]), obmuii TpexmepHbIil ciydail u3yden B pabore [18]. MHoKecTBa JIOCTHKUMOCTH B JIaH-
HOM CHCTeMe He SIBJISTIOTCS BBIILYKJIBIMH.

MpI 371eCh paccMaTpuBaeM MHTErpajibHble orpaHudeHns: Ha u (t), 3a/laHHble HEPABEHCTBOM

)

/u2(7')d7' < Pl

0

[TokazkeM, 4TO MHOXKECTBO JIOCTUXKHUMOCTH cucrTeMbl G(£) B JAHHOM Cilydae Tak:Ke He sIBJISIeTCs
BBIIYKJIBIM TIpHu JiioboM € > 0. PaccMoTpum 3a71ady ONTUMAIBLHOTO YIPABIEHUST C JIHHEHHBIM Tep-
MUHAJIbHBIM KPUTEPUEM

z1(e) = min, xz(e) € G(e). (3.2)

Tak Kak MHOXKECTBO JOCTHKHUMOCTH 3aMKHYTO [5], TO pelenue 3ajadu cymiecTByer. Boibepenm
KaKyI0-JIM00 ONTUMAJIbHYIO TPAEKTOPHIO M 0003HAUNM ITY TPACKTOPHIO U MOPOXKIAOIIEe ee YIPaB-
nerme wepes 2°(¢) m u®(t), coorBercTBenHO. Pentenue 3a1a4u He e MHCTBEHHO, TaK KAK TIOHATHO, UTO
nis ynpasiennst U(t) = —ul(t) Mt Gynem umers T3(t) = —23(t), T1(t) = 29(t), T2(t) = —23(2).
To ectb U(t) — TakKe ONTHMAJIBHOE yIPABJICHHUE.

BBe/ist OTOMHATETLHYIO TIepeMeHHyIo T4 paBeHcTBoM 14(t) = u?(t), samaqy (3.2) mpeacrasmm
B Bujie 1(€) — min npu orpaHMYCHUSX

T1 = CcOS T3,
Ty =sinx
.2 3 Z(O);Oj 221, 747
r3 = u,
)
T4 = U,
2
x4 (e) < pi.

Broimumem npuniun makcumyma [loraTpsiruna mrst gannoit 3agaqn. Pacemorpum dyukimio [TorTpsi-
runa H (p, z,u) = py cos x3+ pa sin 23 + pzu -+ pau? u bynxmmio [( Mg, A1, z) = Aozt + A1 (24 — p2). On-
TuMasbHOe yrpasienue u’(t) yaoBIeTBOPAET YCIOBIIO: CYTIECTBYIOT MHEOKITe I Jlarpamka Ag > 0,
A1 >0, (Mo, A1) # 0, Takue uTo

H(p(t), z°(t),u’(t)) = max H(p(t),z°(t),u), 0<t<e,

u

rie p(t) = (p1(t), p2(t), ps(t), pa(t)) — pelreHue CONPsIKEHHON CUCTEMBI

pl = _Hm1 = 07
132 - _sz - 07
p3 = —Hay = prsinaj(t) — ps cos a5 (t),
Py = _H:L‘4 = 0;
BBITIOJTHEHBI TAKIKe YCJIOBHE TpaHcBepcambrocTh p(e) = —l, (Ao, A1, 2°(g)) = —(Xo,0,0, A1) u yco-

Bue jonosHsmoneit nexkectkoctn A1 (z(e) — p?) = 0.
U3 mpummuma Maxcnvyma caeayet, aro Hy,(p(t),z0(),u0(t)) = 0, u smaunt 2u®(t)ps(t) =
—ps3(t). B urore nosyguaem

pP1 = _)‘07

p2 =0,

P3 = —Agsinz3(t),
Pa = =M.

Ecim Ay = 0, To makcumym H 10 w He JIOCTUraeTCss, YTO IMPOTHBOPEYUT MPUHIIUAIY MAKCHMYMA.
Orcroma Ay # 0 u, crenosarensno, py = —A; # 0. Ecm Ao = 0, To p3(t) = 0, u 3maunt u’(t) = 0.
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Ho upu nynesom ympasiennu x3(t) = 0, cosxzs = 1, 4TO COOTBETCTBYeT MAKCHMAJILHOMY, & He
MUHUMAJIbHOMY 3HAYeHUIO Z1(€).

Taxum obpasom, \g # 0, u’(t) = 5)\1_1]93, u mapa (9, p3) ecTh pemenne Kpaepoii 3aaum.

P3 = —Agsinzs,

. 1)\_1

€r3 = 5 1 D3, (33)
p3(e) =0,

xg(O) =0.

€
U3 Broporo ypasHeHust cucreMsl (3.3) mosrydaem / sinz3(7)dr = 0.

Unrerpupys nepsoe u3 ypapHeHuii cucremsl (3.3), ¢ yaerom pasencrsa ps(e) = 0 Gyaem umMernb
p3(0) = 0. Taxum obpazom, ps3(t),z3(t) — pemenme cucrembr (3.3) ¢ HYJTEBBIMH HAYATLHBIMHI
YCJIOBHSIME, ¥ B CHJLy TE€OPEMbl €JMHCTBEHHOCTH pelleHust TudbepeHnaibHOr0 yPaBHEHUsT NMEeeM
p3(t) = 0, 29(t) = 0. Ho 23(t) = 0 cooTBeTCTByeT permenuio 3a/[avi Ha MAKCUMYM, a He MIHH-
MyM 21 (€).

Veqosue 19(e) # 0 cupaseuBo jis mo6oit ONTHMATBHOM TpaeKTopun B 3aj1a4e (3.2). Bribpas

a(t) = —u’(t), momyuuM ApyTyio ONTHMATLHYIO TpaeKTopmio Z(t), mis KoTopoit Ta(t) = —x9(t),

1 1
71(t) = 29(t). PaccmorpumM TouKy & = 5:170(5) + 53_3(6), y kotopoit 1 = z9(¢), 22 = 0. TTokaskenm,
aro & ¢ G(g). HdeiicrBurensro, ecin & € G(g), To Haiijercs gomycrumas TpackTopus &(t), Takas
qro Z(e) = &. Tak kak &1 = Z1(€), To &(t) — onrumasnbHast Tpaekropusi. Ho npu sTtom Za(e) = 0,
9TO TPOTHBOPETHT TOKA3AHHOMY BBITIE YTBEpZKIeHHI0. TakmM ob6pasoM, Tomycymma Touek 10 (g),
Z(e) € G(e) me npunaexur G(e), T.e. G(g) HeBbIIyKIIa IIpH J11060M £ > 0.
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MUHUMAJIBHBIE IIOJIMHOTOOBPA3M1S C®EP I KOHYCOB!

M. 1. Benukunu, FO. C. Ocunos

B pabore usydarorcs nepecedeHusi KOHYCOB HYJIEBOIO MHJEKca co cdepamu. HalieHbl 110 COOTBETCTBYIO-

HUX MUHUMAJBHBIX MHOroobpasuii. B wacraocTu, paccmorpum konyc K = {:(:(2) + 2?2 = 23 + x%} Ero nepece-
LoQ3 3 2
yenne co cepoit S° = 5 xf gacTo HaswBaT KauddopaoseM Topom T, moromy uto Kmmdbdopa nepsbm
3aMETHJI, YTO METPHKA TOTO TOpa KaK IOIMHOTo06pasus S° ¢ muaynupoBaHHONR u3 S° MeTpHKOH aBigeTcs
eBku0Bo#t. TTomumo storo Top T, paccMarpuBaeMblii Kak IOAMHOroo6pasue S°, siBiIsieTcss MUHHMAJIBHOM T10-
— 3 2 _ 7 2 "

BEPXHOCTDHIO. AHAJOIMYHO MOXKHO paccmorpers kouyc K = {> 7 x7 = >/, o7}, KOTOpbIi 4acTO HAa3LIBAIOT
konycom CaliMOHCa, [TOTOMY 4YTO OH JoKasas, 4To K 3a/aeT OIHO3HAYHYIO, HEIVIaJKYO, IJI0OAJIbHO Olpeje-
JIEHHYI0 MEHIMAJIGHYIO HOBEPXHOCTH B RS, me sBistronryrocs maockocrsio. OKaspiBaeTcsi, 9ro nepecedenue K ¢
ceMuMepHOIi cepoit S7 Takike sBsIeTCs1, 10706HO Topy Kinddopaa, MUHEMAIBHOI HOBEPXHOCTHIO B S7. D11

CbaKTbI JOKAa3bIBAIOTCA B CTaTbh€ C IIOMOIIbIO TEXHUKU KBATEPHUOHOB U anre6pb1 Koamm.

Kutrouesble ciioBa: MUHUMAJIbHAS TIOBEPXHOCTD, FayCCOBA KPUBU3HA, KBATEPHUOHBI, OKTOHNOHBI (uncsia Kam),
nosie sKcTpemadieil, pyukuus Beitepmrpacca.

M. 1. Zelikin, Yu. S. Osipov. Minimal submanifolds of spheres and cones.

Intersections of cones of index zero with spheres are investigated. Fields of the corresponding minimal
manifolds are found. In particular, we consider the cone K = {x% + m% = m% + mg} Its intersection with
the sphere S3 = Z?:o mf is often called the Clifford torus T, because Clifford was the first to notice that the
metric of this torus as a submanifold of S3 with the metric induced from S3 is Euclidian. In addition, the
torus T considered as a submanifold of S® is a minimal surface. Similarly, it is possible to consider the cone
K = {Z?:O x? =i :cf}, often called the Simons cone because he proved that IC specifies a single-valued
nonsmooth globally defined minimal surface in R® which is not a plane. It appears that the intersection of
with the sphere S7, like the Clifford torus, is a minimal submanifold of S7. These facts are proved by using the
technique of quaternions and the Cayley algebra.

Keywords: minimal surface, gaussian curvature, quaternions, octonions (Cayley numbers), field of extremals,
Weierstrass function.

MSC: 49Q05, 11R52
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1. Cayuait Knuddopaa

B npocrpancree R* pacemorpum konye K = {m% + x% = a:% + x%} Hy/IeBOro mHiekca. [loka-
KeM, 9T0 mepecederne K co crammaprroil eaunmanoit chepoit S asmsercs Topom T = St x Sk
JlelicTBUTENBHO, BBEAEM KOOPAMHATHI Ha Tope T, paccMaTpuBas €ro IMepecedeHns ¢ ILIOCKOCTSIME
A = {xzg=21 =0} u Ay = {x9 = z3 = 0}. Ilepeceuenne T ¢ wiockocTbI0 Ag ecTb OKPYK-
HocTs {73 + 22 = 1/2}, napamerpuzoBannas KoopiuHaTO# (v iepecedenne T ¢ mIocKocTbIO A1 ecThb
OKpYyKHOCTb {73 + 73 = 1/2}, napamerpusoBaHHas KOODJMHATOM [3:

xg = (1/?)(3080[,
r1 = (1/v2)sina,
= (1/V3)cosh, 1)
zy = (1/V2)sinp.

[Tpsimoe mpouseeseHne 3TUX ABYX OKpyzkHOCTeill U ecTh Top T. [lepBas xBamparwaHas dopma Ha
Tope omnpegenserca 1o dopmyiae T ds? = (da)? + (dB)?, craemoBare/nbHO, KaK U GBLIO IIOKA3AHO

IPa6ota Bemosmena npu noiepkke POOU (mpoekt 17-01-00805).
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Kauddopmom [2], merpuka na tope T, ynacienosanuas or chepuueckoii METPUKI S3, ABJIAETCA
eBKJIMI0BOM. Cremyomuii (pakT JOCTATOYHO IIPOCTOM, HO MBI HE BCTPEUYAJN YIIOMUHAHUN O HEM B
JuaTeparype.

Teopema 1. Top T, paccmampusaemuiti kKax mHuozo06pasue, srodcennoe 6 chepy S, aensemca
MUHUMAABHOT, NOBEPTHOCTIIBIO.

HJokaszaTeasbcTso. Hisa Toro 9rodbbl HATH BTOPYIO KBaIPATHIHYIO (DOPMY, HAIO CIIPO-
eKTUPOBATh BTOPBIE IIPOU3BOJIHBIE PaJINYC-BEKTOpa IOBEPXHOCTU I = {COS v, sin v, cos 3, sin } 1o
napamerpam Ha HOpMasib N = {yo,y1,Y2,ys}. VIMeHHO u3-3a pacrosioxKeHWs] BHEIIHEl HOpMAaJK
BTOpas KBaAparuiHas (popMa CYIIECTBEHHO 3aBHCUT OT TOMO MHOI0OOpasus, B KOTOPOE IIOIPYXKe-
Ha II0BEPXHOCTb. {1 OPTOrOHANILHOCTU K BEKTODPY T = {—sinq,cos «, 0,0} HeobxomumMo, 4To6bI
y1/yo = tana. s oproronanbHocTn K BekTopy 73 = {0,0,—sin 3, cos f} HeoOXommMO, dTOODI
y3/y2 = tan 5. 3HauuT HOpMaUhL JosKHA uMmerh Buj {C] cos a, Cy sin r, Cy cos 3, Cy sin B}. Ho ecau
CIUTATH OOBEMJIIONIIM MHOTOOOpasueM cdepy, TO HOpMaJjb JIOJXKHA JIesKaTh B KAcaTeJIbHO ILIOC-
KOCTH, T. €. GBITH OPTOTOHAJBHOMN K pajimyc-BekTopy cdepst S?. Crenosarensno, O = —Cy. Bropas
kBaparmanas dopma mveet i (da)? — (dB)%. Ee cien pasen mymo. Creosarensno, Top T, Bo-
JKEHHBI B cdepy, ABISeTcsd MUHUMAJILHON MOBEPXHOCTLIO. DTO O3HAUAET, YTO €ro ILIOMIAIb €CTh
KPUTHIECKOe 3HaUeHne (PyHKIIMOHAA IO OTHOCUTE/IBHO BapUAINil IIOBEPXHOCTH T, JIEXKAIITAX
BHYTpH C(EPHI. O

st toKa3aTeIbCTBa JOCTATOYHBIX YCIOBUI MUHUMYMA CJIELyeT IOCTPOUTH II0JIe€ SKCTpEeMAJIeit,
cogepzKalee JaHHYIO IOBEPXHOCTL. I1epBhlii BapuanT TeOPUN [OJIs IJIs 3a1a9 MUHIMU3AIUT KPaT-
HBIX HHTerpaJsioB 6bl1 paspaboran Kapareomopu [1| B KoHIe aBajnarhix rojoB. Bropoit (oTHOCH-
TeJIbHO H0JIee IPOCTOI) BAPUAHT, OCHOBAHHBIH Ha 60JIee KECTKUX TPeOOBAHUAX K MUHUMU3UPYEMOMY
dbyuKImoHaty, 6611 OCTpoeH Beilsiem B cepeHe TpuanaThix rojgos [6]. B mMHOromepHoM Bapma-
IMOHHOM HMCUMCJIECHUU JOJXKHO OLITL CTOJILKO Ke (PYHKINHA, KaKOBa Pa3MEPHOCTDL IIPOCTPAHCTBA
HE3aBUCHUMBIX [IEPEMEHHLIX, UTO BeIeT K PACCMOTPEHNIO MHBAPUAHTHLIX HHTEIPAJIOB [IJIs AKOOMAaHOB
COOTBETCTBYIOIIUX 0TOOpaskeHuil. B ocHOBY KOHCTpyKIny Beiisis mo/02KeH NHBAPUAHTHBINA HHTEPAJT
tuia ciega. Kouerpykuus Kapareonopu ocHoBaHa Ha NHBAPUAHTHOM MHTEIPAJIE TUIA TeTePMUHAH-
Ta. BriociencTBun ObLIN MpejIoyKeHbl MHOTOYUCIEHHDBIE, HO Hed((EeKTUBHbIE KOHCTPYKIIUN IOJIEiH
JJI [IPOM3BOJILHBIX CAMBIX OOIIUX MHBAPUAHTHLIX HHTErPAJIOB. JPMEKTUBHBIE JJI BLIMUCJICHUN
[T0JIsSI ¢ MHBAPUAHTHBIMU WHTErpajiaMi, UMEOINUME BUJ CJIEI0B BCEX BHEIIHMX CTEIeHEHl MaTpHUIlbl
SIKOOUAHOB, ObLIN U3y4eHbl B padore [7].

YpapHenne nepeceuennsi kouyca K co chepoit S MoxkHO 3ammcaTs B Bujie azg +x% = 1/2, noromy
4TO BTOpOE ypasHenue 73 + x3 = 1/2 asngerca ciepcrsuem nepsoro. Brmouny Top T B cemeficTso
PaBHBIX TOPOB. s TOro paccMorpuM mpocTpanctso R Kak mpocTpaHCTBO KBATEPHHOHOB:

xo — lag, x> ial, X9 —r jCLQ, r3 — kas.

YMHOXKEHHE CIIpaBa U yMHOKEHIe CJIEBa Ha KBATEPHUOH, PABHBIA €IMHUIIE 110 MOJLYJIIO, OIIPEIeJISIIOT
pasHbBIe OPTOroHAJIBHBIE IIpeobpasosanms mpocrpancTsa R* [4]. Pacemorpum mpeoGpasopanme Iy,
KOTOpOe MHJyIUPOBAHO yMHOYKEHHEM CIpaBa Ha KBATEPHHOH Z, = 1cos<y + jsin~y. Jlerko BuneTs,
910 1I0cKoCTU {X0, T2} 1 {X1, ¥3} MHBAPHAHTHBI OTHOCHTEIBHO J,. B 0benx mockocTsx mpeobpaso-
BaHme J, HHAYIIPYET OJHOBPEMEHHBIII IIOBOPOT HA YTOJ 7. Y MHOYKCHHE Ha eIMHIIHEIN KBATEPHIOH
onpezessier B S? kg dopaoB CABUT. DTO 03HAUAET, UTO, HOLOOHO EBKJIUIOBY CABUTY, KAXKIAs TOU-
Ka IIPOXOJUT OJIUH M TOT Ke IIyTh (B HAIEM CJIydae yroj 7y) U PACCTOSHUS MKy JIFOOBIMU JIBYMsI
TOYKAMHU COXPAHSIIOT IIOCTOSHHOE 3HAYCHIHE.

Haiinem obpas xonyca K mpu npeobpazosanun .J,. YMHOXKeHHE cClIpaBa Ha KBaT€PHUOH Z, =
1cosy + jsin~y meficTByeT Kak yMHOXKEHUE Ha, MATPHUILY

cos 7y 0 —siny 0

0 cos 7y 0 sin y
sin 7y 0 cos 7y 0

0 —sinvy 0 coS 7y
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[Tpumensist a1y marpuiy K (1.1), mosyuaem orobpakeHne

ro = (1/v/2)(cosacosy — cos Bsinr),

r1 = (1/v/2)(sin acosy + sin Bsin ),

ry = (1/v/2)(cosasiny + cos 3 cosy), (1.2)
r3 = (1/v/2)(—sinasin~y + sin B cos 7).

ITepeceuenne Touek (1.2) ¢ mexomubiM KoHycoM K ocymiecTsisiercss IpH 3HAYCHHSX Y, KOTOPbIE
YIOBJIETBOPSIOT ypaBHenuio 73 + x7 = 1/2(2 — sin 27y cos(a + B)) = 1/2. Wim

1

n2y—=_—-
S cos(a + )

Dro ypasHenue He uMeer perenuii upu | cos(a+f)| < 1. CremoBaresnbho, v = /4. 3aadunT 06pasbt
konyca K B obmactu 0 < v < 7/4 nepecekarorcsi TOJBKO B Hadasie Koopjauuat. CiiesoBaTesbHO, IpH
STUX 3HAYEHNsX Y 00pa3bl Topos T B3amMHO He Hepecekarorcs. PazmeprocTs cdepnl S? mpesocxoanT
pasMepHOCTH TOpOB Ha exuauily. CireoBaTe/bao, 06passl Topos T 3alOMHAIOT B IpOCTpaHCTBE S°
OTKPBITYIO 00/1acThb. epe3 KaxK/IyIo TOUKY 9TOI 00/IacTU MPOXOJAUT OJWH U TOJIBKO OfuH TOp. i
TOTO YTOOBI JI0Ka3aTh, 4T0 MHOr00Opasus J, (T) o6pasyror mose skcTpemalieii, MOKHO HCIIOTb30BATH
dopmyny (17) paborer [7]|, koropast onpezensier dyukuio Beitepirpacca. Tuddepennuposanust
ypastenust (1.2) o o u 8 nator

1 . . . .
ZTo = —=(—sinacos~y, cosacos~y, sinasiny, — cos asin~y)

V2

xrg = L(sinﬁ sin -y, cos Bsin~y, —sin /3 cosy, cos 3 cos ).
V2
Nmeem E = $(2x =1/2, F =< 24,23 >=0,G = x% = 1/2. Ilepsas kBagpaTuuHas Gopma ornpe/ie-
nasiercst kak EG — F?2 =1 /4. Tlox unrerpasom B dyHnkunonase mwiomamu crout f = 1/4. Moment
p = 0. Oyuknus Beitepmrpacca W = 1/4. Tonoxurensnocrs dyukuun Beiiepirpacca rapanTu-
pyeT MUHUMYM (DyHKITHOHAJIA, TIIOIIA]IH.

YMHOXKeHUE Ha KBaTepHUOHBI 1 cos~y + ksin~y maer apyroe cemeiicTBO HeElepeceKarouxcst TO-
POB, KOTOpOE TaKXKe 3aIlOJIHIeT OTKPBITYIO 00jacTh $a30oBoro mpocrpancTsa. Ha mepBbiit B3TIsiT
MIOJIy9aeTcs IPyroe ToJie MUHUMAJIBHBIX noBepxHocTeil. Ho aro mamosus. [losst nepexonsaT onuo B
Japyroe mpu orpakenuu j <> k. B To ke Bpems ymHOXNKeHIEe Ha KBaTepHUOHBI 1 cos<y + isin~y maer
Jiaib Bpairenne KoHyca K Bokpyr cBoeit ocu. [lpuBenem ciierka BUIOU3MEHEHHYIO KOHCTPYKITHIO
JIOKa3aTe/IbcTBa 3HaMeHUTO! Teopembl Kinddopaa, koropast 6yIeT UCIOIb30BaHA B JIaJbHEHIIIEM.

Teopema 2 (Kiuddopna). layccosa kpususna mopa T ¢ ynacaedosanmnot chepuueckot mem-
PUKOT PABHA HYAIO.

HdoxasarenscTso. Orobpaxkenus J, ONpeJeIsdOT B ”HBAPHAHTHBIX MJIOCKOCTSX IIOTOK
okpyxkHOCTEH. [TOCKOBKY IpH ¥ = T 3TU OKPY?KHOCTHU MIPOXOISAT Uepe3 JIUaMETPATHLHO ITPOTHBOIIO-
JOXKHYIO (IO OTHOIIEHUIO K UCXOJHOMY IOJIOXKEHHIO) TOUKY, OHU SIBJISIOTCS I'eofle3ndecKuMu ce-
pamu. (B nokasarenscree Kimddopaa npoekrusHoe orobparkenue nepeBouT ux B KAuMHOPIOBbI
nmapaJsiieJIbHbIE IPsIMBIE JIMHUE, KOTOPBIE SBJISIOTCS MPSMOJMHERHBIMI 00Pa3yOIIMI OJHOIIOJIOCT-
HOro runepbosionsia — apyroii uarepnperanuu Topa T.) Ipyroe ceMeilcTBO reojie3andeckux cdepbl
HOJIyYaeTCsl B pe3yJibTaTe aHAJOTUIHOTO JIEBOro yMHOXKeHus1. Kaxkioe u3 cemeiicTs (J1eBoe u npasoe)
omnpeessier KianddopaoBbl ¢ABUru chepbl: KaxKast TOYKa IPOXOAUT OJUH U TOT YKe IIyTh (B HallleM
cJIydae yroJi 7y) W PACCTOSTHUS MEKLy JIFOOBIME JABYMST TOYKAME OCTAIOTCS TOCTOSTHHBIMA. 1PaeKTo-
pun 060MX CABHUI'OB IIEPECEKAIOT JIPYT JAPYTa IO, MPSIMBIM YIJIOM, IOCKOJIbLKY HOPMAJIb IEPEXOIUT B
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HopMaJib. JJIst JaHHON HavYaJLHONR TOUYKU ¢ IIPORIeM cHadaJa IO IPABOMY CEMEHCTBY, a IOTOM IIO
JIEBOMY Ha OJIMH M TOT K€ YIroJI. Kcjin MOBTOPUTH JIJIst TOH »Ke HavaJbHOI TOUKHU ¢ 00e 9TH OlepaIiun
B 00paTHOM HLOPSAKE, TO MBI IOIAJEM B TY XK€ CaMyl0 KOHEUHYIO TOUKY. B pesyabrare IOJIyIuTCs
POCTPAHCTBeHHEIH Kinddopaos mapastenorpamm A B muoroobpaszun T C S3. Cymma ero yrios
pasua 4w. ClaenoBaTeabHO, rayccoBa KPUBU3HA KPUBOIUHERHOrO napaJjieaorpaMma A paBaa HyJIio.
[TockoJIbKy TOYKY ¢ MOXKHO BBIOMPATH IIPOU3BOJILHO, TeOMeTpust 1T eBKIUI0BA. O

Hr06bl u3yunTh 06pa3 HavagbHOro Topa T 1pu orobpazkeruu (1.2), moioxKuUM

xg = pcosy,
r1 = psinn,
ro = Rcosé,
xr3 = Rsiné,

riae R?2+p? = 1. Jlna nanusix 3nadennit R, p, 1, & HaiineM o, B u 7. [IOMHOKIM IIepBOe ypaBHEHHE
B (1.2) Ha sinn, Bropoe ypaBHEHHE Ha COS17) U BbUYTEeM BTOopoe u3 nepsoro. [loayuurcs

sin 7 cos acosy — cosn sin a cosy — sinn cos fsiny — cosnsin Ssiny =0

um
_sin(n — )
- sin(n +B)’

Hasee momuokuM Tperhe ypasaerue B (1.2) Ha sin&, derBeproe Ha cOSE M BbIUTEM BTOPOE U3
mepBoro. Ilosyuanrest sin & cos avsin«y 4 sin € cos 5 cosy + cos € sin asiny — cos € sin S cosy = 0 uan
sin(8 — €)

tany = Sn(a o) (1.4)

tan (1.3)

Kombunarms x3 + 22 u3 ypasuenmnii (1.2) naer 1 — sin 2y cos(a + ) = 2p?. Kombunarus 73 + 22 us
ypasaenuii (1.2) maer
1 4 sin 2y cos(a + B) = 2R>.

IIpu BBIYUTAHUE MOJLYYUTCS
R? — p? = sin 2y cos(a + B). (1.5)

MeI mMeeM TP HE3aBHCHMBIX yYDABHEHHUs JII TPEX HEM3BECTHBIX BeJaW4IHH «, (,7. Ilpumem o u
3a HE3aBHUCHMBIC [IepeMEHHbIe, onpeerseMble ypasHenusmu (1.3) u (1.4). Ypasuenue (1.5) maer
cooTBeTCTBYIOMIee 3HadeHne QyHkmn y(c, 5).

Haiijem ocobennoctu orobpaxkenust { R, p,&,n} — {«, 8,~}. llpupasuusas nupasse gacru (1.3)
u (1.4), nomyuaem sin(n — a)sin(€ + o) = sin(f — &) sin(8 + n). dnddepennuposanue (1.3) mo 7
naer — cos(a — 1) + tanycos(8 +n) = 0. Takum 0bpasoM, MBI HMeeM

cos(a —n)  sin(n — a)

tany = = — .

7T eos B+n  sin(B+n)
Orcrona caenyer, uro sin(a + ) = 0 u f = —a. Umeem tan+y = 1. CiieroBaresibHO, 0COGEHHOCTH
JIOJIZKHBI JiexkaThb Ha OKpyxKHOCTsAX p = 0 m R = 0. Unrepecyromee nac mHOokectBo {p = R}

CBODOIHO OT CHUHTYJIAPHOCTEH. MBI TOJIyYMIN TOMOJHUTEIHHOE MMOATBEPXKICHIEe TOr0, YTO 00Pa3bl
ropa T B obsactu 0 < 7y < 7/4 He nEpeceKarT JAPyr JIPyra.

Bru1o ObI 0YeHB MHTEPECHO MOCMOTPETh, KAK BBINISAUT TOP T, Oy/Iydd BKJIIOUYEHHBIM B TPEX-
MepHoe (a He JeThbIpeXMePHOe) IPOCTPAHCTBO. Pe3ysbrarsl craTbi [3| JaroT Takyo BO3MOKHOCTL. B
9TOH cTarhe ObLIA OlpeesIeHa Ollepallis PAa3BEPTKH PUMAHOBA MHOIOOOpa3us, BKJIIOYEHHOTO B JIPY-
roe pumaHoBo muoroobpasme N C M. IIpu sTom reomesmdeckne MuOroobpasus N MIPOIOJIZKAIOTCS
reogiesuueckuMu M. OcHoBHast ujesi crarbu [3] 3akiodaercs B cieayoriem. Crieyer mpoIoKaTh
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He Bce reojie3ndeckre N, a TOJIbKO T€ U3 HUX, KOTOPhIE MPUHAJIEXKAT HEKOTOPOMY TOJI0 P reose-
sudeckux Jgunnit N. Pa3imndnbie 1Mojisi reoie3ndecKnX OIpPeaesssioT pa3Hble pa3BepTKu. Boiio moka-
3aHO, YTO JINCTHI PA3BEPTKH JAIOT CHUMILIEKTOMOpdu3M N. DTO 03HAYAET, YTO BCE MHBApPUAHTHBIE
uHTErpaJibl N OCTAIOTCS WHBAPUAHTHLIME B JIUCTE.

Jlj1st pasBepTKU MBI OyIeM HCIOJIB30BATDH IEHTPAIbHOE HoJe Teomesmdeckux cdepnl S° C R* ¢
nenrpoM B Touke @) = (1,0,0,0) (ceBepusiii nosoc). Ilpu mimHe reoje3nyeckux papBHO 7 JCT
pa3BEPTKU CTAHOBUTCA EIMHUIHBIM IIapoM B TpeXMepHOIo KacaTeJIbHOTO IIPOCTPAHCTBa K cdepe
B Touke xg = —1. I'panuneit storo mapa sBjsiercs cdepa pajaumyca 7. DTa IpaHUNa eCcTh obpas
pasmyTust Toukn Q € SB.

3ammuiieM ypaBHEHHUSI MeOIE3MIECKUX TIOJIsI, HCIIOIb3Ysl ChepruiuecKre KOOPANHATH TPEXMEPHOI'O
npocrpascTsa {x1,xa, x3} :

rg = —1,
r1 = siny,

1.
To = C€OS1Cos @, (1.6)
r3 = cosysin .

BekTop CKOpOCTH JJisi HAYaJIbHOTO II0JIOKeHHsl mostydaercs auddepennuposannem (1.6) mo :
v = {0, cos 1, — sin 1) cos ¢, — sin 1 sin ¢}. YpaBHEHUsT PeOIE3NIECKUX TI0JIsI TIOJIYIAIOTCsI Y MHOXKEHN-
eM KOOpAMHAT HadasbHoro mosoxkenns () = (1,0,0,0) ma cost n npubaBieHrEM BEKTOPA CKOPOCTH
v, YMHOXKEHHOI'O Ha sint

rg = cost,

T = COS.TZJ sint, . (1.7)
T9 = —sintcos¢sint,

r3 = —sinysingsint.

Jlucr ¢ = 7 sBiIsieTCst WIOCKUM TpeXMepHbBIM IpocTpancTBoM. Haiimem o6pas Topa B Hem. [le-
2 2 _
pecedeHne TeONe3NIECKNX C TOPOM YJIOBJIETBODsET ypaBHeHHIO 5 + x5 = 1/2. CremoBaresbHo,
sin? ¢ sin?t = 1/2 nm
1

Sin2 t = 52
2sin“

(1.8)
O6uiacTb onpeesienust Jist epeMerHoii ¢ ecrb /4 < 1) < 37 /4. Toxpcrasiss (1.8) B aBa mocsieHux
ypasuenus (1.7), noaydyaem

sin ¢ cos ¢
o =

V2 BT A

Unmeem ypasrerns mepsoro m3 kpyros topa T = S x S!. Bropoe ypasmenne (1.7) 21 = % cot 1)

JlaeT CJIOMKEHHBI BaBoe oTpe3ok —1/v/2 < x5 < 1/4/2, KOTOpLIil ABJISeTCs BLIPOXKICHHBIM 00pa-
30M BTOpO#l okpyzkuocTu Topa T. Ilepemennasi ¢ nmpuHuMaer nMpou3BOJIbHBIE 3HadeHus. Ha jmcre
t = m Mbl nosyumn miockuii mummHAp. O6pas Topa T npu CKaHUPOBaHUU IMEHTPAJILHBIM IIOJIEM
PeOJIE3NIEeCKIUX OKa3bIBAETCsI BBIPOXKIeHHBIM. O0pa3 COXpaHsieT CBOWCTBO OBITH €BKJIMIOBBIM, HO
repecraeT ObLITh MHHUMAJILHON HMOBEpXHOCTHIO. Kinddopns peannsoBaa cBoit TOp B BHJE OIHOIO-
JIOCTHOT'O THIIEPOOIONIa TPEXMEPHOIO IMPOEKTUBHOIO MMPOCTPAHCTBA. DTOT 00pa3 eCThb TOP ¢ TOUKHU
3peHns MMPOEKTUBHOI reoMerpun. Haira peanmsaniysi B OrpaHHYEHHON YACTU IPOCTPAHCTBA IIPUBO-
JIUT K BBIPOXKJIEHHOMY ILIIOCKOMY TOPY, UMEIOIeMy (OpMy IIMHJIPA.

2. Cayuaii CaiimoHca

y . _ 4 2 N8 2
IToxoxmit TpIOK MOKeT OBITh peanm3oBan st KoHyca Caiivonca I = {), x; = >, a7}, ur-
paiorero poJib Topa Muoroobpasus T = S3x S? C S7. BMecTo KBaTepHHOHOB CJie/lyeT HCTOIb30BaATh
okToHHOHBI. MbI HazbiBaeM K korycom Catlimorca, TOTOMY 9TO OH JJOKA3aJI, 9TO STOT KOHYC JIAeT [JIO-

6aILHO OIIPE/IE/ICHHYIO HErJIaJIKyI0 MEHIMAJIBLHYIO HOBEPXHOCTD, OTIMYHYIO OT ItockocTd B RE [5],
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IIOCTABUB TOUYKY B pemreHun mpodsiembl bBeprmmreitna. [lomobuo ciaydato konyca Kauddopma, mbr
uMeeM CJIeYIOUIYIO TeopeMy.

Teopema 3. Brawouenue T C ST onpedeasem Munumasbryio noeeprHocmy.

Jdoxkaszareanbcrtso. lcnonb3yem apryMenTanuio TeopeMbl 1. BHOBL HOpMaJIb K IIepBOMY
commroxxuremio S x S ectv (u(q1),*), Tne q1 — paamyc-BekTop mepsoit cdepsr S?. Hopmams ko
BTOPOMY COMHOXKHTEIO ecTh (*,7(g2)). Hopmamns k muoroobpasmio T = S3 x S3 B Touke (q1,q2) €
S3 x S, nexameit B cdepe S7, ectb (1/v/2)(q1, —q2). O6osmaumm uepes (ds)?(q) smauenue Bropoii
KBaIPATHYHON (DOPMBI IepBOro comMuoxkuTens S° B Touke ¢; a uepes (d3)%(q) 3mauenme BTOpOIL
KBaIPATHIHON (hOPMBEI BTOPOro coMHOKHTeasa S° B Touke ¢. Torma Bropas KBaJapaTuunas dhopMma
muoroo6pasus T = S? x S? pasna (ds)? — (d3)2. Ciex s1oit bopMbI paBen HyJIo. O

Bynem, kax 310 npuHsiTo, obo3Hauarh Oasuc anrebpol Kamum wepes 1,1i,j,k, e, f, g, h. Buosb
BKJIIOUaeM MHoroobpasme T = S? x S? B ceMeiicTBO paBHBIX MHOrooGpasmii. PaccMOTpEM Ipo-
crpancTo R® Kax mpocTpaHCTBO OKTOHHOHOB:

xo — lag; x1— lay; a9 — jas; x3— Kkag; x4 +— eaq; x5+ fas; x¢— gag; x7 — harz.

YmuO)KeHue (CKarXkeM, CIpaBa) Ha OKTOHMOH, DABHBIN €IMHUIIE 110 aDCOIOTHON BeJIMYUHE, Olpe-
JleJIsieT OPTOTOHAIBHOE TIpeobpasoBatme mpocrpancrsa RE. Pacemorpum mpeobpasosanimst I, xoro-
pble UHIYIIUPOBAHBI TPABBIM YMHOXKEHUEM Ha OKTOHHOHBI 1 cosy + jsin+y. Jlerko Bujers, 9To JIBYy-
MepHble wiockoctu {xg, x2}, {x1, 23}, {z4, 26} u {25, 27} ABIAIOTCH NHBAPHAHTHBIMU [IJIOCKOCTSIMU
npeobpaszosanuii I,. Bo Bcex aTHX mIOCKOCTAX mpeobpasosanue I, MHIYIHUPYET OJIHOBPEMCHHBII
TOBOPOT Ha yroJ . Kak u mpexie, obpasbl MHOroobpasusi 7 He mepeceKaroTcs. depes KarkiIyio
TOYKY OTKPBITOTO MHOMXKeCTBa cepbl S’ IPOXOAUT OIUH U TOJIBKO OIUH 06pa3 MHOroobpasms 7 .
CrenoBaTeabHO, HOMYyYaeTCs I0I€ MUHUMAJILHLIX MHOIO00pasuil.

BumecTo I, MOXKHO HCIOJIB30BATH yMHOXKEHNE Ha JpyrHe OKTOHHOHBI. YMHOXKeHHe Ha 1cos -y +
isin -y umeer IByMepHBIC HHBAPUAHTHbIE TIPOCTPAHCTBA {X0, 1}, {T2, x3}, {r4, 5} u {x¢, v7}. YMHO-
»kenne Ha 1 cos y+Kk sin v umeer JByMepHbIe HHBapUAHTHBIE IIpOCTPAHCTBA { o, T3}, {1, 22}, {24, 27}
u {x5,r¢}. YMuoxenue na 1 cosy+esiny uMeer 1ByMepHble HHBAPUAHTHBIE IPOCTPAHCTEA { T, T4},
{z1, 25}, {x2, 6} u {23, 27}. YMHOKeHUE HA 1 cOs ¥+ f siny umeer nByMepHbIE HHBAPUAHTHBIE [IPO-
crpaHcTBa {xg, T5}, {21, 24}, {x2, 27} u {23, 26}. YMHOKEHUE Ha 1 cOS Y+ g sin -y uMeer JByMepHbIE
WHBapUAHTHbBIE IPOCTPAHCTBA {0, T6}, {T1, 7}, {T2, x4} u {x3, x5}. YMHOKeHME HA 1 cosy+hsiny
uMeeT JIByMepHble HHBapUaHTHbIe npocTpancTa {xg, x7}, {21, x¢}, {2, x5} u {3, 24}

HeTpyaHo HOCTpPOMTH MHOrO moJieil ONTUMAJILHBIX TPAGKTOPHUil, paccMaTpuBasl OIPAHUYEHUS
STUX BpAIleHHil Ha pas3iudnble cedeHns cepbl S3. JIJIs TAKUX CeUeHUil MOMYUAIOTCS PE3YIbTaThI,
BIIOJTHE aHAJIOTMYHbIE TeopemaM 1-3.

Hanpumep, BepHEMCS K IPABOMY M JIEBOMY YMHOXKEHUIO OKTOHUOHOB CEUCHUSA = = ﬂZ: Jf{zi =0}
na I, = 1cosy + jsin~y. ITono6uo muoroo6pasmio T Ha coMHoKUTENAX THIA S? MOKHO [OCTPOUTD
MUHHMAJIbHBIE TOBEPXHOCTH, KOTOPBLIE B CBOIO OYEPEIb MOXKHO BJIOYKUTH B IOJS MHHUMAJILHBIX
nosepxHocTeit. Pacemorpum Z; — nepecedenne chepnl = ¢ Komycom {3 + 23 = 23 + 23},

Teopema 4. Baooicenue 21 C S?, paccmampusaemoe xax nodmmosicecmso cepo, S°, asiaemea
MUHUMAABHOT, NOGEPTHOCTDIO.

ﬂ OKa3aTeJibCTB O IIOYTHU JOCJIOBHO IMOBTOPAET MTOKA3aTCJILCTBO TECOPEMBI 1. O

Camo MHOroobpasue 7 He MOYKET GBITH €BKJIHJIOBBIM, TAK KaK OHO coaepskuT chepsl S?, HO ero
CeYeHUs] OKa3blBaAIOTCA €BKJIMJOBLIMU.

Teopema 5. [ayccosa kKpususHa ceueHus =1, PACCMAMPUBAREMO20 KaK NOIMHoHcecmso T, pac-
HA HYAI0.
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Joxaszarensctso. Orobpaxkenue J, oUpesesier OKPYKHOCTH B HHBAPUAHTHLIX ILIOC-
KOCTSIX {0, 22} U {x1,23}. DTH OKPYKHOCTH IIPH Y = T HPOXOSAT 4Yepe3 TOUYKY, JAUaMeTPasIbHO
POTUBOIOJIOZKHYIO HAYAJIBHOI TOUKe, O9TOMY OHH SIBJISIIOTC reomesmdeckumu cdepst S°. Bropoe
CeMeiiCTBO OKPYXKHOCTEl TI0JIy9aeTcsl B pe3yJIbTaTe YMHOXKEHns caeBa. Kak u B cilydae KBaTEepPHUO-
HOB, KaKJ0e U3 ceMeilcTs onpeiengeT KauddopaoBbl CABATU: KazK/1asd TOYKA IPOXOAUT OQUH U TOT
)Ke 1yTh (Yrosl ) U pacCTOsiHUsI MEXKJy TOUYKAMHU COXPAHSAIOTCS. TPAeKTOPHU [ePeceKaroTesl MO
OPAMBIM YIVIOM, TaK KaK HOPMAaJId IepexoidaT B HopMman. Kak u mpexje, 3adukcupyeM Hada/lb-
HYIO TOYKY ¢ W IPOiileM CHadasa o IIPaBOMYy CEMEHCTBY, a IOTOM IO JIECBOMY Ha OIWH U TOT K€
yros . IIoroM MBI HOBTOpUM 3TO, HAYUHASI OISTHL C TOYKHU ¢, B OOPATHOM TOpsifike (CHadYasIa 1o
JIEBOMY, & MOTOM IO TIpaBoMy cemeiictBy). Ilonaganue B Ty e caMylo KOHEYHYIO TOUYKY Ha 3TOT
pas mpobiieMaTnIHO, IoToMy uTo ajrebpa Kamu zHeaccormmarusra. OIHAKO IOJIOXKEHIE CIIACAET TaK
HA3bIBAEMOE TOXKJECTBO 3JLIACTUYHOCTH: €CIH YMHOXKUTH OKTOHHOH Z OJHOBPEMEHHO KakK CIIpaBa,
TaK W CJIeBa, Ha OJUH M TOT K€ OKTOHHOH &, TO Pe3yIbTaT He 3aBHCUT OT IOPSJIKA OIepPAaIldii:
aza = (az)a = a(za) [4, c. 323|. CiietoBaTesIbHO, MBI IONAAEM B OJHY H Ty K€ TOUKY U IIOJIydacM
IPOCTPAHCTBEHHBIN TapaJLIeIOrPAMM U3 FeOIe3NIeCKIX JUHINA MHOroo6pasus Z1. CyMMa ero yrios
pasna 47m. [TocKOIbKY TOYKa ¢ IPOM3BOJIbHA, IayccOoBa KPUBU3HA Z{ paBHA HYJIO, U [eOMETpUsS =1
€BKJINJIOBA. O
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TPYIAbI MHCTUTYTA MATEMATUKU 1 MEXAHUKU YpO PAH
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AJIBTPYUCTUYECKUN U ATPECCUBHBIN TUIIHI IIOBEJIEHU S
B HEAHTATOHUCTUYECKO! IMO3UIIMOHHOI
IN®PEPEHIINAJILHOI UTPE TPEX JINIL

A. ®. Kieilimenos

B nmacrosimeit pabore pe3ysibTaThl MIPEILIAYIIAX PAbOT aBTOPa, KACAIOIUXCS HEAHTATOHUCTHUIECKON MTO3UIHU-
OHHOI TuddepeHnraIbHOM UIPhI ABYX JIHI C PA3INIHBIMA THIIAMH IIOBEIEHUsI UI'POKOB, 0OOOIIAIOTCSI HA UIPY
Tpex Jui. s mpocTOThI MapaJoKCaJIbHBIA THUII TOBEJEHUs UI'DOKAMU He HCHoJib3yercd. Jlaercsi 060b1ieHme
MOHATUH AJBTPYUCTUIECKOTO W arPECCUBHOIO THIIOB IIOBEIeHUsI MUIpoKOoB. Kak u B wrpe OByX JIMI[, IIPEIIIO-
JlaraeTcsi, 9TO KaXXJblii UI'POK HapsIy C BHIOOPOM IMO3HIOHHONW CTPATErHH BBHIOMPAET TaKXKe HHIUKATOPHYIO
dyHKIHIO-IporpaMmy. Y TOYHSIOTCS IpaBuia GOPMUPOBAHUS YIIPABIECHUNA JJIs KaXK/I0i TPONKU THUIIOB IIOBEE-
HUs, a TakxKe ompenesienne BT-pemrenusi. PaccMaTpuBaeTcss mpuMep UIpbI ¢ JUHAMHRKON IIPOCTOrO JBUYKEHHS
Ha IUIOCKOCTH ¥ (a30BbIM orpanudenueM. J[OMmycKaeTcs, YTO UTPOKHU MOTYT MPOSBIATH AJIBTPYU3M U ATPECCHUIO
10 OTHOLIEHHUIO K CBOMM IIapTHEpaM, IPHYEM He HCKJIIOYAETCS CIydail OJHOBPEMEHHOH arpecCHy CO CTOPOHBI
Bcex urpokoB. Jlaercs onucanue BT -pernieHuil urpol.

Korouessle cioBa: mosunmonHas guddepeHpaabaas Urpa TpeX JIAI, TePMIHAJIbHbIE TOKA3aTE]N BHIUIPbI-
ma, ajJbTPYUCTUYECKUNA U arPeCCUBHBIN TUIBI OBEJEHUA UT'DOKOB, PEIIeHUsd H3IIEeBCKOI'O THIIA.
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differential game of three persons.
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BBegenne

Hacrosimast paboTa MocBsIena pa3BUTHIO TEOPUH MO3UIUOHHBIX Juddepennnanbubix urp [1;2]
Ha OTJIeJIbHBIE KJIACCHI HEAHTAlOHUCTUYECKUX Urp (CM., Hanpumep, [3]).

Panee B paborax aBropa [4-6] 6buta npemiokena dbopMagn3aIys HeaHTArOHUCTHYIECKOH 11031-
uoHHOM AuddepeHnuanbLHoil Urpe IByX JIUI, ¢ Pa3JINYHBIMU TUIAMH HOBEJCHUs UTPOKOB. llpes-
HOJIArAJIOCh, KaxKJblil U3 JIBYX MIPOKOB IMOMHMO OOBIYHOIO, HOPMAAbHO20 (NOT), TUIA TOBEIeHus,
OPUEHTHPOBAHHOIO HA MaKCHUMU3AIMIO COOCTBEHHOIO (PyHKIIMOHAJA BLIUTPLIIIA, MOXKET UCIIOJIb30-
BaTh JPyrue THIIbI [IOBEJIeHNsI, BBeJeHHbIe B paborax [7;8], a umenuo asvmpyucmuyeckud (alt) u
aepeccusnvili (agg) MO OTHOIIEHUIO K JAPYTOMY UTPOKY THUIIBI, & TaKkKe napadokcasvivid (par) Tui.
Jlormmyckaaoch, 9TO 1O X0y UTPbI UTPOKU MOTJIM OCYINECTBJIATL IIEPEKJIIOYCHUsT CBOETO ITOBEICHUS
¢ OJHOTO THIa Ha JApyroii. IIpeamosnaranoch, 9To B Urpe KazKJIblil UI'POK OJHOBPEMEHHO C BLIOOPOM
MOSUIIMOHHON CTpaTeruu BBHIOMpA TaKyKe MHAMKATOPHYIO (DyHKIUIO, ONPEACJCHHYIO HA BCEM OT-
pe3Ke Urpbl U IMPUHAMAIONLYIO 3HAYEHUs B MHOXKecTBe {nor,alt,agg,par}. Nnnukaropuas byHkius
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HUI'POKa IOKA3bIBaJIa JMHAMUKY M3MEHEHUs TUIIA TOBEIEHUs, KOTOPOM IPUIEP>KUBAECTCS STOT UIPOK.
It KaxK[o#l maphbl THIIOB IIOBEJIEHUs] UTPOKOB OBLIM BBEJEHBI IIpaBmjia (DOPMHUPOBAHUS YIIPABJIE-
owuii. I1pu sTom hopMmamzalys HO3UIMOHHBIX CTPATErwil B UI'Pe OCHOBBIBAJIACH Ha (DOPMAJIM3AIINN
U pe3ysbraTax obuleil Teopun no3uMOHHbIX Auddepennnanbubix urp [1;2;9]. Beuio upeoxeno
nousite BT -pemenusi. Ha mpocThix nmpumepax ObLaa IPOMJIIIOCTPUPOBAHA IIPOIE/ILYpa IOCTPOCHUS
BT -pemenmnii.

B macroseii pabore pesysnbrarbl pabor [4-6] o6obmarTcs Ha HEAHTANOHUCTUYECKYIO IIO3H-
IUOHHYIO Iy depeHnaabHy0 UIpy Tpex Juil. st IpocToTH Mapa oKCAJIbLHBIA THII ITOBEICHUS
UTPOKAME He HCIOJb3yeTcsi. Jljist urpbl Tpex JInIl JaeTcst 0000INeHne TOHATUI aJIBTPYUCTHIECKOTO
1 arpeCcCUBHOIO THUIIOB IOBEJEHUsI UI'POKOB. Kak U B Urpe ABYX JIUIL, IPEIII0IAraeTCsl, YTO KasKIbIii
UTPOK HApsIAy C BBIOOPOM IIO3UIIMOHHOW CTPATErwd BBHIOMPAET TaKKe HHIUKATOPHYIO (DYHKIIUIO-
[porpamMMmy. YTOYHSIIOTCS IpaBuia (POPMUPOBAHUSI YIIPABJICHUN I KaKIOH TPOMKH THUIIOB IIO-
BeJIeHUsI, a Tak:ke ompenesienne BT -pemenusi. I1peajioykeHn nmpuMep UIPhl ¢ IMHAMHUKOI IIPOCTOTO
JBUYKEHUsT Ha, IJIOCKOCTH 1 Ppa30BbIM orpanmdeHneM. Jlomyckaercs, 9To MepBbIil, BTOPOl U TPETHii
UTPOKHM MOTYT IIPOSIBJISITH AJBTPYU3M, & TaK:Ke arpecCHiO 10 OTHOIIEHUI0 K HEKOTOPBIM M3 CBOUX
[IapTHEPOB B TE€YEHHME HEKOTOPLIX IIPOMEXKYTKOB BPEMEHU, IPUYEM He MCKJIIOYAETCA CIydail OIHO-
BPEMEHHOI arpecCun cO CTOPOHLI BeeX UIpokos. Jlaercs onucanume BT -perienuii Urpul.

1. Heanraronucrudeckasi HO3UIMOHHAsT auddepeHImaibHas urpa Tpex JIuil.
NE - u P(NE)-perienust

ﬂHHaI\lHKa I/IprI OIINCBIBaETCA ypaBHeHI/IeM
&= f(t,z,u,v,w), tEeltg,?], x(to)= o, (1.1)

e x € R u € Q" € comp(RP); v € QV € comp(RY); w € Q™ € comp(R®); ¥ — 3amanubIil MOMEHT
OKOHYAHHSA HUIPHL.

IIpemnonaraercs, uro GyHKIus [ HelpepbIBHA, JUIIIAIEBA 110 T, YIOBJIETBOPAET YCJIOBHIO IOJJIN-
HEMHOI'o pocTa 110 X, & TaKXKe YCJIOBUIO CEJJIOBOM TOYKHU B MaJICHbKOU urpe [1]

Urpoxk 1, urpok 2 u urpok 3 pacropsizKaroTcsi BEIOOPOM YIIPABJICHUI %, ¥ U W COOTBETCTBEHHO.

Bceem urpokam socrynna uHbOpMaIus o Tekyiei nosunuu urpsl {t, z(t)}. Vcnoassyemast 31ech
bopMamzanus MOZUIMOHHBIX CTPATErHil W MOPOXKIACMbIX UMM JBUZKCHUIT aHaJIOrmIHa (POpMaJIn-
3anuu, BBeJeHHOI B [1;2], 3a nckimovyenneM TexHuueckux jgeraseii [9].

Crparerust urpoka 1 oroxkaecrsisiercs ¢ napoit U = {u(t, z,¢), f1(g)}, rae u(-) — upoussosb-
Has dbynkuus nosunyu (¢, ) U HOJOKATETHHOIO MapaMeTPa TOYHOCTHU €, IIPUHAMAIONIAsT 3HAUCHUST
B MHOKecTBe QY. Dynkuus f; : (0,00) — (0, 00) HeNpepbIBHAS MOHOTOHHAS U YJIOBJIETBOPSIET YCJIO-
Buto 31(e) — 0 upu ¢ — 0. Jnsa dukcuposanuoro e pesmuunna [1(g) siBjsieTcst BepxHeil rpaHuiei
mara pasbuenusi orpeska [tg, 9], koropoe urpok 1 npumensier npu GOPMUPOBAHUHU ONIATOBBIX JIBU-
JKeHuil. AHaJIOrMYHO cTpaTerusi Urpoka 2 ompejessiercs Kak Vo= {v(t,z,¢), B2(¢)}, a crparerus
urpoka 3 — kak W = {w(t, x,¢), f3(e)}.

Jeuzxenust, nopox nennbie Tpoiikoii (U, V, W) u3 nauanbhoit nosuruu (tg, o), paccMaTpUBAIOTCS
JIBYX THIIOB: AIIIPOKCUMAIMOHHBIE ([OMIATOBbIE) JIBUKEHUs U UJea bHbIe (Ipe/ie/IbHbIe) IBUKEHUSL.

Anmpokcumarontoe gpukenne i [t] = x [t, to, o, U, e1, A1, V, €2, Ao, W, 3, A3] onpenensiercs
151 (PUKCUPOBAHHBIX 3HAMEHHI apaMeTPOB TOUHOCTH £1, €9 U £3, I/ (DUKCUPOBAHHBIX Pa3OUeHuil
orpeska [tg, V]: Ay = {tgl)}, Ay = {t,(f)} ulAz = {tl(g)}, BBIOPAHHBIX UTPOKAME U YJIOBJIETBOPSIOIIHAX
yeaoBusM 0(4A;) < Bi(g;), i =1,2,3, rae 5(Ai):m§1x(t§.:)_1 — ty)).

Uneanbroe (npenenbroe) apmkenue x(t) = x(t,tg, xg, U, V, W) ecTb paBHOMEPHBIi TIpejiest mo-
CJIEJIOBATETLHOCTH ANNIPOKCUMAIMOHHBIX JBUKEHUI

es s .8 s s s s s s
{os [t 85,25, U, €1, AT, V5, A3, W, €5, A3},
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rae s — 00, €f = 0, t§ — to, ) — xo, 0(A) < Bi(ed), i =1,2,3.

Bakonbl ynpasienus (U, e1,A1), (V,e9,A9) u (W, e3,As) HA30BEM C024GCO8AHHLMU TO NAPa-
MEMPY MOYHOCMU, €CIIH €1 = €9 = £3. CorylacoBaHHBIE 3aKOHBI YIIPABJIEHUs TOPOXKIAIOT COLJIACO-
BaHHLIE AIIPOKCUMAIMOHHDBIE IBUXKEHMS, IOCIEI0BATEILHOCTH KOTOPLIX HOPOXKIAIOT COIVIACOBAH-
HBIE [Ipe/IeJbHbIe BrzKennst. MuoxkecTBo npeenbubix asmxenuii X (tg, xo, U, V, W) ectb KoMmakT
B npocrpanctee Cltg, V).

DyHKIMOHAJ BLIUTPHIIIA UI'POKA ¢ , OEPeTCs B BUIE

I =o;(x(9), i=1,2,3, (1.2)

rie 0; — HelpepbiBHAs (DyHKITHS.
Taxum obpasom, ompeaeseHa KIaCCHIeCKas HeAHTATOHNCTHYECKAs MO3UIINOHHAsT A hepeHI-
anpaas urpa (HITAU) [3;9]. Kpome Toro momyckaem Hajmdue B urpe (hasoBbIX OrPAHUUCHMUI.

Onpenenenmne 1. Tpoiika crparernit (U N yN N ) obpazyer mamesckoe perenne (N E-
permenue) urpst HITJIW, ecan ays mo6oro apmwkenns Z(-) € X (tg, zo, UN, VY, W), mo6oro 7 €
[to, V], m0bbIx crparernit U, V u W BBINOJIHEHBI CJIe/yIONIe HEPABEHCTBA!

max o1 (o(d,7,3(r), U, v w)) < min oy (z(0, 7, %(r), U, v W),

max o (x(9, 7, (1), UN.v, WN)) < m(iglag(x(ﬁ,T,E(T), uN, v, WN)),

z()

max o3(x(9, 7, 7(1), UN, VN W) < rn(igl o3(x(9, 7, 7(1), UN, VN, W),

x- (-

npuaeM olepanun min IPOU3BOIATCA Ha MHO2KECTBaX COIVIaCOBaAHHBIX ,ZLBI/I}KeHI/IfI, a oIIepanyy max —
Ha COOTBETCTBYIOIIUX MHOXKECTBaX BCEX ,ZLBI/I}KGHI/II;'I.

Ounpenenenne 2. NE-pemenne (UP, VF W7T), neynyumaemoe no Iapero orHocuTe s
Ho Besimund I1, Io, I3 (1.2), naspiBaercst P(N E)-pemenuem HITIN.

Bsenem BcomorarebHBIE AHTATOHUCTUYECKHE TO3UITNOHHBIE nuddepenimaibubie urpot 1'1, I'y
u I's. Junamuka kaxkjoil urpbl omucbiBaercs ypasaenneMm (1.1). B urpe I';, i = 1,2,3, urpok i
MakcuMusupyer cBoii dpyukmmonan I; (1.2) |, a aBa Apyrux urpoka COBMECTHO MPOTHUBOJEHCTBYIOT
emy. B [1;2]| mokazano, uro urpet I'1, I's u I's umeroT yHuBEpcaibHbIE CEIJIOBBIE TOUKH

uD(t,x,e), v (t,2,€), wD(t,z,e) (1.3)

u HerpepbiBHbIe byHKIWMK 1eHbl Y;(t, x), i = 1,2, 3.

CgoiicTBo yHUBepcanbHOCTH crparernii (1.3) o3HaUaeT, YTO OHU SABJIAIOTCS ONTHMAJBHBIMU HE
TOJILKO JiJIst (DUKCUPOBAHHOI HavasbHON nosuruu (to, o), HO U Jyis J000# nosuruu (ty, o), pac-
CcMaTpHUBaeMoil B KadecTBe HavaJbHON. HeTpyHo BuzeTh, 4To Besmauna 7;(t, x) npejcrasisier co-
6010 rapaHTUPOBAHHBIN BBIMIPLIII UIPOKA ¢ B TO3UIMU (t, L) UTDHL

Hns xaxxnoit NE- u P(NE)- tpackropun x*(t) nmeer MecTo CJIeJyIoniee CBOHCTBO [9).

CeoiicrBo A. Touka t = ¢ sBistercss TOYKOH MakcHMyMa (PYHKIUHA rapaHTHPOBAHHOTO
BBIUT'PBIIIA UTPOKA ¢, BLIMUCJIEHHON BIOJIb 3TOH TPaeKTOpuH, T.e€.

maze(y, 9% (¢, (1) = 7, 2*(9), i=1,2,3. (1.4)
2. Twunel moBeaeHUs

B paborax [4-6] ayist Urpel BYX JIMI] JOIOJHUTEIBHO IIPE/IIOIAIAIOCH, YTO IOMIMO OOBIMHOIO,
HOpMaAvHo20 (NoT), THIA IIOBEIEHNS], OPHEHTUPOBAHHOIO HA MAKCUMH3AINIO COOCTBEHHBIX (DYHK-
[[MOHAJIOB BBIUTPBIIIA, UIPOKH MOTYT HCIOJIb30BaTh JIPYrHe TUIBI IIOBEJCHUS, & UMEHHO GALMPYU-
cmuveckul 1 azpeccusnot |7;8|.
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OTHU JBa TUNA MOBEICHUs JJIsi UTPBI TPEX JINI, (POPMATUIYEM CJIEIYIONIUM 00PA30M.

Onpenmenenue 3. CkaxeMm, uro urpok i, ¢ € {1,2,3}, npuaepKuBaercss Ha OTPE3Ke
[t«,t*] anpTpyncTHUECKOrO THIIA TIOBEJEHUsI 110 OTHOIIEHUIO K Urpoky j, j € {1,2,3},7 # i (nasee
obo3HauaeM 10T THI depe3 alt(j)), ecam Ha ITOM OTpe3Ke JEHCTBHsI UIPOKA i HAIPABJIECHBI HA
MakcuMusanuio ¢yuknnonana I; (1.2) urpoxa j.

Onpemenenne 4. Ckaxem, 9ro urpok i, i € {1,2,3}, upuuepusaercst Ha OTpe3Ke [t,, t*]
ArpecCBHOIO THUIIA MMOBEJEHUsI 110 OTHOLIEHUIO K UrpoKy j, j € {1,2,3},j # i (manee obosnavaem
9TOT TUll Yepe3 agg(j)), ecim Ha 3TOM OTpe3Ke JeHCTBUsI UTPOKA i HAIIPABJIEHbI Ha MUHUMU3AIUIO
dbynkimonama I; (1.2) urpoka j.

Takum 06pa30M, UTPOK ¢ B KAXKJIOW MO3UIUU UTPHI JEJIaeT BHIOOD U3 5 BO3ZMOYKHBIX THUIIOB I10-
Besienus: nor, alt(j1), alt(ja), agg(jr), agg(je), vae ji1 # i, jo # i.

3aMeTnM, 9TO arpecCUBHBIN THII IOBEIEHUs] UI'POKOB (bakTudyeckn ucrnob3yercss B HIT/I kak
JIBYX, TaK U Tpex JIUIl B OpMe CcTpaTeruii HaKa3aHusl, COAEPXKAIIUXCS B CTPYKType PEIleHnil UIPhbl
(cMm., manpumep, [9]).

[TpuBemennble ompeaeaeHNsT XaPaKTEPU3YIOT IKCTPEMAJIbHbIE TUIIBI TOBEIEHNST UTPOKOB. B jeii-
CTBUTE/ILHOCTU K€ PeaJIbHbIe WHIMBUILYYMBI BEIyT celsl, KaK IPABUJIO, TaCTUIHO HOPMAJIHHO, U~
CTUYHO AJIBTPYUCTUIHO U IACTUIHO ArpeccuBHO. IpyrumMu cjoBamMu, CMENIaHHBIE TUIBI [IOBEIECHUS,
TO-BUIUMOMY, OOJIBIIIE COTJIACYIOTCSA C PeaJIbHOCTDIO.

Ecan xkarkmoro urpoka orpaHIYIATh “IACTBIMEU THIIAMHI MOBEIEHNSI, TO B paCCMaTPUBAEMOIl Urpe
Tpex Juil ¢ guHaMukoit (1.1) u ¢ dysxmuonanamu Iy, Is u I3 (1.2) cymecrByer 125 BO3MOKHBIX
TPOEK THIIOB IOBe/IeHUs. [Ipr 9TOM B HEKOTOPBIX TPOMKAX MHTEPECHI HTPOKOB COBIAIAIOT U UI'POKH
pelamT KOMaHIHbIE 33JIa91 yIIPaBJIeHUs. B HEKOTOPBIX TPOHKaX UIPOKH (KOATHUIIUE UI'POKOB) UMe-
IOT MIPOTUBOIIOJIOXKHBIE UHTEPEChl U, CJAEI0BATEILHO, PA3bIIPLIBAIOTCS aHTaronucrudeckue maudde-
peHimaibHbie urpbl. OcTaBHInecs TPONKHU OIPEIEISIIOT HeaHTaronucTuaeckue auddepeHiuaibHbie
UTPBI JBYX UTPOKOB (KOAJUIUN UI'POKOB) M TPEX HIPOKOB.

W nest ncrrob30BaHust UTPOKAMU BO3MOXKHOCTH TIEPEKIIOUEHNS 10 X0y UT'PhI CBOETO MTOBEICHUS
C OJIHOTO THIIA HA JPYroii Oblia IMPUMEHEHA JJIs UTPbI ¢ KOOIEPATUBHON JUHAMUKON B pabore [§]
U I HOBTODSIIOIIelicst GuMaTpudHoil 2 X 2 urpsl B pabore [10], 94T0 MO3BOJINIO MOTyYUTH HOBbBIE
pEIlIeHNs B 9TUX UI'PaX.

Pacmpocrpanenne yKazsaHHOTO HOIXO[a HA HEAHTAIOHUCTHYECKHE MO3UIIMOHHBIE TuddOepeHIn-
aJIbHbIE UI'PBI TPEX JIWI] TPUBOJUT K HOBBIM [TOCTAHOBKAM 3aJiad. B 9acTHOCTH, MPEJICTAB/ISET UH-
Tepec, KaK TPaHCHOPMHUPYIOTCST BHIUTPBINIA UTPOKOB, IOJyYIaeMble Ha HIIEBCKUX PEIIeHUsiX. AK-
TYaJIbHOW CTAHOBUTCS 3aJla9a MUHUMUBAIWNA BPEMEHU ‘HEHOPMAJBHOIO TIOBEJEHUsI DU YCJIOBUU
JOCTYKEHUS Pe3yJIbraTa, 0oJjiee XOPOIIero, YeM IIPpU HOPMaJbHOM IOBEJICHUN UT'POKOB.

3. ®opmanmmzanus urpsl HITI/IVcTII. BT-peienue urpsel

Nrak, urpoKu MOT'YT II0 XO/y UI'PHI MIEPEKJIIOIATHCSI C OJHOTO TUIIA TOBeAeHMs Ha Apyroii. Takyro
urpy OyeM Ha3bIBaTh HEAHMA2OHUCTIUYECKOT NO3ULUOHHOT Juddeperiuuarvrotl uzpoti ¢ munamu
nosedenus uepoxos (HITIUcTII).

Iastee OymeM Imojararb, 9TO OJHOBPEMEHHO C BBLIOOPOM IO3UIMOHHON CTPATETMH UIPOK 4, § =
1,2,3, BblOupaer TakxkKe MHIUKATOPHYIO (DYHKIMIO, OLPEJIeJeHHYI0 Ha oTpe3ke [to, V] u npuHuMa-
oy 3Hadenne B MHOxkectBe (i) = {nor, alt(j1), alt(j2), agg(j1), agg(j2)}, tme j1 # i,j2 # i.
O6o3HAYNM MHIMKATOPHYIO (DYHKIMIO MI'POKA i CUMBOJIOM «; : [tg,¥] — Q(i), i = 1,2,3. Ecim
UHJIUKATOpHAsT (DYHKIUS KAKOTO-TO UIPOKA NPUHUMAET 3HadeHue, ckaxkeM, alt(j1) Ha HEKOTOPOM
OTpE3Ke BPEMEHHU, TO 3TOT UIPOK JEHCTBYET Ha 3TOM OTPE3Ke KaK AJBTPYHUCT IO OTHOIIEHUIO K WI-
POKY j1. 3aMeTHM TaKyKe, YTO €CIU UHIUKATOPHbIE (DYHKIMH BCEX TPEX UIPOKOB TOXKIECCTBEHHO
PaBHBI 3HAYEHUIO NOT HA BCEM IIPOMEXKYTKE UTPbI, TO nMeeM Kiraccmiaeckyio HITJIU.

Takum 06pa3soM, B paccMaTpUBaeMON HIPE C PA3JMIHBIMUA THUIIAMU ITOBEIEHWUS UIPOKOB WI-
pok 1 ympasiisier BBIOOpOM napbl deticmeud, {IO3UIMOHHASI CTPATErUsl, UHIAUKATOPHAsT (DYHKIIUS }:
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(U, ay(+)), urpok 2 ynupasisier Boibopom mapst jeiictsuii (V, aa(+)), a urpok 3 yrnpasiisier BIGOPOM
napsl geiicteuit (W, as(+)).

Kak yrnoMuHaaI0ch BbIIIE, IIPU BLIOOPE UIPOKAMU PA3IMYHBLIX TUIIOB MOBEJICHUSI MOT'YT CJIOXKUThH-
cs1 YeThIpe BUJA 3a7a9 NPUHATHS PEleHuii: 3a/1a9a KOMAHIHOTO YIPABJIEHNsI, aHTATOHUCTHIECKAsT
Urpa, HeAHTAOHUCTUYECKas WIpa JBYX WM TPeX JHI. ByjeM cuuTarb, 9TO UIPOKU B KaXKJIOH 13
YeThIPEX YKA3aHHBIX CUTYaluil PyKOBOJCTBYIOTCS CJIELYIOMIAM ITPABILIOM.

MIpasumno 1. Ecmm ma npomexyrke (11,72) C [to,¥] ubaMKaTOpHBIE (DYHKIMU UTPOKOB
CreHepUpOBaJId HeaHTAI'OHUCTUYECKYIO UI'PY JBYX WJINA TPEX JIUI, TO Ha 3TOM IIPOMEXKYTKe UI'POKU
BbiOupatoT oiuo u3 P(NE)- pemenunii cioxubiieiicss urpbl. Ecim cjioxKuaach aHTArOHUCTHYECKAsT
Urpa, TO B KA4eCTBE PEIIeHns] UI'POKU PEAJIn3yIOT CeJJIOBYIO TOUKY UIPbl. Hakomell, eciim Ci1oKniiach
3aJ/ia49a KOMAaH/HOT'O yIIPaBJIEHUs, TO UI'DOKU BBIOMPAIOT OJIHY U3 TPOEK yIIpaBjeHuil, obecrednBa-
OMUX HeyObIBAHWE BJOJIb TPACKTOPUU (DYHKITUH IEHBI Y;, TJi€ { — HOMED UIPOKa, (PyHKIIHOHAJ
KOTOPOI'0 MaKCUMU3UPYETCA.

BOO6HJ,6 TOBODsI, OJHa U Ta K€ JaCTb TPAa€KTOPUU MO2KET OBITH OTCJICZKEHA HECKOJILKUMU TpOfI—
KaMM TUIIOB ITOBEJACHUA UT'POKOB, IIPUYIEM 3TN TpOfIKI/I MOTr'yT OTJINYATHCA JAPYT OT JIpyTra CYMMapHbIM
BpeMeHeEM HCIIOJIb30BaHUA HEHOPMAADHBIT TUIIOB. EcrecrBenno BBecTu cieayroniee mpaBuJIo.

[Ipasumo 2. Ilpu HAIUYIUN HECKOJIBKUX TPOEK TUIIOB MOBEJEHUS, OTCJIEKUBAIOIIUX HEKO-
TOPYIO YaCTh TPACKTOPUHU, UTPOKU BBIOUPAIOT TY U3 HUX, KOTOPasi MUHUMU3UPYET CyMMAapHOE BpEMs
HUCIOJIb30BaHUSI HEHOPMAaJIbHBIX TUIIOB IIOBE/ICHUA.

Beenem tenepnb omnpegnenenune noustus pemrenusi urpsl HITIWCTII. OTrmerum, 9T0 MHOXKECTBO
JIBHKEHUH, TOpoxkIeHHbIX Tpoiikoil aeiicruit {(U, aq(+)), (V,az(+)), (W, as(-))}, coBnagaer ¢ muo-
JKECTBOM JIBHZKEHWIA, TIOpOKIeHHbIX Tpoiikoit (U, V, W) B coorsercraytomeii HIT/II.

Ounpenmenenue 5 Tpoika meitcremit {(UY, (), (V?,a3(-)), (WO, a3(-))}, cornacosan-
Hasg ¢ mpasuioM 1, obpazyer BT -pemienne urpst HII/IVcTII, ecu HaiigeTcs mopoKIeHHAS TPORKOIA
rpaexropus 57 (-) u naitnerca P(N E)-pemenne B coorsercrpyiomeii urpe HITIV, nopoxnaiormee
tpaexktopmio x!(+), Takue, YTO BHIIOIHEHBI HEPABEHCTBA

oi (BT (9)) > os(zF (9)), i=1,2,3,

IIpUYeM 10 KpaifHeil Mepe OJIHO U3 HEPaBEHCTB CTPOroe.

Ounpemenenune 6. BT-pemenue {(UF ol (), VE (), (W, o (-)}, meyryumrae-
moe 110 [Tapero orHocuresnbro Besmaud I, I, Is (1.2), nazosem P(BT)-perennem urpst HIT IV cTII.

3amaua 1. Haittu muoxkecrBo BT -pernieHutii.
Bamgaua 2. Haiitu muoxecrso P(BT)-peremnmii.

B obmiem ciay4aae 3agaun 1 u 2 pernennit He umeror. OIHAKO BIIOJIHE 0XKUJIAEMO, UTO HCIIOJIb30-
parane urpokamu B urpe HITJIMcTII tumos moBeaeHnst, OTIUIHBIX OT HOPMAJILHOIO, MOYKET B Psilie
CJyYaeB MPUBECTU K UCXOJaM, 0ojiee IPeAIOUTUTEIbHBIM JIjIsi HUX, Y€M B COOTBETCTBYIOIIEH Urpe
HITON Tonpko ¢ HOpMAIBHBIM THIIOM IIOBEIEHHUSI.

YuursiBas onpezenenus 5 u 6, a takxke coiicrBo A (1.4) P(N E)-tpaekTopuii, NpuxoIuM K
CJIEYIONIEMY AJITOPUTMY.

Anroputwm nocrpoenuss BT-pemennit urpet HITIUCTII.

I ar 1. Haiitu muoxecrso P(N E)-tpaekropwuii urpsr HITII.

I ar 2. B mHOXKecTBe mocTmzkuUMOCTH cucTeMbl (1.1), mocTpoeHHOM j1j1st MOMEHTa 1, HANTH
BCe TOYKH 2, JJIsT KOTOPBIX BBIO/HEHBI HEPABEHCTBA

0i(z) > oi(a), 1=1,2,3, 0o1(2)+02(z) + 03(2) > 01(a) + o2(a) + o3(a), (3.1)

riae a = z*(¥), 2*(-) — P(N E)-rpaekropusl.

OI ar 3. [us onpesesieHHOl Ha 1mare 2 ToUky 2z (ecjau TakoBasl HafiieTcst) IOCTPOUTD MHIU-
KaTOpHbIe (DYHKIMA-TIPOIPAMMBI UTPOKOB, 00ECIIEINBAIONINE JABIZKEHNE 110 TpaeKTopun L, mepeso-
ngmmeit cucremy (1.1) u3 TouKM xg B TOUKY 2.
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I ar 4. Haiitu Tpoiiky cTpaTernii UTPOKOB, MOPOXKIAIONIYIO TpeJlesbHoe nBuKeHne L m co-
IVIACOBAHHYIO C ITOCTPOEHHBIMU MHJUKATOPHBIMU (DYHKIIUSIMU.

AJIrOpUTM HJLTIOCTPUPYETCS HA MPUMEPE B CJEAYIOIMEM pasiele.

4. Ilpumep

[Tycrs punamuka (1.1) umeer Bu

p—utvtw, vuvwe®, ful <2 ol <p el <p to<t<d, ato) =,
(4.1)

a dyHknuonansl Bemrpseima (1.2) cyTsb
I = oi(2(9)) = M — [|z(9) = a®||, i=1,2,3,

T.€. UIPOK i CTPEMUTCS IPHBECTH TOUKY (1)) Kak MOXKHO Gimxke K reneoil Touxe al?).

BagaaumM ciejyolye HaualdbHble yCJIOBUsSI U 3HaueHus mapamerpos: tg = 0, xzg = (0,0), ¥ =
3.0, p=0.5, aM) = (10,0), a® = (=8,6), a® = (-2,10), M = 20 (pucynox).

Omnurmiem dasosbie orpannyenust. Tpaekropusiv cucrembl (4.1) 3amperaercs: 3aXoUTh BO BHYT-
PEHHOCTh MHOXKECTBa .S, KOTOpOe IOJIyUIaeTcsl yiaajleHhneM U3 MsITHYroJbHUKa abcde oTpeska ag.
MmuoxkectBo S cocronT u3 AByX 4acreit S1 u So, T.e. S = S1 U Sy. Koopnuaarsl ToOYEK, 3a1aI0MINX
azosbie orpannuenus, caenyomme: a = (0,0), b = (—=2,1.5), ¢ = (=2,3.5), d = (0,5), e = (4,0),
g = (2,2.5). Mozkuo nposeputh, 4To Touka b aexut na orpeske a'?)a, a Touka g — na orpeske ed.

MHuozkecTBo mocTizkuMocTu cucreMbl (4.1), mocrpoennoe st MomenTa ¥ = 3.0, COIEPKUT TOY-
KI, OTPaHIYeHHbIE IBYX3BEHHUKOM bae U JIyroii OKPY2KHOCTU paguyca 6, a TaK»Ke JTyraMu, COeInHs-
IONIMME 9Ty OKPY?KHOCTb €O cTopoHamu ¢d u de nsiTuyrobHUKa (M. pucyHOK). IlepBast (cocraBHast)
Jlyra COCTOUT U3 JyI' OKPY?KHOCTH C IIEHTPOM B TOYKe b 1 pajumycoM 11 = 6 — |ab| u jpyru okpyKHO-
CTH C IEHTPOM B TOUKE ¢ U paauycoM 13 = 6 — |ab| — |bc|. Bropas (Tak:ke cocraBhast) Jyra COCTOUT
U3 JIyr'¥ OKPYKHOCTHU C IEHTPOM B TOYKE g U PajuycoMm 13 = 6 — |ag| u Jyru OKpyKHOCTHU C IeH-
TPOM B TOUKe € u pajuycom 74 = 6 — |ae|. Kpome Toro, B MHOXKECTBO JIOCTHXKUMOCTU BXOJSIT TOYKH
oTpe3Ka ag.

AT
°
a®

[ ]
a? d

Puc. 1. MHO>KeCTBO JOCTHKIMOCTHI
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Oynxmun nenst i (t,x), y2(t,z) n y3(t,x), 0 < t < 9, x € RA\S (1.3), BcromoraTembbIx
aaTaronuctudeckux urp 'y, 'y u I's B manHOM mpumMepe OyIyT OIpeessiTbCsa Kak

20 — ||z — aW|, ecmm za™ NintS = @,

t,x) =
m(t2) 20 — pgs (m, a(l)) B IPOTUBHOM CJIydYae

(31ech vepes pg (a;, a(l)) 0003HAYEHO HAWMEHBIIee U3 JIBYX PACCTOAHHUI OT TOYKU T O TOUKH a,
OJIHO U3 KOTOPBIX BBIYMCJIAETCA IIPU 0OXOIE MHOXKECTBa S II0 YacOBOH CTPENKE, a JIPyroe — IpH
006xo7ie S TIPOTUB YaCOBOI CTPEJIKM) M KaK

20 — ||z —a®|| — (9 —1t), ecmu za intS = @,

i (t,x) = )
% (42) 20 — ps (, a(’)) — (U —t) B IPOTHBHOM Cilydae

(3mech i = 2,3, a uepe3 pg (m,a(’)) 0003HAYEHO HAWMEHBINIEE W3 IBYX PACCTOSHUN OT TOYKHU &

10 TOYKU a(l), OJIHO M3 KOTOPBIX BBIUMC/ISIETCS MPHU 00XOJE MHOMXKECTBa S II0 JaCOBOM CTpEJIKE, a
JIpyroe — npu 06xojie S MPOTUB YaCOBOI CTPEIKN).

[Tepeitnem teneps K mocrpoenunto BT -pemennit urpst HIT/IVcTII B cooTBeTCTBUM € aaropuT™MOM
73 TIPEIBIIYIIEro pa3iaesa.

Ha mare 1 moxkno niposeputb, uto B urpe HIT/IU Bce Touku orpeska ah, tiae h = (3,0), 1 ToJabKO
OHH, SIBJIAIOTCS KOHIAMHU TpaeKTopuil, mopoxaeHusix P (N E)-pemenusvu. Ilpun stom B TOUKe h
sakanuuBaercst P(N E)-TpaekTopusi, HaurydIiast 1jist urpoka 1, a B rouke a — P (N E)-rpaekropusi,
HaWIy4Inas JIjisd UTPOKOB 2 U 3 OJHOBPEMEHHO.

Hasee orpannmumBaemcst nocrpoennem BT-perennit, orsedaomux Toibko P(N E)-perenuio,
npuBojieMy B Touky a (cMm. omnpejesenue 5). CoorsercrByioias P(N E)-TpaekTopusi MeeT B
z(t) = 0, t € [0,3] (cranmoHapHasi TOYKa a). BBIUrpbINIM MIPOKOB Ha Heil ciexyiomme: [ =
10.0; I = 10.0; Is = 11.0.

Ha mare 2 B MHOXKECTBE JTOCTHKMMOCTHU HAiIeM BCe TOUKH 2, JJIsT KOTOPBIX BBITOJTHEHBI HEPa-
BercTBa (3.1). Takme Toukm cocraBst mMHONKecTBO D (cM. pucynok). C “ceBepa” oHO orpanmye-
HO TPAHUIEH MHOYXKECTBa JOCTUKUMOCTH, C “BOCTOKA  COCTABHOW mqyroit 44 OKpY:KHOCTH C IIEH-
tpom B Touke d u pammycom 10 — |aPd| u oxpyzxmocTn ¢ menrpom B Touxe a® u pammycom 10.
C “rora” MHO>KeCTBO D OrpaHHYEHO YacThIO OTpe3Ka ed, a ¢ “3amaga’ mayroi 11 oKpy:KHOCTHU C IeH-
TPOM B TOYKE a® u paguycom 10. Ilpu srom Ha ayre 11 mecrporoe mepasercTso (3.1) mpu i = 1
PEBPAINAETCst B PABEHCTBO, a Ha Jjiyre 44 mpeBpaiaercs B paBeHCTBO HECTPOroe HepaseHCTBO (3.1)
upu i = 2. B ocranbHbIx TouKax MHOXKecTBa D Hecrporne HepaseHcrsa (3.1) npu i € {1,2,3} Gyayr
CTPOIUMH.

[Tar 3 omuriem ToBKO [yt BT-perniennst, TPUBOIAIIETO B TOUKY ¢ € D, JIeKaIyio Ha rpaHuUIe
MHOKECTBA, JJOCTUXKIUMOCTH. PaccMOTpUM TPaeKTOPHIO agq. BoIMIPHINIT HIPOKOB Ha HEl COCTaBJISIOT
I, =10.236, Iy = 10.175, Iy = 13.956, T. e. KaxKAplil NT'POK BHIUTPLIBaeT Oosibie, deM na P(NE)-
TPAEKTOPUH, IIPUBOIAIIEH B TOUKY . 1pedyercs MOCTPOUTh MHINKATOPHBIE (DYHKINA-IIPOIPAMMEBI
UTPOKOB, 00eCIIeInBaIONINe IBUKEHIE 110 9TOH TPACKTOPUU.

Ha orpeske ag Haiizem Touky m, paBHoynasenuyo or Touku all) kak mpu o6xome MHOXKeCTBA So
110 9aCOBOil CTpeJIKe, Tak U IpH 06xXoe So MPOTUB 1acoBoii crpesiku. Haiigem Tak:ke TOUKY 1, pABHO-
yaasenmyio or Toukn a(?) kax mpu 06xoe MHOKecTBa S) 0 UaCOBOIl CTpENIKe, TaK I IpH o6xoge S
IPOTHB 4acoBoil crpesku. Hakowen, HafizeM Takske TOUKY p, PaBHOYIAJCHHYIO or Touku al® kak
npu 0OXOIe MHOXKeCTBa S1 IO YaCOBOW CTpeJiKe, TaK W IpH o6xome S7 IPOTHB YaCOBOH CTPEJIKU.
Pesysbrarer Beranciaennii: m = (0.494,0.618), n = (1.395,1.744), p = (0.219,0.273).

OrmeTuM, 9TO TIPH JBUZKEHUHU 110 TPAEKTOPHU agq ¢ MaKCUMAJILHOH CKopocThio 1pu t € [0, 3]
MOMEHT TIOTIAJIAHNS B TOUKY p OyzIeT onpeiensTbes kak t = 0.175, B Touky m — kak t = 0.396, B
TOUKy n — Kak t = 1.116, B Touky g — xKak t = 1.601, a B Touky ¢ — kak t = 3.0.

Herpynao mpoBepuTb, 9TO IPU TAKOM JIBHXKEHHH II0 TPACKTOPHUHU agq Ha IPOMEXKYTKEe t €
[0,0.175] Bce Tpu dyuKIMHU, Y1 (¢, ), Y2(t, ) 1 Y3(t, ), MOHOTOHHO YOBIBAIOT; IPU JIBUYKEHUU HA IIPO-
mexxyTtke t € [0.175,0.396] dyukuun v1(t, z) u v2(t, z) npogomkaior yobiBaTh, a GyHkiuus y3(t, )
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BO3pacTaeT; MpH JBMXKEeHNH Ha npomexkyTke t € [0.396, 1.116] dyukuus vo(t, x) npogorkaer yobi-
BaTh, a Gyukuun v (t,z) u y3(t, ) Bo3pacraT; Ipu JABUKeHUN Ha HpoMmexyTke t € [1.116,1.601]
Bce Tpu (DYHKIMHM BO3DACTAIOT; HAKOHEI|, Ha ocTaBiieMcsi mnpomexyrke ¢t € [1.601,3] dbyukius
1 (t, ) yobiBaer, a dbyukuuu ya(t, ) u v3(t, x) Bo3pacTator.

[Tosrywaem, 9T0 Ha ydacTKe ap TPaeKTOpUH Tpoiika THHOB moeieHust (agg(2),agg(3),agg(l))
SIBJISIETCS OJHOM U3 TPOEK, OIPEIE/ISIONMX KOMAHIHYIO 3a/ady YIIPABIEHUsI, B KOTOPOH JBUKEHUE
[IpeJICTaB/ISIeT MAKCUMAJBHBIA CABUT B HAIlpaBIeHUn TOYKU p. Ha ciemyromem ygacTke pm Tpoiika
(alt(3),alt(3),nor) (¢ MUHIMATIBHBIM CYMMAPHBIM BPEMEHEM HCIIOJIb30BAHIs HECHOPMAJIbHBIX THIIOB
HOBEJIEHNUs) TAKKE OIPeJIesIsieT KOMAHIHYIO 3aJIa1y YIIPABJIeHNsI, B KOTOPOIl JIBUYKEHUE TIPEICTABIIsI-
€T MaKCHMAaJIbHBI CIBUT B Hampasiaenuu Toukn m. Ha ygacrke mn tpoiika (nor, alt(3),nor), mu-
HUMU3UPYIOIIAs CyMMapHOe BPEMsI UCIIOJIb30BaHNUsT HEHOPMAJIbHBIX THIIOB [TOBEJIEHMUsI, CHOBA OIIpe-
JleJIsieT KOMaHJIHYO 3a/1ady yIIPABJIEHNs, B KOTOPOIl JBUKEHUE TIPEJICTAB/ISIET MAKCUMAIbHBIN CJIBUT
B HanpasjieHnn Touku n. Ha ciemyromnem ygacrke ng Tpoiika (nor, nor,nor) obecneunBaeT MaKCU-
MaJIbHBI CABUT B HAIIpABJIEHUN TOUKM ¢. Hakowerr, Ha ydacTke gq Tpoiika (alt(2), nor, nor) nopox-
JIaeT HEAHTArOHUCTUYECKYIO UTPY JBYX JIHII.

Taxum 06pa3oM, MOCTPOEHBI UHINKATOPHBIE (DYHKITHU-TIPOTPAMMBI UTPOKOB

aS(t) = {agg(2),t € [0,0.175); alt(3),t € [0.175,0.396)}, (4.2)

aj(t) = {nor,t € [0.396,1.601); alt(2),t € [1.601, 3]},
ay(t) ={agg(3),t € [0,0.175); alt(3),t € [0.175,1.116); nor,t € [1.116, 3]}. (4.3)
a3(t) = {agg(1),t € [0,0.175); nor,t € [0.175,3]}. (4.4)

Ha mare 4 gepes (U°,V°, W*°)) ob6o3HaunM TPOiiKy cTpaTeruii UrpoKOB, MOPOXKIAIONLYIO MIPe-
JleJibHOe JIBUYKeHne agq upu t € [0,3] u coriacoBaHHYIO € MOCTPOEHHBIMU MHIUKATOPHBIMU (DYHK-
[IUASIMU.

Takum 00pa3oM, JOKA3AHO CJIEAYIOIEe yTBEPK/ICHUE.

VYreepxkaenue 1. Tpotxa deticmeuti {(U°,a5(-)), (V°,a5(-)), (W*e,a5(-))} (4.2)(4.4) docmas-
asem P(BT)-pewerue.

Crenysi cxeMe JI0OKa3aTeIbCTBA YTBEPXKIEHUs 1, IPUXOAUM K CJIEAYIOIIEMY YTBEPKICHUIO.

YrBepxkaerue 2. Muoowcecmeo D cocmoum u3 movex, Komopovie ABAAIOMCA KOHUAMU MPAEK-
mopud, noposcdernur BT -pewenuamu uepot.

3akJIroueHue

B crarbe MBI HCITOJIB3YEM CJIOXKHOE MEPEKII0UEHIE, & MIMEHHO C OJIHOI'O THUIIA IIOBEIECHUS HA JIPY-
rOii, MeHsIsT IPUPOY MPOOJEMbI ONITUMHUBAINNA — C HEAHTATOHUCTUIECKUX UI'P JABYX WU TPEX JIUIL
K UI'paM C HyJIE€BOH CyMMOH MM 3aJadaM KOMAHIHOIO yIIpaBjeHus ¥ Haobopor. M sTu mepekio-
YEHHUsI BBIOJIHSIIOTCS B COOTBETCTBUHU C IIPEJIBAPUTEHFHO BBIOPAHHBIMU WHIMKATOPHBIME (DYHKIIN-
OHAJIBHBIME TIpOrpaMMamu. KazK/plii UrPOK KOHTPOJIMPYET BBIOOD Maphl JeficTBuiil {mo3uiuonHast
crparerusi, uHUKaTOpHas yHKIWMs}. TakuM 00pasoM, BO3MOXKHOCTH KayKJOI'O UIPOKa B OOIIEM
cJlydae PacIIupUINCh, U MOYKHO BBECTH HOBYIO KOHIENuio urposoro pemenust (P(BT)-pemenust),
B KOTOPOIf BCE€ TPU MI'POKA YBEJMUUBAIOT CBOM BBIUTPHIIIN 110 CPABHEHHUIO C BBIUI'PBIINIAMU B PaB-
HoBecun 1o Hsimy B mrpe 6e3 mepek/iodeHus] TUIIOB IoBeJeHusi. [IjIsi NTPOKOB BBITOIHO pPeaJIn30-
Barb P(BT)-TpaekTopuio, II09TOMY OHU Oy/yT CJI€J0BATH 3asBJCHHBIM HHINKATOPHBIM (DyHKIUAM-
nporpammam (4.2)—(4.4).
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K TEOPUU ITO3NIINOHHBIX JTUPPEPEHIINAJIbHBIX UTI'P
JJId CUCTEM HEUTPAJIBHOT'O THUIIA!

H. 1O. JIykosinos, A. P.Ilnakcunu

st nuHAMAUYECKON CHCTEMBI, ABUKEHHME KOTOPOH ONMUCHIBACTCH MUd@EpPEeHINATbHbIMI YPABHEHUSIMI Hel-
TpasibHoro tuna B dopme k. Xeitsa, paccmarpuBaercs guddepeHnuaIbHas Urpa Ha MHIHEMAKC-MaKCHMITH
[IoKa3aTeJiss Ka4eCcTBa, KOTOPBIN OIEHUBAET UCTOPUIO JIBHKEHUS, PEAJIU3YIONLYIOCd K TEPMUHAJIBHOMY MOMEHTY
BpPEMEHH. YIIPaBJISIONIEe BO3IEHCTBHS HIPOKOB CTECHEHBI IeOMETPHYeCKHUMHU orpanudeHusimu. Vrpa dopma-
JIN3YeTCsl B KJIACCAX YUCTBIX MMO3UIMOHHBIX CTPATErwil C IaMsThIO UCTOPUM ABHXKeHus. JloKa3bIBaeTcCs, 4TO y
TaKOI MIPHI CYIIECTBYET LeHA U CeJjIoBasl TO4YKa. JloKa3aTeIbCTBO OCHOBAHO Ha BBIOGOPE MOAXOISINEro (PyHKIN-
onasia JIssmynoBa — KpacoBCKOro mpu moCTpOeHHM CTPATeruil yIupaBJIeHHUsI 10 METOAY IKCTPEMAIbHOIO CIABUTA
Ha COILyTCTBYIOII[E€ TOYKH.

Korouesble ciioBa: cucreMbl HEATPAJILHOIO THUIIA, TEOPHS YIpaBIeHUs, TuddepeHInaJIbHble UIPhI.

N. Yu. Lukoyanov, A. R. Plaksin. To the theory of positional differential games for neutral-type
systems.

For a dynamic system whose motion is described by neutral-type differential equations in Hale’s form, we
consider a minimax—maximin differential game with a quality index evaluating the motion history realized up
to the terminal time. The control actions of the players are subject to geometric constraints. The game is
formalized in classes of pure positional strategies with a memory of the motion history. It is proved that the
game has a value and a saddle point. The proof is based on the choice of an appropriate Lyapunov—Krasovskii
functional in the construction of control strategies by the method of an extremal shift to accompanying points.

Keywords: neutral-type systems, control theory, differential games.
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Bsenenune

Pabora 1mocssiiena pasBUTHIO TEOPUH TTO3UIUOHHBIX JTuddepeHnuaabibix urp [1-3] mis cucrem
HeHTpaabHOTO THIa. PaccMaTpuBaeTcs aHTaroHUCTHUIECKasl auddepeHnagibHas urpa, B KOTOpPOil
JIBUKEHUE TUHAMUYIECKON CHCTEMBI OIUChIBaeTCs AuddepeHnualbHbIMIA Y PaBHEHUSIMI HEHTPAIHLHO-
ro tuna B dopme k. Xeiua [4]. Yupasisioniye Bo3ieiicTBsI UTPOKOB CTECHEHBI T€OMETPUIECKI-
Mu orpanndeHusiMu. Ilokazaresb KadecTBa MpoIecca yIPaBJIEHUS OIEHUBAET HUCTOPUIO JBUXKEHUSI
CHUCTEMbI, CJIOXKHUBIIYIOCA K TEPMUHAJILHOMY MOMEHTY Bpemenu. Vrpa dpopmasmsyercs B KJIaccax
YHUCTHIX O3UIMOHHBIX CTpaTeruii B paMkax 1moaxo/a [1-3]. Pesysubrarom paboThbl siBjisieTcst TeopeMa
O CYIIECTBOBAHUH IIEHBI U CEJJIOBOI TOYKM B paccMaTpuBaeMoil quddepeHnnaabHOi Urpe.

Borpochl cyIecTBOBaHUs [IEHBI U ONTHMAJIBHBIX CTPATErWil B IMO3UIIMOHHBIX JuddepeHnab-
HBIX UTPAX JJIsl CUCTEM HeHTpaJIbHOro THna n3y4daauch paree B [5-8|. Ilpu srom B [8] ucciemosauics
JIMHEHbIe CHCTeMBbl HefirpasbHoro tuna. B [5;7] pacemarpusasuch quddepeHnuaibable UIPhL JIs
HEJIMHEHHBIX cucTeM, HO pOpMaJIM30BaHHbIE B KJIacCax CTpaTernil yIpaB/IeHus C IoBoabIpeM. Han-
6ostee BIM3KUIT K HACTOSIIIEH cTaThe pe3ysbraT ObLI nosydeH B [6], rue paccmarpuBaiacs auddepen-
npajbHasl NIPa B KJIACCAX YNCTHIX HO3UIMOHHBIX CTPATErUi JIJIsi HEJIMHEHHBIX CHCTEM HEHTPAIbLHOIO
THIIA 10CTATOYHO 0bmero puga. OMHAKO B CUJIY OCODOH TEXHHUKH JI0KA3aTebCTBa, OCHOBAHHOW Ha
KOHCTPYKIUsIX BYX moBojsipeit [9;10], B [6] Ha urpy Hak/IaIbIBaJnCh JOMOJHUTEILHBIE, BOOOIIE

! Pabora BRIIOMHEHA ITpH (PHHAHCOBOH HoAmep:kKe rpanTa Ilpesmuenta Poccniickoit Pemepanuy I ro-
CYIApCTBEHHOU MOJJIEPKKI MOJIOABIX poccuiicknx yueHbrx MK-3566.2019.1.
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roBOpPs OOpEMEHHUTEIbHBIE, OIPAHMIEHHsI: TPEOOBAIOCH, YTOOBI (PYHKIIUOHAI, OIIPEIC/ISIONINI oK~
3aTe/ib KadecTBa, U (PYHKIIMOHAJ, CTOSIIUN IO 3HAKOM ITPOM3BOIHON B JIEBOH YacCTH ypaBHEHUM
JIBV2KEHUsI, YIOBJIETBOPSIIA YCJ0BUIO JIumiuiia, mpuieM IoCJaeHU — ¢ KOHCTAHTOW MEHbIIel equ-
ouiel. B HacTosIell crarbe 9T OrpaHuYeHust CHATHI. [Ipu 9TOM cucTemMa mMeeT 1O CPaBHEHHIO C
[5—7] HeckonbKO MeHee OOIIMIl, HO TeM He MeHee JOCTATOYHO THIWYHBIA Bu. [lojyunTh JaHHbI
PEe3YJIbTAT YJIAI0Ch IPU IIOMOIIN KJIACCHYECKON CXeMbl paccyzkaeHuil u3 [3], momobpas moaxosiuit
dbyukuuonan JIsanynosa — Kpacosckoro [11;12].

1. HuddepennuaibHasg urpa

PaccmorpuMm anTaroHuCTHYIECKyIO audpepeHInaabHy0 UIPY, B KOTOPO# JIBUKEHUE CHCTEMBI
onmcbiBaercs juddepeHIalbHbIM ypaBHeHneM HefirpasbHoro tuna B opme Ix. Xeitra [4]

() — gttt 1) = F(t2(0) 200~ b, u(t), (1),
t € fto, 9], z(t)eR" wu(t)elU, v(t)eV,

(1.1)

a IoKa3aTe/Ib KadecTBa UMeeT BHJ,
v =o(zs())- (1.2)

Baech t — Bpemsi; x(t) — BEKTOP COCTOSIHUSI B MOMEHT BpeMmeHu t; to u ¥ — ukcupoBaHHbIE
HAYaJbHBIA U TePMUHAJBHBIN MOMEHTHI; h > 0 — KOHCTAHTa 3ala3/blBaHus; Ty(:) — MCTOPUS JIBU-
JKenust Ha IpoMexxyTke [V —h, 0]: xy(§) = x(9+E), £ € [—h,0]; u(t) u v(t) — Texymue yupasisiomnue
BO3ICHCTBIS IIEPBOrO U BTOPOro Urpokos coorsercrsenno; U C RF u V € R! — koMmakTsl.

[TepBbiii UTPOK HallEJIEH MUHUMHU3UPOBATH MOKa3aresb (1.2), BTOpoii — MaKCUMU3UPOBATh.

Berojty HUKe yIVIOBBIMU CKOOKaMu (-, +) 0003HaYaeM CKAJSIPHOE MIPOU3BEJIEHNE BEKTOPOB, JBOfi-

HbIMEI cKOOKamu || - || — eBkimmoBoy Hopmy; Lip([a, b], R™) — npocTpancTBO JUMIIUIEBbIX (DyHKITHI
u3 [a,b] B R", cHabxkenHoe pasrHoMepHoii HopMmoit; Lip = Lip([—h, 0], R™). PaBuomepuyio HOpMY B
Lip obosuataeM Kax || - ||oo. Takzke mist a > 0 npumnmaem B(a) = {z € R": ||z| < a}.

[Monaraem, gro s dyskmmit g: [to, 9] X R™ — R™ f: [tg, 9] x R" x R" x U XV — R" u
dyukimonasa o: Lip — R BBITOIHEHDI CIEIYIONINE YCIOBUS:

(9) Ans smoboro o > 0 maiigercss takoe Ag = Ag(a) > 0, 9TO HMeeT MECTO OIeHKa
lot,2) — 9| < At =¥+ o — o), 1¥ € [to,0), 2,0’ € Bla.

(f1) @ysukuus f HenpepbIBHA.

(f2) CymiectByer Taxast KoHCTaHTa c¢ > 0, YTO HMeET MECTO OIEHKA

|tz y,u0)|| <cr(+ [zl + lyl),  (tz,y,u,v) € [to, 9] x R* x R" x U x V.

(f3) Hns moboro o > 0 cymecTByer Takoe Ay = Af(a) > 0, 9TO CIpaBe/JINBO HEPABEHCTBO
Hf(t,:n,y,u,v) - f(t,:n’,y’,u,v)H < )‘f(Hx - 33,” + ||y - y,H))
t € [to,¥], w=z9,2',y €Bla), uel, vevV.
(f1) Hust mo6wix t € [tg, V] u z,y,s € R umeer MecTO paBeHCTBO

Q%%%U@mwmmhﬁZ%%Q%U@%%MMA)

(o) OyHKIMOHAJ 0 HENPEPbIBEH.
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SadukcupyeM HEKOTOPbIE YHCIa (g, Ag > 0. Oupeies M MHOKECTBO HAYATBHBIX TO3UITHIT

Go = {to} x {w(") € Lip: [w(©)|| < an, (&) — z(&)]| < Xl — €|, &€ € [=h,0]}.

Bzss uncio ¢y u3 yciaosus (f2), ompeiesmM MHOXKECTBO JOIYCTHMbIX ITO3UIIHI

G= {(t,xt(-)) € [to,v] x Lip: z(-) € Lip([to — h, 9], R"™), (to, x4 (-)) € Go,

|5 (26) — gttt = 1) | < ex (Ut T+ Dl — W) ww wm v € [r0, 01} (13)

Baech u manee x4(+): x4(€) = z(t + &), € € [—h,0].

[Tycrs BbiOpana mosunust (T,w(:)) € G, 7 < . JIOImyCTUMBIME PEATU3AIUAMEI  yIIPABJISIO-
mux Bosuedcreuil u(t) u v(t) Ha npomexyTke [T,v] OyaeM Ha3biBaTh u3MepuMble QyHKIMU u(-) :
[7,9) = Uwnv(): [r,9) — V. HeiictBys1, nanpumep, no cxeme u3 [13| (cm. Taxxke [14, P1]), moxno
HoKa3arb, 4To upn ycaosusx (g), (f1)—(f3) mobas mapa gomycrumbix peammsanuit u(-) u v(-) equH-
CTBEHHBIM 00pa3oM mopoxaer u3 nosuruu (7, w(-)) nuxkenue z(-) cucremsl (1.1) — dbyHakuo u3
Lip([t — h,¥],R™), koropas ymoBierBopsier HadajbHOMy yciaoBuio (7 + &) = w(&), £ € [—h,0] u
BMecte ¢ u(t) u v(t) nourn Beroay Ha [T,9] ynosaerBopsier ypasrenuio (1.1). Kpome Toro, B cuiy
onpenenenns (1.3) muoxkecrsa G st gBuzKenust x(-) GyJeT CIpaBeIMBO BKIIOUEHIE

(t,z:(}) € G, 1€tV (1.4)

Dopmanuzaruio quddepennuanbaoit urper (1.1), (1.2) 6yaeM IpOBOAUTL B KJIACCAX HO3UIIUOH-
HBIX CTpATEruii yIpasjieHust UIPOKOB, cieys noaxoy [1-3|. Ilpu stom B cuiny ycsosust (f4) MOXKHO
OrPAHMYUTHCs KJIACCOM YUCTBHIX MO3UIMOHHBIX cTpareruii [3, § 8].

ITox cTparerneil yupaBJieHHs [IEPBOrO UI'POKA IOHUMAEM OTOOparKeHUe

U=U(t,w(-),e) €U, (tw()eq, >0,

rje € — napamerp Todsocru [3, c. 68].
ITycrs 3aduxcuposaner nmosunust (7, w(-)) € G, qucio € > 0 u pasbuenue orpeska [7,v]:

A(;:{tj10<tj+1—tj§5,j€1,=]—1, t1 =1, tJ:’L9}. (1.5)

Tpoiika {U, e, As} onpeiesisier 3aK0H yIIpaBJIeHusl IEPBOTO UI'POKA, KOTOPBIi B 1€l 06paTHOl CBsi3u
opMUpyeT KyCOYHO-IIOCTOSIHHYIO (& CTaJsio ObITh, JOIYCTUMYIO) PEATH3AIUIo U (+) 110 IPaBHILY

u(t) = U(tj,xtj (’),E), te [tj,tj_;,_l), j S 1,J —1. (16)

U3 nosurumn (7, w()) TaKO! 3aKOH B IIape C JOILyCTUMOHN peaJiu3aliyeil ylpasjeHus BTOPOI'O UI'PO-
ka v(-) O1HO3HAYHO TopoxkaaeT apuzkenue x(-) cucreMmsl (1.1). CooTBeTCTBYIOIIEE STOMY JBUKEHHIO
3HaUeHue 1okasaresist kadecra (1.2) obosnaunm vepes (7, w(-); U, e, Ag; v(+)).

OmnpeesinM BeJIMUUHY TapaHTUPOBAHHOIO pe3ysbrara crparerun U

pu(7,w(-),U) = lim lim sup sup y(, w(-); U, , As; v(-)). (1.7)
l0 600 As ()

Torna onTUMAaJIBHBIM TapaHTUPOBAHHBIM PE3yJIbTATOM IIEPBOrO HIPOKa OyIeT BeJUIHHA
o .
pu(T7w(')) = Hl}fpu(7—7w(')7U)' (1'8)
CTpaTeFI/HO UO Ha3blIBacM OHTI/IMaJIbHOfI, €CJIA CIIpaBEIJ/INBO PaBEHCTBO

pu(T,w(-),U°) = py(1,w()), (1, w()) € G.
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AHaJIOrMYHO, ¢ NOHATHLIMU M3MEHEHUSIMHU, JIJIs BTOPOTO UIPOKA PACCMATPUBAEM CTPATETHIO
yupasienuss V. = V(t,w(-),e) € V, (t,w(:)) € G, € > 0, 3akon yupasienusi {V,e, Ay}, oupese-
JISIONUH KYCOYHO-TIOCTOSTHHYIO Pean3anuio v(+) 1o mpaBuLy

U(t) = V(tj7$tj(')7€)v te [tjytj-l-l)a J € 17 J — 17
BEJINYUHY TapaHTUPOBAHHOTO PE3yJIbTara crparerun V'

(7, w(+), V) = lim lim inf inf v(7, w(-);u(-); V, e, A 1.9
po(T,w(-), V) %gﬁ;g&g&)vﬁw()u() 5) (1.9)

U BEJIMYUHY OITUMAaJIbHOIO rapaHTHPOBAHHOIO PE3yJbTraTa BTOPOI'O UI'PDOKa
pu(w(:)) = sup pu(7,w(:), V). (1.10)

Crparerust yupaBjeHusT BTOPOI'O UI'POKa V' ° onTuMaJIbHA, €CIu

po(T,w(-), V®) = py(T,w(),  (1,w()) € G.

U3 coornomenuit (1.8) u (1.10) BbITeKaeT HepaBeHCTBO

pu(mw(-)) = py(r,w()),  (r,w()) € G. (1.11)

B ciyuae, korma crpaBeyinBO PaBeHCTBO

pZ(va(')) = pz(va('))7 (T7w(')) €G,

roBopat, uto guddepennuanpias urpa (1.1), (1.2) mmeer yeny, a mapy ONTHMAJBHBIX CTpaTe-
ruit {U°, V°} HaspBaloT c€0a06010 moukotl uzpol.

Teopema. ugpepenyuanrvran uepa (1.1), (1.2) umeem yeny u cedrosyro mouxy {U°, V°}.

KuroueByto poJib B 0Ka3aTEILCTBE TOM TEOPEMBI OY/IET UTPATDH CJIELYIONIN BCIIOMOTATEIbHBII
dbyukuuonan JIsanynosa — Kpacosckoro [11;12].

2. ®yukinuonaua JlsnmynoBa — KpacoBckoro

Omuupasicy Ha coorHomenue (1.3), MOXKHO 1I0Ka3aTh CyIIECTBOBAHUE TaKUX G, Ag > 0, 9T0

lw@ll < ag, [w§) —wE)| <Acle =€, & €[-h0, (tw()) €q. (2.1)

Torna B ety yenosmit () 1 (f3) a1a Ay = Ag(ag) 1 Ay = Af(ag) mieen
lg(t, w(=h)) = g(#',w' (=h) | < Ag(It = '] + [w(=h) — w'(=R)])),
1f (£, w(0), w(=h), u,v) = f(t,w (0), w'(=h), u, v)|| < Ap(|lw(0)—w'(0)[|+]w(=h)—w'(=R)]), (2.2)
(t,w(:),#,w' () eG, uwelU, veV.
Onpeneam byHKIOHAT

Ve(t,p,w(-)) = ke(t, p, w(-))e A FAa/ME=t0) = (3 4i(2)) € [to, 9] x R™ x Lip, (2.3)

rIIe
0

wltpw() = VETTIE 4 [ (1- 28 Ju@lds, < >0, (24

—h




122 H. O. JIykostros, A. P. ILnakcun

JIemma 1. ITyemow T € [to, 9] ue > 0. ITyecmo ¢gynxyuu s(-) € Lip([r,9],R™) w z(-) € Lip(|7 —
h, 9], R™) ydosaemeopstom ouernram

Is(t) = 2N < Agllz(t = h)Il, ¢ € [, 9],

s (2.5)
<dd(tt),8(t)> < Ar(lz@®1 + N1z = W) Is@)] + €2 npu n.e. t € [1,9)].
Tozda 6ydem cnpasediuso HepaseHcmeo
Ve(t,s(t), ze(-) < Ve(r,s(1),2:(-)) + (t = 7)e, ter,]. (2.6)

Hoxaszareuabctso. Omupascs Ha coorHOmmenus (2.3) u (2.4), ¢ y4eTOM JIMIIIHUIEBOCTH
dbyuxumit s(-) 1 z(-) MOXKHO 1OKazaTh JUNIHIEBOCTh dyHKIUH w1 (t) = K (t, s(t), 2:(+)) 1 wa(t) =
Ve(t,s(t), z(+)), t € [7,9]. Torma, nons3ysich onerkamu (2.5), upu nmouru Beex t € [7, 1] umeem

den(t) _ (ds()/dt,s@) oo o 2 [
= e T IEOI - A 2 (e )l = / I2(¢)]|dé

2AfA

2X 1A
< e+ 20f[l2(O)]l = 2A5Ag]|2(E = h) (Ol1de < &+ 2xyls(t) | + L2 /H (©)lde.

h
t—h t—h

OTcrofia BBIBOAUM OIEHKY

t

dws(t

220 — (== 200/ms@ll - 233 [ 1(@)dg )i <
t—h

13 KOTOPOil BBITEKAET HepaBeHCTBO (2.6).

JIemma 2. Cywecmsyem makoe wucao Ay > 0, wmo das ecex € > 0, 7 € [tg,¥], p € R" u
w(+) € Lip npu ycaosuu

lw(@l < 20¢, [w(@€) —wE) <2Xcl§ =€), && €[=h,0] (2.7)

cnpaeedﬂueo HEPABGEHCINEO

lw()|12 < AvVelt,p,w(-)). (2.8)

Hokaszareanctso. [pu ycrosun (2.7) cymecrByer Ay > 0 Takoe, 4ro
0
2
w0l <A [ Tu©)]de
~h

Orciona u u3 (2.3), nomaras Ay = e2ArFAs/MI=t0)\ /X, nonyuaem nepasencrso (2.8).
3. Jloka3aTeJbCTBO Te€OpeMbl

ITo npasoit yactu cucremsl (1.1) onpesesanm raMUIbTOHUAH

H(t,z,y,s) = minmax(f(t, x,y,u,v),s), te€lty,d], =zvy,s€e€R" (3.1)
uelU veV

U MHOTO3HAYHBLIE OTOOParKeHUs
Fo(t,x,y,v) =coy f(t,x,y,u,v) |lue U} C R",
+ ) { ( ) } t € [to,d], z,yeR", wel, veV, (3.2)
F_(t,z,y,u) = Co{f(t,x,y,u,v) |v e V} C R,

rJIe CUMBOJI CO O3HAYAET BBIMYKJIYyI0 000s049Ky B R™. B cuy ycnoswuii (f1)—(f4) umeem
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(H) Hnst aucaa Af > 0 u3 (2.2) u mo6six (¢, w(:)), (t,w'(-)) € G u s € R" cupaBenmsa oleHKa
[H(t,w(0),w(=h),s) — H(t,w'(0),w'(=h),s)| < Ap([w(0) —w' (0)[|+ [lw(=h) —w' (=h)|[)]|s]-

(F1) Mnorosnaunsie orobpaxkenust Fy n F_ BBIIYKJIO KOMIAKTHO3HAYHBI U HEIPEPHIBHBI B MeT-
puke Xaycaopda.

(Fy) Ana awmcna ¢y > 0 m3 yenosus (fp) npn mobbix t € [tg, V], 2,y € R", u € U, v € Vu
l € Fy(t,x,y,v) UF_(t,x,y,u) cupaBelJIMBO HEPABEHCTBO

12l < e (L Nzl + llyl)-

(F3) Hns mobeix t € [tg, Y], x,y, s € R™ cupaseyimBbl paBeHCTBa

ma; min l,s)=H(t,r,y,s) =min ma l,s).
vev le&(t,m,y,v)(’ ) t,2,9,5) ueU zeza(t,ify,u)“ )

Hns (t,w(+)) € GuueU,veVuepes X (1,w(-),v) n X_(7,w(:),u) 0603HAIAM MHOKECTBO
dbyukumit z(-) € Lip([7 — h, 9], R"™), ynosaersopsionux yciaouio (7 + &) = w(&) upu § € [—h, 0]
U, COOTBETCTBEHHO, CJIeyIonuM auddepeHnuanbHbIM BKIIOYEHNAM TP I0YTH Beex t € [1,9]:

d

E(g;(t)—g(t,x(t—h))) € Fy(t,z(t), z(t—h),v), %(az(t)—g(t,x(t—h))) € F_(t,x(t), z(t—h), u).

HeiictByst no cxeme u3 [14, P2|, moxxuo nokazars, uro muoxkectsa X (7, w(+),v) u X_(1,w(-),u)
koMiakTHb! B Lip([7 — h, 9], R"), npudem B cuy (1.3) mMeer MecTo BKIIOUEHHE

(t,z:() € G, te[r,d], z()e Xi(r,w(),v)UX_(r,w(-),u). (3.3)

U3 pesysbraTos |7] BeITEKAET Clieiytolnee yTBEPKICHIE.

YrBepxkaenune. Cywecmseyem makxot Henpepuieusil gynrkyuonas ¢: G — R, ymo

e, w(-) =o(w(), @ w()) € G (3.4)
p(r,w()) > min p(t, ze(+)),
2()e X+ (ru()v) (Lw() €G, telrd, uecl, veV. (3.5)

T,w(+)) < max t,xe(+)),
plrw()) < wax ot ()

IIycts € > 0, (t,w(-)) € G n dynkmonanom V, oupenenen cormacao (2.3). Hepes O.(t, w(-))
0603HaUNM MHOXKeCTBO no3unuit (¢,7(-)) € G, yIOBIETBOPSIOMINX HEPABEHCTBY

Vet w(0) — g(t, w(=h)) = r(0) + g(t,7(=h)),w(-) —r()) <e(l +t—to). (3.6)

C yuerom onpenenennst (1.3) maoxkectBa G MOXKHO HOKa3aTh, 910 O (¢, w(-)) — xommakT B {t} x Lip.
[Iycts ¢ — dyuknmonas w3 yreepxkaenus. 1lomoxum

U*(t7w(')7‘€) S argg[ljinrgg%(f(t,w(O),w(—h),u,v),w(O)—g(t,w(—h))—r* (O)"i_g(tvr*(_h)»v (3'7)

e
(t,re(-)) €  argmin ot r()).
(t,r(-))€0: (t,w(-))
JIemma 3. Cnpasedauso nepasercmeo py(T,w(-),U*) < o(r,w(-)), (t,w(-)) € G, 2de p, —
seaununa, onpedeaernan cozaacno (1.7).
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HJoxaszareunnbctso. Iloonperenennto (1.7) Benuunust p,, (7, w(-),U*) mis nokaszaresb-
CTBa JIEMMBI JIOCTATOYHO IIOKA3aTh, 4TO s JiEoOoro umciaa ¢ > 0 HalfjLyTcst Takue 9UCIO €, =
gx(¢) > 0 u dyukius 0.(c) = 04(¢,e) > 0, ¢ € (0,e4), 9T0, KAKOBbI Obl HU OBLIM MO3MUIUS
(r,w(-)) € G, ancna ¢ € (0,e,) u d € (0,04(¢)), pasobumenne As (1.5) u Jgomycrumasi peannsa-
st v(+), s aBrekenust x(-) cucremsl (1.1), mopoxieHHOr0 U3 no3urmu (7, w(+)) 3aKOHOM yIpaB-
nenust {U*, e, As} n peanuzanueit v(-), GyJer cupaBeyIiBO HEPABEHCTBO

V(T w(); U e, As;0(-)) = oz () < e(r,w(-)) + ¢ (3.8)

B cuny ycnosuit (f1), (F1) u onenok (2.1) maiimercs Takas dbynkunus 0f(¢), € € [0,400), 4o
quist obeix € > 0, u € U, v € Vo (t,w(-)), (', w'(-)) € G upn yciosuu

[t =t <0s(e),  Nw(0) —w'(O)] <d5(e),  lw(=h) —w'(=h)I| < d¢(e),
UMeIOT MeCTO OIIEHKHU

Hf(t7 w(0)7 w(_h)7 u, U) - f(t/7 wl(0)7 wl(_h)7 u, U) H

max min ="
leFL (t,w(0),w(—h),v) VeFy(t' w'(0),w' (—h),v)

IN
o

(3.9)

IN
™

[Tycrs BIGpano ¢ > 0. B cumy ycioBus (o) u onenok (2.1) Haiimercs takoe 4uciio &, > 0, 910
Jyist 106bix (9, w(+)), (¢, w'(+)) € G upu yeaosuu |[w(-) — w'(+)]|co < €5 UMEET MECTO HEPABEHCTBO

lo(w()) = o(w'(-) < ¢ (3.10)
Bzss uncina ag n Ag u3 (2.1) n unciaa A\g 1 Ay u3 (2.2), 06o3HaunM
as =21+ X)ag, As=2X\1+Aq), ¢ =cr(1+2aq). (3.11)

BosbpmeMm 4nciio Ay > 0 u3 JJeMMBI 2 B IIOJIOZKIM

2

fo 5.(¢) = min {

B 5f(a2/(8a5)) g2 g2 g2
TN (1+9 —t)]

1+ Mg ’ 80*)\37 16015)\]0)\(;’ 160&0)\]0)\3

Ex

}. (3.12)
I[Tycrs 3adukcuposansr nosunus (7,w(-)) € G, ducia
e € (0,e4), 0€(0,0.(e)), (3.13)

pasbuenne Ag (1.5) u monycrumasi peanusarust v(-). Pacemorpum japuzkenne z(-) cucrembr (1.1),
HOPOXKJIEHHOE 3aKOHOM ynpasienus {U*, e, As} u peamuzanueii v(+). ITo MHAYKIUK TOKAXKEM OIEHKY

p(ty, () < p(ryw(), jeT T, (3.14)
rie ‘
(tj,77(") € argmin o(tj,r()). (3.15)
(tj,r(~))605(tj,xtj )

Ilna j = 1 onenka BuITOsHSETC B cATy Bhibopa (3.15) mosumum (7,71(+)). Ipeamonoxmm Temeps,
qT0 oreHka (3.14) BuimosasieTcst Jyist j = k, u qokaxkem ee jyuisi j = k + 1. Onpeesnnm 3Hadenune

vk € argmax min (L x(ty) — g(tp, z(ty — h)) — 175(0) + g(t, r*(=h))). (3.16)
VeV  LEFy (tr,r*(),0)

Cornacno nepasencrsaM (3.5) Haiinerca Taxas dynkmus y* () € X, (t, 78(-), v¥), uro

Ptk yr,,, () < ot (). (3.17)
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Ormpesresium pyHKIUT
() =a(t) =y (t), s"(t) = 2F(t) — gt x(t —n)) +g(t,y"(t = h)), € [ty V). (3.18)

Torpa, yanreiBast Bei6op (3.12), (3.13) uncaa §, obosnavennst (3.11) u Briovenust (1.4), (3.3), us
onenok (2.1), (2.2) u ycnosuit (f2), (Fp) must mobbIx t € [tg, tgs1], v € Un v € V BoBOIMM

max { [t — til, |2¢(-) = 2t ()lloos 177 () = 9 (o } < 07(£7/(80x5)),
1 (Moo < 206, 12£() = 2, ()lloo < €2/(BAfas), [Is*(t) — ()] < Agll2*(t — b
Is* (Il < o5, [ls*(t) = s*(t) ]| < Aslt — ti] < min{e?/(8c.),e*/(16acA )},

1F (8, 2(t), 2(t — ), w,v)|| < e, sup{[lL]]: 1 € Fu(t, 5" (), y*(t — h),v)} < c..

(3.19)

B cuny ypasmerns (1.1) n srmouenns y*(-) € X (tg,7%(-),v*) npn mourn Beex t € [ty, tyy1] nveem

(B )y = (e, (e — ), o(0) — P00, 1) € Plta 090
el = ,x(t), x su(t),v )8 , Y (), Yy  (t — h),vg).

Orcrona, nonsaysics (3.9) u (3.19), BeiBOANM

<dsk(t)

s () < (bt alt — ) u() 0(8) - 150, 5(1) + 2/,

< <f(tk7x(tk)7x(tk - h),u(t),v(t)) - lf(t% Sk(tk)> + 52/27

e [8(t) € Fy(tg,r%(0),7%(—h),v*). danee, yanrsisag onpenesenne (3.7) crparernn U* u npapu-
a0 (1.6) dopmuposanust peanusanuu u(-), COOTBETCTBYIOMIEH TOi cTpareruu, Boibop (3.16) 3Ha-
wenns v*, coiicrsa (H) u (F3), a takxe ompezesenne (3.18) dyukumn 2F(-) u omenxn (3.19),
HOJTy9aeM

ds*(t) k : k 2
< dt yS (t)> < Iglea%<f(tk7x(tk)7x(tk - h),U(t),’U), S (tk)> - lEF(tk,rk%)l,?k(—h),vk)<l’ S (tk)> +e /2

= H(tkyx(tk)7x(tk - h)7 Sk(tk)) - H(tkvyk(tk)vyk(tk - h)7 Sk(tk)) + 62/2

<A (1Rl + 112" (e = I @)+ €2/2 < Xp (1RO + 125 = W) 155 @)1 + 2.

OTciofia, yuauThiBas qeTBepToe HepasencTso B (3.19), sakimouaem, uro musa z(-) = 2¥(-) u s(-) = s*(-)
BBIIIOJTHEHBI BCe ycsioBus jieMMbl 1. Ilosromy cripaBe/iinBo HEpaBEeHCTBO

Vo(thyr, 8" (tegn)s 20, () < Veltn, $°(8), 26, () + (terr — th)e,

KoTopoe B cuity Brmodenus 7°(-) € O (ty, x4, (-)) u nepasencrsa (3.6) o3HAUAET, YTO MMEET MECTO
BKJIIOUEHNE yfkﬂ(-) € Oc(tps1, 24, (). Taxnm obpasom, B cormacuu ¢ coornomenusymu (3.15),
(3.17) 1 UpeoIOKEHNEM WHJLYKIIUU, BBIBOIIM

gp(tk+1,7‘fk—:11 ()) < (p(tk-l-l?yfwrl(')) < (p(tk,Tk(-)) < (p(T,w(-)).

Urak, mepasenctso (3.14) mokazano ayst Beex j € 1, J.
[lo nemme 2, yunthiBasg cHadata pkmodenue (9,77(+)) € O.(9,29(-)) BMecTe ¢ HepaBemcT-
BoM (3.6), a 3areMm coorHomenus (3.12), (3.13), moyuaem

lzo () =7 ()3 < A Ve(@,2(9) — g0, (9 — b)) = r7(0) + g(9, 77 (=h)), 29 () — 17 ("))

<Av(1T+9 —tg)e < Ay(1+9 —tg)e, = £2.



126 H. O. JIykostros, A. P. ILnakcun

Orcrona, nonb3ysich HepaBencrsamu (3.10) u (3.14), ¢ yuerom pasencrBa (3.4) 3akimodaem

o(wy(-)) < a(r’()) + ¢ = 00,17 () + ¢ < p(t,w() + ¢

JlemMa goKas3aHa.
AHAJIOrMYHO J1jIsI BTOPOT'O UI'POKA, IoJIarasi

V*(t,w(-),e) € argmax IJIGIHIJI (f(t,w(0),w(—h),u,v),r(0) — g(t,r(—=h)) —w(0) + g(t,w(—h))),

rmue

(t,r()) € argmax  o(t,7(-)),
(8())€0= (1w ()

MOZKHO JOKa3aThb CJICYIONLYIO JIEMMY.

JIemma 4. Cnpasedauso nepasercmeo py(t,w(-),V*) > o(r,w(-)), (r,w(-)) € G, 2de p, —

seaununa, onpedesernas cozaacro (1.9).

HJoxkaszarennbctBo reopemsl. 13 semm 3, 4 u coornomennit (1.8), (1.10) u (1.11) mosy-

JaeM paBeHCTBO

Ppu(T,w () = pu(T,w(-), U") = py(7,w(-), V) = py(m,w(-)),

KOTOpOe NOKa3biBaeT, uto juddepennuanbuas urpa (1.1), (1.2) umeer meny, a mapa crparTeruii
{U*,V*} cocraBisiior ceJyioByIO TOUKY UI'Pbl. Teopema JoKa3aHa.

10.
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OB OIIPEJEJIEHNN PABHOMEPHO ITOJTHOM HABJIFOJJAEMOCTHI!

E. K. Makapos, C. H. ITonoBa

Kraccuyeckue onpesesiennst paBHOMEPHOM ITOTHON yIIPABJISIEMOCTH U PABHOMEPHOI ITOJTHON HaOJII0LaeMOCTH
chopmysmposanbl P. Kajamanowm gj1st cucrem ¢ koadduimeHTaMu u3 Kaacca leOc (R). AnbTepHaTHBHbBIE UM JIBOM-
CTBeHHBIE olpejeseHus npeyokens! E. JI. TOHKOBBIM U151 CHCTEM C OrpaHMYEHHBIMUA U3MEPUMBIMU KOddunm-
enramu. [ljs Teopum ympaBiieHHsI aCHMITOTHYECKMME HHBapHaHTaMH JudGEpPEeHINATbBHBIX CUCTEM HHTEPEC
[IPEJICTABJIAIOT CBOWCTBA PABHOMEDHOM MOHON yIIPaBIIEMOCTH U HAGIIOMAEMOCTH JJIsi CUCTEM C MIPOU3BOJIbHBI-
Mu KodddunmenTaMu. B craTbe NmpeiorKeHO onpeesieHre PaBHOMEPHON ITOJHON HabJII0IaeMOCTH Ha IIPOM3-
BOJIBHO 33JIAHHOM CEMEHCTBE OTPE3KOB BEIIECTBEHHON OCH B MPEIOJIOXKEHUH, YTO HA KaXKJOM TAKOM OTPE3Ke
OIpesesIeHbl HEKOTOPBIE ITPOCTPAHCTBA YIPABJIEHUN M U3MEPSIEMBIX BBIXOJOB cHUCTeMBbI. IIpm sToM Ha cucremy
HE HAKJIAJbIBAIOTCA HUKAKNE OTPDAHUYEHMs, KPOME TPeOOBAHUs CyIIECTBOBAHUS PEIICHUHN, UX €IUHCTBEHHOCTH
¥ MPONOJIPKUMOCTH Ha BCIO BEIIECTBEHHYIO OChb. YKa3aHbl IPOCTEHINNE CBOWCTBA BBEIEHHBIX IOHATHI. YcCTa-
HOBJIEHO, UTO B ODOIIEM CJIy9ae PABHOMEpHas TOJIHAS YIPABJIIEeMOCTh U PABHOMEpPHAasl MOJIHAA HAGJIIONaeMOCTh
HE ABJIAIOTCS JIBORCTBEHHBIMU CBORCTBAMU JIMHEHHBIX cUCTEeM. [10/ly9eHbl JOCTATOYHBIE YCIOBUS HAJIMYAS TAKOM
IBOMCTBEHHOCTH. AHAJIOTWYHBIE PE3YJILTATHI CPOPMYINPOBAHDI JJIs Iaphl “HIeHTHMOUIMPYEMOCTD — JOCTUXKU-
MocCTB”.

KoroueBble ciioBa: JIMHEHHBIE CHUCTEMBI, paBHOMEPHas ITOJIHaA Ha6JIIOLLaeMOCTB, PaBHOMEpHAad IIOJIHAaA yIIpaB-
JIAEMOCTb.

E. K. Makarov, S. N. Popova. On the definition of uniform complete observability.

The classical definitions of uniform complete controllability and uniform complete observability were formulated
by R.Kalman for systems with coefficients from the class LIQOC(R). E.L. Tonkov proposed alternative dual
definitions for systems with bounded measurable coefficients. For the theory of control of asymptotic invariants
of differential systems, it is useful to study the properties of uniform complete controllability and observability for
systems with arbitrary coefficients. We propose a definition of uniform complete observability on an arbitrarily
given family of closed intervals of the real axis under the assumption that some spaces of controls and measured
outputs of the system are defined on each of the intervals. Here we do not impose any constraints on the system
apart from the requirement of the existence of solutions, their uniqueness, and extendability to the whole real
axis. Some basic properties of the introduced notions are given. It is established that, in the general case,
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1. Kiaaccuyeckue oripeaeJsieHnusd IIOJTHOM Ha6J'IIO,D;aeMOCTI/I II0 BBIXOAY

PaccvoTpuM HecTaInoHAPHYIO JTUHEHHYIO CHCTEMY
z=At)x, zeR", teR, (1.1)
¢ HabJrogaresieMm
y=C(t)xr, yeR™ (1.2)

Byzaem npepmnosarars, uro cucrema (1.1) umeer marpury Komwm X (¢, s), onpenesieHHyo nmpu Beex
t,s € R. Ipyrue tpebosanus k cucreme (1.1) u mabmonarento (1.2) 6yaem dopMmymupoBaTh M0 Mepe
HEOOXOIMMOCTH.

Wcenenopanmsa BTOporo aBTopa BBHINOJIHEHB! TIpu buHAHCOBOI TToepxKKe POOU (Tpant 18-51-41005).
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[Tycrs 3aman HekoTopbiil orpe3ok I = [tg,t1] C R. Kaxmomy snementy xg € R™ mocrasum
B coorBercTBHe pemtenne x(t;tg,xg) = X (t,tg)xo cucremsr (1.1), ymoBierBopsitoliee HadaIbHOMY
yeqoBuio x(tg; to, To) = xo, U, 3areM, dbyHKIUO BoIxOHA YI(t, x0) = C(t)x(t;t0, 20), KOTOPYIO OYyIEM
CUNTATh 33 IaHHOM JIUITb Ha oTpe3ke I. MHOXkecTBO Beex Takumx (DyHKINN 0003HAYMUM depe3 Y.

CoruacHo obmenpunsaToMy onpesenenuto (em. [1, c.68; 2, ¢. 188] u up.) cucrema (1.1) siBiistercst
noarocmuvio Habarodaemot no eévixody (1.2) na ompeske I, eciu onpejieieHHOE BBIIIE COOTBETCTBUE
“cocTosinme — BBIXOH MexXIy rg € R™ u dyuknusavu u3 Yy apissercs OuekIueii.

WNubivu cioBammu, 7Tt BIIOJTHE HAOJTIOMaeMoi Ha oTpe3ke I crcTeMbl BOBMOXKHO BOCCTAHOBJICHUE
KayKJI0r0 HAYATHLHOIO COCTOSIHUS IO TIOPOXKIAEMOMY MM BBIXOJLY, €CJIU OH U3MepeH 6e3 oImuboK.

Ecnu marpunia mnabmionarens C' mHTErpupyeMa ¢ KBaJIpaTOM Ha OTPe3Ke I, T.e. TMPUHAJIEIKUT
COOTBETCTBYIOIIEMY MTPOCTPAHCTBY Lo, TO yCIOBUE MOTHON HABIIOIAEMOCTH MOYKET OBITH BBHIPAYKEHO
¢ TIOMOIIBIO0 MaTPHUIlEl HabmogaemMocTn KamMana

M(to,t1) = / X7 (s,16)CT (s)C () X (s, o) ds (1.3)

to

caeytonuM obpaszoM |2, c.188|: cucmema (1.1) asasemea noanocmuio nabarodaemots no 6viro-
dy (1.2) na ompesxe I mozda u moavko mozda, Ko2da mampuya ]\/4\(150,251) HeGbPodICIeHa. YCo-
Bre (1.3) mo3BoJISIeT TaKKe BBIIMCATD B SIBHOM BHJIE ONEPAIINIO BOCCTAHOBJICHHS HAYAIBHOIO COCTO-
AHUSA T 110 U3MEPEHHOMY BBIXOLY Y:

~ —

R(to,t1)y := M (tg, t1) /XT(s,to)CT(s)y(s) ds. (1.4)

to

HerpyaHo npoBeputhb, 4To Jjisi M3MepeHHOro 6e3 omubok Bbixoaa y(t) = yr(t,xg), HOPOKIEHHOTO
HaYaJIbHBIM COCTOSTHUEM (), Pe3yJbrar jeficTeust oneparuu (1.4) coBHajaeT ¢ MCTUHHBIM 3HAYEHUEM
HaYaJIbHOIO COCTOSIHUSI: Ty = 5\{(1&0, t1)y.

N3HayapHO BOCCTAHABIMBAIOIIEE 0TOOparKEHHe Y — X OIPEIE/ICHO JINIIh Ha KOHEYHOMEPHOM
npocTpaHcTie byHKIui Y7, OaHAKO M3MepsieMbIil BBIXO/ U3-3a HAJIUUINsI ONTNOOK U3MePeHUsT He 00si-
3aTe/IbHO MPUHAJJIEXKUT ITOMY IIpocTpancTBy. [losToMy BoccTaHaBIMBAIOIIEEe OTOOPAXKEHUE JTOIXKHO
OBITH MPOJIOJIZKEHO Ha HEKOTOPOE HoJiee IMIMPOKOE IMIPOCTPAHCTBO JOCTATOYHO ODINEro BUIa, KOTOPOE,
Kak IPEeJIoJaracTcs, J0XKHO COIEPKATh BCe BO3MOXKHBIE HM3MeEpsieMble BBIXOIbI. B KOHCTpyKINK
Kamvana TakuM 0OBEeMITIONINM IPOCTPAHCTBOM sIBJIsieTCst pocTpancTBo Lo(I,R™). leiicrBurens-
HO, JIETKO BUJIETh, YTO TpaBasi 4acTb paBeHcTBa (1.4) 3a1aer HelpepbIBHBIA JIMHEHHBIH omepaTop,
OIIPEJIEJIEHHBIl HA BCEM IIPOCTPAHCTBE MHTErPUPYEMBIX C KBAJPATOM Ha OTpeske [to,t1] BeKTOp-
dbynknuit pasmeprnocts m n npuaIMaionuii snavenns B R". Ero nopma He npesocxoqut BesmmauHbL
| M~ (to, t1)||'/? 1 mocTuracTes Ha OAIPOCTPAHCTBE BBIXOOB Y7, T. €. ABJIACTCA HAMMCHBIITEH CPeIT
BCEX BO3MOXKHBIX IIPOJIOJIZKEHHIl oTobpazkenust y — xo Ha Bee Lo(I,R™). D0 cBoiicTBo 03HaYaeT,
9TO BOCCTAHABJIUBAIONIASI OIIEPAIlNsT S)?i(to, 1) MUHUMU3HDYET ONIMOKY BOCCTAHOBJICHUS HAYATHLHOTO
COCTOSTHUSI TIPU 38JI@HHOH CpeIHeKBa PATHIHON OINOKe M3MEPEHUST BBIXOA.

SBameuanune 1. IlycTe BBIXOLY CHCTEMBI IIOCTABJIEHO B COOTBETCTBHE He HAYATIBHOE, & KO-
HewHoe cocrosime 1 = x(t1;tg, xg) = X (t1,%0)ro. Ecam 10 coorBercrBEe GHMEKTHBHO, TO CHCTE-
ma (1.1) HaswbiBaeTcs noanocmuvio udenmuguuyupyemot no ewxody (1.2) na ompesxe I. Yciosue
HOJIHOH MIEeHTUMDHUINPYEMOCTH SKBUBAJIEHTHO HEBBIPOXKICHHOCTH MATPHIbI UIACHTUDUIUPYEMOCTH
Kammana

M(to,t1) = /XT(s,tl)CT(s)C(s)X(s,tl)ds, (1.5)

to
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C TIOMOIIIBIO KOTOPOIi OlepaIisi BOCCTAHOBJIEHNsT (DUHAJIBHOIO COCTOSIHUSI 3aIlMCHIBACTCS. B BH/IE
t1
R(to, t1)y := M (tg, t1) /XT(s,tl)CT(s)y(s) ds, (1.6)
to

tak uro x1 = R(to,t1)y upn y(t) = yr(t,x0). Herpyano 3ameruts, 9T0 CIPaBEIJIMBO PABEHCTBO
]\/Z(to,tl) = XT(ty,t0)M(to,t1)X (t1,t), u mosromy Marpurmt M (tg,t1) n ]\/Z(to,tl) ABJIAIOTCS BbI-
POK/ICHHBIME MJIM HEBBIPOXKJICHHBIMH OJIHOBPEMEHHO, T. €. JJIsl JMHEHHBIX CUCTeM HoJIHAasl HabJIio/1ae-
MOCTD U TOJTHAS HIeHTH(UIIPYeMOCTh Ha OTpe3Ke sKeuBatenTHeI [1, ¢. 67]. OTciona Taxske cieyer,
uro onepanun R(tg, t1) u R(to, t1) cBa3anbl HeobXoUMBbIM pasercTBoM R(tg, t1) = X (t1, to)R(to, t1).

CpoiicTBa HECTAIMOHADHON CHCTEMBI C TEYEHHEM BPEMEHH MOTYT H3MEHSTBHCS, HOITOMY, JIArKe
ecsim cucrema (1.1) Brosne nabmogaema 10 Bbixomy (1.2) Ha J1060M OTpe3Ke BelecTBeHHOH ocu,
XapaKTEPUCTUKH ee HabIII0aeMOCTH Ha PA3HBIX OTPE3KAX MOTYT CHJILHO OTJIHYATHCSA. DTO 00CTOs-
TEJILCTBO MPUBOJUT K HEOOXOJUMOCTH PACCMATPHBATEL PA3JIMYHbIE BUIbI HAOJIIOAAEMOCTH, K YHCILY
KOTOPBIX OTHOCHTCs onpe/iesennas Kamvanom B [3] paBHomeprast mosHast Habuogaemocts. Cormac-
HO [3| cucrema (1.1) ¢ BeixomoM (1.2) Ha3BIBAECTCH PABHOMEPHO 6NOAHE HAOA00AEMOT, €CTA COMPSI-
JKCHHAsI CHCTEMA

i=-ATt)z+CT(tu, zcR", uecR™ tcR, (1.7)

PaBHOMEPHO BIIOJIHE YIIPABJISIEMA.

Omnpenenenne paBHOMEPHO IIOJHON YIIPaBJISEMOCTH JJIsi CHCTEM € KO3bpHUImeHTaMu U3 Ipo-
crpancTBa Lo Takzke mano B [3]. Boupoc 06 onpejenennn MoHATHsI pABHOMEPHO(H [IOJTHOMN yIPaBJIsie-
MOCTH B 06I1eM ciIydae paccMoTpet B [4]. MoTHBUPOBKOIi /115t IOJIXO/I0B, PA3BUTHIX TaM, OCILY KUK
HOTPEOHOCTU TEOPHUH YIIPABJICHUS ACUMITOTHISCKAMH MHBAPUAHTAMEI HECTAIIMOHAPHLIX JIMHEHHBIX
cucreM [5, c. 346].

[lens HacTostmeir paboThl — PACCMOTPEHHE BOIPOca 00 OMpeae/IeHNN IOHSITUST PaBHOMEPHOI
IToJIHO#M HabJromaeMocT B HanboJiee OOIEeM BHUJE, HEOOXOAUMOM JIJIsl PEIIeHMs 3aJad yIpaBJICHHS
ACHMIITOTHYECKUMY WHBApUAHTAMHU CHUCTEM C HaOJIIOIEHUEM.

2. B3ammocB#A3b paBHOMEPHOIT MOJHOI HAOJI0IAeMOCTH
Y paBHOMEPHOI MOJIHOI ynpaBjsgeMocTu 1o Kammany

BekTop-cToabisl, ssreMenTsI TpocTparcTBa R™, 1 BEKTOP-CTPOKU, 3JEMEHTBI COIIPSI?KEHHOTO TIPO-
crpancTBa R™| 6y1eM MHTEpIPETHPOBAThL KAK MATPHUIILI pa3sMepoB 1 X 1 m 1 X n COOTBETCTBEHHO,
3aIICHIBAsT CKAJISIPHOE TIPOM3BEIEHIe BEKTOPOB &,y € R™ B Buae x!y. BeKTOPB KaHOHHYECKOTO
OPTOHOPMHUPOBaHHOTO 6asmca B mpocrpancTBe R™ obosHadaoTcsa depes e, k = 1,...,n, eIuHTIHA
marpuna — 4depe3 E = [e1,...,e,] € R™™,

Hopwma B R™ Beromy majee nmpeanoaraeTcs eBKJINIOBOIA, a B mpocrpancTse R™ ™™ BelmecTBeHHbIX
7 X NM-MaTPHI] UCIOJb3YeTCsl CIIEKTpabHasi HOPMa, T.€. MaTpUYHas HOPMAa, IMOJYMHEHHAs] €BKJIH-
JI0BOi1 BeKTOpHOI HOpMe. IIpocTpaHcTBO, TONOJIOTMIECKH CONPSI?KEHHOE K KAKOMY-JIH00 33 JaHHOMY
HOPMHUPOBAHHOMY IIpOCTpaHcTBy F', OymeM obosHadaTh yepes F*.

CorutacHo [3| HecTanmonapHast JIMHeHHas yIpaBJsgeMas CUCTeMa

t=Alt)r+ Bt)u, ze€R", uweR™ teR, (2.8)

HA3BIBACTCS PAGHOMEPHO GNOAHE YNPAGAAEMOT, €CTIN CYIIECTBYIOT TaKue MOJIOKUTEIbHbIe Juc/a 1
ua;,i=1,...,4, aro upu Beex T € R cupaBe1MBbI HEpABEHCTBA

o E<W(r,7+9) < agF, (2.9)

asE < W(r,7+9) < auE, (2.10)
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rae MaTpula yIpaBIsseMOCTHI (ManHHa KaJIMaHa) W ompenesisieTcs paBeHCTBOM
t1
W (to,t1) = /X(to, s)B(s)BT (s) X (to, s) ds (2.11)
to

uW(rr+9) =X(r+0,7)W(rr+0)XT(r+9,7).

ECJH/I ycJ10BHsA OIIpeaesICeHU A paBHOMepHOfI II0JIHOM YIIpaBJ/iss€eMOCTH BBIIIOJTHEHDBI 1JisI HEKOTOPOT'O
3apaHee BbIOpaHHOrO 3HadeHus ¥ > 0, TO cucTeMa (2.8) HAa3BIBAETCA U-PAGHOMEPHO BNOAHE YNPAG-
aaemoti |6).

Bameuanue 2. HepasencrBa mexay marpunamvu B (2.9) m (2.10) upencrasisior coboit
YCJIOBHYIO 3alllCh HEPABEHCTB MEXKJy COOTBETCTBYIOMIMMH KBaIPATHIHBIMI (GOPMAMI U O3HAYAIOT
BBIIIOJIHEHHE 1IpH BeeX h € R™ OObIYHBIX HEPABEHCTB

T4+
ar|lhll* < BTW (r, 7 4+ 9)h = / IW" X (7, 8)B(s)||*ds < az||h||?,

D (2.12)

043Hh|]2 < hTW(T,T +9)h = / HhTX(T + 19,8)B(S)H2d8 < 044Hh|]2.

Bameuanune 3. Eciu cucrema (2.8) ¥-paBHOMEpHO BIOJIHE yhpasisieMa 1o Kajimany, To
JUTst JIIOOBIX T, £1 € R™ Ha KaxKI0M oTpeske [T, T + U] onpejiesieHbl KaAMAHOBCKUE YNPABACHUA

uy (t) = =BT )X (r,t)W (7,7 + 9o, wua(t) = BL)XT (1 +9, t)W_I(T, T+ )z, (2.13)

IIepBOE U3 KOTOPBIX HepeBoauT cucremy (2.8) m3 cocrosiaust x(7) = xg B cocrosiaue (T + 1) = 0,
a Bropoe — n3 cocrosaus x(7) = 0 B cocrognue z(T + ¥) = 1. DTO 03HAYACT, YTO YIPABJICHIE
w1 peraer 3a1ady yIpaBIsieMOCTH, & yIpaBIeHue uy — 3aj1ady Joctizkumoctn [1, c¢. 42-43]. Takum
06pa3oM, oIpe/ieieHne PABHOMEPHOI MOJIHOM yIIPABIAEMOCTH, JJAHHOE B [3], sIBJISETCS OXHOBPEMEH-
HO U ONPEJICJIEeHNEM DABHOMEDPHO! MOJIHON JOCTUXKUMOCTH, 9TO IPUBOAUT K JIOKa3aHHOMY B [3] u,
B Gostee cuibHOl dopme, B [7] u [4], orpannuenuto Ha poct marpuibl Komm cBoGogHON cucTe-
MBI (CHCTEMBI C HyJIEBBIM ylpasieHueM). s cucreM ¢ orpaHndeHHBIMU KO3 DUIMEHTAME TaKast
CHUTYyAaIUsI BIIOJIHE €CTeCTBEHHA. EC/IH JKe paccMaTpUBAIOTCsl CUCTEMbI ¢ HeOIDAaHNYEHHBIMEI K03 du-
[UEHTAMH, TO NIPEJICTAB/IAETCS 1eJIeCO0OPA3HBIM YCJIOBHsI PABHOMEPHOI! MOJHON yIPABISIEMOCTH 1
PABHOMEPHOM MOJIHOM JOCTUZKUMOCTH Pa3/Ie/IUTh.

[Tpumensisi oupenesnenne marpun Kamvana W (to,t1) u W(to, t1) k cucreme (1.7), nosyunm pa-
BEHCTBA

W(to,tl) = /XT(S,t())CT(S)C(S)X(S,tQ) ds = ]/\Z(to,tl),

W ko, 11) = / X7 (5,4)CT(5)C(5) X (5, 1) ds = M (to, 1),

riae marpunpsl M (tg,t1) u M (to,t1) orBeuaror cucreme (1.1),(1.2). CoorsercrBento yciaosust (2.9)
u (2.10) npuobperaroT BuJ[ HEPABEHCTB
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[IepBOE U3 KOTOPBIX rapaHTupyer HabmmonaemocTsb cucreMbl (1.1),(1.2) Ha KaxKI0M OTpeske [T, T +
Y], a Bropoe — ee uiaenrudurmpyemocrs Tam. C yderom 3amedannii 1 u 3 B gasbHeiimem Gyem
pPacCMaTpPUBATL STU YCJIOBUS IO OT/ICJILHOCTH.

Ucnonbays npejcrasienne (2.12) u onpenesnenne Bbixoga cucreMbl (1.1) Ha orpeske I = [tg, t1],
ycsoBus (2.14) u (2.15) MOXKHO IiepemnucaTh B BH/IE

t1
me«mmmW=/W@mmmw%<@mw,
fo (2.16)

t1
MMW@M@WW=/W@MMWﬂ%<MWW7
to

HamnboJiee yOOHOM Jjisi IIEPEHOCA Ha OOINMil Caydail. 3aMeTuM, 9TO B KarXKIOM W3 STUX YCJIOBUI
[epBOe HEPABEHCTBO IAPAHTUPYET BO3MOXKHOCTb OTBICKAHUSI HAYAJIBLHOTO (HUJIM, COOTBETCTBEHHO, KO-
HEYHOT0) COCTOSIHWSI IO BBIXOJY Yy, & IPABOE OIPAHUYNBACT BEJMINHY BO3MOYKHOW OIMIMOKH IO
BJIUSTHMEM OIMOKU M3MEPEHUN BBIXOA.

3. BzamMocBs3b paBHOMEPHOII MOJIHOM HAOJIIOIa€MOCTH
Y PAaBHOMEPHOI MOJIHOU yNpPaBJIIE€MOCTH B ODIIEM CJIydae

st mecnenoBanns Bonpoca O B3aMMOCBS3H PABHOMEDHON IOJIHON HABIIIONACMOCTH CHCTEMBbI
(1.1), (1.2) m paBHOMEpHO! MOJHON ympasisieMocTH cucreMbl (1.7) HaM MOHAJIOOUTCS aabTEepHa-
TUBHOE — JIBOWCTBEHHOE — OIpeeeHne PaBHOMEPHON IMOJHON ymupasiasemoctu. Kak m3BecTHO,
aJIbTEPHATHBY OIPEJICJICHIIO PABHOMEPHOIH mosIHO# yripasisgemoctn 110 Kanmany jaer onpejesenue
paBHOMEDHOH MOJIHOH ynpasisemoctu 1o ToukoBy [8] (cm. Takxke [5, ¢.95] u [4]). Cormacuo 310~
My omnpejiesieHnio (B GOpMyJIMpPOBKe, COOTBETCTBYIOIIEH paccMaTpuBaeMoii curyarmu) cucreMa (2.8)
HA3BIBACTCS U -PAGHOMEPHO BNOANE YNPABAAEMOT, CCIIU CYIIECTBYIOT Takne ducaa L > 1 > 0, 4ro
JUIst JTI060OT0 CcoCTOsiHUS o U Jioboro 7 € R Haiijercs yupasieHue u, 06ecledrBaroliee IepeBol
cucremsl (2.8) n3 cocrostnus xo B cocrosiuue 0 Ha OTpe3Ke [T, T + U] U yIOBIETBOpSIOIIEe OIECHKE
||lu|| < L||xgl|, rue nHopma ||u|| yupasienus u 6epercst B8 nupocrpanctse Lo ([T, 7+ 9], R™), u upu srom
nm060€ yrpaBiieHne, 00eciiednBalolee TaKo! epexo/l, YA0BJIeTBoOpsieT oreHKe ||ul| = ||xg]|.

IIpumensist onpeesieHre paBHOMEPHOI MOJHOI ynpasisieMocTdn 110 TOHKOBY K CONpPSIZKEHHOT
cucreme (1.7) u yuuTbiBasi JBOWCTBEHHOCTH PABHOMEPHO! IIOJIHOM YIIPAB/IsSEMOCTH U PABHOMEDPHOM
HOJIHON HAOJIIONAEMOCTH, a TaKyKe TO, YTO YIPaBJICHHs, 00eClevnBaoIue nepeBos cucreMsl (2.8)
u3 cocrosinus o B cocrosaue 0 Ha orpeske [t,t1], 1 TOJBKO OHH, YIOBIETBOPSIOT PABEHCTBY

xo = —/X(to,s)B(s)u(s)ds,

OyleM uMeTh cieiyomee yrepxkienue: cucrema (1.1),(1.2) smisiercs ¥-pashomepno enoamne Ha-
bmodaemoti, eciin cymecTBYOT Takue ducia L > [ > 0, aro jjist jiroboro BekTopa g € R™ u joboro
7 € R naitnerca dyuxnust vg € Lo([T, 7 + 9], R™), ynosiersopsitonias paBeHCTBY

T+

xo = — / XT(s,7)CT (s)vo(s)ds (3.1)
u onerke ||vg|| < Li|zol|, m upum srom muist soboit byukiwn v € Lo([7, 7+ 9], R™), yaoBrerBopsomeit

T+
PaBEHCTBY T( = — XT(s,7)CT (s)v(s)ds, Beimomeno mepasernctso ||v| = 1|zol|.
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BameTuM, 4TO 371eCh BEKTOD T He siBJIseTCst cocTosinneM cucrembl (1.1), a dbyHKIUA v — ee BbI-
X07IOM. B J1eficTBUTEIbHOCTH T SIBJISIETCSI COCTOSTHUEM COTIPsizKeHHOM cucremsl (1.7), a v — yupasite-
HUEM B Hell, ¥ TIO9TOMY OHU TPUHAJJIEIKAT COMPSIKEHHBIM TpocTpaHcTBaM: R™* — K mMpocTpaHCTBY
cocrosiamit u Lo([1,7 + 9], R™)" — K IPOCTPaHCTBY BBIXOJIOB COOTBETCTBEHHO, a BO3MOXKHOCTH UX
MpeICTABICHUs] B BUJE 9JIEMEHTOB UCXOJHBIX MPOCTPAHCTB OOYCJIOBIEHA HAJIMYUEM €CTECTBEHHOTO
oroxaecterenns R™ = R™ u Lo([r, 7 + 9],R™)* = Lo([r, 7 + 9], R"™), umeromero mMecto Kak st
KOHEYHOMEPHBIX €BKJIMJIOBBIX, TaK U JJIs OOIIUX TUIHLOEPTOBBIX MPOCTPAHCTB.

Ucnonb3yst s71eMeHTapHble CBONCTBA CKAJISIPHOTO [Ipou3BeieHust B ipoctpancrBax R™ u Lo([1, 7+
9], R™), MOKHO MOKa3aTh, 9TO CHOPMYJIUPOBAHHBIN BAPUAHT OIPE/IEJICHNs] PABHOMEPHON IOJIHOI
HabJTI0IAEMOCTH SKBUBAJIEHTEH KaJMaHOBCKOMY ompejenennto. Ho Mbl He 6y/1eM 3TO JIeaTh 3/16Ch,
OTJIOZKUB JTIOKA3ATEIbCTBO 70 PACCMOTpeHust GoJtee 0oOIIeit cuTyarun.

[TockousbKy corsacuo [3] (cMm. Takzke [7]) HEOOXOIMMBIM YCIOBHEM DaBHOMEPHON ITOJIHOM yripas-
asgemoct 1o Kasmany cucremsr (2.8) (a 3Haunt u cucrembl (1.7)) siBiisieTcsi IPUHAIJIEKHOCTD
ssementos Marpuipl B (mns cucremsr (1.7) — marpunpr CT) npocrpancrsy LYC(R) marTpudmbx
QYHKIMIT, THTErPUPYEMBIX C KBAIPATOM Ha JTIOOOM OTPE3Ke BEIECTBEHHOM OCH, TSI PACCMOTDEHUS
00I1ero cjaydasi MPOU3BOJILHBIX KOI(DPUIUEHTOB CJIeyeT OOPATUThCS K aHajoraM KOHCTPYKITHA,
IPEJVIOKEHHBIX B [4], Mopudunuposas ux HaJiexKaimmM 06pasoM.

[Tycrs 3aaH0 HEKOTOpOE ceMelicTBO A 0Tpe3KOB BellecTBenHol npsimoit R. Ha kaxxom orpeske
I € A 3agaanM HEKOTOPOE HOPMHUPOBAHHOE MPOCTPAHCTBO £ — MPOCTPAHCTBO M3MEPSIEMBIX BbI-
XOJIOB, COCTOSIIIEE U3 ONPEJIETEHHBIX Ha [ BEIEeCTBEHHBIX BEKTOP-(PYHKIWH co 3HadeHusiMu B R™.
IIpennonaraercs, uro Z; O Yy maa moboro I € A. Hopwmy snementa z € Zj GymeM 0003HAYATD
4epes ||z]|z. B arom obo3HaueHnn MBI He GyjieM yKa3blBaTh IIPUHAIJIEZKHOCTD OTPE3KY [, MOCKOJIbKY
HaM He MOTPebyeTCsl HEMOCPEICTBEHHO CPABHUBATH MEXKY CODOM HOPMBI 9JIEMEHTOB, 3a/JaHHBIX Ha
PA3HBIX OTPE3KaX.

Onpenmenenune 1. Cucremy (1.1) ¢ nabmomarenem (1.2) 6ymem HasbBaTh A-pasHomepHo
6noate Habadaemoti, eciu CylecTBYIOT uncia 31, fo > 0 Takume, 9T0 Ha KaxK10M oTpeske I € A st
JIFO0OT0 HAYATIBLHOTO COCTOsHUS T BBIXOH Y1 (t, xo) = C(t) X (t,t0)To yIOBIETBOPSIET HEPABEHCTBY

Billzol|l < [lyrllz < Ballzol|-

Onpenenenmne 2. Cucremy (1.1) c nabmomarenem (1.2) 6yzaem Ha3bBaThL A-pasHoMePHO
gnoate udenmugduuyupyemoti, eCid CyIecTBYIOT ducia (3, B4 > 0 Takue, 9TO Ha KayKIOM OTPE3KE
I € A pnga moboro dbunaabHOrO cocrosinus x1 B0 yr(t,xg) = C(t)X(t,t1)x1 ynosiaerBopsier
HEPABEHCTBY

Billz1|l < [lyrllz < Baflz1]].

VYrBepxkaenue 1. Ecau cucmema (1.1) ¢ evixodom (1.2) asasemea A-pasromepro enoare Ha-
6am0daemoti (udernmugduyupyemoti), mo ona enoane Habarwdaema (udenmugduyupyema) na A060M
ompesxe I € A.

Hoxaszareunnbctso. U3 nepasencrsa |lyrllz = Bi]|zo| BbITekaer, 4To HyseBO# BBIXOI
MOXKET OTBEYATD JIMIIL HYJIEBOMY HAYAJILHOMY COCTOSHHIO. B CHly KOHEUHOMEPHOCTH OOJIACTH OIIpe-
JeJIeHusT OTOOparKeHMs ‘COCTOSTHIE — BBIXOJI OTCIONA CJIEIyeT ero OMeKTUBHOCTD. [l nnenTudu-
LAPYEMOCTH JOKA3aTEILCTBO aHAJIOTUYIHO. O

VYKazxkeM Apyrue o4eBUIHbIC CBOICTBa BBE€IICHHDBIX HOHSATHUIA.

VYrBepxkaenue 2. Ecau cucmema (1.1) ¢ swizodom (1.2) odnospemenno asasemes A-pasromepro
snoare Habarodaemots u A-pasromepro enoane udenmupuuyupyemod, mo ee mampuya Kowu enoare
oeparuvena na cemeticmee A, m.e. cywecmsyem makoe wucao M > 0, wmo na aobom ompeske
I = [tg,t1] € A svinoanenv nepasencmea || X (t1,to)|| < M wu || X (o, t1)]] < M.

Ecau mampuya Kowu cucmemv, (1.1) enoane oepanuuena na cemeticmee A, mo cucmema (1.1)
¢ eviodom (1.2) moorcem Gvimv A-pasromepro snoane nabarodaemots u A-pasHomepHo enoare uder-
Mmu@Guuupyemott moavko 00H08peMeHHO.
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HdokaszareabctBo. Bosbmem joboe I = [tg,t1] € A u npousBoJbHOE HAYATIHHOE
cocrosiane xg € R™. ITo mum nocrpoum dunanbHoe cocrosinne 1 € R™ u Boixon yr(t, o) =
C(t)X(t,tg)zo. [o onpenenenuto umeem nepasercrsa [B1||zol|| < ||yrllz < Ballz1|| = Bal| X (t1, to)zo||

u Bollzoll = llyrllz = Bsllzil| = Bsl| X (t1,to)xol|, n3 KOTOPBIX B CHILy TPOU3BOJLHOCTH Z() BBIBOJM
onenku fB4/01 < || X(t1,t0)|| < P2/B3 u, cnenosarenbho, 3/ < || X (to,t1)|| < B1/B4 . Honaras
M = max{B2/Bs,1/Ps} , umeem TpebyeMyIo MOJIHYIO OIPAHUYEHHOCTD. O

CrpaBeJINBOCTh BTOPOI YaCTU YTBEPXKIEHNST BBITEKAET HEIOCPEJICTBEHHO U3 OIPEeIeIeHIMA.

Bameuganue 4. Oupenenerne paBHOMepHOIl 1oHON Hab/omaemoctu B dbopme, 6JH3Koi K
oupejiesiernto 1, Brepsbie 6bu10 gano B [9] (cm. Takxke [10, . 76]) st cucrem ¢ OrpaHUYeHHBIME
kosddurmentamu. B 9T0M cilyuae Ipu UCHOIB30BAHUE YEOBIINEBCKON HOPMBI B IIPOCTPAHCTBE Z
onenka ||yr||z < Bal|zo|| BbIIOMHSIETCST aBTOMATHYECKH, TOSTOMY OIpejieieHne, IpUBeeHHoe B |9,
COZIEPZKAJIO JIUIID ONEHKY CHHU3Y JJisi HOPMbI BBIXOJIa CHCTEMBI.

CHoBa paccMOTPUM COMPsizKeHHYI0 cucreMy (1.7), HO yrKe NPUMEHHTEIBHO K OOIIeil cuTyarun.
31ech caMa cUCTEMa IO-IIPEXKHEMY OIPEIesIsieTcsT OJHO3HATHO, HO BBIOOD MPOCTPAHCTBA JOITYCTHU-
MBIX YIIPaBJIEHHII MOXKET OBLITH ClejaH pa3indHbIM obpas3oM. Ilpu crporo dhopMmajbHOM IOAXOIE
MHOKECTBO JIOIlyCTHMBIX YHPaBICHHI JOJIKHO COBIAJATbL C IPOCTPAHCTBOM Zj, TOHOJIOIHYECKU
COTIPAI’KEHHBIM K HPOCTPAHCTBY M3MEPSEeMBIX BBIXOIO0B Z7. OJHAKO IPOCTPAHCTBO Z; B €r0 KaHO-
HUYECKOH peau3alii MOXKET COCTOATD U3 SJIEMEHTOB, OTJIMYHBIX OT (PYHKIIUA, OIPEIEeJICHHBIX Ha
orpeske I u npuwHUMalONux 3HadeHus B R”. B c¢Ba3u ¢ 9TuM MOryT BO3HUKHYTBH HIPOOJIEMBI C MX
nosicTanoBkoii B cucremy (1.7) (em. npumep 2 Huzxke). TouHo Takast ke pobeMa MOXKeT BO3HUKHY Th
1 IIPU IOTBITKE (DOPMAIBLHOTO MOCTPOEHUSI COIPSI?KEHHOM Iapbl CHCTEM B 0OpaTHOM HAIIPaBJICHUH,
T. €. IPU BLIOOPE B KAYECTBE IIPOCTPAHCTBA U3MEPUMBIX BLIXOIOB Z IPOCTPAHCTBA, COIPIXKEHHOIO
K HEKOTOPOMY 3apaHee 3aJJaHHOMY IIPOCTPAHCTBY YIIPaBJIEHUI.

[TosTomy MBI Oy/ieM IPUIEPKUBATHCA O0JI€€ CBOOOIHOIO MOIX0A, KOTOPBIH OTHOBPEMEHHO SIB-
Jsiercs 1 boJiee OOIIUM, CUMTas, 9TO Ha KaxKJI0M orpeske I € A 3a7aH0 HEKOTOPOE HOPMUPOBAHHOE
pocTpancTBO V7, cocTosiiiee nu3 ompeeeHHbIX Ha | BeIeCTBEHHBIX BEKTOP-(PYHKIHH CO 3HaUe-
muamu B R™. [loagmuoxkecTBo mpocrpancrBa Vi, cocrosiiiiee 3 Bcex TeX u € Vi, I KOTOPBIX
CYIECTBYET MHTEIPAJI

/XT(s,to)CT(s)u(s)ds,
T

IIOHUMaeMbIli Kak muTerpas Jlebera or BekTOp-yHKIMM, obo3naduM depe3 Uy m OymeM CUIUTATD
MHOXKECTBOM JIOIYCTUMBIX yrpasienuii. Hopmy siemenrta v € Vi 6yaem obosnadars depes |[vly .

Ucnonb3yst pesyiabrarbl paborbl [4] u yuurbiBasi 3amedanue 3, GyJeM TOBOPUTb, YTO CUCTE-
ma (1.7) A-pasromepro enoane ynpasasema, €Ciau CymecTBYOT Takue duciaa L > [ > 0, 9ro jis
JIIOOOr0 HAYAILHOIO COCTOSHUS X U JI0Ooro orpeska I € A maiinercd ymupasienue u, obeclednBa-
fomee 1epeBos cucteMbl (1.7) u3 cocrosinust xog B cocrosiaue 0 Ha orpeske | ¥ yJIOBJIETBODSIOIIEE
onenke ||ully < Lljzgl|, npudem soboe ynpasienue, obecrednBaroniee Takoil Mepexojl, yI0BIEeTBO-
psier onerke ||ully = l]|zo]|.

Byznem rakzke roBoputh, uro cucrema (1.7) A-pasromepro eénoane docmudtcuma, eciu Cye-
cTByIoT Takme unciaa L > | > 0, aro mjig yo60oro puHAILHOTO COCTOSHUSI X1 U JIIOOOIO OTPE3Ka
I € A naiinercs ynpasienue u, obecriednBaroiee nepeos; cucreMbl (1.7) uz cocrosinusi 0 B cocTo-
siHue 1 Ha orpe3ke I u ymosiersopsitoiiee onenke |ully < Ljz1]|, upuuem mo6oe ynpasienue,
obecreunBaoniee TaKoO Mepexojl, yI0BIeTBOpsieT oneHke ||ully = 1|z |.

Herpyano Bujierh, uro u3 A-paBHOMEPHOIi TIOJIHOI yrpas/isemoctu cucreMbl (1.7) BbiTekaer ee
[TOJTHAsI YIIPaBJISIEMOCTh Ha JIIoboM oTpeske I € A.

Bsenem B paccmorpenne Ounmaeitnyio dopmy F7, 3ajaBaeMyio Ha KaxKIOW mape MPOCTPAHCTB
Z1 u Vi paBeHCTBOM

Fr(y,u) = /uT(s)y(S) dseR, yeZ;, uwelVr (3.2)
T
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Unrerpas (3.2) rapantupoBanto cyiectByer npu y € Y7, u € Ur. Ero cymecrBosanue npu y & Y7,
u ¢ Ur BO3MOXKHO, HO He 00sI3aTeTHHO.

Bameuganune b5 Boibop crocoba zamanust popmsl Fr onpenensiercss dopmysoit Komu (dop-
MyJIO¥i BapuaIuu MPOU3BOJIBHBIX MTOCTOSHHBIX) JJIsl JIMHEHHBIX cucTeM JIudbepeHIaIbHbIX YDaB-
HEHUIl ¥ He MOXKET ObITh U3MEHEH, HECMOTPSI Ha OTJINUNE UCIIOJIb3yEeMBIX IIPOCTPAHCTB U3MEPSTEMBIX
BBIXOJIOB M JOIYCTUMBIX YIIPABJIEHUI OT HMPOCTPAHCTBa (DYHKIINIL, MHTEIPUPYEMBIX C KBaJIPaTOM.
Nwmenno ormame cBoiicTB (bopMbl 7 0T CBOMCTB CKAISIPHOIO IPOU3BEIEHUSI IPUBOIUT K BBEJIEHUIO
JIOIIOJTHATEJIBHBIX YCJIOBUI JIJIsT COXPAHEHUsT JBOMCTBEHHOCTH M€Ky CBONCTBAMHU YIPaBJISIEMOCTH U
HabJIIOAAEMOCTH MCXOIHON M COIPSI?KEHHON CHCTEM.

Byuem rosopurnb, uro dopma F; pasromepno ozpanuvena na cemetlicmee A, ecd Ipu HEKOTO-
pom a > 0 Ha kaxaoM [ € A st mo6bix y € Y7, u € Ur Boimosaneno nepasencTso |Fr(y,u)| <
allyllzllullv

Bynem rosoputh, uto dopma Fi pasromepno mesviposicoena no y Ha cemeticmee A, ecad 1Ipu
HekoropoM v > 0 Ha kaxzgoMm I € A g moboro y € Y naiinercs u € Ur Takoe, uro |Fr(y,u)| =
Yyllzllwllv-

Herpynuo BuaeTh, 9TO eciu BBINOJHEHO paBeHCTBO Vi = Z; u dopma F| ABISIeTCS CKaJIsAp-
HBIM IPOU3BEJCHUEM Ha STHX IIPOCTPAHCTBAX, TO & = Y = 1, IIpU 3TOM U CBOICTBO paBHOMEPHOI
OrPaHMYEHHOCTH, U CBOHCTBO PABHOMEPHON HEBBIPOXKIECHHOCTH CJICAYIOT U3 OIPEICJCHISA HOPMBI B
eBKJIJIOBOM IIPOCTPAHCTBE, T.e. u3 pasenctsa ||y||? = F(y,y).

SamMeuganue 6. AHaJIOrmYHBIM 0Opa30M OIpeleIsdeMas PaBHOMEPHAs HEBLIPOKIECHHOCTh
dopmbl FT 110 © HE TIPEICTABIISIET UHTEPECa, IMOCKOIbKY JarKe B KJIACCUIECKOM CJIydae OHa He MMe-
€T MecTa JIjisi PABHOMEPHO BIOJIHE YIIPAaBISIEMbIX CHUCTEM, JIJISI KOTOPBLIX BCErJla €CTh HEHYJIEBBbIE
yIpaBJIeHusl, TIEPEBOSIINE HYJIEBOE COCTOSTHUE B HYJIEBOE.

Teopema 1. [Tycmv dopma Fi pasnomMepHo 02paHutena u pasHOMEPHO HEBBPONCOEHE O Y HA
cemeticmee A. Tozda A-pasnomepran nosnaa ynpasasemocms cucmemsvs (1.7) oxeusasenmmna A-
pasromeprots noanot nabarodaemocmu cucmemvs (1.1) ¢ svizodom (1.2).

Hdokaszareuanctso. Ilycrs cucrema (1.7) A-paBHOMEpPHO BIIOJIHE ylIpaBisieMa. BozbMem
moboit orpe3ok I = [to,t1] € A u npoussosnbHOe cocrosinue xo cucreMsl (1.7). ITo Hum Haitzem
YIPABJIEHUE g, NEPeBOJIsIIee 3T0 COCTOSIHUE B HyJb Ha OTPe3Ke I U yJOBJIETBODSIOIIEE OICHKE
|luollv < Lljzo||. Torna

t1
m:—/xﬂ&deWM$@,
to

U IIO3TOMY HMMEIOT MECTO COOTHOIICHUA

t1 t1

0 < [|lzol* = g 20 = —/wg(S)XT(s,to)CT(S)UO(S) ds = — /ug(S)C(S)X(s,to)wo ds
to to
t1

=—/%@mwaww=—ﬂ@mm<amwwww<anmmu

to

U3 KOTOPBIX BhITeKaeT orenka ||yr|lz = (L)~ zol|.
BosbMeM Tenepb 1pounsBosbHoe u € Ur u Haiinem

Ty = — /XT(s,to)CT(s)u(s) ds.

to
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Torpa ||u|ly = l]|zy|| n ast npoussobroro € € R™ nMeeM coOTHONIEHHS

t1
ellully > €7 = \ [ € OXT (o) CT(s)uts) (3.3)
to

- \ / T (8)yr(5,€) ds.

[Tockosbky opma F; paBHOMEPHO HEBBIPOXKJIEHA 1O Yy Ha cemelicrBe A, st joboro £ € R™
Haiigerca Takoe ug € Ur, 4ro BbIIoaHEHO HepaBencTBO |Fr(yr,w)| = v|lyrl|lz|ue|lv. Orcioma u
u3 (3.3) surrekator onenxu I~ H|E|||Jugllv = |Fr(yr, ue)| = yllyrll z|uellv, osnavatomue, uro |yr||z <
(I9) 7|z ||. Taxmw o6pasom, as sroboro € € R™ pemosmens nepasenctsa (I17) 7L |zo|| < |lyrllz <
(aL)™Y||zg|| m mosTomy cucrema (1.1) ¢ Boixomom (1.2) A-paBHOMEpPHO BIIOJIHE HABIIOTACMA.

ITycrs Teneps cucrema (1.1) ¢ Beixomom (1.2) A-paBHOMEpHO BrOJHE HabJofaeMa. Bosbmem
moboii orpesok I = [to,t1] € A u npousBosbHOe cocrosinue o cucrembl (1.7). Ecau cymecrsyer
Kakoe-mbo yIpaBJIeHHE U, TIEPEBOAINECe 9TO COCTOSHUE B Hy/Ib Ha OTPe3Ke I, TO JIJIs HEro MMeer
MECTO COOTHOIIEHHE

t1

0 < [|lzo|* = —/UT(S)Z/I(&!EO) ds < allyrllzllullv < aBalzollllullv,

to

O3HAMAIOMIee, UTO BBINOJHsIeTC HepaseHncTso |[ully > (af2) ™ |xol|.

[TokazkeM, 9TO TaKHe yIPaBJICHHs CYIIECTBYIOT 1, 6oJjiee TOrO, CPeIu HAX HANIETCs yIpaBie-
HEE Ug, Y/I0BJIeTBOpsifolee oreHke ||ugllz < L||xo||. Dro yupasiaenne crponTcst TOUHO Tak ke, Kak
AHAJIOTMIHOE yIIPaBJIEHUE B JOKA3aTeIbCTBE TeopeMbl 2 B [4].

st Besikoro u € U obosnadmm

Bru = —/XT(s,to)CT(S)u(s) ds.

to

U3 A-pasromepHoit nonoii nabmomaemocru cucrembt (1.1) ¢ Boxogom (1.2) u paBHOMEPHO! HEBbI-
poxkierHoctu Gopmbl Fr 1o y Ha cemeiictBe A caenyer, uro st joboro £ € R™, ||€|| = 1, naii-
nercs Takoe u(§) € U, ||u(§)]| = 1, aro Bemonnens! wepasercrsa |Fr(yr,w)| = vyl zl|w()|lv =
VBlEll = 7B, tae yi(s) = yr(s,€) . Hocxombry |Fi(yr, u)| = " Bru, uveem €7 Bru(€)| = 6.
[IpoBesieM cJieyIolue MomaroBsle nocrpoenns. Ha mepsom mare BozbMeM Jjoboe & € R™,

yaoBJsierBopsitoniee yesosuio ||&1]| = 1, naiimem uq = u(§1) u nonoxum x1 = Brug.

Ha Bropom 1mare Bbibepem npousBoibHoe & € R™, yirosiersopsiomiee yeiaopusM [|So]| = 1 u
& L xq, nHaiinem ug = u(&2) u nosoKuM o = Brus.

Ha k-m mrare o mocTpoeHHBIM pamee BEKTOPaM X1, - . . , 1 0bpasyem npoctpancTtso Wy Kak Jim-
HeifHy10 060JI0UKY 9TUX BEKTOPOB, BhibGepeM Jjioboe & € R™, yinosiersopsiomee yeuosusam [|€gx|| = 1

u & L Wi, naitnem u, = u(€) u nonoxum xy = Brujg. DT M0CTPOEHUs! BBINOIHUMbI 63 BCSIKUX
JIOTIOJTHUTE/IBHBIX YCJIOBUN ¥ OrpaHUYeHuii JI0 TeX mop, moka Wi 1 # R™.

IIycts Q) — k-MepHBIT 00beM CHCTEMBI BEKTOPOB I1,...,XE, TONIa IpH KaxkaoMm k > 1 crpa-
BeIJIMBO paBeHcTBo §2 = Qp_12k, TOE 2 = |§,?xk| — IJIMHA IPOEKIUU BEKTOPa ) Ha HOPMAaJb K
noupocrpanctBy Wi_q. Ilpu atom Q4 = ||z1|| = 21 u zx > vf1 1o nocrpoennto. Orciona nmeem
HEPABEHCTBA

n n

Qn = llz1|| [[ 2 = [[ 2 = (v80)™

i=2 i=1
Ho Q,, = |det Z|, tne E — marpuna, cocraBieHHas U3 CTOJIONIOB T1,...,T,. TakuM obpa3oM, Mat-
pUlla = HEBBIPOXKJEHA U IIO3TOMY BEKTOPLI X1,..., L, COCTABJLAIOT Oasuc mpocrpancriBa R™. 1o
ozuagaeT, uro W, = R" u npoBoamMBbIii HAMH IIPOIECC ITOCTPOECHUI 3aBEPIINTCS Ha Iare ¢ HOMe-
POM 1.
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[MockonbKy Zn = max1 + ... + NpXyn, tae 1= (N1, ... ,nn)T € R", umeeM OIeHKU

_ Ell Jalllni
IEll = sup \SHPEﬁ \E ]| < naBs.
Wl SohL T S &

Kpowme Toro, cormacuo [5, c. 94] cipaBemyinBo HepaBeHCTBO

IE7H < IEN" et Z[ 1 < (naBa)™ (vB1) "

Bosbpmewm r060e xg € R™ 1 pazioxkuM ero mo 6a3ucy i, ..., T,. LIycts xg = q1x14. . .+q¢nTy, T. €.
ro=Zq, tme ¢ = (q1,---,qn)T € R™ Torma ¢ =Z"1zg u ||q|| < |E7Y|||lzol|. Jna ynpasnenus ug =
qu1 + - . . + quuy, nMeeM paseHcTBO Brug = —xg 1 onenky ||ug|l < |gi]l|utll + - - - + [gnll|unll < nllqll,
T. €. yIpaBJeHHe Uy [EPEBOJIUT COCTOSIHUE T( B HYJIb U YIOBJIETBOPsieT HepaBeHCTBY ||ug| < o zoll,
e § = n||Z7H| < n™(af) T (v8) O

AHaJIOrUYHBIE YCIOBHS JBONCTBEHHOCTH MOTYT OBITH COPMYJIMPOBAHBI IJIsT HApbl ‘‘ITOCTUKU-
MOCTh — HAEHTUMDUIUPYEMOCTD .

Teopema 2. [Iycmv dopma Fr pasHoMeEPHO 02paHUMEHA U PABHOMEPHO HEBBIPOAHCIEHA NO Y HA
cemeticmse A. Tozda A-pasromepras noanas docmustcumocms cucmemos (1.7) sxeusanrenmmua A-
pasromeproti noanot udenmugpuyupyemocmu cucmemsv, (1.1) ¢ ewxodom (1.2).

JlokaszaTeabCTBO TEOPEMBI 2 MMOYTH JOCTOBHO IMOBTOPSIET TO0KA3aTEIbCTBA TEOPEMBI 1.

4. Ilpumepsnl

[ITpuwmep 1. Ilycrs cemeiictBo A cocrouT u3 Bcex oTpe3koB jymmHbl ¥, Z; = Vi = Lo(I,R™)
mrl e AuC € L12°'3(]R, R™ ™). Herpy/iHO IPOBEPUTH, ITO B STOM CJIyUac BBIIOIHEHDBI BCE YCJIOBUS
TeopeM 1 u 2, u modromy A-paBHOMEPHasl MOJHAs HAOJIONAEMOCTh (COOTBETCTBEHHO, UieHTH(hU-
mupyemoctsb) cucrembl (1.1) ¢ mabmmonaresem (1.2) Gyaer skBuBajgeHTHA A-PABHOMEPHOIl IIOJIHOM
YIPaBJISIEMOCTH (COOTBETCTBEHHO, jocTrzkumoctu) cucrembl (1.7). Kpome Toro, npu ciaeaHubx
IIPEJIIIOJIOZKEHUSAX YCJIOBHUSI paBHOMEPHON moJiHoi Habmonaemoctu 1o Kanmany u 1o ToHKOBY oka-
3bIBAIOTCS 9KBUBAJIEHTHBIMH.

Mpuwmep 2. Ilycrb cemeiictBo A CHOBa COCTOMT M3 BCEX OTPE3KOB JIUHBL ¢, Z; = Vi =
C(I,R") pna I € A u C € C(R,R"™"). Kak u3BeCTHO, IIPOCTPAHCTBO Z} B €r0 KaHOHUIECKOI
peaJin3aluy sIBJISETCs IPOCTPAHCTBOM DPEryJISIPHBIX OOPEIeBCKUX Mep (UjM, B JAPYToil TEPMUHOJIO-
run, 3aps0B). COOTBETCTBEHHO, B TAKOM BHJIE €ro 3jeMeHThl B cucreMy (1.7) momcrasieHbl GbITH
He MoryT. B ipyroil o0menpunaToil peajnsanuy 3J1eMeHTaMy IPOCTPAHCTBa Z] ABIAIOTCH (DyHKITIN
OIDAHUYEHHON BapHallii, HO B 9TOM ciaydae B cucremy (1.7) JO/KHBI MOJCTABIATHCS WX MPOM3-
BOJIHBIE, SIBJIAIONIHECST ODOOIEHHBIMUA (DYHKIIUSIME, 9TO IIEPEBOIUT PACCMATPUBAEMYIO CUCTEMY W3
KJIacca OOBIKHOBEHHBIX JIU(PEPEHIINAIBHBIX CHCTEM B KJIACC CHCTEM C ODOIEHHBIMUA (DYHKIUIMU B
IIpaBoil YacTu u, boJjiee TOro, TAKUX, Y KOTOPBIX JO/2KHA OCYIIECTBIATHCS HEKOPPEKTHAS OIePaIlHs
YMHOXKEeHUSI (PyHKIMH Ha 0000IIEHHYI0 DYyHKIIIO.

OiuH U3 BO3MOXKHBIX CIIOCOOOB BBIXOJ@ U3 3TOi curyanuu cocrout B Bbibope Vi = C'(I,R"™). Ilo-
CKOJIBKY JIIOOYIO PEryJssipHyIo OOpPEJIEBCKYIO MePY MOXKHO CKOJIb YIOJHO TOYHO aIllIPOKCHMUPOBATH
MepOii C HEIIPEPLIBHON IIJIOTHOCTHIO, YCIOBUsT TeopeM 1 1 2 OKa3bIBAIOTCA B 9TOM CJIyYae BBLIITOTHEH-
HBIMU, 9TO TaPAHTHPYET SKBUBAJEHTHOCTh A-PaBHOMEPHOI MOJIHOl Habmogaemoctu cucrembl (1.1)
¢ naburogaresnem (1.2) u A-paBHOMepHOI OJTHON ynpaBisieMocTu cucreMbl (1.7).

Mpuwmep 3.Iycrs cemeiictBo A nmpomspombio, Vi = Lo (I,R") u C € LY(R,R™ ™). 3necn
BeIOOp Z1 B Buse V;° = L% (I,R"™) Boobmie npobiaemaruden, tak Kak L (1, R™) ansgercsa mocra-
TOYHO 9K30THIECKUM IPOCTPAHCTBOM. B To ke Bpemst MOKHO nost0kuTh 21 = L1(1,R™), u Torma
Vi =Z] = Loo(I,R™), 4T0 BIIOJIHE IIPHEMJIEMO.
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5. 3akJrodeHue

B pa6ore upeaioxkeno onpeaenenne A-paBHOMEPHOH ITOJIHON HaOJIIOMAEMOCTH, KOTOPOE, B OT-
JITYHe OT KJIACCUIECKOTO OIpeJieieHus] MoaHoil Habmomnaemoctu P. KajiMana u 1BORCTBEHHOIO €My
ompenenenns E.JI. ToHKkoBa, He HaKJIaIBIBAET OTPAHUYIEHWI Ha KO QUIIMEHTHI CUCTEMBI U JIJIHU-
HBI OTPE3KOB yIIpaBjeHus. VcciemoBaHbl IpoCTeiInme cBOCTBa BBEIEHHOroO MoHATHsI. B Teopeme 1
YCTAHOBJIEHBI TOCTATOYHBIE YCIOBHS IBORCTBEHHOCTH A-paBHOMEPHON IIOIHONE HabII0JaeMOCTH U
A-paBHOMEPHOI MTOJTHON YIIPABJISIEMOCTH, & B TeopeMe 2 — JOCTATOYHBIE YCJIOBUS ABOMCTBEHHOCTH
A-paBHOMEPHOM MOJIHON JOCTUXKUMOCTU U A-pPaBHOMEPHOR IOJHON MIeHTH(DUINDYEMOCTH.

HawuboJstee nunrepecHast BO3MOKHOCTh, OTKPbIBaeMasi HOBBIM OITPEJIeIEHIEM, COCTOUT B PACCMOT-
PEHHH CEeMEHCTB OTPE3KOB, AJIMHBI KOTOPBIX HEOIPDAHMYEHHO PACTYT IIPH YAAJIEHUH B OECKOHETHOCTD.
Bsenennoe mousitre OymeT UCIOIB30BAHO IpU (DOPMYIUPOBKE YCIOBUN PA3PEIUMOCTH 331891 Ha-
3HaYEeHMs CIEKTPa IoKa3areseil JIamyHoBa HecTallmOHAPHOI BIIOJIHE YIIPABJISIEMON CHCTEMbI, 3a1aH-
HOI Ha IOJIOKUTEILHON MMOJyOCH U He SIBJIATIONIEiCsT pABHOMEPHO BIIOJIHE YIIPABJISIEMON B OOBITHOM
CMBICJIE.
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SKCTPEMAJIBHBIN CABUT B 3ATAYE OTCJIE2KVIBAHIS PEIIIEHU A
OITEPATOPHOI'O JJU®P®EPEHIIMAJIBHOT'O YPABHEHU A

B. . MakcumoB

B crarpe paccmaTpuBaeTcs 3ajiada ylpaBJeHUs OIePATOPHBIM AuddepeHIMaIbHbIM YPABHEHNEM B M'HJIbOEp-
TOBOM IpocTpaHcTBe. CyTh 33/1a491 COCTOUT B ITOCTPOEHHH aJrOpUTMa (POPMUPOBAHNUST YIIPABIICHHUST IO IPUHITUILY
06paTHOI CBsI3U, KOTOPBIN rapaHTUPOBAJI Obl OTCJIE?KUBAHUE PEIIEHUEM 33/ IaHHOIO YPAaBHEHUsI PEIIeHHe APYTroro
YPaBHEHUSI, [I0JBEP?KEHHOIO BIIMSIHUIO HEU3BECTHOTO BO3MYyIIeHus. B HacTosmeit paboTe MBI HCCIeLyeM 3a1aty,
B KOTOPOI#1 NPeAIoaraeTcsi, 9To oba ypaBHEHUsI 3aJal0TCs Ha OECKOHEYHOM IPOMEXKYTKe BpemeHu. Kpome Toro
MBI IIOJIATa€M, UTO HEU3BECTHOE BO3MYIIEHHE SIBJISIETCSI SJIEMEHTOM IIPOCTPAHCTBA (DYHKIUI, CYMMUPYEMBIX C
KBaJpPaTOM €BKJIMJIOBON HOPMBI, T.€ MOXKET ObITb HEOrpaHW4YeHHBIM. JIjIst pereHust 3a7a4u, Mbl KOHCTPYUPYEM
IBa, YCTOWYMBBIX K UH(MOPMAIMOHHBIM [TIOMEXaM U ITOI'DEIIHOCTSIM BBIYUCIEHUN aJIrOPUTMa, OCHOBAHHBIX HA CO-
YeTaHUM 3JIEMEHTOB TEOPUU HEKOPPEKTHBIX 3aJad C M3BECTHBIM B TEOPHH ITO3UIMOHHBIX A depeHnnaIbHbIX
HUI'D METOJIOM SKCTPEMAJILHOTO cIBHUTra. IlepBblil aJIrOPUTM OPUEHTHPOBAH HA CJIydail HEIPEPBIBHOIO U3MEPEHHUS
penieHuii, a BTOPO- JUCKPETHOIO.

Krouesbie cioBa: yuupaBJjieHUue, 3aJava CJIEXKEHUd, pacCllpeJe/ICHHbIEe YPaBHECHUA.

V.I1. Maksimov. Extremal shift in a problem of tracking a solution of an operator differential
equation.

A control problem for an operator differential equation in a Hilbert space is considered. The problem consists
in constructing an algorithm generating a feedback control and guaranteeing that the solution of the equation
follows a solution of another equation, which is subject to an unknown disturbance. We assume that both
equations are given on an infinite time interval and the unknown disturbance is an element of a space of
functions integrable with the square of their Euclidean norm; i.e., the perturbation may be unbounded. We
construct two algorithms based on elements of the theory of ill-posed problems and the extremal shift method
known in the theory of positional differential games. The algorithms are stable with respect to information
noise and calculation errors. The first and second algorithms can be used in the cases of continuous and discrete
measurement of solutions, respectively.
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1. Bsegenue. IlocranoBka 3amadn

MeTo SKCTpeMaJIbHOrO CABHra, — OIuH 13 3(P(OEKTUBHEAINX METOI0B HMCCICIOBAHUS 3a1ad
yIIpaBJIeHUs [0 IPUHIUILY 0OpaTHOl cBa3u — ObL1 npeajozken H. H. Kpacosckum. B nasbneiimem
OH TITMPOKO [PUMEHSIJICS [IPU PEIIeHnH Kak COOCTBEHHO 3a/1a4 YIIpaBJieHus (B TOM YUCJIe UTPOBOIO),
TaK U 3aja4 uieHTudguKanuu, obpaienus u T.J. B nHacrosmeil pabore npeaiaraercs MOIu(pUKAIUST
9TOr0 METOMA JJIs OIlepPaTOPHOro MuddepeHnnalIbHOr0 ypaBHeHnsl BTOPOro nopsiaka. [pu sTom uc-
cileflyeTcs 3aa4a OTCIC;KUBAHUSA PeIlleHHeM OJHOTO YPABHEHHs pPeIleHHs IPYroro, HOoJABEPKEHHOIO
BJIMSIHUAIO HEKOHTPOJIMPYEMOI'O BO3JCHCTBUS. 3ajada CAesKeHUsl pelaeTcss Ha GeCKOHEYHOM IPOMe-
JKyTKe BpeMenu. PaccMaTpuBaioTes 1Ba CJIydast: CJIydad HEIPEepbIBHOIO U JIUCKPETHOIO M3MEpPEHMs
peleHuii.

[Iycte V u H — neiicTBuTeIbHBIE THALOEPTOBBI pocTpancTBa. IIpocrpancrso V' BioxkeHno B
npocrpanctso H minorso u HenpepsiBao: V. C H = H* C V*. CumBonsl |- |y u | - |g o3Hava-
10T COOTBeTCTBeHHO HOpMbl B V' u H, a cumBossl (-, ) u (-,+) — cKajasipHoe Ipoussejnenne B H u
aBoiicTBeHHOCTH MexXay V u V*.
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PaccmarpuBaercst nudpepeHimaibHoe ypaBHEHNE BTOPOTO MTOPSIIKA
#(t) + Ca(t) + Az(t) = Bu(t) + f(t), teT =[0,+00), (1.1)

1’(0):1'106‘/, i’(O):x()EH.

Snecs A : V. — V* — juHeliHbBIN, HEIIPEPBIBHBIN U CUMMETPUIHBIN OIIepaTop, Y IOBIETBOPSIFOIIIIA
(st HEKOTOPOTO W > () YCJIOBUIO KOIPIUTUBHOCTU

(Ay,y) > wlyly vy eV, (1.2)
C:V — V* — jiuHeilHbI#l HENIPEPBIBHBII OIIEPATOP CO CBOMCTBOM
(Cz — Cy,x —y) +wolz —y|5 > wilz —y|3 Va,yeV, (1.3)

rje wy > 0 u wy — Hekoropble KoHCTaHTh; f(-) € Lo(T; H) — 3amannas dyHkius; u(-) — ynpas-
JIeHWe; [POU3BOJHAsI &(+) IIOHMMAETCsl B CMBICJIE [IPOCTPAHCTBA paclpejieieHnil; B — auHelHbIi
HEIPEPBIBHLIN ONEepaTop, AeHCTBYIONNI n3 ruasbeproBa mpocTpancTtBa U ¢ HOpMOIt \ . ]U U CKa-
JISIPHBIM [Ipou3BejieHneM (-, -)y (mpocTpancTBo BO3Mymenuii) B npocrpaucrso V (B € L(U;V)).
CuMBOJIOM ¢, HIKe 0603HAYMM HOpPMY JImHelHoro omneparopa C, T.e.

e = |Clpwve.- (1.4)

Besikyto dyukmuio x(-) € C(Ty; V), rakyo uro &(-) € W(Ty; V) = {y() € L2(Ty; V) : y(-) €
Lo(Ty; V*)}, u yIOBIETBOPSIOILY IO COOTHOIIECHUIO

(@(t) + Cx(t) + Az(t), z) = (Bu(t) + f(t),z) Vze€V upuus. teTy,

Oy/ieM Ha3bIBaTh perenneM ypasraerust (1.1) va npomexyrke Ty = [0, 9], ¥ € (0, +00), n 0603HaUATD
cumBosioM z(-) = x(+; 210, To, u(+)). Kax ussecrro [1, reopema 1.1, c. 283|, npu sobbix ¥ € (0, +00)
u u(-) € Ly(Ty; U) ypasuenue (1.1) umeer eIMHCTBEHHOE DEIIEHUE ¢ YKA3AHHBIM BBIIIE CBOHCTBOM.
B nasbneiimem dyukmmio z(t), t € T, nHazoBeM perennem ypaprenus (1.1) na npomexxyrtke T, eciu
x(+) ectb perenne (1.1) Ha BesgkoMm npomexyTke Ty, 9 > 0.

PaccmarpuBaemast B HacTosieil pabore 3amada popMyaupyeTcs cieayomum obpasom. Hapsmy
c ypaBaenueM (1.1) umeercs ere OJHO ypaBHEHHE TOTO YKe BHJA

i§(t) + Cy(t) + Ay(t) = Bo(t) + f(t), teT, (1.5)

¢ HadasbHbIM coctosianeM Y(0) = y10, ¥(0) = yo. Bysem npeanonarars, 9To sjeMeHTsl Y19 € V u
y € H ynoBJIETBOPSIIOT HEPABEHCTBAM

ly10 — z10lv < h,  |yo — xolg < h. (1.6)

VYpasuenue (1.5) (HA30BeM €ro 9mMasoHHbLM) TIOJBEPIKEHO BO3JIEHCTBUIO HEU3BECTHOTO, M3MEHsI-
IOIErocss BO BPEMEHHM BO3MYyIeHHsI (B JlaJibHEIIeM Ha30BEM €ro 3MatoHHbM YNpPaBAEHUEM)
v =14(-) € P(-), tae P(-) ectb MHO)KecTBO u3MepuMbix (1o Jlebery) dyuxrmit v(-) : [0, 4+00) — U,
HA3bIBAEMOE MHONHCECMEOM donycmumux ynpasaenuli. B momenter Bpemenn 7; € T (i = 1,2...)
u3MepsifoTcs ¢ omubkoil pernenne x(7;) ypasHenusi (1.1) u ero mpousBojHasi, a TaKxkKe peIleHUe
ypastenus (1.5) u ero npomssonnas. PesyinraTel nsmepenust — smementst {£75 0} € V* x V* u
{yh h} € V* x V* TakoBbI, uTO cipaBeMBLI HEpaBeHCTEA

& — z(m)|ve < h, €l —@(m)|v- < A, (1.7)

W1 = y(m)lve < by [ = g(m)lve < h, (1.8)
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rae h € (0,1) — Besmuunna omubku uamepenus. [lpu ¢ = 0 nosaraem 5{‘0 = 10, 56‘ = xo, 1%‘0 = Y10,
Yh = yo. Crenosaresbro, MBI TIOMaraeM, 9TO Ha MOMEXH HAKJIAJIBIBAIOTCS OTPAHUYMEHHS “MAJo-
cru’ UX 3HAYEHHIl B KasK/blii MOMeHT Bpemenu. Tpebyercsa ykasaThb aaropuTMm (pOPMHPOBAHUA
yupasiennsa u = u"(-) B ypasnenuu (1.1), HO3BOJISIONMI OCYIIECTBIATL OTCICIKHBAHIC DEIIICHI-
em z"(:) = x(:; 210, 20,u"(-)) sTOro ypasmenms pemenue y(-) ypasmenus (1.5). Taxum obpazom,
paccMaTpHBAETCsl 3a/1a9a, COCTOSINAs B MMOCTPOSHUN AJTOPUTMa, KOTOPBIA 10 TEKYIM U3MEepPEeHNU-
sim Besmand {y(7;), ()} u {z(r), (1)} dopmupyer no npuniuiny o6paTHOil CBsI3U ylpaBJIeHUe
u = u"(-) B npasoit wacTn ypasuenus (1.1) Taxoe, uro “orkionenne’ z"(-) = x(-;x10, T, u"(-)) oT
y(-) = y(:; Y10, Yo, v« (+)) Majo IpU JTOCTATOUHON MAJOCTH U3MEPUTEJILHON morpermsoctu h.

Hapsiy ¢ usmepeHusivu perieHuii ypaBHeHHil (M MX NPOM3BOJIHBIX) B JIMCKPETHbIE MOMEHTBI
BPEMEHHU MBI TaKyKe PACCMOTPHUM CJIydail HEIPEPBIBHONO U3MEPEHUsl, T.e. CJlydaii, Koraa B KasKIblil
Moment ¢ € T' cranossaTcs nssecTHbME TTpubKenns £ () € Lo (T; V), Y"(-) € Loo(T; V) Bemmamm
z(-) m y(-), a Taxcke npubmmkenns £f(-) € Loo(T; H), Y1(:) € Loo(T; H) Besmaun (-) u ¢(-) co
cBolicTBaAMU

€1 (t) = 2(®)lv < h, (€M) = @)l < h, (1.9)
Y1) —y@)lv < h, ") = §(0)|m < b (1.10)

[Ipu HenpepbIBHOM M3MepeHuu pereruii Mbl Oyuem mosarats P(-) = Lo(T;U); B ciyuae qucKper-
uoro mamepenust P(-) = {v(-) € Lo(T;U) : v(t) € P mpuus. t e T}, tne P C U — BblmykiIoe,
OTPAHUICHHOE W 3aMKHYTOE MHOYKECTBO.

Saada cireyKeHnsT — OfHa M3 KJIACCUYIECKUX 3aJad Teopun yrpasieHus. OHa HMCCIeI0BaIACh
MHOTUME aBropami (cM., Hanpumep, [2—-4]). Pemenne coorsercTByolneii 3a1a4uu cieKeHnst, OCHOBaH-
HOE Ha METOJIe IKCTPEMATILHOTO CABUTA, JIEXKUT B OCHOBE XOPOIIIO N3BECTHOTO B TEOPUHN TTO3UITMOHHDBIX
b bepeHIMAIbHBIX UI'D METOJIA CTADUIBHBIX JOPOXKEK [5—T7|. AJIropuTMBI OTC/IC2KUBAHKST PEITICHUT
YPaBHEHUH C paclpeieIeHHBIMI TIAPAMETPAME, OCHOBAHHDBIE HA MICOJOTHH IKCTPEMATBLHOTO C/IBU-
ra, IpUBeJIeHbI, HAIpuMep, B paborax [8-14]. IIpu srom B [8;9;11] paccmoTpen ciydaii KOHEUHOTO
npoMexyTKa Bpemenn, a B [10;12-14] — 6eckoneunoro. B paborax [9;12;13] ucnosnbzosaiocs nosty-
IPYIIIOBOE IIpeJiCTaBjieHne perenuii, a B paborax [8;10;11;14] — dyHKIMOHATIBHO-aHATIUTHIECKOE.

B pabore paccmarpusaercst ypasuenue (1.1) ¢ omeparopamu, yJIOBI€TBODPSIONIUMU YCJIOBHIM
(1.2) u (1.3). EcrecrBeHHO BO3HHMKAET BOIPOC B HEOOXOAMMOCTH 3TUX ycjoBuil. OTBedasi HA ITOT
BOIIPOC MOXKHO BBIJEIUTH TPU (PaKTOpa. Bo-TepBBIX, KAK OTMEYEHO BBIIIE, MPU BBITOTHEHUN STUX
YCJIOBHI B CHJTY U3BECTHON TEOPEMBI CYIIECTBYET €IUNHCTBEHHOE PEICHNe YPABHEHUS C TTOIXOJ TSI
[JIaJIKOCTBIO. BO-BTOPBIX, TOJBKO IPYU BBINOJHEHAH 9THX YCJIOBUIl yaeTcs JoKa3aTb JeMmy 1 (CM.
HepasercTBa (2.10) u (2.11)), sexkarnyo B OCHOBE BCeX Pe3yJbTaToB paboThl. U B-TpeThux, OIsThH
7K€ ITU YCJIOBUS SIBJISIOTCs PUHIUIIUAIBHBIME [P JIOKa3aTesibcTBe TeopeMbl 1 (omenka (2.20)) u
nemmbl 2 (onerka (3.5)).

2. Aaroputm pemnenus. Ciry4daili HeIIpEepPbIBHOIO U3MEPEHUs PerieHmnit

B panbHeiimem nosaraeM BBIIOJIHEHHBIM CJIEIYIONIEe YCIOBHE.

Ycanosue 1. w1>c(2)w2.

Ob6paTuMest K cirydalo, Korja u3Mepenus pemtennit ypasaennit (1.1), (1.5) mpomcxomar Hempe-
PBIBHO, T.e. BBINOHsIOTCs HepasencTsa (1.9), (1.10). @ukcupyem dbyukumio o = a(h) : RT — RT =
{r € R:r > 0}, a rakxke uncio ¢ € (0,1). ITomoxkum

uM(t) = (€M), 1 (1), ¥ (1), U1 (1) = —aT (W) BHE () — M1 + (€8 () — i ()} (21)

Baech cumBosl B* o3HauaeT oneparop, COUpsiKeHHbIH K oneparopy B. Takum obpasoM, ypasHe-
uue (1.1) npumer Bug,

i(t) + Ci(t) + Ax(t) = —a~ (W) BBE"(t) — ¢"(t) + (€1 (t) =1 ()} + f(1).  (22)
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O0603HAYUM PeIeHne STOr0 YPABHEHUS CUMBOJIOM :Eh() 3aMeTnM, UTO B CHJIy HEIIPEPBIBHOCTHU BJIO-
JKeHHs [pocTpancTBa V' B mpocTpancTBo H cupasejinBbl HEPABEHCTBA

|z|g < colzly VeV, (2.3)

|z < erlx|g Vo € H, (2.4)

rae ¢ € (0,400) u ¢; € (0,400) — HeKOTOpbIe KOHCTAHTHL. IIycTh
’Cl‘% Vv 3 2\)-1 ww
o = minf1 o o { Sl a3y ey
w 2w ’Cl‘L(V;V*)

Bnecw |C1|r(v;v+) — HOpMa JmHeitHOTO HenpepbisHOTO otepatopa C : V. — V*, Cix = Cz — .
CrpasesyinBa, cJIe/IyIomas TeOpeEMA.

Teopema 1. ITycmo ¢ € (0, min{xy, (0,5w)2cy*}), v(-) € La(T;U). Tozda mootcro yrasame
wucaa hg € (0,1) u dy > 0 maxue, wmo npu h € (0, hy) cnpasediuso nepasencmeo

igg{\y(t) — 2"} + [9(t) — 2" (OIF} < dof{a(h) + h+ h*a”?(h) + hPa~ (h)}.

[Ipexkae yeM mmepeiiTi K J0Ka3aTeIbCTBY TEOPEMbI, IIPUBEIEM OHO BCIIOMOIaTe/IbHOE YTBEPIKIe-
nue. Beenem dyuxmmonan

A(t) = A(=(1), 2(t) = %HAZ(t), (1) + [E@IF} + e(2(2), 2(1)). (2.5)

Bnecn u Berony mmke z(t) = x(t) — y(t). Yunremaa (1.5) u (2.2), 3akmouaem, 4ro z(-) aBasercs
pellleHreM yPaBHEHUs

5(t) + C2(t) + Az(t) = B(u"(t) — v(t)) npu . t € T, (2.6)
riae Z(O) = X10 — Y10, Z(O) = X0 — Yo-

Jlemma 1. Ilycmo svnoarerwvt ycaosus meopemor 1. Tozda npu n.e. t € T cnpasedauso Hepa-
8EHCMEBO

A(t) < —eA(t) +e(=(t), Bu"(t) — v(1))) + (£(1), B"(t) — v(t))). (2.7)
HoxkaszaTeabcTso. JIerko BUAETh, UTO COOTHOMIEHHE (2.6) MEPENHCHIBACTCS B BIIE
2(t) + C12(t) + 2(t) + Az(t) = B(u"(t) — v(t)). (2.8)
Hanee mveem (cm. (1.4), (2.3), (2.4)) |C1lpv,v+) < ¢« + coc1. Kpome Toro, BepHo HepaBeHCTBO

2 P 2
—=(C1(8), (1)) < Sl + €|CI|L(VZ*’| 0l (2.9)

Beuny csoiictsa kospuutusHoctu oneparopa C (em. (1.3)), nomywaem (C12(t), 2(t)) > wi|2(t)[3 —
@|2(t)|%, tae @ = 1 4 wy. Takum ob6pasom

—{Cr12(t), 2(t)) < —wn|2(O + @ 2(0) - (2.10)
B cuiy (1.2) BepHO HEpaBeHCTBO

5 (A=(0),2(0)) < —5l0) - (2.11)
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BocmnosnbzoBasmucs (2.3), nmeem npu jmo6eix € € (0,1)
—(e = eM)(z(1), 2(t)) < e(L =) |2()m|2(t) i < elz()|m|(t)|m
€ -2 2 Gz € 2 G2
< Sweg O + e LU0 < Swla@B + LUzl (2.12)
4 w 4 w
Hasee, B cuty (2.10), (2.11) cnpaBeiyiIiBO COOTHOIIIEHUE

S~ 120 — SA=(0), 2() — (Cr(0),2(0)

< (3e = 1) O ~ Swl=(} — w2 OB + 820 (213)
Yunreisas (2.9), (2.12), (2.13), noxydaem upu E‘Cl‘%(v;v*) < wwy
(e = )1 — S1A2(0),2(0)) — (Caz(0), 2(0)) - <(1 = £)(a(0), 2(0)) — <(Cr2(8), (1)

elC v 6

3
< {w +5e—1—(wi- )eg? + ec—°}|z(t)|§,. (2.14)
w
[TpaBast wacTb HepaBeHcTBa (2.14) GyeT HEMOJIOKUTEIbHA, ECITH
3 e|lC1| v 1e
e te(5+2)} gw - —E (2.15)
2w w

B cBoto ouepesib, HepaBeHCTBO (2.15) MOXKHO TepenucaTb B BUje

‘Cl‘% ViV 3 2
2 ( ) ) 2 C_O } < 2.1
Cow2+€{7+C0(_2 + ) w1. ( . 6)

B cuity mepasencrsa 0 < € < k1 Bbinonnsiercst (2.16). ITosromy
elz(®)lf — (C12(1), () — |2(OIF — (Cra(t), 2(1)) — e(a(t), (1)) — e(Aa(t), (1))
< —S{IEO + (Ax(0), (1)) +22(2(), (1)} (2.17)
Tporuddepentposas A(t) 10 ¢ 1 BOCIOIBL30BABIHCH (2.8), TOTy M
At) = elz (O — (Cr2(1), 2(1)) — e(=(t), 2() — |2 (2.18)

= e(Cra(t), 2(1)) — e(Az(t), 2(1)) + e(2(t), B(u" (1) — v(t))) + ((t), B(u"(t) — v(?))).
U3 (2.17) u (2.18) caenyer nepasencrso (2.7). Jlemma jokasana.

Hdokaszareanbctso Teopembl 1. Bocronb3oasimucs nepasencrsamu w > 0 u (2.3), ycra-
HaBJINBAEM COOTHOIIEHUE

e2ck

. . w .
[e(2(t), 20D < elz®lmeolz(t)lv < ZOF + — 20 (2.19)
B cBoro ouepenp, yunteBas (1.2), (2.5) u (2.19), noxyunm
w 1 23y .
S OR + (5 - =2 @ < A®). (2:20)

ITycTn

en(t) = A(t) + 0.5« /{|uh(7')|2U —|o(m) %} dr, a=a(h). (2.21)
0
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Torpma BBumy (1.9), (1.10), yunreiBas crpykrypy €x(t) (em. (2.21)), 6ymem nmersb
En(t) < —eA(t) + (€"(8) — "(t) + (&1 (8) — (1)), B(u" (1) — v(t))) + 0.5af[u (t)[f; — [o(t)[3/}
+ boh{[u" ()] + [o(®)|v}- (2.22)

3aecs n Beromy nmxe bj,d;,j = 0,1,..., 03HAYAIOT MOCTOAHHBIC, KOTOPLIC HE 3aBUCAT OT h,,0 n
MOTYT GBITH BBITHCAHBI B IBHOM BHJe. 3amernm, uto seuy (2.20) npu e € (0, (0.5w)Y2¢; 1)

At) = bu{lzOF + [2@®)IE}, teT,
e by = min{w/4,1/2 — (eco)?w™'}. Hanee, uz (2.1) (cm. (1.9), (1.10)) momyuaem cnpabeymaByio
pu 1.B. t € T' omeHKy
[u" ()] < bael=(t)v + 2()]m + h)a™.

CanenoBarenbHo, 1pH 11.B. t € T BEpHO HEPABEHCTBO

hu ()| < bs(hA®)Y? 4+ h?)a™ < 0.5eA(t) + bsh?a ™" + bye ' h2a 2. (2.23)
[Iycrs h € (0,0.5¢). Torpa B cumy (2.1), (2.23) u3 (2.22) BBIBOAUM COOTHOIIEHHE

M) +0.5a{|[u()[F — [v(t) |} < —0.5eA(t) + bse *h%a ™2 + bohlv(t) | + beh?a ™!,
cupapeauBoe pu m.B. t € 1. Takum ob6pasoM,
A(t) = —0.5eA(t) + 0.5a)v(t) |3 + bse *h2a™2 + bohlv(t)|r + bsh®a™! + ¢(t) mpms. tET,

rae ¢(t) < 0 npu m.s. t € T. CrenoBaresibHO,

t
A(t) S )\(0) exp—0.5€t —|—(b5€_1h2a_2 4 b6h2a—1) /exp—0.5€(t—s) ds
0

t t
+ 0.5a/exp_0'55(t_8) [u(s)|?ds + boh/exp_o'sa(t_s) lv(s)|uds. (2.24)
0 0
Herpynuo Bumern, aTo
t
/ exp 0079 ds < 2e71 € [0, +00). (2.25)
0

YuanrsiBast (2.25), a rakxke Briodenue v(-) € Ly(T;U), 3akmodaeM, 9T0 BEPHBI HEPABEHCTBA

t t 2t "
/exp_o'Sa(t_S) lu(s)|%ds < (/exp_a(t_s) d8> (/|v(s)|4U ds) < bre1/2,
0 0 0

t
—0.5¢(t—s) 2 go < po—1/2
exp [v(s)|rds < bge™ /=,
0
Bocnoib30BaBImuCh AByMsl HOCIEIHUME HepaBeHcTBaMu, u3 (2.24) momydaem

M) < bo(A(0) + h2a 22 + he V2 4 2o e + a2,
Orcroza cieiyer yTBeprKaeHne TeopeMbl. Teopema noKa3aHa.

N3 Teopemnl 1 BhITEKaET

Cnencrsue. [Tycmos evinoarenv yearosua meopemui 1. Hyems maxotce a(h) — 0, ha=t(h) — 0
npu h — 0. Tozda das awbozo > 0 mooicno ykazamov makoe hy, = he(B) € (0,1), wmo npu ecex
h € (0, hy) eepro nepasercmeo

sup{ly(t) - 2" O +19(t) — " (O)H) < B.
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3. AsroputMm pemnenus. Cirydait JUCKPETHOTO U3MEPEHUs pelleHuid

OnumeM aJropuTM pelleHHs 3aJadd B clydae AUCKPETHLIX u3Mepenuil. BosbMmeM cemeiicTBo
pasouennit A, = {15, }2,, Th.0 = 0 mpomerxyTka T Takoe, ITO

O(h) = Thit1 —Thy; =0 mpu h—0.
Ho nauana paborer asropurma dukcupyem sesuuaunsl h € (0,1) u e € (0, k), rae
R R -2 1/2 —1
k =min{k1, K2}, K2 =min{0.5,0.5wc;~, (0.5w)" “cy "},

a Takxke pasbuenue Ay. Pabory ajaropurma pazodbeM Ha OJHOTHUIIHBIE IIard. B TedeHune i-To Imara,
OCYIIIECTB/IIEMOTO Ha IIPOMEXKYTKE BPEMEHN 0; = [Tj, Tiy1), Ti = Th,i, BBIIOJIHSIOTCA CJICyIOIIHe
omeparuu. B MOMEHT T;, BBIYUC/ISETCST JIEMEHT

ul = ul (E, ) = argmin{2(B*[(&} — ") +e(&ls — )], v)u 1 v € P}, (3.1)

e =F = {¢h MYy Wl = {yh Y. TTocne aToro ma xon ypasmenns (1.1) mpu Beex ¢ € §; opaercs
yupasienne u’(t) = ui‘ . Takum obpasom, ypasaenue (1.1) npunuMaer Bu

i(t) 4+ Ci(t) + Az(t) = Bul' + f(t) npums. t €4

O603znaxuM ero permenue cumsosoM x'(-). Tlom jeficTBEEM TOr0 yIpaB/IeHHs B MOMEHT T; 1 BMe-
cro cocroanua {x(1;), 2" (;)} peammsyerca cocrosmme {2 (7,4 1), 2" (7;41)}. Tpu aTom B pesyn-
Tare BosielicTBus Ha ypasHeHue (1.5) HEKOTOpPOro HemsBecTHOro Bo3MmyleHus v(t), t € d; B Mo-
MEHT T;41 BMecTo cocrostnust {y(7;),y(m;)} peammsyercs cocrosinue {y(7Ti+1),y(Ti+1)}. Ha caemyio-
meM, (z + 1)-M, mare aHaJOrHYIHBIE JICHCTBHUS TOBTOPSIIOTCS.

Nmeer mecTo

Teopema 2. Cnpagediuso HepaseHcmeo

d

jg{lyh(t) — () + 5" (t) — 2(t)[7} < doh?e™" + gl(h +0'2(h)). (3.2)

HpeH{;Le qeM HepeﬁTH K JOKa3aTe/JIbCTBY TE€OPEMBI, IIPDUBEAEM JBa BCIIOMOI'aTCJIbHBIX YTBEP2KJIC-
HUA.

Jlemma 2. Ilpu n.s. t € T cnpasedauso, Hepasercmsea

12(D)]7 < 4du(w) ™, (3.3)
12(t)|% < du(0.5 — 23w, (3.4)
ede ag = 0.5{1 + Al (v,;v+) + K2co}, d(P) = sup{luly : v € P}, a1 = 2d(P)|B|p v+, a2 =

2a? 2
2d(P)|B|Lw.m), d zao+4( L+ )

HoxasaTeanbctso. 3amernm, aro |B(u"(t) — v(t))|y+ < a1. Kpome Toro, B cuiy (1.2)

€ ewlz|?
4<Az, z)y > 1 Vze V.
3Hauur,
—Z(Az,z) < Ew‘:"/ VzeV. (3.5)
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Jlaee umeem

£((0), B () —v(t) < delz(p)ly < S | 20 (36)
2(t)|2 a?
(s(6), B (1) — o(e)) < Tl 20 (37)

Bamernm, uro eciu € < 0.5, € < 0.5wey 2, TO BEpHA IEIIOYKa HEPABEHCTB

2 s < SO RO 2Rl0] | S0 0] | 0

2 4 4 4 4 - 8 8

B rakoMm cirydae, yuuThIBasl IIOCJIE/IHIE HEPABEHCTBa, a Takxke (3.5), nosydaem

_ewl®y el
8 g

2
—SMD) = — {420, 2(0) + O} - S0, 20) <

Orcrona u u3 (2.7), (3.6), (3.7) BbIBOAMM

31ecn

U3 (3.8) cieyer paBeHCTBO
: €
At = ~SA0) + 0- + 010)
rie (t) < 0 upu ¢t € T. 3amerum™, uro B cuiy (1.6), (2.3)
A0) < 0.5{h?|A| /v + h*} + ecoh® < agh?. (3.9)

CrenoBaTe/ibHO,

t

t
A(t) = e 2N0) + / e 20 oo + (1) }dr < eTEN(0) + o / e 50T dr < A(0) + 2% < d..
0

0

Beuny mepasencrsa 0 < € < K9 UMeeM

1 g2
- ——>0.
2 w

Kpowme Ttoro, cupasemmmBo nepasercTso (2.20), u3 Kotoporo ciaemyior HepaeHcTBa (3.3), (3.4).
JlemMa goKa3aHa.

Jlemma 3. Cnpasedausn, nHepasencmsa

12(t + At) — 2(8) |y~ < do(A)Y2, (3.10)

l2(t+ At) — 2(t)|g < dsAt, tt+AteT, At>0. (3.11)

HJoxkaszareunbcTBo. YMHOXKUB Ha Z(t) IpaBylo u JieByto dacTu paBeHcTBa (2.6), Oymem
UMeThb

(3(t) + Cx(t) + Az(t), 2(t)) = (B(u"(t) — v(t)), 2(t)). (3.12)
BocmnosnbzoBasmuck (3.3), ycTaHABIMBAEM OIEHKY

t+At t+At t+AL d2
/(Az(f),é(f)>d73d4 / |Z'(T)|Vd7'§% / £ dr + 5 - At.
1

t t t
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[Tocsie uarerpuposanus u3 (3.12) mosyunm, yunreiBas (1.3),

t+At t+At t+At

(4 A3 + 15w / E(r) dr < 4 / a3 (M) dr + 1) + 2] / 5(r) 3 dr + d2Aw.
t t t

Hamee nmeem

t+At t+At t+AL

1/2
o / |Z(8)|Vds§a1(At)1/2< / |z(s)|2vds> < 05w / 12(s)[2ds + ds AL.

t t t
Taxum obpaszowm,

t+At t+A

A+ A + / )2 dr < |20 + deAt + 2| / 12(5) Byds. (3.13)
t t

U3 (3.13) B custy semmbl 2 (em. (3.4)) cieayer omneHka

t+At
/ |27} dr < d7+dsAt VteT, t+AteT, At>0. (3.14)
t

BosbMem npoussosibHbIil 1ement v € V. Torma us (2.6) mosyunm
(3(t) + C(t) + Az(t),v) = (B(u"(t) — v(t)),v) npums. tecT.
Buauut, Vo € V., t, t + At € T, At € (0,1)

t+At

((t+ Ab) — £(1) / (a2 + 1 AlLwam 20 + 2Bl d(P)dr oy, (3.15)

Uz (3.15) B cuiy (3.3), (3.14) caexyer (3.10). B cBoto ouepenp (3.11) siBisiercst ciencersuem (3.4).
JlemMa mokaszaHa.

HdokaszareabctTso Teopembl 2. PaceMorpum usmenenue BeJinduHbl A(t) Ha TIPOMEXKyYT-
ke T. 3uecw A(t) oupenesneno B (2.5). Iocse nuddepenimposanus, yanrbiBas jgeMmy 1, Gymem
UMeTh

At) < —eX() + (2(8) = 2(m) + e(2(t) — 2(12), B(u" (1) — (1)) + xi (u",v) + pf(u", )

+ (i) — €, B (t) = v(1)) — (5" (1) — I, B(u" (1) — v(1)))
+e(a(r) — & B(u"(t) — o(t))) — e(y"(ri) — ¢, Bu"(t) —o(t))) mpums. ted,  (3.16)
re
Xi(u",v) = (u"(t), B* (& = 9)v — (v(t), B* (& = 4!,
pi(u”,v) = (" (t), B* (&3 — ¥1))u — e(v(t), B*(&]; — v17)u-

U3 (3.1) BerTekaer mepasenctso X (u”,v) + ut(u,v) < 0. B Takom ciydae, B cumy (3.16) mpu 1.5

t € §; nonyaaem
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A(t) < =) + (2(t) = 2(m) + e(2(t) — 2(m)), B(u" () — v(t)))

+ (@(r) — & B(u"(8) = v(1)) — (5" (1) — 41", Bu" (1) — v(t)))

+ e(a(m) = € B(u(t) — v(1)) — e(y™ (1) — ¥y, B(u"(t) — v(t))).

Yuntsipas (3.10), nmeem
(2(t) = 2(m), B(u"(t) — v(1))) < dod™*(W){[u"()|v + [v(B)|v}-
Kpome Toro, B cuy (1.7), (1.8) moyuaenm
(i(ri) — & B(u(t) = v(t))
W = 9" (7), B(u(t) — v(t
—v(t))

(x(7s) — &1, B(u"(t) — v(t)
W1 —y"(m)), Bu"(t) — o(t

) < dsh{|u"(t)]u + [v(t)|v},
)) < dsh{|u"(t)] + [v(t)|v},
) < dsh{[u"(t)|v + [o(t) v},
)) < dsh{[u" ()] + [o(t)|v}-
B cBoo ouepesib, BOCHONIB30BABIINCH (3.11), ycTaHaBIMBaEM OIEHKY

(2(t) = 2(r2), B (t) = v(t))) < dod(R){|u" ()]s + [o(t)|v}-

O6benunus (3.17)—(3.20), BBIBOAMM CIIpaBeJIMBOE TIPU I1.B. t € §; HEPABEHCTBO

At) < dio(h + 82 (W) {[u" ()l + [o(D)lu} — ().

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Banmernm, uto mpu 0 < £ < 0.5, 0 < & < 0.5wcy 2 B ey (2.20) A(t) > 0 nput > 0. Kpome Toro, B
cuty orpammdenHocTr MEOKecTBa P u3 (3.21) ciaemyer pasenctso A(t) = —e(t)+dyy (h+6Y2(h))+

o(t), tae o(t) <0, t € T. B takom cirydae

t
A(t) < X0)e™*" + di / e~ =) (b + V2 (h)) dr.
0

U3 (3.22), yunreBasg (3.9), moaydaem

A(t) < agh?e™" + %(h + 612 (n)).

Uz (3.23), (2.20) crenyer (3.2). Teopema jgokazana.
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BBenenne

Marpunia Kormu C(t, s) muHeitHON crcTeMbl OOBIKHOBEHHBIX JudbepeHnnaibHbIX ypaBHeHnIT
o(t) — P()z(t) = f(t), te[0,T],

JlaeT IpeJicTaB/IeHue ee oOIIero peleHust
¢
z(t) = X (¢)x(0) + /C’(t, s)f(s)ds, te]0,T],
0

1 BBIpaskaeTcs depes ByHIaMeHTATbHYI0 MaTpHIly omHopommHoii cuctemsr: C(t,s) = X (t) X ~1(s).
B nccnenoBanny 3a1a4 ynpasiennust |1 n KpaeBbIx 3a1a4 [2] 17151 IHHEHHBIX CHCTEM C TIOCTIeAeiiCTBY-
eMm marpuiia Kommm, Kak u ee aHaJIOrd, UIPACT CYIIECTBEHHYIO POJIb, OHA BXOAUT B KOHCTPYKIIMIO

'Pabora Bemosmena npu dbunancosoit nopep:kke PODU (mpoext 18-01-00332).
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MPOrPAMMHBIX W TMO3UIMOHHLIX YIIPABJIEHUN W B KOHCTPYKIIWIO MaTpull ['puHa JIMHEMHBIX Kpae-
BBIX 3a/1a49. AHAJIOT TPUBEACHHON (POPMYJIBI UMEET MECTO JIJIs IMMPOKOTO Kaacca (DYHKITMOHATBHO-
nuddepeHanblbIX cucreM [2, ¢. 84; 3, c. 68; 4; 5, ¢. 67|, BK/IIOUasi CUCTEMBI C UMILYJIbCHBIM
BO3JIEHiCTBUEM U HEelPePBIBHO-IUCKPeTHbIe (rubpuinble) cucremsl [6], omqrako marpuna Ko B 06-
meM ciydae uMeer 6ojiee CIOXKHYIO CTPYKTYypy. B dacTHOCcTH, OHa TepsieT TakK Ha3bIBAEMOE IIO-
ayrpymmosoe csoiictso C(t,s) = C(t,7)C(7,s). B [5] nokasano, 4ro B Kjacce JMHEHHBIX CHCTEM
TpeOOBaHNE HAJMYMS MOJIYTPYIIIOBOTO CBOMCTBA C PACIIPEIE/IEHHBIM 3ala3/[bIBAHIEM CYy2KAET ITOT
KJIACC JI0 OOBIKHOBEHHOM cucTeMbl. OTMETHM, ITO O/THA N3 MOAUMUKAIININ TOJTYTPYIIIIOBOTO CBOHCTBA
JIJI CUCTEM C 3alla3/IbIBaHueM ITIpejiIoxKeHa B [7].

B 3amagax yupasiienus, B TOM 4YHCIIE B CIy4ae, KOIJIa IIeJib YIIPaBJIEHUS 33J[aeTCs KOHEYHOMN
cucremoii 1eseBbix GyHKInoHAIOB [8], Marpuna Komm 1mo3Bossier JaTh MOJHOE OIKMCAHUE Peak-
IIUY CUCTEMBI HA BCEBO3MOXKHbBIE YIIPABJISIONINE BO3AEHCTBIUS, UTO MPUJIAET €CTECTBEHHDBIN XapaKTep
ee HCIIOJIb30BAHUIO IIPH [IOMCKE yIIPABJIEHUA, [TO3BOJIAIONINX JOCTUYD IeJIu yipasienus. I1pu sTom
3¢ HEKTUBHOCTD MPUMEHEHUsT MAaTPUIlbl KOIu CyIecTBEHHO 3aBUCUT OT BO3MOYKHOCTH ITOCTPOE-
HUs ee JOCTATOYHO TOIHOTO mpubamkenus. OIWH M3 MOIXOM0B K MPHUOIMKEHHOMY TOCTPOECHHIO
MaTpuilbl Koimu ¢ rapaHTUPOBAHHON OIEHKOI TOYHOCTH HpejcTaBieH B [9]. DTor moaxo ocHOBaH
Ha KYCOYHO-TIOCTOSIHHOI aIllIPOKCUMAITNN ITapaMeTPOB UCCIeAyeMON CHCTEMBI, TO3BOJISIIONIEN TOTHO
crpouTh Marpuity Kormmu mjst anmpokcuMupyoieii cucreMbl. B HacTosiieit pabore mpejjiaraercs
CYIIECTBEHHOE PACIINPEHNe KJIACCa AIllIPOKCUMUPYIOIIUX CUCTEM U OOCYXKJIAIOTCS JeTajIu HOX0/Ia,
COYETAIOIIEr0 UTEPAIUOHHBIE [IPOIIE/LY PbI IOCTPOEHUST IPUOJINYKEeHUs Jijist MaTpuiibl Kot ¢ moctpo-
€HUEM JIOCTATOYHO TOYHOI'O HAYAJBHOI'O MPUOJIMZKEHUS.

1. IlpenBapuresibHbIE CBeJ/IeHUS

[Tpuseem 31ech HeoOXOAUMBIE IS JaJsibHeiinero ceegenns us [2;3]. O6o3nauum yepes L" =
L™[0, T npocrpancTBo cymmupyembix 110 Jlebery dbyukimii v : [0, T] — R™ ¢ mHopmoii

T
lollze = / f0(s) | ds,
0

riae | - |, — wopma B R™. [lanee, eciin pa3sMepHOCTb HPOCTPAHCTBA OYEBHJIHA, MHIEKC y HOPMbI
OyseM OIycKaTh; JyIst JIIoOoro sjnementa a € R™ (n-BekTop-crTosbna) 3ammuch (a); O3HAYAET €ro
i-it snement. Ilycrs D™ = D™[0, T| — npocTpaHCTBO abCOJIOTHO HENPEPBIBHBIX (DYHKIUH &

[0, T] = R™ ¢ nopmoit ||z||pr = |2(0)], + ||Z]z». Yepe3 V ob6o3HaumM onepaTrop MHTErPUPOBAHUS:
t

(Vo) (t) = / v(s)ds, I — TOXKIE€CTBEHHBIIl olIepaTop.
0

Paccmorpum B poctpancTse D" ypaBHeHUe
t
(La)(t) = (1) — /K(t, §)i(s)ds + A(D)z(0) = f(t), te 0, T]. (1.1)
0

Baech sipo K (t, s) unrerpasnbhoro oneparopa K : L™ — L™ ynosnersopsier ycaosuro (K):

(KC) snementsr k¥ (t,s) anpa K(t,s) msmepumbl Ha Muokectse {(t,8) : 0 < s <t < T} u nmeror
o6y cymmupyemyto Ha [0, T maxkopanry k(t):

K(ts)| < w(t), @,j=1,...,n, tel[0,T],

a (n x n)-marpuna A umeer cymmupyembie Ha [0, T’ s/eMeHTbI.
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VYpasuenue (1.1) oxBarbiBaer auddepeHIuaibHble yPaBHEHHs ¢ COCPEIOTOYEHHBIM U /U PACIPe-
JeJeHHBIM 3ala3bIBaHneM U MHTerpo-anddepeHnuaIbable cucteMbl Boabreppa. B wacrnocTn, mrs

ornepaTopa
t

(La) (1) = () — / 4R (1, 5)x(s)
0

C pacCHpeJIe/IeHHBIM 3alla3/[bIBaHIeM, IJe 6e3 orpaHudeHusi OOIHOCTH MOXKHO cuntarh R(t,t) = 0,
nmeeM K (t,s) = —R(t,s), A(t) =R(t,0).

Omueparop Q = LV : L™ — L™ HaspBaroT raBHOl yacTbio oneparopa L, B ypasHenun (1.1)
oneparop () = I — K aBjsieTcst BOJILTEPPOBLIM:

0

7 00paTUMBIM. YCJIOBUMCS HUXKe 0003HATATH MHTErPAJIbHBIN OepaTop TOH ke OyKBOii, 9TO U sA/IPO.
O6parabrii onepaTop Q™' uMeer mpescTaBIeHIe

t
Q') +/R ds,
0

rae R(t, s) — pe3osibBeHTHOE s17IpO, cooTBeTCTBYMOIEee sinpy K (t, ).
[Tpusenem upezcrasienue pemiennst ypasaernst (1.1). s sToro ompemenmm ctosoubt y;(t)
(n x n)-marpurp Y (t) kKak abCoOMIOTHO HepepbIBHBbIE perenust 3ajaqu Komn

/K s)ds —a;(t), y(0)=0, tel0,T],
0

rae a;(t) — i-it croaben marpurpt A.

Marpuna X (t) = E,+Y (t), rae E, — equandnast (n X n)-Marpuia, sipjsiercst pyHIaMeHTaIbHO
marpuieii ognopoasoro ypasuenust (1.1) (f(t) =0, t € [0, T)).

Ob6miee perenne (1.1) umeer npejcraBiieHue

z(t) = X(t)a+ /C(t, s)f(s)ds,
0

rae o € R™ — npoussosibubiii BekTop, C(t, s) — marpuna Komm [4; 5, ¢. 52-58]. Dra marpuna
SIBJIIETCS PENIEHUEM MATPUYHOIO yPABHEHUST

Cy(t, s):/K(t, T)CL(T, 8)dT + K(t, 8), 0<s<t<T,

c ycnosuem C(s, s) = E, (3mech u erony mmxe CL(T, s) = —C(7, s)) u ypabHeHus

or

Clt, s) = By + /C(t, NK(r, s)dr, 0<s<t<T.

t
Marpuiia C(¢, s) Beipaxkaercsi yepe3 pe3osibBeHTHOe s1po R(t, s): C(t, s) = E,, + / R(r, s)dr.
S
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2. OmguH kJjacc anmpokcuMaluii BOJbTEPPOBa oreparopa
C COXpaHeHueM BOJIbBTEPPOBOCTH
3/ech JaeTcs OMUCAHNE KJIacca siaep K (t, s), nist kKoroporo cucrema (1.1) ¢ oneparopom @ =
I - K JIOIyCKaeT TOYHOe nocrpoerue Marpuibl Komm. Pazobbem orpesok [0, T wa N paBHBIX
qacreir Toukamu ti, 1 = 1,2,..., N —1 : 0=ty < t1 <ty < --- < tny_1 < ty = T. Obo3nauum
gepes 1;(t), 1 = 1,..., N — 1, xapakTepucTuuecKkyo (QyHKIUIO IPOMEKYTKa [t;_1,t;), depe3 ny(t)
— XapakTepUCTHIeCKyo (DYHKIMIO oTpeska [ty—1,tN]. Oupegenum sapo K (t, s) paBeHCTBOM

N
Rt =3 Z (1) Qi) s ). (21)

Baecy marpuna Pi(t) = 0, marpunst P, i = 2,..., N, ¢ CyMMUDYEMBIMU JIEMEHTAMU U MATPH-
el Qij, 4,j =1,...,N (Qij =0, j > i), c U3BMEPUMBIMI U OIPAHUYECHHBIMU 3JIEMEHTAMH HCIIOJIb3Y-
I0TCsI JIJIs1 JIOKAJIBHOM arpoKcuMaru Marpudsoro siapa K (¢, s).

Hutst bopMymmpoBKEu yTBEp2K/IeHUsT O pe3osibBeHTHOM siape R(t, s) aapa K (t, s) BBemeM ciemy-
IoIIye 0003HAYCHUS:

. T
(3
Ustt) = mi() Bilt); Vi) = 3 Qusls) () Bm:/lﬂﬂm@Mt (2.2)
j:l 0
Bamernm, 9T0 U3 onpenesenus marpui By; caexyer, uyto By; = 0 upu i > k. Baounasa (Nn X
Nn)-marpuna I' = {Tpitgi=1..~, T = En,k = 1,...,N; Ty = =B, k =1,...,N,i =
1,..., N, siBJIsieTCsl HIKHETPEYTOJIBHOM U UMEeeT Ha IVIABHOW JMAarOHAJN €IUHUYIHbIE MaTPUIBLl Fy,.

0603Ha‘H/IM gepe3 H = {Hy;}pi=1,..n (Nn X Nn)-marpuiny obparHyio k Marpure I' ¢ (n X n)-
omokamu Hy;, k,i=1,...,N:
=H = {Hp}ri=1,.N- (2.3)

Teopema 1. [Tycmo adpo K(t, s) unmezpaivrozo onepamopa Boavmeppa onpedeneno pasen-
cmeom (2.1), a mampuywt Ui(t), Vi(s), Bri, Hyi — pasencmeamu (2.2), (2.3). Toeda pesoaveenm-
noe adpo R(t, s) umeem npedcmasaenue

N 7
i=1 k=1

JJokaszaTeasbcTsBo. PaccMoTpuM MHTErpaibHOE ypaBHEHUE

/K )+ f(), teo,T] (2.5)
0

Jloka3aTesbeTBO TEOPEMbI CBOAUTCS K IIOJIYICHHUIO NIPEICTABICHNST PEIICHHsT STOIO yPABHEHUS ISt
moboro f € L™ Vcnonw3ys upencrasienue syipa K(t, s), ¢ yderom obosnauenuii (2.2) sammmmem
ypasuenue (2.5) B Buje

T
=3 Gile) [ Vits) ()ds + S0 (26)
0

=1

Ymuoxkasi obe JacTH 9TOro ypaBHeHHs ciaeBa Ha marpuily Vi (t) m marerpupys mo t or 0 mo T,

IIOJIy9a€eM
T

T N T
Vez(tydt = Y [ Vi) Us(tydt v, + [ Vi(t) f(t) dt,
/ [ |

i=1 0
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T T
rae vy, = / Vi(s) z(s) ds. Beogga obosmadenne by = / Vi(t) f(t) dt, nomyugaem s v; € R,
0 0

i=1,..., N, muHeiinyio ajareOpamdecKyio CUCTEMY

N
%ZZBM%' + by, k=1,...,N. (2.7)
=1

3annceBasg KOMIIOHEHTBI pernieHunda 3TOI CHUCTEMBI C HUCIIOJIL30BaHUEM MaTpHUIIbI H: Yi = E sz bk n

IIOJICTaBJIAA 3TO PEIICHUE B PaBEHCTBO

N
= Uiy + f(t)
i=1

(cm. (2.6)), mosmyvaem mpeJcTaBIeHEe pelieHnst ypasHeHus (2.5) B Buje

i

T N N P
:/ >0 Uilt) Hig Vi(s) f(s)ds+ f(t) = / > D Uilt) HuVi(s) f(s)ds + f(1),
0 0

i=1 k=1 =1 k=1

9TO 3aBEPIIAET J0KA3ATEIbCTBO TEOPEMBI. O

Sameuganune 1. Crpykrypa Marpuilsl I', HCIIOIB3yeMOIl B T0Ka3aTEILCTBE TEOPEMBI, 103-
BoJIsieT (baKTUIeCKH OOXOIUThCsl 6e3 ee obpalnenus:: aarebpandeckas cucreMa (2.7) siBJsleTcst pe-
KYPPEHTHOM.

Bameuwanne 2. Marpuna H, omncbiBaemas paBeHCTBOM (2.3), MO3BOJIACT BHIPA3HTL pe-
30/1bBeHTHOE s11po R(t, s) depe3 marpumpt Pi(t) u Q;;(s), oupenemnsonme sapo K(t,s). IIpu sTom
paBeHCTBO (2.4) NpUHUMAET BUT

N N k
=3 D" > nilt) Pilt) Hik Quj(s) mj (s)- (2.8)

i=1 k=1 j=1

Bameuganune 3. [lpu ncnosb3oBaHnn KyCOYHO-IIOTMHOMHUAIBHBIX Hpubmkenuit Pj(t) u
Qi;(s) ¢ panuoHaATbHBIME KO3 (DUIIEHTAME I PAIMOHAIBHBIX 3HAYEHHUH t; 9JIEMEHTHI PE30JIbBEHT-
HOTO si7ipa (2.8) CTPOSITCS TOUHO.

Bameganue 4. ODyuxkumonaabHo-auddepeHnnanibable CHCTEMbL ¢ sIPOM HHTErPATLHOTO
oneparopa Buja (2.1) BKIIOUAIOT HEABTOHOMHBIE CHCTEMBI C KyCOYHO-IIOCTOSIHHBIM 3aI1a3/[bIBAHIEM,
KOTOPbIE HAXO/SAT IIMHPOKOE IPUMEHEHHE [P MOJICNPOBAHIH [IPOIECCOB SKOHOMHYIECKON JMHAMUKH
B MakpoO- ¥ MHKPOIKOHOMHUKE, Ijie ciydail 3anasapiBanus h(t) = [t] ([t] — memas gacts wmcia t)
SIBJISIETCST €CTECTBEHHBIM M BecbMa pacrpocrpaHeHHbIM. O630p TaKux MOJeNel ¢ MX HOAPOOHBIM
OIIMCAHNEM U CCBUIKAMU Ha [EePBOMCTOYHMKY IpejacTasieH B [10].

Ucnonb3ys sapo K (t,s) B kadecrBe amnpokcuMaimu sapa K (t,s) B UCXOIHOM YDABHEHUU, Mbl

IIoJIydaeM COOTBETCTBYIOHUIYIO allIIPOKCHUMaIIUIO MaTPUIbI Kommu:

Cl(t, s) = R(t,s); C(t, s)=E, + / R(r, s)dr.

s

OreHka TOYHOCTH TOJIydeHHOrO Upubsmkenuss R(t,s) MoKeT ObITh IOJIydeHa CTAHIAPTHBIM
00pa3oM B yCJIOBHsIX TeopeMbl 00 obparaoM omeparope [11, ¢. 99]. B oneparophoii dopme rakas
OlleHKA MMeeT CJIeMyIOui BT

ecmnt ||(I + R) (K — K)||pnsin <q < 1,10 |(R=R) ||1nosin < %q II 4+ R|zn_srn.



158 B.II. Makcumon

JLst 3amumcu TaKoro pojia OIEHOK B TEPMUHAX 3JIEMEHTOB JI€P UHTETPABHBIX OIIEPATOPOB YCJIO-
BHMCsI 9TH 3JIEMEHTBI 0003HAATH COOTBETCTBYIOIIMA CTPOTHBIME OyKBAMI C BEDXHUMHI MHJIEKCAMM.
Tax, manpumep, ki — snementor MaTpuIHOro fapa K (t,s).

Ecau Tounocrs ammpokenmaiu K (t, s) siupa K (t, ) onpezessiercsi HepaBeHCTBOM

nax. <Vraisup2/ [|k‘” (t,s)— kY (t,s)| + Z /|k‘w (t,7)— K™ (t,7)|- 7 (, S)|d7’:| dt> <6< 1,

s€[0,T]

TO MMeeT MECTO OIICHKa

n
ij _ < 7
[nax. VralsupZ/ [r9(t,s) — 7 (t,s)|dt < T3 <1+ jnax. VralsupZ/ |7 (t, s |dt>
= 0

s€[0,T i—

3. UrepanmoHHoe yTOYHEHNE HaYaJIbHOM aIllIpoCUMaIluun
Hanomuum onay ussectyio (cM, Hanpumep, [12, c. 25|) onenky TouHOCTH k-I0O TIPHOJIMZKEHUST
pellleHnsl OepaToOpHOro ypasHeHusa r = Ax + f ¢ jmmbeiinbim oneparopom A, aeficTByoomuM B

bamaxoBoM mpocTpaHcTBe X ¢ mocrogHHON cxkatust ¢ < 1. IIpm wmcmosb3oBanumM CTaHIapTHBIX
npubmKenuit 1, = Axj,_1+f ¢ IpOU3BOILHBIM HaYaIbLHLIM IPUOJIMKEHIEM X UMEET MECTO OLEHKA,

q
o = all < T2 lleo — Az — 1.
—dq

3aMeTnM, 9TO TaKOIl OIEHKON MOXKHO BOCIIOJIB30BATHCA B H0jiee OOIIEl CUTyal, KOraa CoKUMAaio-

LM OIEPATOPOM SBJIETCS HEKOTOpas CTeleHb oneparopa A. JleficTBUTENbHO, IIyCTh ¢ — IIOCTOSH-
Hast cKatusi oreparopa A™. YpasHenue r = Az + f 9KBUBaJIEHTHO ypaBHEHUIO

m—1
x=A"zx +<ZAZf>.
i=0
B TakoM ciydae yIOMsHyTasl OleHKa TPHHIMAET BU]L
qk m—1
w0 — amag — (Y A )H 3.1
T4 H o o ZZ; f (3.1)

YTouHeHue T10JyYeHHOrO Tpubinkenust R(t, s) pesosbBenTHOrO siipa R(t,s) MoxkeT ObITh 110-
JIy9EeHO C IIOMOIIBIO MTEepPALMil

lzx — |

Rk(t,s):/K(t,T)Rk_l(T,8)dT+K(t,s), 0<s<t<T, k=12.... (32

Inst hbopMyIUPOBKE TEOPEMBI 00 OIEHKE TOYHOCTU HMPUOJIMKEHUS PE30JIbBEHTHOTO sijipa M, Ta-
KUM 06pa3soM, NpUOJIMZKEHNs! it Tpou3BoAHoit Marpunbl Komm Cf(t, $) onpeaenmm HOpMy ore-
n

paropa A : R* — R", A = {a;j}ij=1,.n pasencrBom [A] = lril,a<x{ g \aij]}. O6o3HaMM
<i<n
i=1

d= / t)dt (cm. ycaosue K).

Teopema 2. Ilycmv m evbparo mak, 4mo
(n-d)™
(m—1)!
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Tozda dna k-20 npubausicenua Ry(t,s) unmeeparvnozo eoavmepposa onepamopa ¢ adpom R(t,s),
noayuaemozo no npasury (3.2) ¢ Ro(t,s) = R(t,s), umeem mecmo nepasercmeo

qk

R - R n n < A~ n 7,
| kllzr oL -9 I Agllzrsz

20e

m

Ap=FR-K"R- (Y K').

i=1

HokaszaTeabcTsBo. IlomyunMm cHadaga OIEHKY HOPMBI m-ii cremeHu omeparopa K :
L™ — L™ — ¢ snpom K (t, s), ynosaersopsitonum yeaosuto K. Kak ussectno, K™ — uHTerpasbHbIii
onieparop Bosbreppa ¢ siipom Ky, (t, ), KOTOpoe onpeiesisieTcsi PEKyPPEHTHBIM COOTHOIIEHUEM

K(t,s) = / K(t,7)K;—1(7,8)dr, i=2,...,m,
e Ki(t,s) = K(t,s). I3 yeaosus K crenyer onenka

K2t s)] < /HK(M)H 1K (7, 8)] dT < U(t)/U(T)dﬂ

rie u(t) = n - k(t). o unmyknun nosydaem

[Km(t,8)l| < u(?)

OTKYy/Ja CcJjaeayeT OLlCHKa

| K™ || pnospn <

Jly1s1 3aBepIIeHnst JT0Ka3aTeIbCTBA OCTAETCSl COCIAThCS Ha OleHKY (3.1). O
[TpuBesieM WILTIOCTPUPYIOMIUIT IIpUMED.
IT puwmep. Pacemorpum samady Komn #(t) = p(t)z[h(t)] + 1, t € [0,1], z(0) =

Breco p(t) = sin(t), h(t) = t*x0,06(t) + 0-4x(06,08) + t*x0s 1), xs(t ) — XapakTe-
puctudeckasi GpyHKIUsT MHOXKecTBa S C R. 3amuiiemM ypaBHEHUE B (bopMe ( 1):

/p Vi(s)ds +x(L0)z(0) =1, te0, 1],
0

e X" (t, s) — xapakTrepucrideckas bymrKmusa Muoxkectsa {(t,5) € [0,1] x [0, 1]: 0 < s < h(t) < 1}
Pas6usasi orpesok [0, 1] Ha 10 paBHbIX Yacreii u anmnpokcuMupys byHKIUIO h(t) KyCcOIHO-TIOCTOSIH-
HOil dpyHKIHEH

h(t) =0-m(t) +0-m2(t) + 0-m3(t) + 0.1 - na(t) + 0.2 - m5(¢) + 0.3 - ne(t)

+0.4-n7(t) + 0.4 - m3(t) + 0.7 n9(t) + 0.9 - n1p(t),
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nomyuaenm st siapa K (t,s) = p(t)x"(t, s) upencrasmenue (2.1). Jdanee OMICAHHBIM CIIOCOGOM Ha-
xonuTes pesosbBerTHOE s11po (2.8). Ipu srom marpuna H, onpezesionias KOHCTPYKIIHIO PE30JIb-
BEHTHOT'O sI/[Pa 110 3JIEMEHTaM MCXOIHOro siipa (2.1), mMeer Bu

1. 0. 0. 0. 0. 0. 0. 0. 0. 0
0. 1. 0. 0. 0. 0. 0. 0. 0. 0
0. 0. 1. 0. 0. 0. 0. 0. 0. 0
.004996 0. 0. 1. 0. 0. 0. 0. 0. 0.
.004996 .014938 0. 0. 1. 0. 0. 0. 0. 0.
004996 .014938 .024730 0. 0. 1. 0. 0. 0. 0
005167 .014938 .024730  .034275 O. 0. 1. 0. 0. 0
005167 .014937 .024730  .034275 O. 0. 0. 1. 0. 0
005958 .017271 .027518  .036349 .043478 .052247 .060493 O. 1. 0
006757 .019586 .0312697 .041414 .046743 .056170 .065036 .068135 .075097 1.

YucsieHHble 3HAUEHNsT IPUBE/IEHDI ¢ TOUHOCTHIO 10 1070, Mcmonb3yst 910 s11po, HaxoamM npub/mxKe-
HHe TTPOU3BOJIHON pellleHnsl paccMaTpuBaemMoil 3aja4qn. [Ias xapakKTepUCTUKU TOYHOCTU ITOTO IIPH-
OIMKEeHUsT TPUBEJIEM OIEHKY HEBI3KM, BOSHUKAIOIIEH TP MTOICTAHOBKE TPUOJINKEHNsT B yPABHEHUE,
10 HopMe mpocrpancTBa L: ona He mpeBocxonut 3nadennst 0.03447. Cienyiomee mpub/IHKeHne I0-
JIydaeM, WCIOJIb3ysl UTEePAITMOHHYIO poreaypy. s Hero ta ke XapaKTepUCTHKA He MPEBOCXOIUT
suadenns 0.00163. st cpaBHeHUs 3aMeTHM, 9TO CTaHAAPTHOE HavasbHOE NMpUO/MKeHue (CBOOOI-
HBI “JI€H yPABHEHNUSI) JaeT HEBSI3KY C OIEHKOI 110 HOpMe IPOCTPAHCTBA L' co snavennem 0.19444,
a I CJIEIYIONIEero MpUOJIMKEeHNs Takas oleHKa cocrapiger 0.02192.

B zakouenne oTMETHM, YTO IOy YEHHbIE COOTHOIIECHNS IS IIPUOINKEHHOI'O IIOCTPOCHUS MaT-
puitsl Kot MoryT 6bITh HCIIOJIB30BaHbI Jist onucanHoro B 13| kinacca dyHkunonanbHo-udbepes-
[UAJIbHBIX CUCTEM C HEIPEPBIBHBIM ¥ JIMCKPETHBIM BpeMeHeM (ruOpuHbIx cucreM). [IpesiokeHHblit
B 3TOit pabore crrocob cBeIeHUsI THOPUIHON CUCTEMBI K CHCTEME C HEIPEPBIBHBIM BpEMEHEM IT03BO-
JIIET IOJIydaTh HIPEeICTaB/IeHAe PelleHuil ruOpUIHON CUCTEMBI ¢ HUCIOJIL30BaHueM MaTpulbl Ko
dbynknnonansro-muddepentmanbhoii cucremsr Buma (1.1).
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TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHUKU YpO PAH
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OONEHVNBAHUWE MHO>KECTBA JOCTUKNMOCTU CBEPXY
110 BKJVIFOYEHWIO OJId HEKOTOPBIX
HEJIMHENHBIX CUCTEM VIIPABJIEHUYI

M. C. Hukouanbckuii

B Teopun onTEMaIpHOrO yIpaBJIEHHUsS] BaXXHBIM OOBEKTOM HCCJIEJIOBAHUS SIBJISIETCSI MHOYKECTBO JOCTHKH-
MocTu yupasigemoro oobekra D(T). Dto MmHOXKeCcTBO B rpyboil opme OoTparkaeT AUHAMHYECKHE BO3MOXKHO-
CTH yIpPaBJISIEMOro OObEKTA, YTO BAyKHO JJIsl TEOPUHU U IPHJIOXKeHWA. MHOrme OnTHMU3aIOHHbIE 339U [1JIst
yIPaBIIsieMBbIX OOBEKTOB B CBOEH IIOCTAHOBKE UCIONIB3YIOT MHOXKecTBO D(T'). OfHMM U3 KIIIOYEBBIX ACIIEKTOB
U3yYEeHUs] CBOWCTB yIPaBJISIEMbIX OOBEKTOB SIBJISIETCS IIOJIy4YeHHe KOHCTPYKTHUBHBIX OIIEHOK CBEPXY IO BKJIIOYe-
auto s D(T). B wacTHOCTH, TaKue OIEHKH IIOJIE3HBI IIPU NPUOIMXKEHHBIX Bbrancyieausx D(T) mukceabHbIM
MeronoM. OCHOBHBIM OOBEKTOM M3YdYeHHs B HACTOAIIEH CTaTbe SBJIAIOTCH JiBe HeJIMHEeHHbIe MOJEH IPSMOIO
pery/iMpoBaHus, H3BECTHBIE B JIUTEPATYPE IO TEOPHH abCOIOTHONW YCTONYHMBOCTH, C J0OABKOIl yIPaBIISIONIETO
4jIeHa B IIPABYIO YaCThb COOTBETCTBYIOIIEH cucTeMbl nud@epeHnnaabHblx ypaBHeHuit. JIjis nosaydeHus ucko-
MBIX OIEHOK CBEPXY IO BKJIIOYEHHIO B CTaThe HCIIOJIb3YIOTCS H3BECTHBIE B TeOpUU abCOIIOTHOI yCTOMYMBOCTH
dbyuxuun JIamynosa. OrmernM, uro oneHku cBepxy mig D(T') nosydensl B BUJe HEKOTOPBIX IAPOB B (ha3soBOM
IPOCTPAHCTBE C IeHTpoM B 0.

KitroueBble cj10Ba: MHOXKECTBO JOCTUXKUMOCTH, DyHKIWMs JIsamyHoBa, abCOMOTHAS YCTONYUBOCTD, [IPSIMOE Pe-
TyJINPOBAHUE.

M. S. Nikolskii. Estimation of reachable sets from above with respect to inclusion for some
nonlinear control systems.

The study of reachable sets of controlled objects is an important research area in optimal control theory.
Such sets describe in a rough form the dynamical possibilities of the objects, which is important for theory and
applications. Many optimization problems for controlled objects use the reachable set D(T') in their statements.
In the study of properties of controlled objects, it is useful to have some constructive estimates of D(T) from
above with respect to inclusion. In particular, such estimates are helpful for the approximate calculation of D(T)
by the pixel method. In this paper we consider two nonlinear models of direct regulation known in the theory of
absolute stability with a control term added to the right-hand side of the corresponding system of differential
equations. To obtain the required upper estimates with respect to inclusion, we use Lyapunov functions from
the theory of absolute stability. Note that the upper estimates for D(T') are obtained in the form of balls in the
phase space centered at the origin.

Keywords: reachable set, Lyapunov function, absolute stability, direct regulation.
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BBenenue

[Tpo6siema onenuBanusi MHOXKeCTB joctrkumoctu D(T') yupasisieMblXx OOBEKTOB CBEPXY IO
BKJTIOUEHUTO TPEJICTABJIAET ONPEIEJEHHbIA MHTEPEC JJIsi MATEMATUIECKOIT TEOPUU YIPABJIEHUS U ee
npuIoyKenuii. Takoro pojia OIEHKH IOJIE3HbI IPU U3y YeHUH JIUHAMUIECKUX BO3MOXKHOCTEH yrpas-
JISleMbIX OO'bEKTOB U IIPH NPUOJINKEeHHBIX BbrunciaeHusix D(T') IMHUKCeTbHBIM METOIOM.

B macrostimeit pabore Mbl PACCMOTPUM JBe HEJUHEHHBIE yIIpaBJsieMble CHCTEeMbI OOINEro BUA,
KOTOPBIE CBA3aHBI ¢ KJIACCHYECKUMU MOJIEISAME T€OPUN abCOMIOTHON YCTOWIMBOCTH TPSIMOTO PEry-
mupoBanust (cM. [1;2]).

B nepsoit cucreme (cM. 1. 1) IpUCYTCTBYET OJIHA HEJIMHEHHOCTD, & BO BTOPOIi crucreme (cM. 1. 2)
umMeeTcst m HeJmHeRHocTedt, riue m > 2. Jljist oneHuBaHus CBEPXY 110 BKJIIOUEHUIO MHOYKECTBA JOCTHU-
xkumoct D(T') (em., nanpumep, [3;4]) mbr ucnosbsyem anmnapar dyuknuii JIsmyHoBa, TOSBUBITIXCS
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[EPBOHAYAJLHO B TEOPUU YCTONUMBOCTU JBHXKeHUs (CM., Hanpumep, [2;5;6] u Muorue apyrue pa-
6orer). OTmernM, uro u B Gosiee paHHuX paborax (cMm., Hanpumep, [6]) anmapar Teopun byHKIUi
JIsAmyHoBa MCIOIBb30BAJICS HE TOILKO JIJIs TPAJAMIUOHHBIX 3329 TEOPUU YCTONYUBOCTU JBUKEHMUS,
HO U JIJIsl IPYTUX KadeCTBEHHBIX 3aJ/1a4 Teopuu JuddepenualbHbIX ypaBHeHHI.

1. PaccmoTpuM HEJTMHEHHYO YIIPABSEMYIO CUCTEMY
&= Az + bp(o(z)) + Mu, (1)

riae © € R™ (n > 1), Bekrop b € R™; A, M — marpunpl pasmepHocT n X n, n X r (r > 1) coorser-
cTBeHHO, (o) — HenpepbiBHO muddepeHTMpyeMast cKaaapaasa DyHKIHs mepeMenHoi o € RY)

o(z) = (¢ ). (2)

3necb BekTop ¢ € R™; ynpasisitonuit Bektop u € U, time U — kommakT w3 R”. YejaoBumcst cum-
Bostom RF (k > 1) oboznauaTh apudmMeTHIECKOe €BKJINJI0BO MPOCTPAHCTBO, SJIEMEHTAMHU KOTOPOI'O
SIBJISIFOTCSL YIIOPSIIOYEHHBIE CTOJIOIBI U3 K YUCET U CTAHIAPTHBIM CKAJISIPHBIM [POU3BEJICHUEM (-, -)
sexTopos. s y € R cumposiom |y| Gymem o603nadMaTh CTaHIapTHYIO JAIHHY BEKTOPA Y.

Ormerum, uto, moyoxkuB B (1) u = 0, MBI HOJLyYUM U3BECTHYIO MOJIE/Ib HPSIMOTO PEryIupOBa-
HIsI, KOTOpasi JIABHO M3y4aeTcsi B Teopun abCcoJIroTHOM yeroitunBocTu nBuxkenust (em. [1;2]). Takum
obpasoMm, yrpasJsieMblii 06beKT (1) MOXKHO paccMaTpuBaTh KaK yIPAaB/ISEeMbIil BADUAHT U3BECTHOMN
HEYIPABJISIEMONl CHCTEMBI IIPSIMOTO PETyJINPOBAHUS.

Dukcupyem st yupasiisieMoit cucrembl (1) HauaaIbHBIA BEKTOD

z(0) = zp. (3)

IIpu t > 0 paccMOTPUM MHOXKECTBO U BCEBO3MOMKHBIX M3MepHMBIX 110 Jlebery dyukmuit u(t), yuo-
BJIETBOPSIIONIUX YCJIOBHIO
u(t) eU, t=0. (4)

®ukcupyem yupasienue 4(-) € U, nojacrasum ero B cucremy auddepeHnnanbabix ypasHeruii (1)
U PEIINM ee IIPH HAavYaabHOM ycsoBun (3) mpu t > 0 B Kj1acce JIOKAIbHO abCOTIOTHO HENPEPLIBHBIX
dbyuxuit. Cormacuo |7, c¢. 66, 67] cooTBeTCTBYyIOIIEE €JINHCTBEHHOE JIOKAJLHO abCOIOTHO Helpe-
peiBHOE pertterne Z(t) = (¢, u(-)) Oymer onpe/iesieHo Ha HEKOTOPOM MAaKCHMAJILHOM II0 BKJIIOUCHUIO
nosryunrepsasie [0, 7(a(-))), tme 7(4(-)) — KoHedHOE TOIOKUTEIBHOE YUCIO 00 T(U(-)) = +00.
@ukcupyem T' > 0. Ecom 7(a(-)) > T, ro Bekrop (T, u(-)) oupenenen. Ecau 7(u(-)) < T, T0 Bek-
top (T, u(-)) He onpeiesieH, MOCKOJIBKY B 3TOM CJIydae CylIecTByeT (J0Ka3bIBAeTCsl OT IPOTUBHOTO)
nocseoBaTeabHocTh aucea t; € (0,7(a(+))), 1 = 1,2,. .., rakas, aro t; — 7(a(-)), |x(t;, a(:))] = +o0
upu i — +00. Muoxkecrso gocrmxumoctu D(T') nuist yupasisiemoro oobekra (1)—(4) npu T > 0 Mbl
onpeeanm hopmyJIoii

D(T) = {2(T, ()} (5)
rie obbeguHenne 6epeTcst TOJMBKO 1o TeM U(-), 1t Koropbix 7(4(-)) > T. Ormerum, 910 B 0011EM
ciaydae MuozkectBo D(T) MOXKeT OKa3aThCsl IyCThIM npu JanHoM 1 > 0.

Hareii 3a/aueil siBjsiercst mosydeHue OINEHOK CBepXy O BKJouenuio muoxkectsa D(T) s
yupasisiemoro oobekTa (1)—(4). Cpeau Takoro poja MPEKHUX PE3YJIbTATOB MBI OTMETHM DPE3YJIb-
TaThl pabor [3;4]. Bamernm, 94TO B ITO TEMATHKE OKA3AIUCH HOJE3HbIME (DyHKIUK TUla JIsmyHo-
Ba v(x). OCHOBHBIM TpeGOBaHMEM K CKAJISPHBIM (QYHKIMSM v(T) y HAC ABJISETCS UX HEPepbIBHAS
muddepennupyemocts Ha R™. VIx npuxoaures auddepeHnupoBaTh B CUILY yIPaBJISEMOil CHCTEMBI.
[TosTomy Mbl HazbiBaeM 3T GyHKIUU GyHKIuamMu JIsmyHoBa 0e30THOCUTEIBHO K BBITIOJHEHHIIO
JpYrux cBoiicTB byHKIWil JIsyHOBa M3 TeOpHN yCTORYMBOCTH JIBHKEHUS (CM., Hampumep, [2;5; 6]
u Jap.)

Pacemorpum nostesnyio jyist gasbheitmero dyuakuuio (em. (1), (2))

2 o(x)
v(x) = % + / o(r)dr. (6)
0
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[Tomo6Horo posa (byHKIMH MCIOIB3YIOTCSI B TeOpUH abCOIOTHON yeTolauBocT (CM., HAIIpEMED,
[1;2]). B manbreiimem mMbl GyieM TpeGOBATDH BBIIIOJHEHHUSI CJIE/IYIOINEr0 HePABEHCTBA:

o(r)r =0 Vre R'. (7)

13 5T0r0 HEpaBEeHCTBA BBITEKAET, YTO WHTEIPAJIBbHBII uieH B (6) sBJsieTcst HeOTPUIATEIbHON (DYHK-
nueii npu z € R™ u, caenoBaresbho, (eM. (6)) dysxmus v(x) > 0 upu z # 0, npudem v(0) = 0.
Duxkcupyem ynpasienus 4(-) € U. Ha [0, 7(a(-))) pacemorpum dyukunun (cm. (6))

T(t) =zt (), o) =v(E(t)). (8)

Herpynuo Buzgers, uro dyuknus Z(t) mokanasno jmmmmnesa zHa [0, 7(4(+))) u nosromy dbyukms 0(t)
Tam 1outn Beoay auddepennupyema. st npoussognoit v(t) mouru Beroxy upu ¢ € [0, 7(a(-)))
cupaseusa Gopmyra (em. (1), (2), (6))

o(t) = (grad v(&(t)), AZ(t) + bp(o (2(1))) + Ma(t)), (9)
rie grad v(z) osmataer rpagment dymxmmm v(z), TpHTen
grad v(z) = = + c(o(z)). (10)
B cnstan ¢ dopuymamn (9), (10) mosesno pacemorpers byHKuio
Fla,0,u) = (& + cp(o), Az + bp(o) + Mu), (11)

rie € R", o0 € R, u € R". D1y dopMysly MOKHO HEPENNCaTh B BUJIE

f(x707 u) = gl(‘rau) + <C, b>902(0) + 92(‘T7u)90(0)7 (12)

rie
g1(z,u) = (z, Az + Mu), (13)
g2(z,u) = (¢, Ax + Mu) + (x,b). (14)

B ,HaﬂbHefIHleM 6y,IL€M CYUTAThb BBIIIOJTHEHHBIM HEPaBEHCTBO
(e, b) < 0. (15)

Beiensist 8 dbopmydie (12) nosnbliit KBaapar no seaudunne ¢(o), ¢ nomolnpo yeaosus (15) moaydaem
HEPABEHCTBO

ono0) < i) + 1t (220 (16)

npu ¢ € R, u € R". O6parumM BHUMaHKE HA TO, 4TO (DYHKIUsT ©(0) HE BXOJUT B IPABYIO YacTh HEpa-
BercrBa (16). Vcnonb3yst HepaBencrBo Ko — ByHSIKOBCKOro n orpanumdeHHOCTh MHOXKecTBa U,
¢ omomsio opmyat (12)-(14), (16) merpyano npu x € R™, o € R, u € U nomyunTs HepaBeHcTBO

f($,O',U) <d1|3§‘|2+d2|3§‘|+d3, (17)

rze dy, dg, d3 — HEKOTOpbIE KOHCTPYKTUBHO BBIYUC/IUMbIE HEOTPUIIATEIbHBIE KOHCTAHTHI. M crob3yst
nepasenctio || < (|z]?+1)/2, ¢ momompio Hepasernctsa (17) mpuxomam pu x € R, o0 € RY w € U
K HepaseHcTBy (cM. (6), (7))

f(z,0,u) < av(z) + B, (18)

rae «, 3 — HeoTpUNATeIbHbIe KOHCTPYKTUBHO BbIYACINMBIE KOHCTaHTBI. CyMMUpysi CKa3aHHOe, Ha
ocnoBannu opmyi (8)—(13), (16)—(18) mosyunm, uro nouru Berogy upu ¢ € [0, 7(u()))

o(t) < ad(t) + B, (19)
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rae 0(t) = v(Z(t)). Ucnonpsys m3BecTHbIE TeopeMbl O b dEepeHIMAIbHBIX HEPaBEHCTBAX (CM.,
Harpumep, [8]), moxuO obocroBars pu t € [0, 7(4(-))) HepaBeHCTBO
(t) < y(t), (20)

rje y(t) — pellieHne ypaBHEHUsI CDaBHEHUsI

j=oay+p (21)
C HAYAJIbHBIM YCJIOBUEM
y(0) = v(wo). (22)
OrmerumM, aro B cuity dhopmya (6), (7), (20)—(22) upu t € [0, 7(a(-)))
2 ()7 < 2y(2), (23)
e t
y(t) = e*v(zg) + /e‘” dr - 8. (24)

0

Honycrum, uro Besmuanna 7(w(+)) siBIsieTcsl KOHEUHBIM YUCAOM. B 9TO cuTyanun KOHEUHOe IHCIIO
7(a(-)) 6osbire mysst. Torga, Kak y»Ke rOBOPUJIOCH BBIIIE, CYIECTBYET TaKasl IOCIEI0BATEIbHOCTE

qucen t; € (0,7(a(+))), i = 1,2,..., uro t; — 7(u(+)), |Z(¢;)] — 400 mpu i — 4o00. Oguako 3To
HEBO3MOXKHO B cuity cooTHomenuil (23), (24). Takum 0o6pa3oM, IPH CIETAHHBIX IPEJIIOIO0KEHISIX
(em. (7), (15)) Bemmumua 7(u(-)) = +oo. Ormernm, 4ro ynpasiaerue () OBLIO IPOU3BOILHBIM

JIOIlyCTUMBIM yTIpaBJIeHueM u3 U W, CJIel0BATeJIbHO, IIPU IPOU3BOIbHOM 1 > 0 U [IPOU3BOJILHBIX
u(-) € U cupaBeyiuBO HEPABEHCTBO

[2(T,u(-)l < v2y(T), (25)
rie dyukuus y(t) onpenensiercst popmydoit (24). Tlosywgaem reopemy.

Teopema 1. /[as ynpasasemozo obsexma (1)—(4) npu yeaosusaz (7), (15) npu npoussosvrom
T > 0 u npoussosvnoir u(-) € U cnpasedauso nepasencmeo euda (25), 2de dynryua y(t) onpede-
asemes, gopmyaoti (24) npu coomeememeyrouum 06pazom nodoGPAHHHLEL HEOTMPUUAMEALHHLL KOH-
cmanmazx «, B, a seauvuna v(xrg) svuucasemes no gopmyae (6).

Bameuanue FEcm B ypasaennu (1) 3aMeHUTH JMHENHHYI0 BEKTOPHYIO QyHKIUO Ar Ha
HeJsimHeliHy 10 HenpepbiBHO nud depeniupyemyio na R™ dyukimio g(x) co snadenusimu B R™ u ¢ BbI-
nosiHeHneM Ha R™ HepaBeHCTBa

l9(x)] < pla] + v,

IJIe i, ¥ — HEOTPHIATEJIbHbIE KOHCTAHTBI, TO MOXKHO, HCH0Jb3Ys dbyHKuio JIsmnyHosa (6), nposecru
AHAJIOTMYHBIC BBIIENPUBEICHHBIM DACCYZKJICHUs U HOJIYyIUTh U JJIsl 9TOro, Gojiee obIIero, ciydas
oneHKy cBepxy Bua (25) mias sexkropos (T, u(-)) npu npoussosbabix 7' > 0, u(-) € U.

2. B sTOM myHKTE MBI PACCMOTDPHUM yIpaBisgemyto cucremy (cm. [7;9]) Buga

m
& =Av+ Y bipi(oi(z)) + Mu, (26)

i=1
rae © € R™ (n > 1), Bekropet b; (i = 1,...,m, m > 2) npunagyexar R"; A, M — marpuripl pasmep-
HoCcTH N XM, n X1 (r = 1) coorBercTBeHHO, ©;(0;) (1 = 1,...,m) — HenpepbiBHO AuddepeHnupyemast

cKaJisipHast (DYHKIIHS TIepeMeHHol o; € R,

oi(x) = (¢, ). (27)
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Baech ¢; (i =1,...,m) — Bekrop u3 R"™. Takoro posa cucrembl ipu u = () pacCMaTPUBAIOT B TEOPUU
abcoutoTHOI ycTofiunBocTu (cM., Hanpumep, [2;10]). Ha Bekrop u € R" HaioKuMm reoMerpudeckoe
orpanuYeHue

u € U, (28)

rne U — xommakT u3 R". QukcupyeMm HaYATLHOE YCIOBUE
z(0) = zp. (29)

IToncrasum nsmepumoe yupasienue 4(t) € U, t > 0, B (26) u 6yaem pernars ajas mero upu t > 0
sajgady Komm npu madansaoMm yerosun (29) B Kiacce JIOKATILHO abCOMIOTHO HENPEPLIBHBIX (DYHK-
muit. CorytacHo pesysbraram u3s |7, c. 66, 67| coorBercrByomee eauHCcTBeHHOE pemntenue & (t, U(-))
Oyzer ompejesieHo Ha MaKCHMaJIbHOM IO BKJodeHuio nosynuarepsase [0,7(u(+))), rae 7(a(-)) —
KOHEYHOE MOJIOKUTEIbHOE Yrcsio 6o 7(U(-)) = +oo. Kak u B 1. 1, onpejiesmm MHOXKECTBO JIOCTH-
x)umoctu D(T') dopmyioit (5). Ormernm, aro B obmmemM ciyudae MuoxkecTBo D(T') MOXKeT oKa3aTbest
nycrbiM 1pu ganaoM 1 > 0. st mostydenus ONeHKH CBepXy 1o BKJodeHuio Muoxecrsa D(T') Mbl
6yaem ucnosb3oBarh anasor Gyukmun (6) (cm. [10]) Buga (em. (27))

ai(z)

‘ m

=1

B gasbHeitnem jyist kaxkaoi dyuknun p;(r), ¢ = 1,2,...,m, Mbl OyjeM CIUTATH BBIIIOJHEHHBIMU
HEpPaBEHCTBA

wi(r)r =0 Vre R'. (31)

DT HEPAaBEeHCTBA 06ECIIEYMBAIOT HEOTPUIATELHOCTD KasK/I0I0 MHTErPAIbHOrO dieHa npu € R™
B dhopmyite (30). O6oznaunm Z(t) = x(t,u(-)), 0(t) = v(Z(t)) upu t € [0,7(a(-))). Herpynuo Buners,
qro yHknus 0(t) JOKAIBHO JIMIIINIEBA U, CJIEJ0BATENbHO, quddepeHipyeMa MouTH BCIOLY DU

€ [0, 7(@(-))), mpuaem st mpomssomHoii ¥(t) mourn Beromy Ha [0, 7(1(-))) cupasenmsa dbopmya

o(t) = <grad v(Z( )+ Z biwi(oi(Z(t))) + Ma(t )> (32)

rmue

gradv(z) =z + Z cipi(oi(x (33)

[To anasorun ¢ 1. 1 pacemorpum dyukmuio (cp. ¢ (11))

flx,o,u) = <:17 + Z civi(oi), Ax + Z bipi(oi) + Mu>, (34)

=1 i=1
rie © € R™; Bektop 0 € R™, npudeM ero KOMIOHEHTAMHE sIBJISIOTCH Beamdnubl o; € RY, u € R”.
DTy GOPMYITY MOXKHO TIEPEIICATH B BUE

m

f(z,0,u) = g1(z,u) + Z ¢isbj)pi(00) i (05) + D hilz, ) i), (35)

3,j=1 i=1
Tae

g1(z,u) = (z, Ax + Mu), (36)
hi(z,u) = {(¢;y Az + Mu) + (z,b;) (i=1,...,m). (37)
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B cBsi3u ¢ dopmysioii (35) paccMOTpUM KBaJIpaTuIHyio (hopmy

W (&) = (C¢,€),

rie £ € R™, cummerpuunas marpunia C IOPSAKa 1 CTPOUTCs 10 MaTpuie F' mopsaka m ¢ 3J1eMeH-
tamu Fj; = (¢;,bj) mo dopmyse

C’:%(F+F*). (38)

B,ILGCI) * O3Ha4YaeT TPaHCIIOHMPOBaAHUEC MaTPHUIIDLI.
B ,HaﬂbHefIHleM apearnoJiaraeTcda BbIITOJITHEHHBIM

Ycecanosue A. Cummerpuunast marpuna C sBJIsieTCsl OTPUIIATELHO OLPEIETCHHOM, T. e. MaT-
purnia (—1)C' sBJISI€TCS MOTIOKUTENBHO OIPEIeTICHHOT.

Ussecrno (em. [11, ¢. 210, 211]), 9ro mist nosoxuTeabHO onpeesnenHoii Mmarpuisl (—1)C' cytie-
CTBYeT Takasl MOJIOKUTEIbHAs KOHCTAHTa Y, 4To V& € R™ BBIIOJIHAETCST HEPABEHCTBO

(-1)C¢&,8) > ~I¢%, (39)
T.e. V¢ € R™
(CE,€) < —e. (40)

OrmeruM, yro Hanbosbiias KoHcTanTa v > 0 B (39) KoHCTpYKTHBHO BblunciauMma. Ha ocHoBaHum
ckazanHoro us3 dopmyi (34)—(38), (40) mosyuaem npu = € R", o0 € R™ u € R" HepaBencTBO BUjIA

m
f@,0,u) < |g1(,u)| = Ale(@)] + Y |hi(w, w)] - |pi(oi)], (41)
i=1
rje BekTop ¢(0) ¢ KomioHeHTamu @;(0;), i = 1,...,m, upunaaiexxur R™.

O6oznaunm uepes (z,u,0) cymmy 1o ¢ ot 1 10 m B npasoit gactu unepasenctsa (41). V3 onpe-
nesienust byukunn [(x, u, o), dopmyn (36), (37) u nHepasencrsa Ko — ByHsikoBckoro, HeTpy/HO
npu ¢ € R" v € U (U — komnakT B R"), 0 € R™ nosy4urs OlEHKY B

g1 (2, w)| + Uz, u,0) < di|z|* + da|z| + (d3]z| + ds) - |o(0)], (42)

rae d; — HeoTpuIaTe/bHble KOHCTPYKTHBHO BBIUUC/IMMbIE KOHCTAHTBI. B CBSI3M ¢ HEpPaBEHCTBa-
mu (41), (42) nosesno paccMOTpeThb (OYHKIUIO

E(z,0) = —lp(0)® + (dsla| + da) - |p(0)].

Boijiessist B 910l hopMyIIe TOMHBIH KBaIPAT OTHOCUTEIBHO BeJMIUHEL |¢(0)|, moaydaem npu x € R™,
o € R™ HepaBeHCTBO BHJA
1 d3|$| —|—d4 2
(i < L (fleLr ey,
B cuny ckazannoro g dysxmuu f(x,0,u) (em. (35)) upu x € R, o0 € R™, u € U nonydyaem
HEPABEHCTBO BUIA

f(x,0,u) < ds|z|* + dg|z| + dr, (43)

rie ds, dg, d7 — KOHCTPYKTHBHO BBLIYHC/IMMBIE HEOTPUIATE/IbHbIE KOHCTAHTBL. OTMETHM, YTO [paBast
"acTh HepaseHncTBa (43) me 3apucut or o. Ucnomssys mepasenctso |z| < (|z]? + 1)/2, ¢ momormpio
HepaBeHcTBa (43) npuxomum st dyukmu f(x,o,u) (em. (35)) npu z € R, 0 € R™, u € U K Hepa-
BercTBy Buza (18). lasbHeiinie paccyKeHusi mpoxoasT mo cxeme 1. 1 (em. dopmyssr (19)—(24)),
u pu 1pon3BobHBIX 1 > 0, u(-) € U 060CHOBBIBAEM HEPABEHCTBO

|[2(T, u(-))] < v2y(T), (44)

rie dyukuus y(t) onpenensiercss dopmysioit Buga (24). Ioxyguaem Teopemy.
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Teopema 2. Jlas ynpasasemozo obsexma (26)—(29) npu ycaosusax (31) u ycaosuu ompuya-
meavnotl onpedeaenrocmu mampuyvn, C (em. (38)) npu npouszsoavrnom T > 0 u npouseosvHour
u(-) € U cnpasedauso nepasencmeo suda (44), 2de gynryus y(t) onpedeasemcs dopmyaot (24)
nPU COOMBEMCMEYULUM 00pa30M NOOOOPAHHBIT HEOMPUYAMEALHBIT KOHCTNAHMAT , 3, 4 6EAUYU-
na v(zg) swvuucasemes no gopmyse (30).
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CTPYKTYPA MHO2KECTBA JOCTHN2KNIMOCTUN AOJId MAIIINHBI
AYBNMHCA CO CTPOT'O OJHOCTOPOHHUM IIOBOPOTOM

B. C.ITanko, A.A.®emoros

Wccnenyercss cTpyKTypa TPEXMEPHOI'O MHOXKECTBA JOCTUXKHUMOCTU 6 MOMEHM JJjis HeJMHENHHON yIpaBJisie-
MOH CHCTEMBI, KOTOPYIO 9acTO Ha3bIBAIOT MawuHa [yburca. YIpaBiseMblii 0ObEKT IBHXKETCS Ha IJIOCKOCTH
C IIOCTOSIHHOM 110 BeJIMYMHE JIMHEHHON CKOPOCTBIO M OrPAHUYEHHBIM PaJUyCcoM IOBOpoTa. V3ydaercs ciydaii,
KOTJla ITIOBOPOT BO3MOXKEH TOJIBKO B OJHY CTOPOHY, IIpUYeM JBUXKEHUE IO NPAMON HMCKJIOYEHO B CHJIy 3a/laH-
HBIX OIpaHNYeHuil Ha yrpasienre. C UCIOJIB30BAHUEM IIPUHINIIA MaKCuMyMa [loHTpsirnHa 1oy YeHbl BApUaHThL
yIIpaBJIeHU, BEAyIIUX HA IPAHUIy MHOXKECTBA JOCTUXKHMOCTU. PaccMaTpuBalOTCs CEYEeHHsI TPEXMEPHOIO MHO-
2KeCTBa JIOCTH2KMMOCTH 110 yIJIOBOU KoopauHaTe. /laHO aHAJIMTUYECKOe OIMCAHUE I'PAHUI] TAKUX CEYEHUN B BHUIE
Habopa rinagkux ayr. llepedwnciisirorcss Bce BO3MOXKHBIE BapHaHTBHI CTPYKTYpbl cedenuil. Kaxkiast ayra ompe-
JleJIIeTCsl HEKOTOPBIM THUIIOM KYCOYHO-IIOCTOSIHHOT'O YIIPaBJIEHUs, yJAOBJIETBOPAIOIIETO MPHUHIUILY MaKCHMyMa.
Jloka3biBaeTcsi cTporasi BBIILYKJIOCTb CEYEHUI 10 YIIoBOi KoopauHare. [IpoBeseH aHa/M3 IVIQIKOCTA T'DAHUIBI
TaKUX CCYEHUN.
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CeYeHMII MHOXKeCTBa JOCTUKMMOCTH II0 YIJVIOBOMl KOOpJUHATE.

V.S. Patsko, A. A. Fedotov. The structure of the reachable set for the Dubins car with a strictly
one-sided turn.

We study the structure of a three-dimensional reachable set “at instant” of the nonlinear control system
often called the “Dubins car.” A controlled vehicle moves in the plane with constant speed and bounded turning
radius. We consider the case where the object can turn to one side only and the rectilinear motion is forbidden by
given control constraints. Based on the Pontryagin maximum principle, we obtain variants of controls leading to
the boundary of the reachable set. Sections of the three-dimensional reachable set along the angular coordinate
are considered. The boundaries of such sections are described analytically in the form of sets of smooth arcs.
The paper lists all possible options for the structure of the sections. Each arc is defined by a certain type of
piecewise constant control satisfying the maximum principle. The strict convexity of the sections along the
angular coordinate is proved, and the smoothness of the boundary of the sections is analyzed.
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1. BBeaeHme u mocTaHoBKAa 3aaa4u

CraThst TIOCBSAIIEHA UCCICIOBAHUIO MHOXKECTBA, JJOCTUKUMOCTHA 8 MOMEHIM, IIJIsT MOJIE/IU YIIPABJIs-
eMOro JIBUZKEHHUsl, Ha3bIBaeMOl mawuna yburca [1;2]. IBrkeHne Ha MJIOCKOCTH OCYIIECTBIISETCS
C TIOCTOSIHHOW 110 BeJIMUMHE JIMHEHHON cKopocThio. CKaJisipHOe yIpaBJIeHHE OIpelessieT TeKYILyIo
YIJIOBYIO CKOPOCTBb BpAIlEHUsS] BEKTOPA JMHEWHON CKOPOCTH WA, YTO SKBUBAJEHTHO, MTHOBEHHBII
pagmyc moBopoTa. JomycTrMble 3HAYEHUST YIIPABJISIIOIIETO BO3AEHCTBUS IPUHAIEXKAT 3aMKHYTOMY
OTPEBKY.

st mamumsr [lybunca muoorcecmeom docmuorcumocmu G(tf) 6 momenm ty HA30BEM COBOKYTI-
HOCTDL BCEX TOYEK MPermeprozo pa3oBOro IPOCTPAHCTBA, B KAXKIYI0 U3 KOTOPBIX MOXKHO IIOIIACTD
B MOMEHT ¢ 13 33JJaHHOI0 HAYaILHOTO (ha30BOr0 COCTOAHUS IIPH IOMOITH JOIMYCTHMOTO yIpPaBIe-
HUs.

Hexoropsle (baxTbl, CBsI3aHHbBIE C IIOCTPOEHNEM MHOXkKecTBa joctikumMoctn G(tf) B MOMeHT t ¢
JUIsL CIIydasi, KOrJa BO3MOXKHBI KaK JIEBBIH, TAK U HPABbIil TIOBOPOTHI, U3JIOKEHBI B CTaThsX |3;4].
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Crpykrypa MHOXKecTB focTiRuMocTH G(tf) uis ciiydast, KOLa IIOBOPOT BO3MOYKEH TOJBKO B OJIHY
CTOPOHY, HO IIPU TOM JIOIYCKAeTCsl JIBIZKEHUE 110 HPsIMOii, onucana B [5].

B nanuoii craree Mbl n3y4daeM MHOKecTBa G(tf) T8I CoTy9ast, KOTJIa MOBOPOT BO3MOYKEH TOJIBKO B
OJIHY CTOPOHY € 3aMPemom 06udiceHUs no npamoti. A IMEeHHO IpeIoaaraeM, YTo CKAJIIPHOE YIIPaB-
JIeHHe U TPUHAJJIEXKUT OTPe3Ky [u1,ug|, riae 0 < uy < ug. CozmeparesbHble 3aa491 C JUHAMUKON
marusbl Jlybunca [ijist cirydasi CTporo OJHOCTOPOHHErO MOBOPOTA MCCJIeI0BaHbl B pabore [6].

I'maBHas 1es1b cTaTh — IIOKA3aTh, YTO B PAcCMATPUBAEMOM CJIydae CEeUeHHsI MHOXKECTBa J10-
CTHKMMOCTH 110 YIJIOBOM KOOpJMHATE SIBJSIIOTCS CMpo20 8uinykavimu. Jlaercs merajabHOE ONMCaHUe
CTPYKTYDPBI I'DAHUILI TakKuX cedenuil. Vcnomnb3yercs npunnun makcumyma [loarpsiruna [7].

Crarbst npezcTaBisieT coboil CylecTBeHHOe pacupenne paborsl [9]. YTouHeHo onucaHue rpa-
HHIIBI CEYEHUN MHOXKECTB JOCTUXKMMOCTH II0 YIJIOBOI KOOpIAMHATE, YIydYIIeHO (popMaIbHOE 0O0CHO-
BaHUE CTPOrOii BBIMYKJIOCTH HEBBIPOXKIEHHBIX CEUeHUI.

Huuamuka ynpasisieMoro oobekra (Mammnaa JIybuHca) Ha IJIOCKOCTH X,y OIUCBHIBAETCS CHCTE-
MOI mubpepeHITUATIBHBIX YPABHEHII TPETHErO TOPSIIKA.

T = COS,
y = sing, (1.1)
o = u, u € Jup,ug], 0<wuy < ug.

311ech T, Y — KOOPIUHATHI T€OMETPUIECKOTO TTOJIOXKEHUsT HA TJIOCKOCTH; (9 — YTOJI HAIIPABJICHUS BEK-
TOpa CKOPOCTU, OTCUUTLIBAEMBINl OT OCU T IIPOTUB YaCOBOI CTPEJIKH; U — CKaJldpHOE yIIpaBJIeHHe.
Benuunna numeiinoil ckopocTH MocTosHHA U paBHa exaunure. Jlamgee mpemmosiaraeM, 9To ug = 1.
3HadueHme U SABJISETCST TAPAMETPOM 3aJIatN.

K npezcrasnenuio (1.1) ¢ ug = 1 MoxkeT ObITh IPUBEJIEHA TIPOU3BOJIbHASI YIIPABJIsieMas CHCTEMa
TpeTbero IopsJKa, OIUCBIBAIONad JBUXKEHHE C IIOCTOSHHON 110 BeJIMYUHE JIMHEHHOH CKOPOCTLIO U
3aJIAHHBIM JIMAIIA30HOM YIJIOBOI CKOpOCTH 1moBopoTa. [list 3Toro Tpebyercss MacuirabupoBaHue 1o
reoOMeTPUYECKUM KOODJIMHATAM W 110 BpeMeHU. Be3 orpaHuvenus: OOIHOCTU B HAYAJILHBIH MOMEHT
Bpemenn tg = 0 mojiaraeM HavajbHOE (a30Boe cocTostHue HyseBbiM: g = 0, yg = 0, g = 0.

B kadecTBe JOMyCTUMBIX yropasieHuil u(-) paccMaTpUBAIOTCS U3MepUMble (DYHKIUU BPEMEHU
co 3HaveHusivu u(t) U3 orpeska [uy,us]. IIpeamonaraem, 4ro yryoBasi KOODJUHATA ( MPUHUMAET
3HaUeHus: B nosyuHTepnase |0, 00).

2. IIpunmun makcumyma lIoHTpsirMHA M TUNIBI SKCTPEMAJIBHBIX YIPABJIECHUMN

UsgecrHo (8], 4T0 ypaBieHus, KOTOPBIE IPUBOJIAT CHCTEMY Ha TDAHUILY MHOYKECTBA JIOCTHIKH-
moct G(tf) B MOMEHT t ¢, yJIOBIETBOPSIOT MpHHIHITYy MakcumyMa IlorTpsrima (IIMIT). O6o3maxmmm
[epEeMEHHbIE COUPSIZKEHHOI CHCTEMBI depe3 1)1, g, 3. YauTsBas uHaMuky cucremsl (1.1), momy-
qaeM [3],9To BJIOJIb JIBHKEHUS B CHILy yIpaBieHns u*(-), BEyIIero Ha TPAHUILy, COOTBETCTBYIOIINE
dbyuximn () u 5 (+) ABISIOTCS KOHCTAHTAMHE, a YCJIOBHE MAaKCHMYyMa 3aIICHIBACTCS B BHJIE

P3(t)u*(t) = max Y3(t)u 1wB. t € [t ty].

u€lu,uz)

Ecmn ¢7 = 0 u ¢35 = 0, To 95(t) = const # 0 Ha BceM mpoMmexyTke [tg,tr]. B srom ciryuae
yupasienue u*(+) sBJISETCS TIOCTOSHHBIM U IPUHUMAET 3HAUeHue U1, Jub0 ug.

ITycTp 1o xpaiineit Mepe ofgHO U3 4uces 7], 15 He paBHO Hymo. Torna crpaBeJyInBo cieylomee
BbIpazkeHue Jys 1;(t):

P3(t) = Yiy*(t) — Y32 (t) + C, C = const.

[Momy4aeM, uTo cooTHomenne ¥y —Y5x + C = 0 oupesesnseT NPsMYIO II€PEKIIOYEHNs, Ha KOTOPOi
IPOUCXOJUT CMeHa yrpasJjenus u*(t) ¢ OHOrO KpailHero 3HaYeHUsT Ha JIPyToe.
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TakuMm obpasoM, B Clydae CTPOrO OJHOCTOPOHHErO IIOBOPOTA JBHXKEHUS, YIOBJIETBOPSIO-
mue [IMII, B npoeknun Ha IJIOCKOCTH I,y (GOPMUPYIOTCA M3 ABUKEHHUI IO JyraM OKPY>KHOCTEH
paguycom 1/uj u 1/ug B cuity yupasienuit uy u ug. Ha KasK10M TaKOM ydacTKe yIpaBIeHUue MOXKHO
CUNTATh MOCTOAHHBIM. [losTOMYy mpu aHamm3e yupasiennii, yaosaerBopsonux [IMII, moxem orpa-
HUYATHCs KYCOYHO-IIOCTOSIHHBIMU YIIPABICHUsIME (IIPEJIIOJIaraeM HEelPEPbIBHOCTh CIPaBa B TOUKAX
pa3phiBa).

Ha puc.1 mnpuBeneH BapuwaHT JBUXKEHUsST Ha
IUIOCKOCTH &, i B CUJIy YIIPABJIEHUsI, yIOBIETBOPSIIO-
mtero I[IMII, a Tak:ke mokazaHa COOTBETCTBYIOIIAST
eMy upsiMas rnepeksiodennsi. C pocroM t IBHKe-
HUE 10 JyraM OKPY?KHOCTEeH OCYIIECTBIISIETCSI MIPO-
TUB 9aCOBOI CTPEJIKHU.

Y4aacTKu IBUKEHUsI, KOTOPbIE HAMUHANOMCA U
30KAHYUBAOMCA HA TIPSIMOI TIePEKJTIOUEHUs U IIPO-
XOIAT B noJtyniaockoctn Yy —Psx+C < 0, mveror
OJIMHAKOBYIO IIPOAOJIKUTEIbHOCTD. OO03HAUYNM ee
uepes Ty, . OaUHAKOBYIO IPOIOJIZKUTE/ILHOCTD HMe-
0T TaK:Ke IPOMEKYTOUHbIE YIACTKH, IIPOXOIATINE
B nosymaockoctu YPiy — Ysx + C > 0. Oboznaumm

TaKyl0 HPOJO/KATENBHOCTD 1epe3 Ty,. llomaepk-  p, . 1 Tpaekropus, yxosersopsiomas TIMIIL,

HEM, YTO IpsiMasi HEPEeK/IIOYEHHs, a CTalo ObITh, COOTBETCTBYIOIIAS el IpsMasi ePEeKJIIOIeHNUsT
7 IIPOMEYKYTOUYHBIE YIACTKU MTPOJIOIKATETHHOCTHIO

z

T, uTy, cBa3aHbI C KOHKPDETHBIM ABI2KeHHeM. Jj1g npyroro asuzkeHus, ynosiersopstomero IIMII,
ouu OyyT npyrumu. [IpoMekyTouHbIE YIACTKE C YIIPABICHUSIMEA U] U U IEPEIYIOTCS U CTHIKYIOTCS
JIPYT € JAPYTOM Ha HPsMOil 1nepeksodenus (puc. 1). /IBuzkeHue 10 JIIOOBIM JIBYM TaKUM COCEOHUM
JIyraM jgaeT IpHpallleHue yIJIOBOI KOODIUHATHL (o, paBHOe 27, T.e. 1y, - u1 + Ty, - ug = 2m. Ilo
rmocTtaHoBke 3agadn ug = 1. ITosTomy

Ty, - up + Ty = 27, (2.1)

ITockonbky u; < 1, To Bpems 1y, + 1,,, HeoOXoIuMOe [1JIsl BBIITOJTHEHUSI OJTHOM “IleTyin’’, IIpeBbIIIa-
er 2m. CriesioBaTeIbHO, Ha IIPOMEKYTKE [to, t¢] M000€ yIpaBiieHne, Beylee Ha IPAHHUILY MHOKECTBA
JIOCTHKIMOCTH, JInOO0 He MMeeT HePeKTI0OYeHn i, b0 9NC/I0 HePeKTIOYeHni KOHETHO.

Paccmorpum fpmkenne cucremsl (1.1) ma yuactke Bpemenn [to,tf] (to = 0, ty > 0) c myse-
BBIM Ha4aJIbHBIM (ba30BBIM COCTOsHIEM. Bo3MoxKHbIe 3HaueHns: (ty) KOOPIMHATHI ¢ B MOMEHT ¢
HaXOJATCs B IIPOMEXKYTKe [tr-u1,ts]. Hanmenbinee u mambosiblilee 3HAUEHMS @ PeAlH3yIOTCH Ha
ynpasierusix u(t)=u; u u(t)=ug = 1, He numeronux nepekmodernii. CoOOTBETCTBYIOIINE (-CEeUCHUS
muozkecTBa G(ty) mpeicTaBaAIOT cOOO0i TOUKHM Ha IJIOCKOCTH T, Y

Y
U; U;

<sin(tf-u,-) —cos(tf'ui)>T ,
, t=12.

B nambneiimem camraem, 9rto @ € (tf-ui,ty). JBUrkeHnsi, IpEXOANIME Ha TPAHUILY TAKOTO
p-cevenus, yuosyersopsitor [IMII u 70/KHBI UMETh HE MeHee OJ[HOIO IEPeKJIoueHus: (He MeHee
JIByX YYaCTKOB C ITOCTOSTHHBIM yIIpaBieHueM ). Vcrnoap3yem 910 yist KiraccuuKaIy yIpaBIeHnii i
COOTBETCTBYIOIIUX TOYEK HA IPAHUIE CEUeHUsI. B UTOTe YCTAHOBUM CTPYKTYPY (Y-CEUEHUIA.

Beesem oboznadenusi. CUMBOJIOM t1 (COOTBETCTBEHHO, to) OOO3HAYUM MPOIOIKUTEIBHOCTD Hep-
BOTO (IIOCJIE/IHETO) IIPUMBIKAIOIIET0 K MOMEHTY tg (ff) yIaCTKa C IIOCTOSIHHBIM yIpaBJieHneM (puc. 1).

JlBmxkenus ¢ ynpasiaeHusMu, yaosaersopsiommumu [IMII, co sHadennemM 4] Ha IEPBOM yUIacTKe
(IBUKEHUE Ha IUIOCKOCTH T,y IO Jiyre GOJIBIION OKPYKHOCTH) U CO 3HAYEHUEM Uz HA MOCJIEIHEM
ydacrke (JBUKEHHUE 110 J[yre MaJol OKPYKHOCTH) OTHeceM K cemeiictBy “BS”. Ananorununo onpeje-
M tunbl yopasieauit SB, BB, SS ¢ mapamu yupasiennit (ug,uq), (u1,u1), (ug,us) HA IEpBOM 1
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IocJIeTHEM yYIacTKaX IMOCTOAHCTBA yipasienud. JI1oboe ynpasienue, yaosaeropsiiomiee [IMII, mpu-
HaJIJIE2KUT OJHOMY U TOJIBKO OJIHOMY M3 YETBIPEX ONOBOPEHHBIX THUIOB. TpaeKTopus, PUBEICHHAS
B Ka4uecTBe IpUMepa Ha puc. 1, mopoxkKjieHa yipasjeHueM tuia SB.

3. I'panuna ¢-cedenmii B ciaydae ¢ < 27

JlaHHBIA cIydail OXBaTbIBAET BAPUAHT U3 CTATHU aBTOPOB “MHOXKECTBO JOCTHXKIUMOCTH B MOMEHT
st mMamuasl lyburca B ciaydae ogaocropornero mosopora’ (Tp. Mu-Ta MaremMaTukn  MeXaHUKH
YpO PAH, 2018, T.24, Ne1, C.143-155), rie ObUIN HCCIIEIOBAHBI (-CeUeHNs I Ciydast ty < 2.
Jlnama3oH BO3MOXKHBIX 3HAUEHUI IapaMeTpa U1 B IIOCTAHOBKE 3aJadl JaHHON CTaTbH 3aJaH B BHJIE
0 < up < up = 1. Uz ycnosus ty < 27 ciaeayeT BbIIOJIHeHHe HepaseHcTBa ¢ < 2m. Obpar-
HOe, OYEBU/IHO, HE BCErJla BBIMOJIHEHO. [loKaykeM, ITO MOJIyYeHHbIe B YKA3aHHOM CTAaThe Pe3yJIbTATHI
CrpaBeINBbI U Jist ciydasi ¢ < 27. Kparko 06 3ToM roBopusiocs B [9).

B mepByto ouepean oTMeTrnM, UTO NPH @ < 27 yupasienus, yaosierBopsrortue [IMII, nmeror
He Gosiee JBYX nepeksioueHuii. Vnaue B cuiy coornorienust (2.1) mosyanmu 661 ¢ > 2.

1) PacemoTpum JiBUYKEHEE € OJHUM MEPEKJIIOYEHUEM yIpaBjeHust . 1lycTh Ha IepBOM ydacTKe
ylpaBJleHre PaBHO ug = 1, a Ha BropoM coBnajaer ¢ up (tun SB). CrpaBeyiuBbl COOTHOIIEHHUST

p =11 +tauy, ty=1t1+1o.

Orcioza nosrygaeM, 4To IpH (BUKCHPOBAHHBIX 3HAYEHUAX U1, tf, 0 BEJMYUHEL t1,12, & CTATIO OBITH
U MOMEHT IEPEKJIIOUEHHs, OIPEeIEIAIOTCS OJHO3HAYHO. TakuM 00pa3oM, B JIOOOM (p-CEUEHUH MHO-
xxectBa G(tf) paccMaTpuBaeMOMy HODPSIIKY YHPABIEHHUI U2, %] COOTBETCTBYET OJIHA TOYKA.

AHAJIOrIYHO J1JIS1 T0CJIeI0BATEILHOCTH yIIpaByieHnit uy, ug (tun BS) mosygaem KoopuHaTh TOY-
KII B HCCJIE/lyeMOM (p-cedernn MHOkecTBa G(tf).

2) PaccmoTpuM BapmaHT € JBYMSI IIEPEKJIIOYEHUSIMH W IIOC/IEJOBATELHOCTBIO YIPABIICHMUI
ug, u1,ug (tun SS). IIPOJOIIKATETBHOCTH COOTBETCTBYIOMUX YIACTKOB HOCTOSHCTBA YIIPABICHUS
ecTb t1, Ty, , ta. Meem

gpztl—l—Tul'ul—l—tQ, tf:t1+Tu1—|—t2.
Orcrona BoiTekaer 1, = if——uf’ t1 4+t = %];lul CretoBaTENBbHO, JUIUTEILHOCTD CPEJIHErO
YyUYaCTKA U CyMMapHas JJINTEIbHOCTH II€PBOTO U IMOCIEJIHEr0 YIACTKOB B PACCMATPUBAEMOM CJIy-
Yae — MOCTOSTHHBIC BEJIMYUHBI. [0y YeHHOe CeMefiCTBO JOIYCTUMBIX yIIPABJICHHIT sIBIISIETCST OJIHOIA~
pamMerprdecKuM. B KadecTBe mapaMerpa BO3bMEM BEIMYUHY {] ¢ HHTEPBAIOM BO3MOXKHDIX 3HAYCHUI
t1 €(0,7), tne Ty = (¢ — tpur) /(1 — ).

CoorsercrByomue TouKi (L [t1], Yss[t1]) T p-ceuenms muoxecrna G(t £) B pe3yJbTaTe HHTEIDH-
poBanust ypapHeruii (1.1) (npu OroBOpeHHBIX HPOMEXKYTKAX IIOCTOSIHCTBA YIIPABJICHHsI) ¥ TPUIOHO-
METPUYECKUX NIPEOOPA30BAHUIT NUMEIOT BUL

Tys[t1] sin 1 1 [ sin(t; + Ty, -u1) —sint; sinp — sin(ty + T, -uq)
Yss[t1] ~ \1—cos t1 ur \costy — cos(t; + Tyi1-uq) cos(ty + Ty, uy) — cos ¢
Tu1 U1
sin ¢ 1 T . cos <t1 + —)
— + 2(——1) sin <“1T“1 20| e ). (3.1)
L —cosp “ sin <t1 + —u12 1)

Takue Touku 00pa3yIoT JIyr'y OKPY?KHOCTU HA IIJIOCKOCTH T, Y C IEHTPOM B TOYKE

sin (3.2)
1 —cosyp .
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U paJILyCoOM

JEEICE) =

Yrox pacrBopa ayru (3.1) ompeessiercst JUAIA30HOM H3MEHEHUs BEJIMYUHBL ] U pasen J.

3) PaccmoTpuM BTODPOIt BapraHT ¢ JIBYMsI IIEPEKJIIOUEHUSIME U [OCIIE0BATEIHLHOCTHIO YIIPaBJIe-
HUI U1, ug, u1 (Tun BB). IIpomo/zKurebHOCT COOTBETCTBYIONIMX yUACTKOB OCTOSTHCTBA YIIPABJIe-
Husl ecThb t1, 1y,, t2. Ilo aHaIOrum ¢ npegpliymyuM BapHaHTOM HMeeM

gpztl-u1+Tu2+t2-u1, tf:t1+Tu2+t2.

—tru ty—
OTcrona BLITEKAET Ty = u, t1 +ta = f—(p
1-— Ul 1-— Ul
T
CootrsercrBytomue TOUKH (Tyg[t1], Ypglti])  ¢-cedenns muoxkectBa G(tf) B pesy/brare HHTe-
rpupoBanus ypasHenuii (1.1) (Ipu OroBOPEHHBIX IPOMEXKYTKAX HOCTOSHCTBA YIPABICHUS) M TPU-

TOHOMETPHUYICCKUX HpeO6pa3OBaHHI7I NMEIOT BU

Teslt1]\ 1/ sin(tiug)
<yBB [tl]) o <1 — cos(tl-u1)>
N (sin(tl-ul +Ty,) — sin(tl-ul)) N 1 <sincp — sin(t1uq + Tu2)>

cos(ti-uy) — cos(t1-ug + Tyy) u cos(ti-uy + Ty,) — cos

1 sin 1 T cos (tl-ul + &)
= < ) — 2(— - 1) sin (%) 2 , t1€(0, Ty), (3.4)

- T,
up \1—cosy uy sin (tl'ul + %)

e Ty = (tf — @) /(1 —u1). D10 TOKeE Jiyra OKPY?KHOCTH C IIEHTPOM B TOUKE

i sin (3.5)
ur \1—cos¢e .

2(%1 - 1) sin (%) (3.6)

Yron pacteopa ayru (3.4) pasern Ty uj.

U paJILyCoOM

Teopema 1. [Tycmo ¢ < 2m. Tozda p-cevenue mnoorcecmea docmuotcumocmu G(t¢) npedcmas-
Afem cobol cMmpPo20 BLINYKA0E MHOHCECMBO HA NAOCKOCIU T, Y. Fz0 epanuya cocmasaena us dsyx
dye oxpyotcnocmeti ¢ yenwmpamu 6 moukax (3.2),(3.5) u paduycamu (3.3),(3.6) coomsememserro.

Hokasareasctso. Herpyauo ycranosurs, uro ayru (3.1) u (3.4) coBmajator B mpe-
JIETTbHBIX TOYKaX. A MMEHHO

(xss[o]) _ <‘TBB [TB]> (xss[‘rs]) _ <‘TBB [0])
Yss (0] Yui [T 7 Yss [T Yps [0] .

[IpenebHBIE TOYKH COOTBETCTBYIOT PACCMOTPEHHOMY B 1. 1) 9TOr0 pasjesa yIpPaBJICHUIO ¢ OJHUM
MIEPEKIIOYCHUEM.

Ananmsupyst BOSMOXKHBIE BapUAHTHI JiBUKeHust cucteMbl (1.1), ymosaersopsitoniue TIMII, mosry-
qaeM COBOKYITHOCTD IIOJIOZKEHUN Ha IJIOCKOCTH &,%y B BUIE 3aMKHYTOH KPHUBOI, 00pa3yemMoil AByMs
AyraMy OKPY2KHOCTEH, COCTBIKOBAHHBLIMU B IIPEJACAbHBIX TOYKAX.

Pacemorpum nepemernienue 1o gyre (3.1), onpesernsiemoe napamerpou t. Ilpu yBesndenun napa-
MmeTpa oT 0 10 Ty IepeMerienue ConpoBOXKIaeTcsl IIOBOPOTOM KacaTe/IbHOIO BeKTOPa IPOTUB 9acoBOil
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crpesku. [lepemerenue mo gyre (3.4) npu yBeindenun napamerpa tp or 0 1o T, Takke JaeT IOBO-
pot nporus dacoBoii crpenku. Cymma yriios pacrBopa ayr (3.1) u (3.4) onpemesisieTcst cJiey oM
0bpazoM:
uity —¢) | (p—tpu)
_|_
1-— ul 1-— Ul

MmnoxkectBo, orpanndentoe ayramu (3.1) u (3.4), upeacrasisier coboil mepecedenue IBYyX KPyToOB.
[TocKOJIbKY 110 TPEIIONIOKEHUIO < 277, OHO SIBJISIETCSI CTPOTO BBIIYKJIBIM. O

4. DKcTpeMaJibHblE yNpaBJIEHUS B cJiy4dae ¢ > 27

4.1. CsnoiicTBa ynpasyenuii Turta SB u BS

Yupasiennst tuna SB u BS mmeror cxoxkee (B npsimom Bpemenn ¢ ayist SB u o6paTHOM Bpeme-
Hu ty —t s BS) npezcraienne ¢ 4eTHBIM 4ncIoM (onuHakoBEIM 11 SB 1 BS) nmpomexyTounbix
Y9ACTKOB HOCTOSHHOIO YIIPABJICHUS.

A. Pacemorpum ynpasienns Tuina SB (puc. 1).

1) B sTom ClIydae IIPpOAOJIZKUTEJIbHOCTU YYaCTKOB ITOCTOAHHOI'O YIPABJIEHUA YIOBJICTBOPAIOT
COOTHOIICHU AM

0<ty <Ty, <2m, 0<t2§Tu1<i_71T' (4.1)

IIpu 3acbuKCHpPOBAHHBIX 3HAYCHUAX U1, tf, © UMeeM
o =t1+n(Tuur + Tuy) + t2rua, (4.2)
ty =t1+n(Ty, + Tu,) + to. (4.3)

Bneck n = const > 0 — KOIMYeCTBO HeTesb [yist yhpasienns Tuia SB Ha npomexkytke [0,t¢] mpn
OrOBOPEHHOM 3HAYeHUM @ B MOMEHT ty. Huciio n onpenensercs odnosnaro 1o gopmyie

LA
— — 1, ecJii Y KpaTHO 27,
2
n= o (4.4)
[—] , €cJId (p He KPaTHO 27.
2

Ksamgpatubie cKOOKHM 03HAYAIOT IEIYIO JACTh.
U3 coornoriennit (2.1), (4.2) nosaydyaeM JIMHEHYIO 3aBUCUMOCTH MEXKJy Hapamerpamu t u to
JUIsT yupaBJjenuii Tuma SB:
t1 + torug = @ — 27n. (4.5)

B cuy (4.1) umeem

t T, t T,
0<t15%§ﬂ2, 0<t2§%5%1. (4.6)

Uz (4.2), (4.3) naxonum

t1 + TLCTu2 _ @ — tful to + TlTul _ tf — Y (4 7)
n+1 (n+1)(1—uy)’ n+1 (n+1)(1—wu) )
O6o3nauumM ; ;
pr=_ L 1= f— ¥ (4.8)

n+1)1—u) 2 m+1D)1-u)
Hepasencrsa (4.6) ¢ yuaerom (4.7), (4.8) BaekyT

0<t; <t] <Tyy, 0<ty <t; <Ty. (4.9)
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N (45) (a)

t1 +tou; =27

(6)

ty

f 2
(¢ xparHO 27) (¢ me kparHO 27)

Puc. 2. Jonycrumblie napaMerpb! yipasJjeHuii Tuna SB

JlanHble HEpaBEeHCTBA ONPEJIENSIIOT ceMeiicTBO yipasienuil tuiia SB B Buse orpeska npsamoii (4.5),
nepecekaoreit npsimoyroisuuk (0,t7] x (0,t3] na mwrockocru t1,te (puc. 2).

2) PacemorpuM citydait, Korja ¢ KpaTHo 27, T.e. ¢ = 27k, rje k — Takoe HaTypaJbHOE YHCIIO,
uto truy < 2k < ty. Umeem n = k — 1. U3 (4.5) Torga caenyer t1 + to-u; = 27. Kpome toro,
u3 (4.8) Boitekaer tf + t5-u; = 2m. C yuerom (4.9) momywaem ¢ = t}, to = t5, 4T0 O3HAdAET
eJIMHCTBEHHOCTH ylpasienus Tuna SB. B arom ciyuae npsimas (4.5) Ha miockocTn t, to MpOXOAUT
1yepe3 TouKy (t7,t4) n coBuajgaer ¢ upsMoii ¢ +to-u; = 27, KaK MOKA3aHO Ha PUC. 2a (BBIPOXKICHHOE
nepecedenue ¢ npsvoyrosnsaukom (0,t5] x (0,85]).

Yupasiienne tuna BS Takxke 3ajaerca eJMHCTBEHHBIM 00pa3oM IpH t1 = t5, to = 7.

3) Ilycrs Tenepsb ¢ > 2w u @ He KparHo 27. B cuiy (4.4) umeem n > 0 (n oqHO3HAYHO Ope-
Jensiercst 10 ). Baas coornomenns (4.8), moayunm 0 < ¢} + th-u; < 27. Do o3HaUaeT, YTO LPs-
moyrosbaEK (0, 7] X (0,t5] Ha mwiockoctu ¢, ty HaXOMUTC B OTKPBITOl mmostoce 0 < t1 + to-uy < 2w
(puc. 26).

[TpearoioXkumM, ITO BO3MOXKEH CIydait, Korja t1 + to-u] = t’l‘ + t;-ul. s (4.2) [OJIy4aeM, 4TO
KPATHO 277. DTO IPOTHBOPEUYNT CJEJIAHHOMY IIPEINOJIoKeHno o Bbibope ¢. C yuerom (4.9) umeem
0 <ty +tur < f{ + t’z‘-ul.

Takum 06pa3oM, IIpU 3aJaHHBIX YCJIOBUSX (¢ > 2T U ¢ HE KPaTHO 27) CyNIECTBYeT ceMefCcTBO
yipapjeHuil Tuma SB, KaXK1oe u3 KOTOPBIX 3aJaeTcsl P IOMOIIM IapaMeTpa t1, IPUHUMAIOIIETO
3HAYEHUs] B HEBBIPOXKIEHHOM (C HEHYJIEBOM JIJIMHOI) OTpe3Ke.

Ha ocnose paBencrs (4.7) u obo3nadennii (4.8) 3anuiieM COOTHOIIEHHUsI, OIPeIeJIsIoIIne 3HaYe-
nus Bemuunn 1, u T, n1a ynpasiennit Tuna SB depes ¢1 u t9 COOTBETCTBEHHO:

tin+1)—t; t5(n+1) —t2
To="—0— Tu=""

Nrrerpupyst cucremy (1.1), Haiizem reoMeTpraeckoe IOJTOKEHNAE Ha INIOCKOCTA &, Y B MOMEHT ¢

Top |t1 sintq 1 [sinp —sint; 1 sin(t; — T),,) — sinty
s [t1] N ¥ n n( 1) ( ) (4.10)
Ui

Yo t1] 1 — cost; u1 \ costy — cos costy; — cos(ty — Ty,)

Bo3sMoxKHBIE 3HAUEHHUS TTapaMeTpa t1 ONPEeIeNIsIIOTCs epecedeHneM npsiMoit (4.5) ¢ IpsiMOyTroJIbHY-
koM (0,t]] x (0,t5]. CoorBeTcTBYyIONIYI0 KPUBYIO Ha IUIOCKOCTH Z,Yy HazoseM ayroit SB. Ha puc. 26
TOKA3aH OWH M3 BAPUAHTOB Tiepecedenns. [list mero obe mpeseibHbe TOUKU He BXOIAT B ayTy SB.

PaccmoTpuM KacaTesbHBII BEKTOP K Jyre SB B BUe MPOU3BOIHON 110 ty:

cos(ty —T,,) — cost
1) (t =T ! (4.11)
sin(t; — Ty,) — sinty
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HOCJIG,ZLHHI’I COMHO2KHUTEJ/Ib MO2KHO IIPpEJCTaBUTH B BHJE

. 2n +1 L+l
sin (tl -1 )
2 sin (E) 2n 2n
2 (t 2n+1 7 + 1)
s 2n on

[Tosrygaem, aro nepemenierne 1o jayre SB ¢ poctoM mapamerpa t1 OCYIIECTBIISIETCS € HOCTOSTHHON
YIVIOBO# CKOPOCTBIO (21 + 1) /(2n) mpoTus 4acoBOil CTPEJIKN.

B. Jns qyr BS cupaseuBbl anasorudabie hopMysibl. B wacTHOCTH, IIepeMelnenne Ha MII0CKO-
cru x,y mo gyre BS mpu yBesmdenun mapamerpa t OCYIIECTBIISIETCS C HOCTOSHHOM YIVIOBOi CKO-
pocrbio u1(2n + 1) /(2n) uporus yacosoii crpesku. [ITpu sroM nuanas’oH BO3MOXKHBIX 3HAUEHUil ¢
Gonbmie B 1/u; pas. Takum obpasom, yros moBopoTa KacaTeJbHOIO BeKTOpa Ha Jyrax SB nm BS
SIBJISICTCS OJIMHAKOBBIM.

4.2. CnoiicTBa ynpasiuenuii Tuna SS u BB

Mot ynpasienuit Tuna SS (BB) Mmexkiy mepBbIM U HOC/EIHUM yYACTKAME UMEETCsl HEYETHOE
TUCI0 TTPOMEXKYTOTHBIX YIACTKOB C MMOCTOSHHBIM yrpasjaenneM. OMuchiBaeM UX Kak TEJbIiT Habop
neresib U OJINH MPUMBIKAIONINI TPOMEXKYTOUHbIH yIaCTOK € yIpaBIeHHeM U1 (Ug) MPOIOJIZKUTEb-
HocTbio Ty, (Ty,).

A. PaccmorpumMm yupapjenust tTuma SS.

1) B s10M Ciiyuae NPOJOJZKUTEIBHOCTH YYACTKOB IIOCTOSTHHOIO YIIPABJIEHHSI YJIOBJIETBODPSIIOT

COOTHOIIIEHUAM 2
0<ty <Ty<2m, 0<ty<Ty <2m, 0<T, <. (4.12)
U1

IIpu 3acbuKCHpOBaHHBIX 3HAYEHUSAX U1, tf, 0, N HMeeM
o =11 +n(Ty,-ur + Tyy) + Tyyur +to,  ty =t +n(Ty, + Tuy) + Ty + to.

Orcrona ¢ yuerom (2.1) mesaeM BbIBOL, 9TO BeuduHbl Ty, , T, U t1 + ty SABISIOTCS KOHCTMAHMAMU
JUIsT yIpaBJIeHUi THITa SS, a UMEHHO

lfy—¢ (tr —p)w
T, = Ty, =21 — 4.13
t1+t2:<,0+Tu2 —27T(’I’L—|—1). (4.14)

Coornomtenust (4.13), (4.14) u nepasencrsa (4.12) onpeesoT COBOKYIIHOCTD BCEX yIIPaBJICHUT
T SS ¢ OPOBOPEHHBIM YUC/IOM IIETeNb, PABHBIM 7.

ITpe/ooKumM, 9To Takasi COBOKYIIHOCTD cyinecTByer. OupeesisieMble yIpaBaeHusIMEI THIIA SS
rouknu (Zeg[n, t1], yss[n, t1]) T B @-cevenun mMuoKecTBA G(tf) maxomum, naTerpupys cucremy (1.1):

Teg [0, 1] B sin ¢ N (n+1)(1 —wy) [ sin(ts + Ty, -ur) —sinty
Yss |1 t1] 1—cosgp U1 costy — cos(ty + Ty, -uy)

sin 1)(1 — T .
_ 7o) 4 lnt Dl zw) sin (—2 2 (4.15)
1—cosp U1 2 sin (tl I Tul'ul)
2

st mosydaeMoif Ha IUIOCKOCTH X,y OJHONAPAMETPUIECKON KPUBOH BO3MOXKHBIE 3HAYEHUS Hapa-
MeTpa t1 onpeesisiioTcst epecedenneM mpsivoit (4.14) ¢ ksagparom (0,Ty,] X (0,T,,] Ha 1wI0CKO-
cru t1,te (puc. 3).



CTpyKTypa MHOXKECTBa JOCTHKUMOCTH JjIst Mantnabl /{yOuHca co cTporo olHOCTOPOHHUM TOBOPOTOM 179

ty

(4.14)

(6) (8)

Puc. 3. Jomycrumblie napaMerpb! yipaBjeHnil Tumna SS

2) B BbIpoXKjIeHHOM cilydae, Korja t; = to = T, (puc.3a), kpusas (4.15) Ha miockocTu .,y
COCTOWT U3 OJIHON TOYUKH.

3) B meBbipoxkiennoMm ciayuae (puc. 36,8,r) kpubasi (4.15) Ha IJIOCKOCTH X,y €CTb Jyra OKpPYZK-
sin
HOCTH, 0603HATNM ee 1epe3 SS(,). LleHTp OKpPy’KHOCTH PacIoIOXKeH B TOUKe ) , & PaJIIyC
—cos
paBeH

2

(n+1)(1 —wup) sin <Tu1-u1>'
(75} 2

[lepemenienne 1o yre SS(,) uueT paBHOMEPHO 110 {1 € IIOBOPOTOM KacaTeJbHOrO BEKTOPa MPOTHB

JacOBOI CTPEJIKM Ha yroJjl, paBHBI IpupameHuo mapaverpa t1. Ecm 0 < ¢ —2n(n+ 1) < T,

(puc. 36), To ayra SS(,) BKmOUaeT B cebsa obe Kpaitame Toukn. Ecmm xe ¢ = 2m(n + 1) (puc. 3s)

wm Ty, < ¢ —2m(n+ 1) < 0 (puc.3r), To UpeaeTbLHBIE TOYKH TYTH SS(y), COOTBETCTBYIONIHE

sHadenusaM t1 = 0 u to = 0, He TpUHAIIEKAT JIyTE.

Taxum obpaszom, mobast Heevposicdennan jyra SS(,) MO0 UMEET JiBe IpeJebHble TOUKH, eif
HpuHaJIexKalme, jJubo obe npesesbHble TOYKU He IIPUHAJJIEXKAT JaHHOH Jyre. B nepBom ciydae
ayra SS(,) 3amaercsa orpeskoM [p — 27 (n + 1), T, ] mo mapamerpy t1. Bo Bropom ciywae jgyra SS(,)
sanaercs uarepBasioM (0, ¢ + T, — 27n) o mapaMerpy t.

4) Bo3MmozKHO, 9TO IPH HEKOTOPBIX U1, tf 1 @ € (tf-uy, ty) He cymectByer uncenx n = 0,1,2,.. .,
JIUTsl KOTOPBIX BbIOJIHEeHbl paseHcTBa (4.13), (4.14). YeranoBum, uro eciam jyist (DUKCHPOBAHHOMN
TPOHKH U1, tf, ¢ XoTs GBI OQHO N cymecTByeT (OyeM HA3BIBATH €r0 JONYCTMUMbIM), TO KOIHIECTBO
TaKUX 3HAYCHUII 1 HE HPEBBIIAaeT AByX. lIpm 3TOM eciu ecTh JBa 3HAYEHHWS, N W N, TO OHU
OT/IMYAIOTCS He 0oJjiee YeM Ha, MHHUILY.

s nokazarenbersa nepenuiieM Boipazkerue (4.14):

o= (t1 +ta —Ty,) +2m(n +1). (4.16)

Bumso, uro nuanason, rje MOUyT JIEXKaTh JIONYCTUMbIE 3HAYEHUS N, 33/1aeTCs NHTEPBAJIOM 3HAYEHUIH
[EepPBOrO CJIaraeMoro. Y YuThiBasi cooTHoteHus (4.12), mosyamm

< —Tyy <ty 4ty — Ty = —2n(n+1) < T, < 2. (4.17)

[TockonbKy Besmunna t1 + to — Ty, = @ — 2m(n + 1) usMensieTcs 10 n ¢ maroM 27, a JUAA30H
ee 3HAYEHWH TpUHAIEXKUT uHTepBaty (—27,27), o u3 (4.17) cuemyer chOpMyIMPOBAHHOE BBIIIE
CBOMCTBO JOIyCTUMBIX 3HAYEHUN N JJIsl yIIpaBIeHUI Tuma SS.

U3z (4.12) mveem ¢ — 2m(n + 1) € (—Tuy, Ty, Tu, > 0. I'paduk byskmmun n — Ty, upn
HEINPEPBIBHON 3aBUCHMOCTH OT 7 MTOKa3aH Ha puc.4a. Yactuuno rpaduku GyHKIIIT

n—¢—2n(n+1), n—1"7T,, n— —T,

COBMECTHO M300parKeHbI Ha OCTAJBHBIX (bparMeHTax puc.4. Bumao, uTo mmbO MCKOMOE UHCIO N
He CYIIECTBYET, T.e. HeT JOIyCTUMBIX ylpasijeHuii tuna SS (puc.4r), jubo ecTh OJHO JOIyCTUMOE
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Puc. 4. Jomycrumblie 3HAYEHUST N JIJIs yIIPaBJIeHUI Tria SS

sHauenue n (puc. 4B), mbO CyIIECTBYIOT JIBa JIOIMYCTUMBIX 3HAYEHUsI N1 U ng (puc. 46). B mociegaem
caydae |ny — ng| = 1.

Kazk1oMy JIOIyCTHMOMY 3HAMEHHMIO N COOTBeTCTBYeT B cuity (4.15) na mockoctu x,y ayra SS(,)
(BOBMOKHO, BBIPOXKIarolnasicst B TouKky). 3 ycioBus ¢ — 2m(n + 1) = T,,, BBIPOKIEHHOTO CJIydasi
(puc. 3a) ciresyer, 4TO TOJBKO OJIHA M3 JBYX JyT TUIA SS MOXKET BBIPOXKIAThCsI B TOUKY. Ecim ¢ He
KPATHO 27, TO YHCJIO N MOXKET [IPUHUMATD JIMIIb CJIeyonye Ba 3Hadenust (puc.4):

w-[g]n -]
2m ’ 2m

B. Amnanoruunsie cBoiicTBa cupaseiyuBel u it yupasienuil tuna BB. Bemnuuner Ty, T,
t1 + to ompenensiiorcsa opMyIaMu

1 ©—trup ©—truy
T - _(2 _ ) T,, = : 418
Uy T (n+1)(1 —up) 2 (n+1)(1 —wu) ( )
1
t1+to=—(p—2n(n+1))+T,,. (4.19)

U1
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ﬂaHHbIe COOTHOIIIEHU A C yI€TOM HEPaBCHCTB

2T 27
O<t1§Tul<u—, 0<t2§Tul<u—, O<Tu2<27{'
1 1

3a/1a10T COBOKYIIHOCTD ynpasyennit, gpopmupytomux jayry BB(,) ma miockocrn z,y. B HeBbpox-

T o
JIEHHOM CJIy9ae TOUKH ( Ty (N, t1], Ygpln, 1))  sTolt Ayru paccuanmrTeiBarorcst Mo dhopMye
Tep[n,ti]\ 1 sin ¢ N (n+1)(1 —uy) (sin(tiur) —sin(trur + Tyy)
Ypplns t1] ur \1—cosg u1 cos(ti-ui + Ty,) — cos(ti-uy)

T,
cos (tl-ul + %)

:i< Sin ¢ )_2(n+1)(1—u1)sm(%> ;
u — u
LAl —cosy ! sin (tl-ul + %)

Bosmokuble 3HaveHnst mapaMeTrpa t) OHpeessiores nepecedenneM mpsMoii (4.19) ¢ xkBagpaTom
(0, Ty, ] % (0, Ty, ] na mnockoctu t1, ta. [Tosmyvaemast KpuBast TakzKe IPEJICTABIAET COOOIT YTy OKPY K-

1 sin
noctu. [leHTp OKpyKHOCTH PACIOJIOKEH B TOUKE — , & PAJINYC paBeH
ur \1—-cosep

2 (n+ 1)u(11 —w) sin <&>

5. I'panumna p-cedenuii B ciay4ae, Korja ¢ KpaTHO 27

B ciyuae ¢ < 27 (eM. pasi. 3) KaKoe p-CeueHne siBJISIeTCsl BBITYKJIBIM U €r0 TPAHUIA CKJIAbI-
BaeTcs U3 JBYX JIyT oKpy2KHOcTeil. [Ipn cTpemsiinemcst cHU3Y K 27 3HAYEHUH  IEHTPBI OKPY2KHOCTET
IIepexodaT B HAYaI0 KOOPJIMHAT, & UX PaJNyChl CTPEMATCI K OJIHOMY U TOMY K€ YHUCITY

2(1 — u1> sin (277 — tf-ul)‘
ul 2 (1 — ul)
Takum obpazom, ecim @ = 27, TO (p-ceUeHne eCTh KPyr yKa3aHHOro pajaumyca. /lamHmoe CBOICTBO
0000ITIaeTCs Ha, CTydail, KOrja ¢ KPaTHO 27.
Eciu ¢ kpatHo 27 (T.e. ¢ = 2wk Upu HEKOTOPOM HATYDPAIBHOM k), UUCJIO TETEJb N JJIsl YIIPaB-
Jienuii Tuna SS onpeessiercs: OJHO3HAYHO B cuity cooTHornenuii (4.16), (4.17) u pasuo k — 1. Ana-
JIOTUIHO Jijis1 yupasiennit Tura BB moxygaem n = k— 1. ['panuna p-cedenust onpeesseTcs IyraMu

SS(n) 1 BB,,). Ilpeaenbubie Touku coorsercTByior ynpasenusam tuna SB u BS. Jlyru SS(,,) u BB,
JIeYKAT Ha OJTHOW W TOHN ¥Ke OKPY’KHOCTHU C TEHTPOM B HadYaJe KOOPJUHAT W PAJINYCOM

2("3(1%1“1)) sin (%) (5.1)

Jyru cTBIKYIOTCH Ha KpasgxX U UMEIOT CyMMAaPHbBIN yIroJl PACTBOPA, PABHBIN 277.
Takum 00pazoM, CIPaBEJINBO CJIEIYIONIEEe YTBEPXKIEHNUE.

Teopema 2. IIycmo ¢ xpammo 2m. Toeda @-cevenue mmosicecmea docmudtcumocmu G(t ) npeo-

cmasasem cobotl kKpye Ha NAOCKOCU T,y € UEHMPOM 6 Haxane Koopduram u paduycom (5.1).

6. I'panuna ¢-cedeHmuii B ciy4ae, Korja ¢ > 27 U ¢ He KpaTHO 27

Teopema 3. Ilycmv ¢ > 21 u @ He xpamno 2w. Toeda p-ceuenue MHOHCECMEA JOCTIUNCUMO-
cmu G(ty) AGAAEMCA CMPO20 GHINYKADIM MHONCECMEOM C 2AA0KO0T 2PAnUYEt: Ha NAOCKOCMU T, Y.
Boamootcnvie sapuanmo, dyz, COCMABAAOWUT 2PEHUYY, YKA3AHBL Ha Puc. 5 nod nomepamu 1-9.
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HoxazareabcTBo. A. OmumeM BO3MOXHBIE BAPUAHTBI CTPYKTYDPBI (O-CEUCHMIA.
Bocrionbayemcest yeraHOBIEHHBIME CBOICTBaME ABUKeHUM, yaosaeTBopsomux [IMII. B moxpa3zz. 4.1
I clydasl ¢ > 2T U ¢ He KPaTHO 27 ObLIO IOKAa3aHO, YTO HPU JOOBIX (PUKCUPOBAHHBIX tf U
yIpaBIeHus TUIAa SB MOpOXkKIAI0T HEBBIPOXK/ICHHYIO IVIAJKYIO OfHOIapaMeTpudeckyio ayry (4.10).
AmHaJIornyHOe CBOMCTBO CIIPABEIJINBO U JJIsl yIpaBeHuii Tuna BS.

Bosemem 3a ocHOBY ayry SB. 3amaem ee Ipu IOMOIMEM OJHOIAPAMETPUIECKOTO Habopa To-
ek {(t1,t2)}, onpeaenseMbIx nepecedenueM npsiMoii (4.5) ¢ npsimoyrosbaukoM (4.9). HeBbrpok-
JIEHHOCTH TIepecedenns: (a, crajo ObIThb, W HEBBIPOXKIEHHOCTH ayru SB) onpenessercs yciaoBuem
0 < ¢ —2mn < t] + t5-u;. Bynem pasnudaTrh AeBATH BO3MOXKHBIX BapHAHTOB HEBBIPOXKICHHOI'O
[IepeceveHns:

1. ¢ —2mn < t7,
3. ¢ —2mn < 1,
5. ¢ —2mn =17,
7. ¢ —2mn < t7,

9. ¢ —2mn = t7,

@ —2mn < t5-ug;
@ —2mn > t5-ug;
@ —2mn > t5-ug;
@ —2mn = t5-uq;

@ —2mn = t5uy.

2. p—2mn > t,
4. ¢ —2mn > t,
6. ¢ —2mn =17,
8. ¢ —2mn > t7,

@ —2mn > t5-ug;
@ —2mn < t5-ug;
@ —2mn < t5-ug;

@ —2mn = t5-uq;

(6.1)

Huceao n B 3alMCH BADUAHTOB paccYuThiBaeTcs 1o dpopmysie (4.4) (Beimucanuoii st gyr SB).

1) Paccyorpum Bapuant 1. IlpesmonozxKim, 9To CyImecTByoT 3HadYeHus tr u ¢ (@ > 27, ¢ He
KpaTHO 277), COOTBETCTBYyOIUe 3ToMy BapuaHnty. Jlyra SB 3aiaercst quamnazoHom 3HaYeHuit TapaMeT-
paty ot 0 10 ¢ —27n (puc. 260). IlpeneapubivMm Toukamu ayru upu tp — 0 u t] — @ — 27N ABIAIOT-
¢Sl TOUKH, MIOPOXKJEHHBIe yupasjieausyu turia BB u SS coorBercrBerHo. /laHHble TOUKHU SBJISIOTCS
KpaifiHuMu JyIst HeBbIPozIeHHbIX yT BB, 1 SS(,) (BapuanT 1 Ha puc.5):

Tgp [O] Lgp [na Tm] Lsp [90 - 27Tn] Lss [nv ¥ — 27777‘]

Ysz [0] Ypg [ Tu ]

3nece snavenue Ty, aus pyru BB(,) paccuurteiBaercs mo dbopmy.ie (4.18).
Ilyra BS Takzke cymiecrByer n 0bJIaaeT aHAJIOTMIHBIMEA CBOHCTBAMIU.
3akiovaeM, UTO TOJIyYeHHas COBOKYNHOCTH nyr SB, SS(,), BS, BB(,) obpasyer szamkmyTyio

Yss [ — 2mn] Yss [n, ¢ — 2mn|

kpuByto. llpu obxoie ee MpOTUB YaCOBO CTPEJIKK MapaMerp t] BO3pACTaeT HA KaXKJIOM U3 Pac-
CMOTPEHHBIX y9IacTKOB. CTBIKOBKA YT B COMPENETBHBIX TOUKAX SBJSETCS TIAAKON. BosbMeM st
npumepa napy ayr SB u SS(,). B conpenenbroil g5t HIX TOKe Ha IJIOCKOCTH &, Y NMeeM

Ty [n, 0] B sin N (n+1)(1—uy) [ —sinTy,
Ygs[12, 0] 1 —cosy U1 1 — cosTy,
SS BB BB
SB 1 BS SB 2 BS SB 4 BS
BB SS BB

BB SS

SS ss
6 8
' ' \ /
BB BB BB BB

Puc. 5. Bapuants ¢-cedennit MHOXKeCTBa JIOCTHKUMOCTH B CIydae, KOTJa ¢ > 27T U ¢ He KpaTHO 27
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3neck snavenne Ty, qs iyru SS(,,) paccauTeiBaercs 1o hopmyse (4.18). C ucnonbzoanuem (4.15),
(4.10) mosyvaem oJMHAKOBOE 3HAUEHHE KACATEJHLHOTO BEKTOPA B TAKON TOUYKE, PABHOE

(n+1)(1 —wuy) [cosTy, —1

u1 —sinT,,

[TokazkeMm, 94TO MOCTPOEHHAsT KPUBasi HA IJIOCKOCTH X,y SIBJISIETCS] TDAHUIECH (p-CEUEHUS MHO-
xecrBa G(ty). s aroro ybeammcst, 9T0 KpoMe PACCMOTPEHHBIX, HET IPYTHX JIBIKEHHI, yIOBIIe-
reopsiforux [IMIT. Kak mamu ycranossieno B moapasz. 4.1, Bce yupasienus tuna SB(BS) 6bum
ucnosib3oBanbl npu nocrpoennn jyr SB(BS). Ocraercss paceMorpersb JMIb Jiyru SS(n) u BBy,
JIJIsl KOTOPBIX MMEeT MeCTO HEOJHO3HAYHOCTH € BBIOOPOM UUCJIA N (71l UCKIIIOUEHUST HAJTMYIMS JIBYX
JIyT OJIHOTO THUIIA ¢ pasHbIMU ). B mogpas. 4.2 6b1I0 MoKa3aHo, 4To Jjisi 060N HEBBIPOXK ICHHOT
ayru SS uwian BB mpenesibHbIe TOUKH COBIAJIAIOT C IpeaebHbIME ToukaMmu ayr SB u BS. ITostomy
3aKJII09aeM, 9TO 0b0Iee KoJIndecTBo AyT Tuna SS u BB #e Moxker 6biTh 60sbire aByx. CTajio ObITD,
rpaHnia (-cedennst MEHOKecTBa G(tf) COMEPKUTCS B IIOCTPOCHHON KPUBOIL.

O6x0/1 y4aCTKOB TIOCTPOEHHOI KPUBOI ¢ POCTOM Hapamerpa t1 COIMPOBOKIAETCsI (KaK ObLIO OT-
MeYeHO paHee) MOHOTOHHBIM yBeJIMYeHHEM YIJIa HAIIPABJIEHUs KACATeJbHOIO BEKTOPA € OBOPOTOM
[IPOTUB YACOBOH CTPEJKH. [JIaIKOCTL CTHIKOBKH YT IO3BOJISIET PACCUUTAThL CYMMAPHBIA YIoJI IIO-
BOPOTA Uepe3 CyMMY HHTErPAJIOB OT YIJIOBOI CKOPOCTH ITOBOPOTA KacaTe/bHOIO BEKTOPa Ha COCTAB-
asmomux jgyrax SB, SS(,), BS, BB(,).

g kacaresbHOro BekTopa ayru SB (npuseen B mojpass. 4.1) yros moBopora paBex

(o — 27n) (1 41 )
—2mn — .

14 2n

Takoit ke yroj moBopora peajusyercs st ayru BS. C ucnosb3oBanneM mMarepuaJa moapasi. 4.2

MOTYT OBITH HOJIyYeHBI YIJIbl OBOPOTAa KACATEIBLHOTO BeKTopa Ha Jyrax SSg,) u BB,). Pacuer
Y —tyul

(p — 2mn) > — (¢ — 2mn) na qyru SS,,) u o opayite
1-— Ul

1
OCYIIECTBJIIAETCS 110 hopMyJie — (
n

1 —tru

<27T - — <%>) — (gp — 27Tn) IJId Ayru BB(n). CkiaapiBagd VKa3aHHbIEC YIVIBI, y6e>Kﬂ,aeMCH,
n — U1

YTO CYMMAapHBIN yIroJl II0BOPOTa KacaTeJbHOI'O BEKTOpa IIpU obxoe IPaHUIbI ceueHUsT PaBeH 27.

Otciofia fietaeM BBIBOJI, ITO MTOCTPOEHHAsT KPUBasi HE UMEET CAMOIIEPECedeHuil M OIHO3HATHO
3aJ1a€T TPAHUILY (P-CEUEHUsI, KOTOPOE SBJIAETCS CTPOTO BBIMYKJIBIM MHOXKECTBOM.

Takum 06pa30M, yCTAHOBJIEHA TJIAIKOCTH TPAHWUIIBI U CTPOTAs BBIMYKJIOCTH (0-CEUEHUN JIJTsT Ba-
puanta 1.

2) dpyrue BapuanTbl 2—9 B IPENOIOKEHAN O CYIIIECTBOBAHUN t f ¥ @, UX peaJn3yIomux, pac-
CMaTpUBAIOTCs aHaAIorndHO. COXPaHAIOTCS CBORCTBA CTPOTO# BBIMTYKJIOCTH M OJIHOZHAYHOCTH YIIPaB-
JIEHWSI, BEJIYIEr0 B TOUKY Ha TPAHUIE p-cedeHust. VIcxos n3 HeMpephIBHOCTH KACATEIbLHON K Y-
re SB (BS) npu m3menennn mapamerpa t; (cwm. (4.11)), momydaem riajkocTh CTBIKOBKEH Jyr SB u
BS npu Beipoxkgennn ayr SS u/mim BB (puc.5). B memom mMeeM TagKocTh TDAHHIBI MOy a-
eMbIxX (p-ceuennit. Jlyra SS(,) BbIpoxkJaeTcss B TOuKy npu yciopuu t] = ¢ — 2wn, a ayra BB,
BBIPOKJIA€TCSI B TOUKY IIPU YCJIOBUH l5-Uuj = ¢ — 27N

BapuwanTtsl 2—4 uMeIoT TpaHUIly -CeUeHUsI, CKIAIBIBAIONIYIOCT M3 YeThIPEX HEBBIPOXKTEHHBIX
JIyT, OTJIMYAIONIUXCS OT BapuaHTa 1 COCTABOM U TOCJIEI0BATEILHOCTBIO jyT. [yist BapuanToB 5—8
onna u3 jayr (tuna SS wim BB) Beipoxkpaercs B Touky. st BapuanTa 9 BBIDOXKIAIOTCS JIBE JIYTH
Tuna SS u BB.

@opmasibHo BapuaHThl 1—9 crmncka (6.1) JIOrMYecKn MOJTHOCTHIO OXBATBIBAIOT CJIydail, KOrja
@ > 2w u ¢ He kparHo 27. OJHAKO B CHIY CJIOKHOCTH 3alucu BapuanToB (6.1) HeoueBHIHBIM
ABJIFETCA BOIPOC UX PEaTN3yeMOCTH IPH KaKUX-Mn00 3HaUeHusX ¢y u ¢. Uncio BApHaHTOB B CIIHC-
ke (6.1) u Ha puc.5 coBuagaer. Kaxkmnomy Bapuanty crucka (6.1) (mpu ycsioBun ero peajimsyemo-
CTH) TOCTABJIEH B COOTBETCTBUE BAPDUAHT HA PUC. 5, IIPH 9TOM 33JIefiCTBOBAHBI BCE BAPUAHTHI PHC. 5.
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(a)

2 4 6 8 10 2mfuy 14

(6)

t;~79.83

(8)

Puc. 6. Yerbipexyronbauk Agp(n) — COBOKYIHOCTb MAPAMETPOB 1, to JJId yIPABJICHUN, BELyIIUX Ha YTy
SB B MoMeHT ¢

OueBniHO, YTO €CyIH J17Isl HEKOTOPBIX ¢ £ U 0 peaIn3yeTcs KaKOi-TO BApHAHT Ha PUC. 5, TO OH SBJIAECT-
) f )

¢ eIMHCTBEHHBIM. B mrore 3akimodaeM, 9TO U3 peaju3yeMOCTH BapHaHTOB 1—9 Ha puc. 5 BhITEKaeT

peam3yeMoCcTh COOTBETCTBYIONIMX BAPHAHTOB cicKa (6.1).

B. IMokazkem, uTo jj1a /1I060r0 U3 BapuanTos 1-9 Ha puc. 5 MOXKHO yKazaTb 3HaueHud ty > 2,
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11

(gD KpaTHO 277)

Puc. 7. BapuaHTbl -cedeHnii MHOXKECTBA JOCTHKHUMOCTH B CIydasax, KOrJa ¢ < 27 U ¢ KPaTHO 27

¢ > 27 (ue kparHoe 27) u n (paccunTbiBaemoe 110 (opmysie (4.4)), 11 KOTOPBIX Pean3yeTcs TaKoi
BApPUAHT (p-CEUECHUS.

Ha puc. 6 npuseaenst Tunmdnsle rpadukn suadenuii t5(¢) u t5(p), 3aJaHHBIX TapaMeTPUIECKN
II0 ¢ HOCPEJICTBOM COOTHOIICHHI (4.8) J7Ist TOIyCTUMBIX 3HadeHuit ¢ € [tf-uy,ty]. lomyuaemast coso-
kynHocts map {(t5 (), t5(¢))} npeacrasisier coboit HAGOP OTPE3KOB Ha IUIOCKOCTH t1,te. Kakaprit
OTPE30K COOTBETCTBYeT OJHOMY W3 JOIyCTHMBIX 3HAUeHuii m, ompejeseMoMy 110 dbopmyse (4.4).
OTpe3Ku MPUMBIKAIOT K TPSAMOIi t1 + to-uq = 27 (OTMeueHa IyHKTUPHOMN JIMHUEH ), 38 UCKJIIOYEHHEeM
IIOCJIEJIHETO OTPE3KA, OTBEYAIOIIEro HAaNOOIBIIEMY 3HAYEHUIO N.

BadukcupyeM 3HadeHne n U BbLIEJHM 0Tpe3oK Touek {(t7(p),t5(p))}, emy coorBercTByIOMIMiL.
C 1pou3BOJIbHOI TOUKOM Ha HEM CBsi3aH NPsIMOYTOJIbHUK (4.9), mokasaHHbIil Ha puc. 2. [lepecedenne
PSIMOYTOJIbHUKA € IPsIMOii (4.5) aeT oTpe3ok (TOUKy Jiist Ciiydasi, KOTJIa ¢ KPATHO 27, CM. PUC. 24).
Mensist Touxy (t5(p),t5(¢)) Upu JaHHOM 3HAYEHHH N, HOJYYIAEM COBOKYIIHOCTH OTPE3KOB, Hapall-
JIEJIbHBIX TPSAMOi t1 + to-uy = 27. DTa COBOKYIIHOCTH JIAET 3AITPUXOBAHHBIN YETBIPEXYTOJIHHUK
Agp(n) Ha wiockocru t1,te. ludpamu mokaszanbl BApHAHTHI IlepeceveHust npsMoyroibauka (4.9) ¢
upsiMoii (4.5), COOTBETCTBYIONIME JIEBATH BAPUAHTAM Ha PUC. 5.

ITocTpoenus na puc. 6a,6 caenanbl Jjis OJHOTO H TOTO YK€ MOMeHTa BpeMenn ty = 74. Orimane
MEXKJIy PUCYHKAMH COCTOUT B TOM, YTO Ha pHC. 6a derbipexyroibunk Agp(n) nocrpoen s n =7,
a Ha puc.66 — mua n = 8. Ha puc. 68 mocrpoenus ciaenanbl 1 ty~79.83, a 4eThIPEXyrobHUK
Agp(n) orseyaer n = 8. BujiHo, 4TO B KayKJIOM U3 TPeX 4YeTHIPEXYroJbHUKOB Agp(n) ecTb 30HBI,
COOTBETCTBYIOIHNE (p-ceueHusM BapuanToB 1 m 2. Ciyuait ¢ mHabopoM 30H Jjis BapuaHToB 1,9, 2
1+u\ /m?+n

U1 > (2’[’L +1
“=" B aroii hopmyIie Ha “<” mOyUnM HAOOD 30H Jjisi BapuaHToB 1,6, 4,8, 2 (cM. npumep Ha puc. 6a).
AHajioruvuHO IIpy 3aMeHe 3Haka ‘=" Ha “>” mojyuumMm HabOp 30H i BapuaHToB 1,7,3,5,2, Kak
MOKa3aHo Ha puc. 66.

upusegen Ha puc. 68. On onpenensgercs yciaosueM tp = 27T< ) [Tpu 3amene 3maka

TakuM 006pa30oM, KaxKJblil BapHaHT Ha PHC.5 (CTajo ObIThb, W KaxKblii BapuanT crucka (6.1))
peaJi3yeTCcs IPH HEKOTOPOM BBIOOpE 3HAYeHHil ty U . O

Bameuanue 1. Hapuc.7 nokasan Buj p-cedennii 1is ciydasi, korja ¢ < 27 (Bapuant 10)
U Jisi cjtydasi, Korja @ KparHo 27 (Bapuant 11). B arux ciaydasix BBIPOXKICHHBIMU SIBJISIOTCST JyTH
SB u BS. Peanmusyemocts BapuanTos 10, 11 6bl1a ycTraHOBjIeHa B pa3ma. 3 u 5.

Sameuanue 2. Bazagaye co crporo onnocropornauM nosoporom IIMII apisiercst He TOIb-
KO HEOOXOJIMMBIM, HO U JOCTATOYHBIM YCJIOBHEM mepeBoja cucrembl (1.1) Ha rpaHUIly MHOXKECTBA
nocrmzknMocTr G(tf) B KTacce KyCOUYHO-IIOCTOSIHHBIX yIpaB/eHnit. [Iyist KazKk 10t TOUKH Ha rpaHuIe
COOTBETCTBYIOIIEE yIIPABIEHNE €INHCTBEHHO.

3akJIrouyeHue

UccnenoBano MHOXKECTBO JOCTHUKUMOCTH 6 MomeHm iy Mammuabl Jlyburca co cTporo omaHo-
CTOPOHHUM IIOBOPOTOM M OJHOTOYEYHBIM HAYaIbHBIM (PAa30BbIM cocTosinreM. CTPOro oJHOCTOPOHHMIA
ITOBOPOT O3HAYAET, UTO IIPOMEXKYTOK JOIIYCTUMBIX YIJIOBBIX CKOPOCTEll MPEICTABIISIET CODOI OTPE30K
[ug,uz] ¢ up > 0. MHOXKECTBO IOCTHZKUMOCTH PACCMATPUBAETCSI B TPEXMEPHOM (ha30BOM MPOCTPAH-
CTBE X, Y, Y, Te T, Y — KOOPAUHATHI TeOMETPUIECKOI0 MIOJIOXKEHUSI, &  — yTOJI HAllpaBJIeHUsT BEKTOPA
CKOPOCTH, IPUHUMAIONINI 3HAUeHUsT B moJiyuHTepBase [0, 00).
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B nenom TpexMepHOE MHOXKECTBO JIOCTUKMMOCTH BBIIIYKJIBIM He siBsieTcd. /lokazaHo, OJIHaKoO,
YTO €ro JBYMEPHBIE (Y-CEUEHHUsI CYTh CTPOTO BBHIMYKJble MHOXKECTBa Ha ILJIOCKOCTH Z,y. Onucana
CTPYKTYpa I'DAHUIIbI (O-CEUEHUN.

B wuccnenyemoit 3ajade npuHIUn MakcuMyma [IOHTpsITMHA SIBJISIETCST JJOCTATOYHBIM yCJIOBUEM
IIepeBojia Ha TPAHUILY MHOXKECTBA JIOCTHKUMOCTHU. BoJiee TOro, B KaxKIy0 TOUKY Ha TPDAHUIE BEIET
€IMHCTBEHHOE KYCOYHO-TIOCTOSTHHOE YIIpaBJIEHWE, YJ/IOBJIETBOPSIIOIee TPUHIIUITY MAKCUMyMa.

ABTOpI)I 6HaPO,HapHT JI.B. KaMHeBy " PEICH3CHTa 3a BHUMaHNe K pa60Te U IIOJIEC3HBbIC 3aMC€YaHMnd.
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TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHUKU YpO PAH
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MHOT'OKPATHAS IIOMMKA 3AJTAHHOI'O YNCJIA YBETAIOIIINX
B 3AJIAYE C JPOBHBIMU ITPON3BOJIHBIMUI
" IIPOCTOMN MATPUIIEIT!

H. H.Ilerpos, A. 4. Hapmanos

B KOHEYHOMEPHOM €BKJIMJOBOM IIPOCTPaHCTBE pacCMaTPUBaETCA 3aJa4v9a IIPEeCJIeJOBaHNA prHHOﬁ IIpecjeno-
BaTeEJIEH I'PYIIIIbI y6eraroumx C PaBHBIMU BO3MOXKHOCTAMU BCEX YIaCTHHUKOB, OIINCbhbIBaeMad CHUCTEMOM BHUIa

D(a)zij = azij +u; — V5, Ui,Vj € V,

rae D(®) f — mpomssognas no Kamyro mopsinka a dysxnum f. MHOXKECTBO JOIMyCTHUMBIX ymnpasieHuit V —
CTPOTO BBIILYKJIbI KOMIIAKT, @ — BELIECTBEHHOE YUCJIO. 1lesIbio rpyIbl mpeciesoBaTesieil siBaseTCsl IOUMKa He
MeHee ¢ yberamomux, IpruIeM KayKI0r0 yOeraromero Jo/KHbI [T0MaTh He MEHee YeM T Pa3/IMIHbIX IPEC/Ie0Ba~
TeJIel, IPU STOM MOMEHTBI IIOMMKU MOTYT HE COBIAJaTh. TepMHHAJIbHBbIE MHOXKECTBA — HadaJIo KoopAauHaT. B
MIPEIITOJIOXKEHNH, YTO yOeraiolne UCIOIb3yI0T IPOrPAMMHBIE CTPATETHH, & KaXKIbIH IIPEC/IeIOBATENb JIOBUT HE
0oJiee OOHOTO yOErarmIero, B TepMUHAX HAYAJIbHBIX [O3UIMI IOy YEHBI IOCTATOYHBIE YCJIOBUS Pa3PEIINMOCTU
3aziaun npecienoBanusi. [Ipu uccienoBanny B KadecTBe 6a30BOr0 UCIOIB3YETCS METOJ[ paspelrarommnx GyHK-
LW, TO3BOJISIIONINI IOy YU Th TOCTATOYHBIE YCJIOBUS PA3PEIINMOCTH 331a91 COTUKEHNUSI C OJHUM yOerarommm 3a
HEKOTOpOe rapaHTUpOBaHHOe BpeMsi. [Ijia qoKa3aTeibcTBa OCHOBHOIO PE3YJIbTaTa UCIIOJIb3YeTCsl TeopeMa XoJLia
O CHCTeMe Pa3JINYHbIX IIPeJCTaBUTEe.

Korouessle cioBa: guddepeHnpanbHas urpa, rpyInmnoBoe IpeciieJOBaHne, MHOTOKPATHASI [TOMMKA, IIPECIeo-
BaTesb, yoeraromuii, JpoOHast IPOU3BOIHAS.

N. N. Petrov, A. Ya. Narmanov. Multiple capture of a given number of evaders in a problem
with fractional derivatives and a simple matrix.

A problem of pursuing a group of evaders by a group of pursuers with equal capabilities of all the participants
is considered in a finite-dimensional Euclidean space. The system is described by the equation

D(Q)Zij = azij +u; — V5, Ui,V € V,

where D(®) f is the Caputo fractional derivative of order a of the function f, the set of admissible controls V'
is strictly convex and compact, and a is a real number. The aim of the group of pursuers is to capture at
least q evaders; each evader must be captured by at least r different pursuers, and the capture moments may be
different. The terminal sets are the origin. Assuming that the evaders use program strategies and each pursuer
captures at most one evader, we obtain sufficient conditions for the solvability of the pursuit problem in terms
of the initial positions. Using the method of resolving functions as a basic research tool, we derive sufficient
conditions for the solvability of the approach problem with one evader in some guaranteed time. Hall’s theorem
on a system of distinct representatives is used in the proof of the main theorem.

Keywords: differential game, group pursuit, multiple capture, pursuer, evader, fractional derivative.
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[IOMCK HOBLIX 3aJa4, K KOTOPLIM IIPUMEHMMbBI y2Ke paspaboTaHnble MeTonbl. B uacrHocTH, B pabo-
Tax [5;6] paccMaTpUBAINCH 3a/1a9K [IPECJIe/IOBAHUST JABYX JIUI[, OLUCHIBAEMble YDABHEHUSIMU C JIPOO-
HLIMU IIPOU3BOAHLIMHU, Tne OLLIM IOJIYYEHBLI JOCTATOYHBIE YCIOBUs IOMMKHU. B HemaBHell cTarbe
M. . l'omoroHOBa “DKCTpeMasIbHBIN CABUT Ha COITyTCTBYIOIIE TOYKH B TO3UIMOHHON nuddepeHIm-
anbHOl urpe ¢ ApobubiMu pousBoaabivu’ (Tp. Uu-Tta maremarnku u mexanuku YpO PAH. 2019.
T. 25. Ne 1. C. 11-34) 66110 JJOKA3aHO CYIIECTBOBAHNE IIEHBI UTPBI B HestnHeitHol nuddepentmanbuoit
Urpe ¢ IPOOHBIME IIPOU3BOIHLIMU.

PaccmarpuBaercst muHeliHasI 3a7a4a IIpecyeloBaHusI TPYIION IIpecieoBaTesieil rpyIbl yoera-
IOIMX IPH YCJIOBHHU, YTO BCE YYACTHUKHU O0JIALAI0OT PABHBIMHU BO3MOXKHOCTSIMHU. 3aJa4a IIPOCTOrO
IIpecJieIoBaHusl TPYIINION IIpecieioBaTesieil oaHoro yoeramornero paccmarpubasiack b. H. Imrenna-
HBIM [7], KOTODBIii Oy YN HEOOXOAUMBbIE U JIOCTATOYHbIE YCJIOBHs TIOUMKU. MHOrOKpaTHasi IIonMKa,
yberaroIiero B 3ajade IpoCcTOro IPYIIIOBOIO IIpeceaoBanus ucciaeaoBaigack B pabore H. JI. I'puro-
peHko [8]. Bajava o monMKe 3aJ[@AHHOIO YHMCJIA YOEraoluX B 3aja4e IPOCTOrO IIPEC/IeJI0BAHNsI IPH
YCJIOBHUSIX, YTO MHOYKECTBO JIOIYCTUMBIX YIIPABJICHUI — IIap eIMHIIHOTO PAJUyCca C IIEHTPOM B HyJI€,
TepMUHAJbHBIE MHOXKECTBA — Hadasa KOODIUHAT, yOeraroline UCIOJb3YIOT IPOrPaMMHBIE CTpaTe-
U, a KaxKJIbIi Tpec/ieIoBaTe b JIOBUT He 6oJiee OHOro yberarolero, npejacrasiena B |9, rue Obum
ITOJIyI€HBI HEOOXOIUMBIE M JOCTATOYHBIE YCJIOBUSI PA3PeIINMOCTH 3aJadu rpecienoBanust. OOmumit
caydail 3aa9M O IMOMMKE 3aJIaHHOIO YKC/a yOEraloluX B CIydae IIPOCTOrO IPECICIOBAHUS Pac-
cmarpusaicsa B [10]. Bagaga o MHOrOKparTHOi noumke yberatoriero B npumepe JI. C. [lonrpsiruna
npejicraBiena B paborax [11-13]. MuorokpaTHast mouMka B JIMHEHHBIX JuddepeHInaabHbIX Urpax
usydena B [14]. 3agada o MHOrOKpaTHOl 1ouMKe yberaromiero B auddepeHimaibHoil urpe ¢ apob-
HBIMH [IPOU3BOHBIMU UCCsIen0oBalIach B [15] (31ech Takzke cM. Gosiee MOIPOOHBIN CIIMCOK JTUTEPATY-
PBI 110 TIPEJICTABJIEHHBIM 3a/1a49aM). JlocTarounble yCaoBHs MOUMKHU 3aJJaHHOIO YUC/Ia yOeraronmx B
cranunorapaoM upumepe JI. C. IloHTpsruHa U TUHEHHBIX PeKYPPEHTHBIX Tu(epeHIInATbHBIX UTPaxX
nostydersr B [16;17].

B nmammoit pabore paccMaTpuBaeMble paHee OTIEIbHO 3aa9i O MHOMOKPATHOM IMOMMKE U IIOUM-
K€ 3aJaHHOIO YHCJIa yOerarmonmx oObeINHEeHbI B OAHY 3ajady. Lleab rpymmsl mpeciemoBaresieii —
[IOMMKa He MeHee ¢ yOerarmommx, MpUIeM KarKJIOoro yOerarlnero JOJXKHBI [IOMMATh He MeHee UeM
r upecaegoBaTeseil. B mpeanosokeHnn, 9410 yberaole UCIoAb3yI0T IPOrpaMMHbBIE CTPATEru, a
KayKIIblil U3 IpecjenoBaTesieil JOBUT He 0OJiee OMHOrO yOEraromero, Moy IeHbl JOCTaTOYHbIE YCIO0-
BHsI Pa3peIIMMOCTH 331891 IpecjeaoBannsg. OTMeTHM, 9TO B CIydae IIPOCTOrO ABMXKEHUS 331248 B
TakKoll OCTAaHOBKe M3yveHa B cTaTbe [18].

1. IlocranoBka 3amavuu

Oupenmenenne 1[19]. Ilycrs p — narypambhoe uncio, o € (p—1,p), f : [0,00) — R¥ —
bynxmus Taxas, ato fP) — aGeomorno menpepsisHa Ha [0, 00). [Ipoussommoii o KarmyTo mopsiika o
byukunn f nasssaercs dyuxius D@ f suna

(o]
/ e 5P ds.
0

B mpocrpancrse R* (k > 2) paccmarpusaercs muddepennuansaas urpa G(n,m) n -+ m
n npecaenosareneit Py, ..., P, u m y6eraomux E1, ..., E,,. 3aKoH IBU:KeHUS KasKJIO0I0 U3 IPecIe-
nopatesieil P; umeeT BHIL

1 P (s
<D(a)f) (t) = L(p—a) / (t _fs)‘g+)1—p ds, e T(B)
0

D@y = axi 4+ uy,  x:(0) =29, ... ,a;l(-p_l)(O) =2 oy eV (1.1)

7

3akoH JBIKEeHNs KasKI0ro 3 yberaomux F; nveer BHJL

D@Wy; = ay; +vj, 4 (0) =40,y VO =2, veV (1.2)
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3aech i, Y, Ui, Vj € R*, V — crporo Bemykmsii xommaxr RF o € RY, i € T = {1,...,n},
j € {1....,m}. Kpome Toro, z{ # y;-) IUIST BCEX 1, J.
Bwmecro cucrem (1.1), (1.2) pacemorpum cucremy
D(a)zij = azy; +u; — V5, U Uj € V, (1.3)
C HAYAJIBHBIME YCIOBUSIME
_,0 __0_,0 =Dy — p-1 _  p-1_  p-1
zij(0) = 25 = — 5, ... 2; (0) =z =x —y; (1.4)

Baech pemenne cucrembl (1.3), (1.4) norumaercst crangapTHo (cM., Hanpumep, [20, 1. 3]).

Hesnb rpymnmsl mpeciaegoBaTeeii — OCYIIECTBUTH IHOUMKY He MeHee 9eM ¢ yOerarommx, IpudeM
KazKJI0ro yberaromero JOJKHBI IOMMAThL He MeHee [deM 1 mpeciegoBareneii (r > 1,1 < g < m)
IpU YCJIOBUM, 9TO CHaYaJa yOerailue BLIOUpAOT CBOM yIpaBjeHus cpa3y Ha [0,00), a 3areM mpe-
cJleIoBaTe/ I Ha OCHOBe WHpOpPMaIuu O BbIOOpe ybOeraiomux BBIOMPAIOT CBOM YIPABJIEHUS; KPO-
Me TOro, KaXKIbIil IpecjegoBaTeIb MOXKET IIofiMaTh He bojee omHoro yberaromrero. Camraem, 9ToO
nz=rq,m2=q.

-1
O6oznaunm 20 = {z?j, o2

ij ,i € I,j € J} — BekTop HauaiabHbIX mosunuii. [losaraem, aro
zfj_l # 0 j1s Beex 1, J.
Usmepumast dbyrkmus v : [0,00) — RF naspsaercs donycmumoti, ecim v(t) € V. ams seex t > 0.

Onpemenenne 2. Burpe G(n,m) npoucrodum r-xpamnas noumka (npu r = 1 noum-
ka) yberatomero Ejg, eciu cymecrByer MoMeHT 1 > 0, IPH KOTOPOM [IsI JIEOGOTO JIOILyCTHMOTO
yupasienus vg(t),t € [0,00), yberatomero Eg naiigyrcs nomycrumble yupasiennst u;(t), ¢ € I, upe-

caesioBaresieii Py, i € I, MOMEHTBI BpeMeHH T1,...,T, € [0,7], monapHo pasjuvHble HATYDPAJIbHbIE
qncia i, ..., 4 € I, Takue 4ro z; g(7s) = 0 g Beex s = 1,...,7, 1€ 2;, () — peIIeHns CUCTEMBbI
(1.3), (1.4).

Onpenmenenue 3. Burpe G(n,m) npoucrodum r-kxpamnas noumra (npur =1 noumxa)
He menee q ybeearowux, ecau cymectsyer T > 0, mpu KOTOPOM Jist JTI000H COBOKYITHOCTH JIOIYCTH-
MBIX yrpasienuii vj(t),t € [0,00),j € J, yberatomux Ej, j € J, HaiiyTcsl JOIyCTUMBIE YIIPABIICHHS
ui(t) = u,-(t,z?j,vj(s),s € [0,00),5 € J), i € I, upecienosaresneii P;, i € I, obiasatomue cJeryo-
MM CBOMCTBOM: CyINECTBYIOT MHOMKECTBA

McJ, |[M|=gq, {N,le M}, Ny CI, |Nj|=r musascexl e M, NN Ns= nusi Bcex | # s,

TaK#e 4To IpyIa Ipecienosareneit { P, € Ng} He nosanee MomenTa 1" oCyIeCcTBIISET r-KPATHYIO
HOMMKY yberatomiero Eg, npudeM eciu Ipeciejiosarenb P} jgosut yberatomiero g, To ocTaabHbIE
yberarormue CauTalTCs UM He TTOWMaHHBIMU.

Bsenem cienyromue obosnadenus. [lycts K — HEKOTOpOe KOHEUHOE ITOJMHOYKECTBO MHOYKECTBA
HaTypaJbHBIX YHCEL.
Qr(s) = {(i1,...,is) | i1,...,is € K u nomapno pasmuunet}, De(a)={z € R* | ||z —a| < &},

p—1 l

Ah,v) =sup{A 20| —Ah eV —v}, §;(t) = Z %tl, &) = t17PE5(t).
1=0

2. MHorokpaTHasi nouMKa ogHOro yberarormero npu a =

B mamnom paznene camraem, uro m = 1. IlosTomy BTOpO#l HHIEKC OITyCKaeM.
JIemma 1. ITycmo V. — cmpozo svinyxavidi komnaxm, bi,. .., b, € RF by #0, daa scex i € I u

min max minA(b;,v) > 0.
veV AeQr(r) i€A
Tozda cywecmeyem € > 0 maxoe, wmo oas mMoGuix 21, . . ., zn € R¥, marux wmo z; € De(b;), i € I,

cnpasedauso wepasencmeo min max min A(z;,v) > 0.
veV AeQ(r) i€A



Mmuorokparas monMKa 191

Hokaszareasnctso. Usaemmer 1.3.13 [2] cienyer, uro dyukuus A(b, v) HenpepbiBHA Ha
mHokectBe B X V, rne B — mpousBosbHbIT koMmakT RF, me comeprxammii myss. ITostomy mempe-
PBIBHBIMHI OyIyT (DyHKIIAN

gA(Zla"'aznav) :IOT{IGi/I\I)\(Za,U), g(zlu"'aszv) :Agba})((r)gA(Zh.”’zjnjv),
f(zlv"'7zn) :ming(zlv"'7znyv)‘
veV

N3 menpepeiBHOCTH QYHKIUA [ ClIeAyeT CIPaBeIIUBOCTb yTBEPKICHUSI JeMMBbL. JlemMMa JoKasaHa.

Caencrue. [Tycmo {z] ~': 1 € I} raxosey, uTO

5o = AT 2.1
= mip ma mip A (o /T(0),v)> 2.1)

Tozda cywecmeyem Ty > 0 maxoti, wmo das ecex t > Ty cnpasediuso HepaseHcmeo

> 0. . .
mi max min A(¢) (t),v) > 0.50 (2.2)

,ZL OKa3aTeJbCTBO. CHpaBe,ZLHI/IBOCTb JaHHOT'O HEPpAaBEHCTBa CJIeAYET U3 JIEMMbI 1ln ycio-

; 1(4) — P—1
BuA tl}inoo &)=z " /T(p)

JIemma 2. ITyemv a = 0, g > 0, 2de 0y ssedero 6 (2.1). Tozda cywecmeyem Ty > 0 makot,
umo daa 1060t usmepumot dynryuu v(-), v(t) € V, natidemesa muoocecmso A € Qr(r) maxoe, wmo
oan ecex | € A enpasediuso nepasencmso

T

—s a—1
1 [ ) oo > 1
0

a)
HokaszaTenanbcTso. U3 caencTtsusa BuITeKaeT, 4To cyiiecTByeT 1p > 0 Takoit, 4To Ay

Beex t > Ty cupasemyuso HepaseHcTBo (2.2). Ilycrs T > Ty, Pacemorpum dynkimn (¢ € [0,77])

t

7o) = 07 =S\ &), v(s)) ds.

I(e)
0
Torna
t
max min hy(¢t,T,v(-)) > max t'~ p/ (t— s min A(&}(T), v(s))ds (2.3)
AEQ;(r) lEA 7 AEQ;(r) (o) e ' '
0

Tak Kak st JIIOOBIX HEOTPUIATEJBHBIX duces {ap }acn ;(r) CIIPABEJITINBO HEPABEHCTBO

10 13 (2.3) caexnyer nepasencrso (¢ € [0,77])

1-p — s a—1
max minhy(t,T,v(-)) > tCT /(t ) Z min A& (T), v(s)) ds

AEQ(r) lEA I'(«) ST leA
t
tl D (t—S)a_l tl_p(50 . te p+15
> > — —s)® =
ZCr / (@) A?%i)ffféliwm Jols))ds 2 5mmmy /(t ) s = T )
0
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CrenoBaresibHO,

" T T Ta—p+150
> —.
Ag}i)({)rlrg/{l i v() 2aCrT (@)

Tax kaxk @ — p+ 1 > 0, To moIy9YaeM CIPaBEIIUBOCTDL YTBEPXKICHUS JeMMbI. JleMMa goKa3aHa.

OupepeauM YnucjIo

t
. 3 (t _ S)a—l
T= mf{t ‘ 1n§Ag%i)(<r) Ilrél/{lt p/w)\(ﬁ(t),v(s))ds >1;.

B cuny nemmbr 2 uncio T < oo.

Teopema 1. ITycmv a =0, &g > 0, 2de &g onpedeaerio 6 (2.1). Toeda 6 uepe G(n, 1) npoucxodum
T-KPAmHas NouMKQ.

A

Hokasareascrtso. Ilyers v(s),s € [0,T], — npousBosibHOE yIpaBjieHue yHeraromero.
Pacemorpum dyukimio

~ — 5 a—1 ~
H(t)=1- max minTl_p/%A(g}(T),v(s))ds.

AEQ;(r) lEA
O6ozuauuMm depes Ty > 0 mepprlit KopeHb gaHHON GyHKIUA. OT™MeTHM, 9TO T{) CYIIECTBYET B CUJLY

nemmbl 2 u onpenenenust 1. Kpome Toro, cymecrsyer muoxkectso Ag € Qp(r) Takoe, 4ro mis Beex
J €A

ITosromy cymectBytorT MoMenTrl 7; < 1o, j € Ag, /i KOTOPBIX

1-T% p/ A& (T),v(s))ds = 0. (2.4)
0

Hns j ¢ Ap obosnaumm depes T; — MOMEHTBI BPEMEHH, JIJIsl KOTOPBIX BBINOJHEHO yciosue (2.4),
eCc/IM Taknme MOMEHTBI CYIIECTBYIOT. 3a/aeM yIpaBIeHus mpeciaenopareneit Py, ¢ € I, momaras

U(S) - )\(521 (T)’ U(S))gzl (T)’ s € [07 min{Tiv T}]v

u;i(s) = o
v(s), s € [min{r;, T}, T].

Torpa pemenne 3anaun Kommn (1.3), (1.4) npegcrasumo B Buge |20, dopmyna (19)]

(t —S)O‘ 1

zi(t) = &(t) + / W(W(S) —v(s))ds.
0

Orcrona
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. . T — )1 .
e (11 [E N @), o) ds) =0
0
st Beex 1 € Ag. CrenoBarebHoO, z,(T ) = 0 qurs Beex ¢ € Ag. Teopema mokazana.

IIycts mastee Int A, coA — BHYTPEHHOCTH M BBIMYKJlast 000JI0YKa MHOXKECTBa A COOTBETCTBEHHO.

Jlemma 3 (3, yrBepxaenue 1.3]. Hyems V. — cmpozo ewnykaviil komnaxm ¢ 2aa0kot epanuyet

0€ ﬂ Intco{z;)_l,j € A} (2.5)
AeQr(n—r+1)

Tozda 69 > 0 (cm. (2.1)).

Teopema 2. [Tycmv a =0,V — cmpozo sunykiviii KoMnaxm ¢ 2A60K0T 2paHUYes, U bNoAHEHO
yeaosue (2.5). Toeda 6 uepe G(n, 1) npoucrodum r-Kpamnas nouMKa.

HokaszarTeabcTso. CupaBelMBOCTb JTaHHON TEOPEMBI CJIEAyeT U3 JEMMbI 3 U Teope-
MBI 1.

3. MHorokparHas noumka yoerarommux npu a < ()
O6osnaunm E,(z, 1) = Y 12, F(lpzl

T T4 °T° o6obmmennas Gynknus Murrar — Jledepa [21,
c. 117],

61 = mi in \(z),v). 3.1
LTI B R A o

JIemma 4. ITyemv a < 0, o € (0,1), 61 > 0, 2de §; esedeno 6 (3.1). Toeda cywecmsyem T > 0
maxot, wmo dasn aobot dynryuu v(-), v(t) € V natidemea mmoorcecmso A € Qr(r) makoe, wmo dan
scex | € A cnpasedauso nepaseHcmeo

Ty
By o (aTy', 1) — /(T1 - s)o‘_lEl/a(a(Tl —5)*7 L a)A(2),v(s)) ds < 0.

0

HHokaszaTeasbcTso. Paccmorpum dyHKInm

hi(t,v(-)) = Eyja(at®, 1) — /(t = 8)* T Byja(alt = 5)* 7 a)A (=) u(s)) ds.
0

Torna

H(t.v() = min machi(t,o()

t
= Byo(at®,1) — max min / (t — 8 By o (alt — ), ) A(20, v(s)) ds.

AEQ; (r) lEA
0

Tak xak a € (0,1), To m3 Teopembr 4.1.1 [22, c. 101] cmemyer, urto E/o(2, 1) He mveer oTpuma-
TebHLIX KopHeil mpu i € [a, +00). Kpome Toro, Ey/o(z,p) = 0 mna seex z > 0, pp > 0. Snaunr
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By o2, 1) =2 0 nast Beex z € RY, 11 € [or, +00). TTosTOoMy CIrpaBe/yIIBBI HEPABEHCTBA,

t

. - a—1 _ a—1 0
o win (=9 Eyafat - 9 @A 0(s)) ds
0

t

a—1 a—1 . 0
> max [ (6= 8" Byaalt = )" ) min MG o(s) ds

t
1 a—1 a—1 . 0
> 0—5/(’5—8) Eyja(alt —)*"a) Y minA(e),v(s)) ds
0 AEQ; (r)
1 t
> _s) _ g\l : 0
> o [ =" Byalat = 97 0) max min (. o(s) ds

B cuny (21, 1. 3, dopmyna (1.15)]

(t— s)a_lEl/a(a(t —5)* Y a)ds = t B o (at®, o+ 1).

o

[TosTomy

: (0% 5 (0% (0%
Agsllljr%r) max hi(t,v(-) < Eyja(at®, 1) — C—%t By jolat®, a+1) = Ho(t).

Tak kak a < 0, TO Upu t — 400 CIPaBEJIUBbI CIIEYIONINEe ACUMIITOTUIECKIE OleHKH [22, dhopmy-
na (1.2.4)]:

a 1 1 a 1 1
Eyja(at®,1) = TaeT(l—a) +O<t2_a)’ Eyjo(at®;a+1) = T +O(t2_a>’

rae nox O(g) npu t — +00 noHnMaeTcst KOHKpeTHast dyHkius G Takast, aro dyukius G /g sBisiercst
orpanndennoit Ha (A, +00) npu nexkoropom A > 0. CrreoBaTesbHO,

1 01 1
Ho(t) = — 0= ):
o(®) at°T'(1 — «) - aC? * o
ITockombKy tligl Hy(t) = 01/aC), < 0, To cymecrByer Moment 17 > 0 rakoit, uro Hy(T1) < 0.
— 400

[Mosromy H(T1,v(-)) < 0. Umeem hy(0,v(-)) = 1 must Beex [, min maxhy(T7,v(-)) < 0 mst mroboit
AeQy(r) leA

dbyuxmun v(-). Jlemma nokasana.

OupegeauM YnucjIo

T =inf{t>0] inf mi hy(t,v(+)) <O).
inf{t>01 inf min maxhi(t,v()) <0}

B cuny siemmbr 4 nmeeM T < +o0.

Teopema 3. ITycmv a <0, a € (0,1), 61 > 0, 2de 01 onpedeaeno 6 (3.1). Toeda 6 uepe G(n,1)
NPOUCTOOUM, T-KPATHAA NOUMKC.
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Hokaszareabctso. Ilycrs v(-) — Ipou3BosibHOE JIOIMYCTUMOE YIPABJICHUE YOEraroIe-
ro FE. Paccmorpum dyHKIHIO

t

) = Byja(aT™1) = max min [ (7= )" Byala(T = 5)" a)AGo(s)) ds.
0

Obozuauum depe3 Ty 1epBblii KOpeHb maHHONW (yHKIuu. Ormerum, ato Tj CyIecTByeT B CHUJLY
nemmbl 4 u onpegenenusi 7. Kpome Toro, cymecrsyer MuoxkecrBo Ag € Q(r) Takoe, 4ro jyist Becex

le Ao
To

El/a(aT“, 1) — /(T — s)o‘_lEl/a(a(T — s)o‘_l, a))\(zlo,v(s)) ds < 0.

o

[TosTomy cymecrByroT MoMeHTHI 7 < Tp, | € Ag, JIsT KOTOPBIX
El/a(aT‘l, 1) — /(T - s)a_lEl/a(a(T —5)" L a)A(zP,v(s)) ds = 0. (3.2)
0

Hnst | ¢ A obosnatmM depes3 T; MOMEHTBI BDEMEHH, JIJIsi KOTOPBIX BBIIOJIHEHO ycioBue (3.2), ecian
TaKie MOMEHTHI CYIIEeCTBYIOT. 3a/aeM yIIpaBJIeHusl IpecyeaoBareneit P, ¢ € I, mojaras

ui(s) = {v(s) — )\(z?,fu(s))z?l s AE [O,min{Ti,T}],
v(s), s € (min{r;, T}, T].

Pemenue zamaaun Ko (1.3), (1.4) npegcrasumo B Buge [20, dopmyma (19)]

a(t) = By o at®, (t — )7 Eyjalalt — )™ ) (ui(s) — v(s)) ds.

c:\M

Orcrona, ncnonbays (3.2), noayvaem

T
() = Byjo(al®, 1)z / — ) EyalalT — $)°7 ) (uis) — vo(s)) ds
0

=20 (El/a(aTa, 1) — /(T —8)* ' By o (a(T — s)a_l,a))\(z?,v(s))> ds =0
0
st Beex 1 € Ag. Teopema jrokazana.

Teopema 4 [15, reopema 1|. Tycmv a < 0, a € (1,2),

min{min max minA(z},v), min max minA(—z},v)} > 0.
veV AeQy(r) LEA VeV AeQy(r) lEA

Tozda 6 uepe G(n, 1) npoucxodum r-Kpamnas nouMKa.

4. MHorokparHas IIOMMKa 3aJaHHOT0 YHCJIa yOerarmolmmx

IIpennonoxkenune 1. Jas xaosrcdozo s € {0,...,q — 1} swnoaneno caedyrowee ycaosue: 0as
06020 mrooicecmea N C I, [N| = n — sr natidemca mmoorcecmso M C J, |[M| = q— s, maxoe wmo
p—1

2]
B
() = iy s i () > 0

oas ecex B € M.
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Teopema 5. Ilycmv a = 0 u evinoanero npednoaoscerue 1. Toeda 6 uepe G(n, m) npoucxrodum
r-KPAMHAL NOUMKL He MeHee ¢ Ybe2arouu.

JIokasaTeabcTso. IlycTh BLIIOJHEHO yCIOBHE TeOpeMbl. JIoKaKeM, 9To JIIOObIE 1, — ST
IpecyIeIoBaTeIell OCYIIECTRISIOT r-KPaTHyIO MOMMKY HEe MeHee deM ¢ — s yberarommx, rae s €
{0,...,q — 1}. TIpu s = 0 mosyunm yTBepkKjeHue Teopembl. JlokasbiBaTh GyjeM METOJOM MaTe-
marudeckoil uagayknun. [Iycre s = ¢ — 1, N C I, [N| = n — (¢ — 1)r. B cuiy ycinoBusi Teopembl
cymecrsyer 3 € J takoe, uro dy(3) > 0. U3 reopembr 1 ciemyer, uro npecienosarenun Pyl € N,
OCYIIECTBJIAIOT 7-KPaTHYIO IIONMKY yOeraromero Fg.

IIpeamnonoKumM, 9T0 yTBEpKACHUE NOKA3aHO Ijid BeeX s = p + 1. JlokaxkeM yTBepxKIeHHUe IJIs
s =p. Ilycte N C I, |[N| = n — pr. Torna cymecrsyer muoxecrso M C J, |[M| = q — p, rakoe 4To
On(B) > 0 must Beex B € M.

[Tycrs vj(t), t € [0,00), j € J, — COBOKyHHOCTb ympasienuit yberaromux E;, j € J. s
kazkgoro 3 € M onpemenmMm MHOXKECTBA

Jg = {l eN ‘ npecJieioBaTesib P IoBUT yOerarorero Eg}.

B cuty reopemsl 1 1 yciioBust JaHHON TeopeMbl 1yist Beex 3 € M crpaBeyInBO HEpaBeHCTBo |Jg| = r
Moo CLH/ITaTb, aro M = {1,...,q — p}. Boamoxusl jiBa ciydasi.

‘ U Jg‘ > lr nyist Beex | = 1,...,q — p. Torma no reopeme Xosuta [23, c. 65, reopema 5.1.1]

quist MHOXKecTB {Jg, B € M} cymiecTByeT cucreMa pa3jIMIHBIX IPEJCTABATENICH. DTO O3HATACT, UTO
CyIIECTBYIOT MHOXKecTBa J é, B € M, njist KOTOPBIX

Jé C Js, |Jé| = r as Beex 3 € M, Jél N Jéz = & st Beex 1 # Pa.

CrenoBareibHO, KaxKasi TpyIa Ipeciaenoareneit Pyl € Jé, OCYTIECTBJIAET T-KPATHYIO TOUMKY
yb6eratomero Eg mnsa secex 3 € M. Ilostomy rpynna npecienosareneit Py, | € N, ocymecTsiser
r-KpaTHYIO IIOUMKY He MeHee ¢ — p yOeraiomnmx.

2. Cymecrsyer | € {1,.. — p}, IpU KOTOPOM ‘ U < Ir. Ilycrb lp — HamMeHblllee U3 HATY-
n1

PaJIbHBIX YHCEJI, YJIOBJIETBOPSIONINX JaHHOMY HepaBeHCTBY. Ormerum, uro lg > 1 u | |J |= nir ma
p=1

Beex ny € {1,...,lp — 1}. IlosTomy mas muOXKecTB Jg, B = 1,...,ly — 1, cymecTByer cucrema Jé

Pa3/IMYHBLIX IIpeJIcCTaBuTeIeil, Takasa 9To
JZ; C Js, ]Jé\ =7 mmaeeex B=1,...,1—1, Jél ﬁJé2 =@ g Beex 1 # Ba.

CrenoBaTeibHO, KaxKias TPYIIIa IPeC/ieI0BaTe e Jé OCYIIECTBJISIET I~-KPATHYIO MOUMKY yOeraro-
lo—1
!
mero Fg. Ilosromy npeciegosaremmn |J J, 3 OCYIIECTBJISIIOT T-KPATHYIO TOUMKY lp — 1 yGeraromux.
B=1
B panbneiiineM MOXKHO CYATATH, UTO JL,? = Jg pna seex B=1,...,lp — 1.

Iycrs sg = p+1lp— 1. Torma so >pusg < p+qg—p—1=q— 1. Paccmorpum MHO2KECTBO
lo—1

Ni =N\ U Jj. Uneem [N1| =n—pr—(lp—1)r = n—sor. B cuny yenosus Teopemst o Ny cyie-
B=1

crByer MuoxkecrBo My, My C J, |M1| = qg— so u takoe, aro Iy, (5) > 0 ms Beex € M. Ormernm,
aro {1,...,lp — 1} N My} = &, ubo ecsiu [ NPUHAIJIEKUT JAHHOMY [E€PECEYEHHIO, TO CyIECTBYeT
Homep | € Ny, iy Kotoporo Py out yberatomero Eg, rae € {1,...,lyp — 1}, uro nporusopednt
TOCTPOEHNI0 MHOXKecTBa N1. B crily MHIYyKIIMOHHOTO MPEIIIOIOKEHNsI IPYIIa Ipecieaopareieii P,
[ € N1, oCyIIeCTBIIET r-KPaTHYIO IONMKY He MeHee ueM ¢ — Sg yoeraomux. CienoBaTeIbHo, Ipecie-
noBareu Py, I € N, ocyIecTB/ISIOT T-KpPaTHYIO IIOUMKY He MeHee q — Sg+lg — 1 = g — p yberarormux.
Yto u TpeboBaAIOCh JOKA3ATD.
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Teopema 6. [Tycmv a =0,V — cmpozo sunykavid Komnaxm ¢ 24a0K00 2paruyed u OAd Katc-
dozo s € {0,...,q — 1} evnoaneno caedyrowee ycaosue: oas awbozo muoscecmea N C I, |N| =
n — sr, natidemesa mmoocecmeo M C J, |M| = q — s, maxoe wmo

0e ﬂ Intco{zfﬁ_l,l € A} daa ecex € M.
AGQN(TL—T+1)

Toz0a 6 uepe G(n, m) npoucrodum r-Kpamhas NOUMKe HE MeHee § Yoe2aouu.

HHoxaszaTeunbcTso. CHopaBelIMBOCTh JAHHONW TEOPEMBI CJIEyeT U3 JIEMMBI 3 U TEOpe-
MBI D.

Teopema 7. Ilycmv a < 0, a € (0,1) u swnoanerno npednoaoscerue 1. Toeda 6 uzpe G(n, m)
NPOUCTOOUM, T-KPATNHAA NOUMKL HE MEHEE § YOE2AIOULUT.

JJoxazaTeabcTBO JaHHOH TEOPEMBbI IIPOBOJIUTCS AHAJOTHMYHO JTOKA3ATEIbCTBY TEOpe-
MBI ) C UCIIOJIb30BAHUEM TE€OPEMBI 3.

Teopema 8. Ilycmv a < 0, o € (1,2) u das kaotcdozo s € {0,...,q— 1} evinoanero caedyrowee
yeaosue: das aobozo muooicecmea N C I, |N| = n—sr natidemesa muoorcecmeo M C J, |[M| = q—s,
makoe 4mo

1) — min{min max minA(z}4,v), min max min A(—z},v)} >0
~(B) {UEVAeﬂN(r) leA (215 )veVAeQN(r) leA (=i, v)}

oas ecex B € M. Tozda 6 uzpe G(n,m) npoucrodum r-Kpamuas nNOUMKG He meree q Yoe2arousul.

JlokazaTeabCTBO JaHHON TEOPEMbI IMPOBOJUTCS AHAJOTHYIHO TOKA3ATEIHLCTBY Teope-
MBI 5 C UCIIOJTb30BAHUEM TE€OPEMBI 4.
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YCJIOBUY KOAJIMIIMOHHON YCTOMYNBOCTU
B IMHAMUNYECKINX MHOTI'OKPUTEPUAJIBHBIX UT'PAX!

A.H. Perruena

B pabGore wuccienoBaHbl NMpOGIEMBbI YCTOWYMBOCTA KOAJMIMA B MHOTOKPUTEPUAJBHBIX JUHAMUYECKUX WI-
pax. st mocTpoeHusi HEKOOIIEPATUBHOIO PABHOBECHS HCIOJIB30BaHA KOHCTPYKIMS apOUTpaXkHoit cxembl Hama
(npoussenenunsi Hama), a Jyis onpezeneHns KOOIepaTUBHOrO — apbuTparkHast cxeMa Hamia Jyist Bcero nepuozpa
IIPOJIOJI?KEHUSI UI'PBI. YCJIOBUSI BHYTPEHHEN U BHEIIHEN YCTONYNBOCTH PACIIPOCTPAHEHBI JJIsl IUHAMUYIECKUX UI'D C
BEKTOPHBIMU (DYHKIIUSIMHI BBIUTPHIIIA. BBeIEHO MOHATHE KOAJTUIIMOHHON yCTONYUBOCTH, YINTHIBAIONIEE CTUMYJIbL
epexo/ia UI'POKOB M3 OJHOI KOAJIHUIIMHU B APYryo. JlJis MIIIOCTpaluy Mpe/JIoyKeHHbIX KOHIIEIIINI nCCIeJ0BaHa
JUHAMUYeCKast MHOIOKpHUTepUasbHasi MOJe/b ylpasJyeHust ouopecypcamu. [losiydensl yciioBusi BHyTpeHHEN U
BHEIIHEeH yCTONYMBOCTU KOAJIUIHUH, a TaKyKe KOAJMIIMOHHONH yCTOMYMBOCTH.

KirrogyeBble ciioBa: quHaMU4YeCKUe UI'Pbl, MHOTOKPUTEPUAJIbHBIE UI'PBI, apburparkHas cxema Hsina, BHyTpeH-
HAd U BHEIIHAA YCTOMYUBOCTb, KOAJUIIUOHHAA yCTOMYMBOCTD.

A.N. Rettieva. Coalitional stability conditions in multicriteria dynamic games.

We study the stability of coalitions in multicriteria dynamic games. We use the Nash bargaining solution
(Nash products) to construct a noncooperative equilibrium and the Nash bargaining solution for the entire
planning horizon to find a cooperative solution. Conditions for the internal and external stability are extended
to dynamic games with vector payoff functions. The notion of coalitional stability, which takes into account
the stimuli for the player to transfer to other coalitions, is introduced. To illustrate the presented approach, we
consider a multicriteria dynamic model of bioresource management. Conditions for the internal, external, and
coalitional stability are presented.

Keywords: dynamic games, multicriteria games, Nash bargaining solution, internal and external stability,
coalitional stability.
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Bsenenne

MaremaTndecKue MOJIE/IN, YIUTHIBAIONIINE HAJIUINE HECKOJIbKUAX IIEJIEBBIX (DYHKIWIA Y ydacTHN-
KOB KOH(MJIMKTHO-YIIPABISIEMbIX IIPOIECCOB, Hambojee MpuOIMKeHbl K peajabHocTu. Urpokn wacto
XOTAT AOCTHYL OJHOBPEMEHHO HECKOJILKHUX IIeJIell, KOTOpble MOT'YT ObITh HEe CpaBHUMBI. Takue cuTy-
aIliy BCTPEYAIOTCS B SKOHOMHUYECKMX U IKOJIOTHIECKUX MOJIEeIsaX. Hampumep, IpeanpuaTust XOTAT
YBEJIMYUTH HPUOBLIL U YMEHBIINTD 3aTPAThl Ha IIPOM3BOICTBO, B COIVIAIIEHUAX 10 OXpaHe OKPYyKa-
OIIEH CPebl yIACTHUKN XOTIT YBEJIUIUTH TPOU3BOIACTBO U YMEHBIIUTE 3aTPAThl HA OYUCTKY U T. 1.
MHOroKpuTepruaabHbIM TOIX0 ITO3BOJISIET OIPEIEIUTh ONTHMAJILHOE IOBEIEHNE B TAKUX CUTYAaIld-
X,

Jlnoiin e [1] B 1959 1. BBesI HOHSITHE MHOMOKPUTEPUAJBHONW WIPBI, T.€. UIPHI C BEKTOD-
HBIMHU (DYHKIUSIMU BBIUTPBIIIEl yIaCTHUKOB, & B Ka9eCTBE PEIIeHns — ONTHUMAJJIbHOCTL 1o [lapeto
(cubHyt0 U €1a0y10). B mocsieane rojibl mpeyiozKeHbl ApyTrue KOHIEIIUH PEelleHsl MHOTOKPUTEPU-
aJIbHBIX WI'D, TaKue Kak ujeainbHoe paBHoBecue 1o Hamy [2] u E-pasuosecue [3]|. B kooneparupHbIx
MHOTOKPUTEPHUAJILHBIX UI'PaX JJIsl PACIPEIe/IeHns ODIIero KOOEePaTUBHOTO BBIUTPBIIIA, MCIIOJIB3Y-
eTCsl ecTeCTBEHHOE paciinpenne Bekropa Illemn.

!Pabora BeIIOMHEHa IIpu (PUHAHCOBON Hommep:kke mpopuHruu Ilamnayr “Ilmam IByXcOT TalaHTOB”

(Ne WST2017009).



JlnnamMuydeckne MHOTOKPUTEPHUAILHBIE UT'PBI 201

OnHako Bce TpeJJIoyKeHHbIe KOHIEIHIUN PEIIEHUH UCIOJIB3YIOTCS TOJBKO B CTATHIECKAX MHO-
TOKPUTEPHAJIBbHBIX Urpax. MaJsonccse oBaHHONl IPOOJIEMOI SIBJISIETCs OIPeJiesIeHne OITUMAJIHLHOTO
HOBEJIEHUsI YYACTHUKOB B JIMHAMHYECKON TocTaHoBKe. B pabore [4] 6b110 hopMayn3oBaHo MOHSITHE
MHOI'OKPHUTEPUATIBHOIO HEKOOIIEPATUBHOIO PABHOBECHs!, a B [5| — MHOMOKPUTEPHATBLHOIO KOOIepa-
TUBHOTO PABHOBECHSI C MCIIOJIb30BaHUeM apouTpakuoii cxembl Hama. B [6] 6611 uccienosan mporece
dopMupoBanus KOAJIUIMKA B MHOIOKPUTEPUATHHBIX JUHAMUYECKUX UIPaX.

B koomeparuBHOIT Teopun UI'p BasKHLIMU MOKA3ATEISIMHI II€JeCO00PA3HOCTH (DOPMHUPOBAHUS KO-
AJIMIU SIBJISIFOTCSI IOHSITUsI BHYTPeHHell u BHelHel ycroitunsoctu [7]. BHyTpenHsis ycroiunBoCcTb
O3Ha4aeT, YTO UIPOKY HEBBITOJIHO BBIXOJUTH N3 KOAJIHUIINN U CTAHOBUTBHCA WHIAWBUIYAJIbHBIM HUI'PO-
KOM. A BHENIHsISI YCTONIMBOCTD O3HAYAET, ITO HE3aBUCUMOMY WTDOKY HEBBITOJHO MPUCOETUHITHCS
K Koajuiuu. [Ipyu 9TOM jaHHBIE MOHSTUSI TPUMEHSIOTCS B CUTYAIIUH, KOT/IA MOYXKET OBITh ChOpMU-
pOBaHa TOJBKO OfHa Koasjuius. B pabore 3TH ycjoBus yCTOWYMBOCTU aJIalITHPOBAHBI JIJIsi MHOT'O-
KPUTEPHUAJbHBIX JUHAMUYECKUX UTP.

B mamnoii crarbe MBI UCCIeAyeM MHOTOKPUTEPHUAJIbHBIE TUHAMUYECKIE UTPBI ¢ aCUMMETPUIHbBI-
MH YYaCTHUKAMHU, B KOTOPBIX BO3MOXKHO (POPMUPOBAHUE HECKOJLKHUX Koasumwii. CiemoBaTenbHo,
JIOJIZKHBI YYATBIBATHCS CTUMYJIbI TIEPEX0/ia UIPOKOB U3 OJHON Koasymnuu B Apyryto. Kappapo (8]
BBeJI MOHATHE MHTEPKOAJIUIIMOHHON YCTONYMBOCTH JIJIsi TAKOTO aHaju3a. B paboTe Jijisi MHOTOKPH-
TEePUAJIBbHBIX JUHAMUYCCKAX UT'D MBI BBEIUM IIOHATHE KOAJIUIINOHHON yCTOMYNBOCTHY, YINTHIBAIOIICE
BO3MOKHOCTB I€PeX01a MHOXKeCTBa UTPOKOB M3 OJHOU KOAJMIINHU B JPYTYIO.

71l mLTIoCTpaIuy TpeJyIoKEHHBIX KOHIIETIITUH YCTOMYMBOCTH HAMU UCCIIEIOBAHA TUHAMUIECKAST
MHOT'OKPUTEpUAIbHAA MOJIETb YIIPABJIEHUs OMOpecypcaMu ¢ KOHEYHBIM IT'OPU30HTOM IIJIAHUPOBAHUS.
[TocTpoeHbl HEKOOTIEPATUBHOE 1 KOOIIEpaTUBHOE paBHOBecusi. OUpesie/IeHbl CTPATETUN U BBIUTPHIIIN
YYACTHUKOB P (opMupoBanuu JAByx koajwuiuii. [losydeHsr ycioBus ycTOWYMBOCTUA KOAJUIUANA U
[TOKA3aHO, YTO YCJIOBUS BHYTPEHHEH YCTONIUBOCTH HE BBIMIOJIHAIOTCH, a BHEITHEH, HA0OOPOT, BBITIOJI-
HSAIOTCS JIJIs BCeX IapaMeTpoB 3a/1a4un. [locTpoensl ycsioBrst KOAJUITMOHHOM BHYTPEHHEH U BHEITHEN
ycroitunBoctu. VccienoBan acMMITOTUYECKUN CIydail, B KOTOPOM IMOKA3aHO OTCYTCTBHUE YCTOWYM-
BBIX KOQJIUIIMOHHBIX PA3OUEHMIA.

1. MHuorokpurepmnajbHasi AUHAMUYECKasi UTrpa
C AaCUMMETPUYHBIMU yYaCTHUKAMU

PaccmoTpuM MHOTOKpHUTEPHATIBHYIO JUHAMUYECKYIO UIDY, B KOTOPOH y4YacTBYIOT areHThbI JIBYX
tunos. Urpoku Ny = {1,...,n1} u No = {1,...,ng} 9KCILUIyaTUPYIOT HEKOTOPBIil 0OIIUil BO30OGHOB-
JIIEMBIIl PECyPC M CTPEMATCS JOCTUTHYTH k Pa3JIMUIHBIX TeJIeil.

ITycrs U;, V; — KoMmmakTHble mpocTpancTsa npu ¢ € N1, j € No. [IuHaMuKa pa3BuTHs pecypca
UMeeT BHJL

Ti41 :f(xtaulta"'7un1t7vlt7"'7vn2t)7 To = 2. (11)

Baecb xy > 0 — pasmep pecypca B MOMeHT BpeMeHU t > 0; f(Zy, Uity ... Unit,s ULty - Ungt) —
HelpepeIBHAsT (DYHKIMS PA3BUTUA BO30OHOB/IAEMOro pecypea; uy € Uj, vjy € Vj — crparerun (uH-
TEHCUBHOCTD IKCILJIyaTallu) UTPOKOB %, j B MOMeHT Bpemenu t > 0, i € Ny, j € No.

O6osnaunmM npodwm crpareruit uy = (Uig,...,Unyt), V¢ = (Vit,...,Unyt). Bekrop-dyHsKimmn
BBIUTDBIIIEHi NIPOKOB Ha KOHEYHOM IIPOMEXKYTKe IaHupoBanus [0, m] umeror Buj

m m
I} =3 0'gi (ug, vp) Jj =3 0'qj(us,vr)
t=0 t=0
I, = , &€ Ny, Jj: , J € No, (1.2)
m m
IF =3 0tgF (ug, vr) JF =3 6tqk (g, vr)
=0 =0
e g (ug, vy) > 0, qé-(ut, vy) > 0 — HenpepbIBHBIE DYHKIMA “MTHOBEHHOTO” BuIATpLIIIA, [ = 1,...,k,

i€ Ny, j € No; § € (0,1) — obmumit kKoabhUIMEHT TUCKOHTUPOBAHUSI.
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B npencraBmennoit Mojenn uccieryeM CeyIonine BAPUAHTEI TMOBEJIEHNsT UTPOKOB: HEKOOIIEPa-
TUBHOE, KoomneparuBHoe (dhopMHUpoBaHUE IDaH-Koaauimu) u (GOpMUPOBAHUE JIBYX KOAJUIUI U3
UTPOKOB KaXKJOro Tumia. JlJisi 1moJIyIeHHOr0 KOAJUIMOHHOTO pPa30UeHUs PACIPOCTPAHUM ITOHSTHUS
BHYTPEHHE U BHEIIHeHl yCTONYMBOCTHU, & TaKzKe BBeJeM IIOHATHE KOAJIUIIMOHHONU yCTOMYMBOCTH,
YUUATBIBAIONIEE BO3MOXKHOCTD II€PEX0/la YIACTHUKOB U3 OAHON KOAJIMIUUA B APYLYIO.

1.1. MHorokpurepuajibHOe paBHOBecue 1mo Harry

s mocTpoeHns HEKOOIIEPATUBHOIO PABHOBECUS B MHOTOKPUTEPUAILHON JUHAMUYIECKONR UIPe
UCIOJIb3YETCsI TIOJIXOJI, TIPEJJIOXKEeHHbIH B [4]. A MMEHHO IPUMEHSIeTCsT KOHCTPYKIHs apOuTpaskHOMN
cxembl Hama (npoussenennst Hama). Ilosromy chavasia onpenesisiroTcs rapaHTHPOBAHHbBIE BBIUTDbI-
1, KOTOPBIE UI'PAIOT POJIb TOYEK CTATYC-KBO.

B pa6ore [4] Obun HpeIoKeHbl pa3IMYHbIe BAPDHAHTBI IOCTPOEHUS] TapPAHTUPOBAHHBIX BbIUI-
pLlieil i Urp ¢ OByMsl yYACTHHKAMHU. DBLIO IMOKA3aHO, UTO HAMJIYUIIAM JJI COCTOSHUS SKCILILY-
aTUPYEMO#l CHCTEMBI M BBITOJHBIM JJIsi YYACTHUKOB CIIOCOOOM ITIOCTPOEHUS SABJISETCA OLPEIC/ICHIE
rapaHTHPOBAHHBIX BBIUTIPHINIEH KaK PABHOBECHBLIX 110 Hamry pemienuii B urpax ¢ COOTBETCTBYIOIIN-
MM KPUTEPUSIMU BCEX yYACTHUKOB. VCXoIsd U3 3TOro B JaHHON MOIEIN OrPAHIMIUMCH UMEHHO 3THM
CII0CcobOM onpeneneHHH rapaHTUPOBAHHBIX TOYEK IIPH JUMHAMUKe pa3BuTus pecypca (1.1):

G, ... n17 Q... ,Q}LQ — 9TO BBIUTPLININ B paBHOBecuu 110 Hamry B urpe

<.Z' N17N27{U {V j= 17{[1 z—17{J1 >

z-l’

GGk

e 1, .. ,Q — 9TO BBIATPHININ B paBHOBecuu 1o Hamry B urpe

( Nl’N27{U}z—17{V}] 17{Ik}z—1’{‘]k} >

JLJ1s1 TOCTPOEHUST BHIUTPBIIITEH UTPOKOB B TUHAMUYIECKON MHOTOKPUTEPHUAILHON UT'DE UCIOIB3yeM
mpon3sseieHust Harma, mpu 9ToOM rapaHTUPOBAHHBIE BBIUTPHININ UT'PAIOT POJIb TOUEK CTATYC-KBO:

Hylun o) = (I (uesvg) = GL) x o (T (ugyv) — G,
Hoy = (I (ug,vr) — G x . x (T (g, ) — GE)
My (ug,vr) = (Jf (u,00) = Q1) X oo x (Jf (ug, vr) — QF),
Muy = (THuev0) = Q1) x oo x (T (g, 1) — QF).

Curestyrolree onpeJiesieHue COJIEPKUT KOHIEIIII0 HEKOOIIEPATUBHOTO perrenust [4] nst nuaamu-
9eCKOl MHOTOKPHUTEPUAJIBHON UTPBI C aCUMMETPUIHBIMA yIaCTHUKAMU.

Oupenmenenne 1. Ipoburm crparernii u = (uﬁ,...,uﬁ’lt), o = (vlY, ... ,v%t) ABJISA-
I0TCsl MHOTOKPHUTEPHAJIBLHBIM paBHoBecueM 1o Hamy B urpe (1.1), (1.2), ecm
N N N N N N N .
Hi(ug' vp ) 2 Hi(Wigs o ooy Wil g Uity Uik g gy - o o5 Uy, Uy ) Vit € Uy, 4 € Ny,
N N N N N .
Mj(uy vy ) > M; (ut S ULgs -y Vi 45 Vits Vi1 g5 - - -5 Ung) V0t €V j € Na.

1.2. MHorokpurepmuajbHOe KOOIIEpATUBHOE PAaBHOBECHUE

Terepb TPEAIOIOKUM, ITO UTPOKH XOTIT JEHICTBOBATH KOOIIEPATUBHO, T. €. (DOPMUPYETCS TPAH/I-
koaJsuius. g onpejiesienns KoonepaTuBHOIO TIOBEJIEHUS UCIIOJIb3yeTcs apbuTpazknas cxema Harra
JUIsE BCEro mepuojia npojoskennss urpsbl [5]. [Ipu aroM B KadecTBe TOYKHM CTATYC-KBO BBICTYIIAIOT
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CYMMBbI HEKOOTIEPDATUBHBIX BBIUTPBIIIENH, TTOJTYIEHHBIX TPU UCIOJH30BAHUA UTPOKAMU MHOTOKPHUTE-
pUAaTbHBIX paBHOBECHBIX 10 Hamry crparernii.
HexkoonepaTuBHble BHIUTPBIIIA B COOTBETCTBUU C OIpejiesieHueM 1 IIPUMYT BHJT

IllN = Z 5t91(ut a”év) IlN Z 5t9n1(ut a”év)
N = e e, IN = , (1.3)
N = P gy (uf o) N = E 5tgm (up’, o))
m m
HY = 5 el ) B = 3 o o)
JYN = ey N = o . (1.4)
J{CN = ;:0 5tQ1 (Ut a”év) J%V = tZ: 5t(]n2(ut ,UtN)

ITockoJIbKY 711 Olpejie/IeHnsl KOOIEPATUBHOIO IOBEICHUsI MCIOJIL3YETC apOUTparkKHas CXeMa,
Hosmra, HeobX0anMO penuTh CIIEIYIONIYIO 33084y :

ni n2 ni n2 ni ni n2

OSITED TS STLED SR RERY( TS SIS AR )

i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

m ni n2 ni n2
([t agn) + Y gt - 1Y - 30 ) x
t=0 =1 j=1 i=1 j=1

m ni no n -
y k kN kN
SOSTIPSETRIRS S ITRCI ED SRS Wik
- 7= =1 j=1
m ni n -
=g (Lo (Lt + L] - -3 )
t,Vt =0 P 2 2
m ni ng ni na

X (Zét [ng(ut,vt) + qu(ut,vt)] — Z JEN Z JJ’-“N)], (1.5)
=0 =1 j=1

i=1 j=1
IJle HEKOOIlepaTUBHbIe BLIUTPHINH onpesjesensl B (1.3), (1.4).
o Cc __ C c Cc __ Cc C
Ounpepgenenne 2. Ipobum crparernit ui = (uf;,...,us ), v§ = (Vi ..., v5,) cocTas-
JISIOT MHOTOKPHUTEpHAIbHOE KooreparusHoe pasHoBecue B urpe (1.1), (1.2), ecam oHEM sABIAIOTCS

pemenueM 3azadn (1.5).

1.3. dopmupoBaHHE KOAJIMUIIUIA

B jgaHHON MHOrOKpHTEPHAJIBHON JMHAMUYECKOH urpe, B oramuue oT [6;9|, yuacTByoT UrpoKu
nByx Tunos. [lostomy Bo3moxkHO (opmuposanme aByx koasmmiuii (K C Ny u L C Ny) u upucyt-
CTBUE MHUBUJYATbHBIX (He BXOJSIIUX HU B OJ(HY KoaJunuio) urpokos oboux tunos (N1\ K u No\L).
Pasmepbl KoasmIuii, yCTOWINBBIX B KJIACCUYECKOM CMbIC/IEe (BHYTPEHHE U BHEIHE) U KOAJIUIMOHHO
YCTOWYIUBBIX, SIBJISTFOTCS IIPEIMETOM HCCJIEIOBAHUS.

CyIecTBYIOT pa3jnvHble ITOAXO0AbI K OIPEIEIeHNI0 ONTUMAILHOIO IMOBEAEHUsI YIYACTHUKOB IIpU
dbopmuposanun koasuimu. B [6] 6buin uccsiegoBanbl cirydan nHGOPMUPOBAHHBIX U He HH(GOPMUPO-
BaHHBIX YYaCTHUKOB, a B [9] — crparerun Kypuo — Hama u [IIrakensbepra.

B manHO# paboTe MpeAmoOIOKNAM, UTO BCe UTPOKK MHPOPMHUPOBAHBI O (paKTe 3aKJIIOTEHUS KO-
OIEPATUBHBIX COIVIAIIEHUI U IPUHUMAIOT PEIleHrs] He3aBUCUMO. [Ipy 9TOM yYaCTHHUKU KOAJIUIUM
BBIOUPAIOT CBOM CTPATETUH COIVIACHO KOOIIEPATUBHON KOHIeNIuu (onpe/ieseHne 2), a WHINBYLyalb-
Hble UTPOKH — KaK HEKOOIepaTHUBHOE paBHOBecue (ompejesienue 1).
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Taxum obpasoM, i OIpeleeHnsl O0IUX KOOIEPATUBHBIX BHIUIpHIeil Koammuit K C Ny u
L C N, npumenuM apoutpaxKkuyio cxemy Haima, T.e. pemmM CaeayIontyio 3a1ady:

(VA b 5) = S 1) s (VIR il b o) - 30 1)

1116 €K €K €K
m
~ 1N t K L ~N ~N kN
:<Z Zgz utavtautavt ZI ) <Z(5 Zgz ug vy, Uy 0y ) _Z[i >
t=0 €K €K = €K €K
m
~N 1IN
= max KZ& Zgz (ug, vl al¥, oY) — Z[i )x
uit, 1€EK ‘
t=0 €K €K
t ~N kN
X <25 Zgz utvvt 7ut ) Ut ) ZIZ >:|7 (16)
= €K €K
1L, K L ~N ~N 1N kL K L ~N ~N kN
(ij (ug vty 0y ) — ij )X---X<ij (ug v a0y ) — ij )
JEL JjeL JjeL jeL
m
t K , L ~N ~N 1IN t K L ~N ~N kN
:<Zf5 qu (ug vty 0y ) — ij ) <Zf5 qu (ug vty 0y ) — ij )
t=0 jeL JEL =0 jeL jeL
m
= maxL[(Zé Zq] (ull v, 0l o) ZJ1N>
vﬂtvje =0 ]EL jEL
t kN
X (Z(S Zq] (uls v, a0l o) ZJ )] (1.7)
t=0 jeL jeL

Crparerun UHIMBY/LyaJbHBIX UTPOKOB OIIPEJIETIsieM U3 PEIIeHHsl 3a/1a1
(Iz'l(utKv’UtLvuivvviv) - Gzl) X X (If(u{<7vtllvuivvviv) - Gf)
= max [(Il(uf{,vf,ut,vt )= GH) x . ox (IF(ul oF g, oY) — Gk)], i€ N1\K,
@ie, i€NT\K

(le(uf(vvtLvuz]fvvvz{V) Q]l) XX (Jf(uz{(7v1tL7uivvvz{V)_Gf)

=  max [(J;@f,vf,agv,@t)_cgl)><...x(J;.f@f,vtL,agV,@t)_af)}, jENNL,  (L8)
Bjt, JEN2\L

PN 3TOM JAWHAMUKA Pa3BUTHUSI pecypca MPUHUMAET BUT,

K L ~N ~N
Ti+1 :f(ut y Uy Uy 5 Uy )7 o = X.
Ob6o3HATIM 0T i K u L K _ (), L _ (LY.
ydeHHbIe cTparerun 4ieHos koammmuit K n L kak uy* = (uj} )iek, v¢ = (Vjf)ieL,

NK _ (, N NL _ (,,N
a MHIUBHIYaJbHLIX UIPOKOB — KakK u;' '+ = (U} )ie N\K> V¢ = (v} )ie No\L-

1.4. YcTOMYMBOCTh KOAJIMIIUI

[TonsiTust BHyTpEHHeN U BHeIIHel yCcTONYMBOCTU, BBeleHHBIE B pabore [7], IIMPOKO UCIOJIb3Y-
IOTCS JIJIsT MCCJIEOBAHNS BOIIPOCOB I1€/1eCO00Pa3HOCT (POPMHUPOBaHMA Koasuinii. Pacimpocrpanmm
YCJIOBHSI YCTOWIMBOCTH JIJIsi MHOTOKPUTEPHAJIBHBIX TUHAMAYICCKAX UTD (IPUBEIEM ONpe/esIeHne [t
koasmiuu K, st Bropoii KOAJIUIUU — aHAJIOTUIHO).

Onpengenenne 3. Koamunus K HasblBaeTCst BHYTPEHHE YCTOWYMBOI, €CJIM HE CYIIECTBYET
Takoro ¢ € K, aro

Il o o] E) < 1N (@ MMl N, (1.9)



JlnnamMuydeckne MHOTOKPUTEPHUAILHBIE UT'PBI 205

Koamunus K HasbiBaeTcsl BHEIIHE yCTOWIMBOIL, ecm He cyinecTByer Takoro i € N1\ K, uro

IN (uff ] ™ of o Ey < O (S VRO L Ny, (1.10)

Buecb a Sbsa; <bj Vj=1,2.

TakuM 06pa3oM, BHYTPEHHsA YCTOHYMBOCTL O3HAYAeT, YTO MI'POKY HEBBIFOJHO BBIXOJUTL U3
KOAJIUIUU U CTAHOBUTLCS WHJIUBHJLyaJbHBIM UIPDOKOM. A BHENIHAsS yCTOWYMBOCTL O3HAYAET, UYTO
HE3aBHCUMOMY UTPOKY HEBBIFOJHO HPHCOCIUHATLCA K KOATUIIU.

Onpenenenne 4. Koamuus K gaBigercs ycToiiuuBoii, eciau BbloJgHeHbl yeaosus (1.9),

(1.10).

1.5. KoaquimoHHas yCcTOWYMBOCTH

TpaguImmoHHO TOHATUS BHYTPEHHEN U BHEITHEN yCTONYNBOCTH TPUMEHSIOTCS B CUTYaIlUN, KOTIa
dopMupyercsi TOIBKO OfHA Koayuius. B manHOi paboTe BO3MOXKHO (OPMUPOBAHUE JIBYX KOOIEPa-
TUBHBIX COIVIAIICHUM, CJIeOBATE/ILHO, JOJI?KHBI YUYUTLIBATLCA CTUMYJIbL IIepexo/la UI'POKOB U3 OJIHOMI
koasuruu B Apyryio. Carraro [8| BBeJs HOHsITHE HHTEPKOAIUIIMOHHON YCTORIUBOCTH JIJIsl TAKOTO AHA~
mu3a. B [10] 661710 npe/yioXkeHo paciinpenne JaHHOM CXeMbl Ha CJIydail, KOrjia He OJMH, & HECKOJIBKO
UTPOKOB MOTYT II€PEXOJUTH U3 OJHON KOAJUINK B APYTyIO. BBemem moHATHE KOAJTUITUOHHON yCTOM-
YUBOCTH, PaCIIUpsIONiee IMOHATHE NHTEPKOAJUIMOHHON YCTOMYUBOCTH, JIjIsl MHOT'OKPUTEPUAIbHBIX
JUHAMUYECKUX UI'P C KOAJUIIMOHHOM CTPYKTYPOIl.

Onpenenenue 5. Koamunus K HasbIBAeTCs KOAJUIIMOHHO BHYTPEHHE YCTOWIHMBOM, €C/IN
K/ K ,NK ,L  NL Lup,, K\P NK\P LUP . NLUP . _

L (ugt sy v ) 2 I (uy YUy 7, ) Vie PCK, |P|=p. (1.11)

Koamuiusa K Ha3bBaeTCad KOAJUIMOHHO BHEITHE YCTONYIUBOI, eCiu

K K NK L NL .
JjL(utKvui\[Kv’UtvaiVL) 2 Jj UQ(ut UQvut UQ7Ut \Q7Ut \Q) V] € Q - Lv |Q| =4q. (112)

BryTpennsaa KoaJunuoHHas yCTOWYHBOCTH O3HAYAeT, YTO HUKAKOMY MHOMKECTBY yIaCTHUKOB
Koayunuy K HEBBINOJHO BBIUTH U3 Hee U NPUCOCAUHUTHCA K Koaaunuu L. BHemHssa KoaauIuoHHAS
YCTOWYIHBOCTD O3HAYAET, YTO HUKAKOMY MHOYKECTBY yYaCTHUKOB KOAJIUINN L HEBBITOJHO BBIUTH 13
Hee U IPUCOCIUHHUTBCA K Koaaunun I .

s xoasuuuu L ycioBust KoaauIuoHHON yeroitunsoctn couaaator ¢ (1.11), (1.12).

Ounpenenenne 6. Koammmmonnoe pasbuenue (K, L) sIBIsS€TCS KOAIMIMOHHO YCTONIH-
BBIM, €CJIH BbIIOJIHeHBb! yesosust (1.11), (1.12).

Jlaee paccMOTpuUM OMKPUTEPUATIBHYIO 33189y YIIPABICHUsT OMOpecypcaMu IJjisi JTeMOHCTPAIINN
TPEJIIOXKEHHBIX KOHITETITIHIA.

2. MmuorokpurepuajibHad 3aJa4a ynpaBJieHus OmopecypcamMu

Uccnenyercs nunavMudeckass OMKpuTeprajbHasi MOIEIb yIpaBjieHus Ounopecypcamu. Vrpoku
aByx tunioB N1 = {1,...,n1} u No = {1,...,n9} (crpanbl uju dbupmbl) SKCILIYATUPYIOT PECYypPC Ha
HPOTSIZKEHN KOHEYHOrO 1poMexkyTka BpeMenu [0, m]. JuHamMuka pa3BUTUsI HOMYJISIIUA UMEeT BUJ

Tpg] = EXTp — ULp — oo — Upyt — VLf — oo — Upgty, Lo = T, (2.1)

rae x; > 0 — pasmep HOmyJsiiud B MOMeHT Bpemenu t > 0; € > 1 — K03 PUIUEHT ecTeCTBEHHOIO
pocra momyssinun; u;; > 0, vjy > 0 — crparernu (BBITIOB) HTPOKOB i, j B MOMeHT BpemeHnu ¢ > 0,
1€ Ny, j € No.

Urpokn crpemMsaTcss HOCTUYb JABYX Iejiell — MaKCHMU3UPOBATH JIOXOJM OT MPOJAXKH pecypca u
MUHUMU3UPOBATH 3aTpaThl Ha SKCILTyaTaluio. lIpeamnonaraercsi, 9To IeHa Ha PBIHKE JIJIS UTPOKOB
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JBYX TUIIOB Pa3JIMIAETCs, a 3aTPaThl PABHBI U 3aBUCAT OT MHTEHCUBHOCTH SKCIJIyATAIINN KaXKJOTO
urpoka. Takasi cuTyalysi BOSMOYKHA, HAIIPUMED, KOIJIa YIACTHUKY U3 PA3HBIX CTPAH BEIYT IKCILIya-
TaIIO B OJHOM BOJOEMeE, a JOOBIThIM Pecypc IMPOAal0T Ha COOCTBEHHOM PBIHKE, YTO BJICYET Pa3/Indne
B nenax. Torjga BeKTOp-YHKIINN BBIMTPBIMNICH Ha KOHEYHOM IIPOMEXKYTKE IIJIAHUPOBAHUS ITPUMYT
BU/J,

m m
II="3" §tprui Jj =3 0'pavje
I; = t:07n , 1€ Ny, ..., J] = t:Om , J € Ng, (22)
I} ==Y deuj, Ji == oty
=0 =0

rae p1 > 0, po > 0 — pblHOYHAA IIeHA 33 €AWHUILY Pecypca IJisi UTPOKOB %, j, 1 € Ni, j € No;
¢ > 0 — zarparsl Ha skciuryaTanuio u § € (0,1) — obmmit KoadbdUIMEHT TUCKOHTUPOBAHHUSI.

Mo>KHO 3aMeTUTb, 9TO IPEICTABICHHBIN IPUMED SABJISIETCS JTUHEHHO-KBaIPATHIHON JUHAMMIIE-
CKasl UI'POii, B KOTOPO# MOXKHO OBLIO OBl PacCMOTPETh CBEPTKY KpurepueB. OIHaAKO MHOIOKPUTEPU-
AJIBHBIN IOIXOM, KaykeTcsl 0oJiee aJeKBaTHBIM, Ye€M CJIOYKEHHE HMPUOBLLIN, BHIPAXKEHHON B JEHEXKHBIX
eJIMHUIAX, U 3aTPAT, IPOIOPIUOHAIBHBIX KBAIPATy MHTEHCUBHOCTH 3KCILIyaTAIlUN.

2.1. HekoormnepaTuBHOE TOBeJ/IeHUE

Haumewm ¢ HOCTpoeHI/IH rapaHTUPOBAHHBIX BBIUTDHIMIEN, UCIOJIB3Ysl TPETUIT BAPDUAHT UX OIIPE/Ie-

nenns  [4]. ...,GL,, Qi,...,Qp, — 9T0 BHIMIpbIIN B paBHOBecun 0o Hamy B wurpe
(x, Nl,Ng,{U }Z_l,{V 3 1,{11}1_1,{J1} 1)- Ucnonbsyst mpunrun Beiimana, HOIydnM paBHO-
e—1
BecHble 1m0 Hamry crparerum uyy = ... = Upyp = Vg = ... = Upyt = ————————T; U pa3Mep
ny+ng—1

MOMyJIANMY B paBHOBecun 1o Harmy

<n1+n2—5)t
Ty=|——"—| 2.
t ny+no—1 0

Torma rapaHTUpPOBaHHBIE BBIUTPLIINIA IPUMYT BT Gl1 = p1Axg, © € Ny, Q; = poAxg, j € No,
rie
A (e = 1)(0(n1 +ng — &)™ + (ng +np — 1)+ 23)
(n1+ng — )Mt (§(ny +mo —e) —ny —ng+ 1) )
AHaJIOTUYHO Ompeseisisi paBHOBecme 10 Hamy B  urpe co BTOPBIMH  KPUTEPUSIMU
(2, N1, No, {Ui 32y AV 20 AL 2 {J2} 1), TIOJIy9nM BTOpBIE TaPAHTUPOBAHHBIE BBIUTPBIIIN

:Q_?:Gﬂj‘%, ieva j€N27

riue

G = _C(Z(nl +n2) —&? +€\/4(’I’L1 —I—’I’L2)2 42 — 4(711 —|—n2)>2
(nl + 7’L2)(—€ + \/4(n1 + ’I’L2)2 + 2 — 4(711 + nz))

) (20n)™F! — (e—+/4(n1 + n2)? + €2 — 4(ny + nz))™H! . (2.4)

—\/4(77,1 + n2)2 +e2 — 4(77,1 + ng))m(25(n1 +ng) — €+\/4(n1 + n2)2 +e2 — 4(77,1 + n2))

CoryacHo ompejiesleHnio 1 JJIsT TOCTPOEHNsT MHOTOKPUTEPHAJIBLHOIO paBHOBecHs 110 Harry HeoO-
XOJUMO PENIUTD CJIEMYIONINe 3aJIadn:

(I (up o) = prAe) (I (uy’ ,0f) — Ga?) = max [(L] (ur,v)) — prAz) (I (ue, 07") — Ga?)]

Uit, ZENl

m m
- ﬁ--A)(— &2—G2ﬂ,'eN,
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(Jj (uf,vf) = p2Az) (T3 (u)', 0)Y) = Ga®) = max [(J(u)", vp) — p2Az)(JF (uy, v) — Ga?)]

J vjt, JEN2
m

= max 5t —Ax)(—c §to? —G$2>}, j € No.

e s, [0 ) (3o e

PaCCl\/IanI/IBaH IIporecc I1ocjgaeaoBaTe/JIbHO, T.€. Ha4YMHadA C O,ZLHOLHaFOBOfI UTrpbl 1 3aKaHYINUBad
M-TIaroBoil, U mpeanoaras JUHEHHLIN BUJ CTPATErUi, MOTYyYIUM, ITO MHOTOKPUTEPUAJIBHLIE PaB-
HOBECHbBIE CTpaTernuun I10 HSLHy y UT'POKOB O6OI/IX THUIIOB COBIIQJaIOT W MMEIOT BHUI

N N N ey : .
Uy = Uy =V Lt = T ()N S 2 xy, 1€ N1, JE€ Ny, (2.5)
7=0

a CTpaTerud Ha IIOCJIeITHEeM IIare ’Y{V openeIdeTcd U3 ypaBHEHUA

—209" (e = mY [Z o T (6= +no) = 4]
i=2 j=m+1—i
m—1 m
e sy TT - tm+nan)? -6 =0
i=0 j=m+1—i

rae A u G 3aganer B (2.3), (2.4).

2.2. ®opmMupoBaHHUE I'pPaHI-KOAJIUIAN

B coorBercTBun ¢ (2.5) olpeesnM BBIUTPBINIU B MHOIOKPUTEPUAJILHOM paBHOBecuu 110 Harry
m
1N t N .
I (x) = ;m E 0y x, 1€ Ny,

m
leN(:E) = p225t7gvx7 J € Na,
m
N@) = JN(@) = =) 6" )%?, i€ Ny, jeEN.
t=0

CoryacHO omnpeesIeHnto 2 JJIsl HOCTPOEHMST MHOTOKPUTEPHUAIBHOIO KOOIIEPATHBHOIO PABHOBECHSI
HEOOXOIUMO PEIIUTh CJICAYIONIYIO 3aady:

Vit . +vierwier 4wl -V — N N i)

X (V24 AV W W - — 2N 2N g2

(Zét<p1 Z ug, + p2 Z ]t) — ><—c§:5t< Z(uft)2 + Z (vj-t)2> —Ma:z)

i€Ny JEN2 t=0 1€N7 JEN2

=gl (350 (0 3 e 3 ) = P (e (S w4 3 ) - i)

1€EN1 t=0 1€Ny JEN2
_ m t N . _ m t/N\2
rie P = (nipy 4+ n2p2) D itg 0 s M = —(ny +n2)ed )2y 0 ().
PaCCManHBaﬂ HpOHeCC HOCJIe,ZLOBaTeJIbHO, T. €. HaA9dHUHasd C O,ZLHOHlaFOBOI';I HprI Hn 3aKaH4YMUBasl
M-IIaroBoii, W MpeJoaras JUHEHAHBI BU cTpaTeruii, moydYuM MHOTOKPUTEPHAIbHbIE KOOIepa-
THUBHBIE CTpaTeFI/H/I

C

uzgt:ugz/ytcxty Z'Gle ,th:UtCZHtC:Etv J 6N27 (26)
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rie
t—1
p1e’ g
=2 >

pLAAS(ping + pang) Y g el

a CTpaTerud UIrpokKa Ha IIOCJIeITHEeM IIare "}/1 oIpeneIdeTcd U3 ypaBHEHUA

t=2,...,m; fzzgfyf, t=1,...,m,
n

p1 [—CZ 0" (m(6)? + n2(05)?) T (€ = miv§ — not)® — M}
i=2 =it
—2c7f [ [ (e = ma§ — mat§) [Z 0™ (napryf + mapat) [ (€ = man§ — nabf) — P} =0.
Jj=2 =1 j=i+1

Uccnenyem acuMuTOTHYIECKOE HEKOOIIEPATUBHOE U KOOIEPATHBHOE MOBEJIeHHUE B 3a/ade yIIpaB-
JIeHHsI OHopecypcaMu.
Mmuorokpureprnaibable paBHoBecHbIe 110 Hamry crparernu (2.5) npu ¢ — 00 mpuMyT BHJ,

N e—1
Yo T T
ni1 + no

PE-1 e mE-1)

) t .
piny + pang piny + pang
Takum obpazom, B 000ouX ciydasix £y — Xg, U PA3HUIA — TOJHKO B PACIPEIEJICHHH ODIIEro

BbuIOBa (£ — 1)xy Mexky urpokamu. [Ipu HEKOOEPATHBHOM MIOBEJCHUN OH PACIPEIE/ISeTCsI DABHO-
MEPHO, & IIPU KOOIIEPATUBHOM — IPOIIOPIIMOHAJIBLHO PHIHOYHBIM IIEHAM 32 PECYPC.

3aMeTHM TakKe, UTO WHTEHCUBHOCTH SKCILIYATAIIMHM MPH HEKOOTEPATHBHOM ITOBEJICHUU TIPU
P2 > p1 OoOJbINe, YeM y YYaCTHUKOB Koajuiuu K, HO MEHbIEe, 9eM y yIACTHUKOB KOAJIUIUH L.

a KoomneparuBHble (2.6) — 75 —

[Tpu p; > po cuTyalus TPOTUBOIIOIOKHAS.

2.3. ®opmupoBaHUE KOAJIUIUOHHOTO pa3bueHUs

Pacemorpum niporiece dopmuposanust asyx koasumuii (K C Ny u L C Na). Ilpu stom yuact-
HUKHU KOAJIMIMH ONPEJIESISOT CBOU cTpareruu coryacHo 3agadam (1.6), (1.7), a unauBuyasbHbie
urpoku (i € N1\ K, j € No \ L) — u3 pemtenus 3ama4 (1.8). O6o3HaumM pasmepbl Koajumnuii Kax
k=|K|, l=|L|

Takum obpasom, [JIsT OIpeaeTeHrs OOIIero KOOMepaTUuBHOTO BHIUTPHIMIa Koamumuit K u L pe-
[IAIOTCS CACAYIOIINE 3aIaun:

<Z(5tzu ><Zétz _ MEg 2)

t=0 €K t=0 ieK
= s [0 S = P w><§:a S twe)? = M¥a2)],
win €K LANTE TR t=0 ieK
(30 3= Pa) (o0 S0 - aate?)
= jEL t=0 j€L
= s [( 0 S Ph) (L8 - )]
st =0 jeL t=0 jeL

rae PR = k37, oty MB = k351000 (V)% PE = 13000 0ty ME =137, 0! (4]Y)?.

st HaxoXKIeHnsl YKe ONTUMAJIbHBIX CTpaTeruii WH MBIy lbHBIX UIPOKOB pernatoTcs 3agaqdu (1.8)

(p1 gétaftv - G}) ( - cgat(aw - G?)
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= [ s G (eX st - )] rem,

t=0 t=0
(123205 — Q1) (e — )
t=0 t=0
- [ =) (oo -], g e

IpU CJAeyIoNIeil TMHAMUKE PA3BUTUS MOIMYJIISATINN:

K L
Tepr =T Y ujy =) vi— Y @y — ) Oy, T =1

ieK jeL ZENl\K jENz\L

AHATOTUYIHO PacCMaTPUBAasi MPOTECC, HAYMHAS C OHOIIATOBOTO M 3aKAHYIUBAST M-TTATOBBIM, M
npeproaras JUHEHHbIA BAJ CTpaTeruil, mojrydnM

VYrBepxkaenune 1. Cmpamezuu ywacmnuros xoaruyutd K w L npu dopmuposanuu xoaruyu-
oHHO020 pasbuenus 6 zadave (2.1), (2.2) npunumarom eud

K _ K . L _ oL .
Uig = Ve Tty Z€K7 ,th_et Ly ]€L7

8t—l K
’ytK n , t=2,...,m,
1+Z 22 eI (kS +10F + (ny +ng — k — D))

(2.7)
0; = o LK =2 m;
t /71[( t bl b bl
CMpame2uU u2poxos ’y{( U 91L HG NOCAEOHEM UG2E ONPEJEAANOMCA U3 YPASHEHUT
> k()2 TT (e = bl = 105 — (1 + 2 — k= D3)? = M¥]
=1 d=j+1
+ 27K H(e—lmj l@L (n1+n2—k:—l)7]N)
j=2
[Zém Jk:’y]K H (e — kv — l@ﬁ—(nl—l—ng—k—l)’yév)—PK] =0, (2.8)
d=j+1
[Zam KO [T (e~ kil — 165 — (n1+na — k — 1)7))? —ML]
j=1 d=j+1
+ 200 [J(e = kvf* =107 — (m1 +ng — k= 1)y})
j=2
[Z 516} H e — kvl — 105 — (ny +ng — k —1)4Y) — PL] = 0. (2.9)

d=j+1

Onmumanvroie cmpamezut uHOUBUIYaAILHUE U2pokos 6 3adave (2.1), (2.2) cosnadarom u ume-
rom eud

ay =N =, i€ NM\K, je€N\L,
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t—1. N
W= = L t=2,..m (2.10)
L+ > el (kv +10F + (n1 +na — k= 1))
5=0

cmpamez2us Ha nocaednem uiaze ’Y{V onpede/memc;z U3 YypasHeHUuA

(eI T (e =kl = 10F = (1 + 12— k= D3 = G
j=1 d=j+1

— 2071 [ [ (e = kv =10 — (n1 +na — k= D)y 7))

j=2
X [Zém_j’yjj-v H (e — kK —10F — (m +n2—k—l)’yév)—A] =0, (2.11)
j=1 d=j+1

2de A u G 3adanw 6 (2.3), (2.4).

PaccmorpuMm acuMmiToTuteckoe moBeieHre mpu (POPMUPOBAHUN KOAJUIIMOHHOTO pa30ueHus.
Crparerun yuacTHUKOB Koasunuii (2.7) upu ¢ — 00 IpUMyT BUJL

e (= Dy . (e ot
¢ K +10F + (g +ng —k—DN " 70 Ty 1 10F + (0 g — k— DAY

N
(e—Dm
K L N -
Taxkum o6pasom, mpu (GOPMUPOBAHNN KOAJIUIIMOHHOTO Pa3OMeHUs] TakyKe Ty —> Xy U UTPOKH
BBLIABJINBAIOT TOJILKO €CTECTBEHHBIH pupocT pecypea (¢ — 1)xy.

a CTpaTernm MHIMBHILYATbHBIX urpokos (2.10) — v —

2.4. YcCTONYMBOCTH KOAJJIUIINIA

CoryacHo yTBepKjeHni0 1 cTpaTeruu y4acTHUKOB Koaymnuit K u L IpUHUMAOT BU uf{ —
st Beex ¢ € K m ’utL — 11 Bcex j € L; crparernu WHIMBUIYAJIHHBIX UTPDOKOB ODO3HAYUM KakK

u,{V A — viv L — %gv x;. PacemorpuM yeoBust ycroiumBocTr it Koasunun K
yCcJIoBUsl BHyTpeHHeit ycroitunsoctu (1.9)

1K/ K ,NK ,L . NL IN¢, KN{i}  NEK\{i} L  NL
L5 (ugtsuy & v 00 7)) > I (uy ) Uy V7,0 ),

2K/ K . NK ,L . NL oN, K\{i} ~NK\{i} L NL\ \: .
L7 (ug yuy ™ v, 0p0 ™) > L7 (wy \{}7ut \{}7vtvvt ) Vi€ K;

ycsioBus BHemtHelt yceroitunsoctn (1.10)

IN, K ,NK ,L , NL 1KU{i} , KU{i} NKU{i} I NL
L (ug uy ™o, 00 %) > 0 (uy ) Uy U0 ),

2N/ K NK L. NL 2K U{i KU{: NKU{: L NL .
I (ugtuy ™oy, o0 ") > 1 {}(ut {},ut {},vt,vt ) Vie Ni\K.

YropocTus, MoOIy<InM, 9TO YCJAOBUS BHYTPEHHEN ycTOWYIMBOCTU Koasunuu K mMeIoT BU/I

t_
(=) (14 D& (k= D +16F + ( +m2 — k= 1)1Y) ) 2 0,
J

N

Il
o

t_
. 2

(v —W{V)((vf“rva)(ﬂr e ((k = 1)yf* +16f + (n1 +nz — k‘—l)va))
J

N

Il
=)
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t—

t—2
- Zsﬂ'(ﬁﬁ(z +3 e (2 — DyE +10F + (2(n1 +no — K — 1) + m{v))) <0, (2.12)
=0 i

N

Il
=)

YCJIOBUS BHEUIHER yCTONYUBOCTU —

t—2

(1 =) (1 + > e (b +10F + (e —k— 1+ 1)7{V)) <0,
7=0
t—2 9
(1 —7{V)<(vf< +7{V)(1 +) (k= D)y 107 + (g — K — l)'va))

=0

-2 -2

— ZEJ(’Y{V)2 (2 + ZE”((% — Dy E 10k 2y +no—k—1) + 1)7{\[))) <0. (2.13)
: par

[TockonbKy %K < 7{\7 , TO yCJIOBUE BHYTpeHHell ycroitunBocT (2.12) BBINOJIHSIETCS TOJBKO JIJIst
KoAJMIHii pasmepa 1, a ycsioBus BHeIHeil ycroiunsoctu (2.13) BBIIOJHAIOTCS BCETIA.

CrenoBaTe/IbHO, KaK U B OOJIBIIHHCTBE SKOJION0-9KOHOMHYECKHX Mojeseil 06a yCJIOBUs yCTOM-
YUBOCTHU BBIOJIHSIIOTCS TOJIBKO JIJIs KOAJUIUI Masioii pasmepHocTu (cM., Hanpumep, [11]).

2.5. KoanuiuoHHasi yCTOMYUBOCTD

s npoBepku BBeleHHBIX ycstoBuii yeroiausoctu (1.11), (1.12) mocrpoum crparerun UrpokoB
U BBIMI'PBIIIYM KOAJMUIUA JJIsT CIAEAYIONIUX CJIYYIaeB.

1. IopmuoxkecTBo urpokos P C K, |P| = p, upucoenunsiercst K koasmruu L. Takum o6pazom,
urpoku dopmupyoTr koaymnuio L U P, rne j € L C Ny — urpoku tumna 2, ¢ € P C K — urpokn
turna 1. [Tpu srom y urpokos tuna 1 ocraercst koamunus K\ P, a Bce ocTaBImecst y9acTHUKA UIPAIOT
WHIUBUYAJTBHO.

2. TToammuozkecTBo urpokos () C L, |Q| = ¢, npucoepunsiercss Kk koasurnun K. Takum obpaszom,
urpokn gpopmupyror Koaaumuon K U Q, rae i € K C Ny — urpoku Tuna 1, j € Q C Ny — urpokun
turna 2. [Ipu 510M y urpokos tura 2 ocraercs koaaurusi L\(Q, a Bce ocTaBIInecs: yYaCTHUKI UIPAIOT
MHIUBUYAJTHHO.

Pacemorpum caydgaii 1. st onpeeieHust KOOIIEpaTUBHBIX BBIMI'PHIIIEH HOBBIX Koasunnii LU P,
K\ P pemaorcst cyiefiyomiue 3a1adu:

<Z(5t Z uk PK\Px><Z(5t Z _ ME\P, 2)

=0 ieK\P =0  ieK\P
N uitglgf}{(\PK;‘st E;PU i — P\ ) (gét Zg{;P ui)? — MK\P$2)}’
(Z (pz Zv]t + D1 Z Zt) — pLUPx) (iét(z jt)z + Z(a5)2) . MLUP$2)
=0 JjeEL icP =0 iel ‘T
- Um p e p [( ; o' (p2 JEZ;”JH-M g)u t) —PLUPZE> <§; 5t<jezg(vjt)2+iezp(git)2> _MLUP:E2)] ’
V¢, J €L
riue

m

PENP — (k — pzé“v MEVP = (k—p) > 8t (4)?,
t=0
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PP = (pip + pol) Z5t% ;o MPP = (14 p) Y 6
=0 =0

WH/MBUJIyaJbHble UI'DOKH, KaK U paHee, peraior 3agaqn (1.8)

(1 gmﬁ -al) (- cgmﬁ - c2)

3
3

— iy — GL) (= 0:)2 — G2 ;
=  max [(pl Oétuzt Gl)( cZét(u,t) Gl)], i € Ni\K,

uit,ZENl\K —

3

(12 yﬁg_@;)(—cf;at@;mz—@)
t=0

- (300 @) (X - @2)]. e

PN CJIeIyIONIei TMHAMUKE Pa3BUTUS OIYJIISIINN

L ~N
Ti+1 = €T — E uit Euzt Evjt_ E uzt_ E Vjt, T = X -

i€eK\P ieP JeL iENI\K JEN2\L
CnpaBemmBo cjeayroniee yTBepKaeHune.

VYrBepxkaenue 2. Cmpamezuu yuacmnuros 1osol koasuyuu LU P 6 3adave (2.1), (2.2) npu-
HUMAIOM 6UJ

[g_/ytLUP ts ier Ut_HLUP j€L7
LuP _ gl lyfP F—9
it K\P N P27\~ LUP T He
1+Z OEJ((k:—p)’y1 +(n1+ng—k—10y + (p+ l) )
(2.14)
b2
OFIr = ZAOP =1 m;
b1
cmpamezul u2pokos, ocmaswurca 6 xoasuyuu K, onpedessromen xax
K\P )
ui[g:/}/t\xtv ZGK\P7
_1_K\P
K\P_ ct 171 \ B .
Tt K\P N P2 7\~ LUP E=2...,m;
L+ 06l ((k—p)m 4 (n+ng—k =Dyl + (p+ By )
cmpamezut, UHOUSUIYAALHVIT U2POK0S COBNAda0OMm U UMem ud
i =0 =Nz, i€ NI\K, j€MN\L,
N _ ey _9 )
Mt K\P N P27\~ LUP b=2,...,m;
1+Z 05](( —-p)yy © +(mitne—k—10)y + (p+ 201 )
cmpamezul uzpoKos 7y, KA\P , yfup U 7{\7 Ha nocaedHeMm waze onpedestomca u3 ypasHenut, anaio-

euunor (2.8), (2.11), ¢ coomeememsyOUUMU 2aPAHMUPOBAHHUMYU BOIUZPOULAMU.

Pacemorpum coay4aii 2. JleficTByst aHAJIOPMYIHO, KOT/Ia MOJAMHOYXKECTBO UrpokoB () C L, |Q] = g,
[IPUCOEINHSIETC K Koaaunun K, oIy duM
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YrBepxkaeuue 3. Cmpamezuu yuacmuuros noeot koasuyuu K UQ 6 sadaue (2.1), (2.2) npu-
HuMaom 6ud

~L KU . K KU .
Vit = Uy Qil?t, JEQ, uy = ngtv i € K,

1K
HKUQ 6t 191 uQ
t

1+ 2 60((— )0\ +

, t=2,...,m,
(m1+n2 =k =Dy + (g + Ek)07?)

KuQ

P1 ,Ku
Vi =—40 ?

i , t=1,....my
p2

cmpamez2uu u2poxroes, oCmaswurcsa 6 Koasuuuy, L onpede/mmmc;z rax

vh =07\ %,,  jeI\Q,

e _ g1 elL\Q
9t

t=2,...,m;
1+ Z 0&?ﬂ((l — q)@f\Q + (n14+n2—k =Dy + (¢ + plk)HKUQ)
cmpamezut, UHOUBUIYAALHVIT U2POK0S CO8NAdarom U uMem sud

ay = =N, i€ NM\K, je€N\L,
{_:t—l N
%{V_ — 7 t=2,...,m;
1+ > el ((— )87 + (ny +na — k — Dy +
7=0

+ g+ BROEUQ)
cmpamezuy, U2poxos HIL\Q, Hf(UQ

u vV na nocaednem waze onpedessromes us ypasHenuti, aHao-
euunoir (2.9), (2.11), ¢ coomeememsyOUUMY 2aPANMUPOSAHHIMU BHUZPLIULAMU
YeioBus KOAJMIMOHHOM BHyTpeHHel ycroifansoctn (1.11) mpumyT Brj

m

t=0

m m
Zét,ytK > Z&t,ytLUP, Zét(,yt < 25t LUP
t=0 t=0
re v~ ompenenenst B (2.7), U — B (2.14);

YCJIOBUST KOAJIMITMOHHON BHemmHeli ycroitunsocrn (1.12)

iatef > f:atetKUQ Zaﬁ 0F)? < f: (0792,
t=0 t=0 t=0 t=0

e 0F onpenenenst B (2.7), HKUQ B (2.15).

PacemoTpum nepBoe yesioBue KOAJUIUOHHONR BHYTPEHHEH YCTOWYNBOCTH, OHO IIPUMET BT
S P2
; K\P
(=P P) (14 3 & ma = k=D ) + (k= )l (1 =)+ 1P (B0 —0f) > 0.
=0

K\P

> . Hutst cpaBHEHHST OCTAJIBHBIX
cTpaTernii urpokoB mpu (popMupoBaHnn Koayuiuit K, L u mpu mepexome UrpoKoB n3 Koaguinn K

B Koayunuio L mcciepyeM acuMmirorndeckuil ciaydaii (¢ — 00). Tak Kak B aCUMIITOTHKE WIPOKU
BBLJIAB/IMBAIOT POBHO €CTECTBEHHBIN IIPUPOCT pecypca, UMeeM

HOCKOJH)Ky ’)/tl< BO3pacTaeT 110 k’, TO HaM U3BE€CTHO, 9TO 7y > 71

k' + 107 = (k= p)y K\P+<lp +p)f”.

(2.16)
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Ucnonb3yst Bo3pacranue %K mo k u ToT pakT, UTO %LUP = p1/po 91LUP , u3 (2.16) nomyaum
cJle1yIolIne yCJIOBUS:

K\P
Py — AEUP) > 1(0F9F — 0F),  1(0F — 0FVF) > p(rFUF — 4.

[Tockosbky HtL BO3pACTaeT 1O [, TO U3 STUX yCJOBHUH IeaeM BBIBOI, ITO

K LUP K\P LUP
MmnZzZns mooZm -

Taxum obpazom, Ipu pa / P1 ’le — 91L > 0, ycJioBue BHYTPeHHEN KOAJTUITMOHHON YCTOMIMBOCTH BhI-
IIOJIHSIETCsI IIPH JIIOOBIX IapaMeTpax 3aJadr, a BTOpOe YCJIOBHE BHYyTPEHHEH KOaJUIIMOHHON yCTOi-
YUBOCTUA HE BBIITOJIHACTCS.

Temneps paccMOTpUM TEPBOE YCIOBUE KOAJUIIMOHHON BHEITHEH YCTONYINBOCTH, OHO IIPUMET BU/T

OF =) (14 ot k=Dl ) + (L= @)0F O = 059) 4 k0{ 0 (0F —5[) > 0.
7=0

[ockombky 6F Bospactaer 1o [, TO HAM W3BECTHO, UTO 91L > HlL\Q. Jl1st cpaBHEHHSI OCTaJIbHBIX
cTpaTernii urpokoB mpu dopMupoBannn Koanauruit K, L u mpu mepexome UTPOKOB U3 Koaanmuu L
B Koasmiuioo K TakyKe pacCMOTPHM aCHMIITOTUYEeCKuil ciydaii (¢ — oo). Tak Kak B acUMITOTHKE
WI'POKH BBLIABINBAIOT POBHO €CTECTBEHHBIN IIPUPOCT Pecypca, MMeeM

Ik 108 = (1— o0+ </<;§—; +q)01. (2.17)

Ucnons3ys Bospactanue vy 1o k u To, 4T0 9{{ Ve — p, /D1 ’le Y@ us (2.17) mosryumMm cJiie Ly ronye
YCJIOBHS:

L KU KU K K KU KU I\Q
q(01 -6 Q) Zk(’h Q—’Yl ), k(mn - N Q) 2(1(91 Q_91\ )
[Tockosbky 'ytK BO3pACTaeT 1O k, TO U3 ITUX YCJIOBUU J1€JTA€M BBIBOJ, UTO

0 =19, 09 =01

Takum ob6paszom, mpu py/p2 0 — v > 0 ycnosue Bremmedt KoammmuoHHOM yCTONIHBOCTH BHI-
TIOJTHSIETCST TIPH JTIOOBIX MTapaMeTpax 3a7adu. [Ipu 3ToM yKe BTOpoe yCIOBHe BHENTHEH KOATHITMOHHOM
YCTOHYIMBOCTH He BLITIOJTHSIETCS.

Taxum 06pa3oM, MBI MOy IUINA CJIEAYIOMINI Pe3yIbTAT.

VYrBepxkaenue 4. B acumnmomuueckom cayqae (t — 00) 6 sadave (2.1), (2.2) nem xoaruyu-
onno yemotuueur koaruyul (K, L).

3akJrouyeHue

B pabote npeioskeHbl KOHIEIIUN OIIPEIeIeHIsT OIITUMAJIBHOIO TOBEJIEHNSI B MHOIOKPUTEPUAb-
HBIX JUHAMUYECKHX HUIPaX C aCUMMETPUYHBIMU yYACTHUKAMHU M (DOPMUPOBAHUEM KOAJIUIIMOHHOIO
pasouenust. Jjisi mMOCTpoeHUsT HEKOOIIEPATUBHOTO PABHOBECHsI UCIIOJBb30BaHA KOHCTPYKIIUS apOWT-
paxkHoii cxembl Hamma (npousseennst Hamna), a jijist onpe/ie/ieHnst KOOIepaTUBHOIO — apOuTpasKHast
cxeMa Hama mj1s Bcero mepuoia IpoIoszKeHnsT UIPHI.

WccnenoBan mporecc pOpMUPOBAHUSA KOAJUIIMOHHOIO pa3sOueHus B MHOIOKPHUTEPUAIbHBIX M-
HaMUYeCKUX Urpax. B mpemioxkeHHOM Momenn popMupyoTes aBe Koagunun K, L u npucyTCTBYIOT
MHIUBUAIYAJIbHBIE UTPOKKA OOOMX THUIIOB B IPEIIOJIOKEHUN MHMOPMUPOBAHHOCTA HIPOKOB O (hak-
Te 3aKJIFOUEHNsT KOOIIEPATHBHBIX COIJIAIleHn. TakuM o0pa3oM, YIACTHUKU KOAJUIINAN OIPeIesIsIioT
CBOHU CTPATEruu, UCIOJIL3yd apOuTparKHyio cxemy Hsima, a mHAMBHIyaIbHbIE UI'POKU BLICTPAUBAIOT
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crpaTerun Kak MHOTOKpUTepHajibHoe paBHOoBecre 1o Harry B qunamutdeckoii urpe ¢ (N1 \K)U(N2\L)
UTPOKAaMU.

YciioBus BHYTPEHHE! M BHEITHEH yCTONYINBOCTI a/IAlITHPOBAHBI JJIsi MHOTOKPUTEPUATIBHBIX [TH-
HaMuecKux urp. ITocKosIbKy 9TH yC/I0BHS IPUMEHSIOTCS IPH (DOPMUPOBAHUU TOJBKO OJHON KO-
AJIMINAN, & B IIPEJICTABICHHON MOjean (GOPMUPYIOTCS JBa COIVIAIIEHUSI, TO JOJIKHBI YIUTBIBATHCS
CTHMYJIBL IIEPEXO/Ia UIPOKOB MeK/Iy KoasunusiMu. 1losromy B paboTe BBeIEHO MOHSITHE KOAJUIINOH-
HOIi YCTONYIMBOCTH, YIUTHIBAIOIIEE BOSMOXKHOCTD [IEPEX0/1a MHOYKECTBA UTPOKOB M3 OJTHON KOAHUIIN
B JIPYTYIO.

UccnenoBana muHamMudeckasi OMKpuTepuaibHasd 3ajada yrupasjeHus ouopecypcamu. IlocTpoe-
HBI CTPATEIMU ¥ BBIUTPBIININ YIACTHUKOB DU HEKOOHEPATHBHOM, KOOIEPATHBHOM ((hopMupoBaHue
I'PAH/I-KOAJININN) OBeJeHIN U Ipu (GOPMUPOBAHUK JBYX KOAJUIIMIL.

[Tostyuensr yciioBusi BHyTpeHHeil u BHerHeit ycroiuusoctu. Ilokaszano, 4ro B JaHHOI 3a/1ade
yIIpaBJIeHUs] OMOPeCyPCaMHt, KaK U B OOJIBIIIHCTBE IKOJIOI0-9KOHOMIYIECKIX MOJIE/Iel, yCIIOBUST BHY T-
PEHHell yCTONUNBOCTH BBIOIHSIIOTCS TOJIBKO JIJIsT KOAJIMIUI MaJjIoil pasMepHOCTH.

ITocTpoeHsl ycsI0BuSI KOATHMIMOHHON BHYTpeHHeil U BHemHeil ycroitumsocru. [lokasano, uro B
ACHMIITOTHYECKOM CJIydae He CYIeCTBYeT YCTONIMBBIX KOAINIMOHHBIX pa3buennii. CirenoBarenbHo,
UTPOKaM BBITOJIHO IIE€PEXOUTH M3 OJHO Koasmmuu B Apyryio. [losromy rasbHeiiee ncciemoBanme
Oy/IeT HOCBSIIEHO OIPEIEJICHUIO TaPAMETPOB MOJEIH, [IPU KOTOPBIX BBIIOTHSIOTCS YCJIOBHS KOAJIU-
IIUOHHON yCTOUYMBOCTH.
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CTPATETUU OIITUMAJIbBHOI OCTAHOBKMU B UT'PE
“THE PRICE IS RIGHT”!

T. B. Cepéruna, A. A. UBainko, B. B. Mazanos

ITonynsipuoe teneBusnonnoe moy “The Price is Right” npezncrasisier coboil npusiieKaTe/bHBIA PECypC JJIst
MOZE/IMPOBaHNSl CTPATErHYECKOrO ITOBEJECHUSI B KOHKYDEHIIMH 3a OIPEeIeJeHHOe BO3HArpaxkieHwe. B manHOiM
paboTe CTPYKTypa 9TOM UI'PhI UCIOIb3yeTCs KaK OCHOBA JJIsl PA3JIMYHBIX TEOPETUKO-UTPOBBIX IIOCTAHOBOK. Pac-
CMAaTPUBAECTCA HEKOOIEPATUBHAS UIPA C ONTUMAJBHON OCTAHOBKOW JJIsi KOHEYHOI'O HHCJA UIPOKOB. Karkibrit
WUIPOK IOJIyYIaeT OYKH, HAOJ/IIomast CyMMbI HE3ABHCHMBIX CJIy4YailHbIX BEJIUYIUH, PABHOMEPHO PAaCIpPEIEJIEHHBIX Ha
€/IMHUYHOM OTpe3Ke. Ha odepesHoOM mare Urpok JIOJXKEeH MPUHSATH PEIIEHUE: OCTAHOBUTHCS WJIU MPOJIOI2KUTH
urpy. IToGeureseM cTaHOBUTCS UIPOK C HAMOOJbIIEH CyMMON OYKOB, He Ipesbimatomeit 1. Eciun cymma oukos
KaxKJIOro U3 UIPOKOB MPEBBICUJIA 1, TO MOGEXKIAET UTPOK, MOJYUMBIIUI HaMMEHbBIIEE YUCIO OYKOB. B pabore
HaliZleHbl ONTHMAaJbHBIE CTPATErHM HUIPOKOB B MHOIOMIANOBONH MOJEJM UIPHI C MOJHON mHpOpMaImeil o6 od-
Kax MPEJIIECTBYIONUX UTPOKOB. Kpome TOro, CpaBHUBAIOTCA ONTUMAJIbHBIE CTPATETUU UTPOKOB U BBIMTDHIIIHU B
wurpax c nosjHo# mHdopmanueir u 6e3 undopmaruu. Beegeno nouaTre 1eHbl nHGOPMAIH B JaHHOW UTpE.

Komouesbie ciioBa: onTuMaJjbHas OCTAaHOBKA, UTpa 1 JIUIl, paBHOBecue mo Haury, moporosasi crpaTerusi, moHast
undopmanus, Showcase Showdown.

T.V.Seregina, A. A.Ivashko, V.V.Mazalov. Optimal stopping strategies in the game “The
Price Is Right.”

The popular TV show “The Price Is Right” is an attractive source of modeling the strategic behavior in a
competitive environment for a specific reward. In this study, the structure of the show is used as a basis for
several game-theoretic settings. We consider a noncooperative optimal stopping game for a finite number of
players. Each player earns points by observing the sums of independent random variables uniformly distributed
on the unit interval. At each step, the player must decide whether to stop or continue the game. The winner is
the player with the maximal score not exceeding unity. If the scores of all players exceed this limit, the winner is
the player with the lowest score. We characterize the optimal strategies of the players in the multi-step version
of the game with complete information about the scores of the previous players. We also compare the optimal
strategies and payoffs of the players in the games with complete information and with no information. The
notion of information price is introduced.

Keywords: optimal stopping, n-person game, Nash equilibrium, threshold strategy, complete information,
Showcase Showdown.
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BBenenune

[Ipu mokyTtiKe peIKuX TOBAPOB UJIU apeH e KpaiitHe TUMATHPOBAHHBIX PECYPCOB PACIIPOCTPAHEHBI
CXEMBI TIPEJIJIOKEHNST KOHKYPEHTHOM TEHBI. 3/IeCh MOYKHO BBIJE/IUTH PA3/INTHbIE ayKIIMOHDBI, KOHKY-
PEHITNIO 38 BBIYUC/IUTEIbHBIE PECYPCHI Wi 00beMbl XpaHuuil. Cpein MoJoOHBIX CXeM CYIIEeCTBYIOT
TaKrme, B KOTOPBIX MPHU MOKYTKE KAKOTO-TNO0 TOBApa WM PECypca HEOOXOINMO TPEIIOKUTE TEHY
KaK MOYKHO OJIMZKe K UTOTOBO# II€He, HO CYIIECTBEHHO He IPEBBIIAInyto ee. [Ipu srom mjis yaact-
HUKa TOPTOB BaXKHO OIMPEIENTD ONTUMAILHYIO CTPATETHIO TSI TOTO, ITOOBI YBEJTMINUT IAHCH BbI-
urpath Topru. [1omobHbIe CXeMBI UCIOB3YIOTCS B KAYKIOM BBIIYCKE MOMYJISTPHOTO TEJIEBU3MOHHOTO
moy “The Price is Right”, rme yyacTHuKn 1o odepequ BpaIlaioT KOJIECO OJWH WU JBa pa3a, MOJIy-
Jast OUKU. KaxKIbIil U3 UIPOKOB CTPEMUTCS MTOJIYIUTh HAUOOJIBIIIEE TUC/IO OYKOB, HE IIPEBBIIIAIONIAX
sajiannyio rpanuiy. Tenesusuonnasi urpa “The Price is Right” omucana B paborax [2;6|. Januoe

'Pabora wacTuano nmojepzkana rpantoM nposuamuu lansaysr (Shandong Province) “Double-Hundred
Talent Plan” (No. WST2017009).
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10y UMEET IIPOCThIE IPABUA U IPUBJIEKATE]bHbIE BLIUTPLIIIN I YIaCTHUKOB. BMecre ¢ TeM 3Ta
UTpa sIBJISIeTCsT yI0OHOU IIaT¢OPMOii JJIsT MOJEJUPOBAHUS PA3IMIHBIX TOPIOBBIX CXEM W U3yUe-
HUsl CTPATErHYeCKOro MOBEIEHHUs y4IacTHUKOB Topros. IIloy pacmonaraer JaHHBIME, JTOCTYIIHBIMEI
JUIST SMIIMPUIECKOrO aHAJN3a, KOTOPhle MOXKHO HCIIOJIB30BATh IIPU BEPUQPUKAIIMA TEOPETHIECKUX
BBIKJIAJOK U MHTEPIPETAIldd BO3MOMKHLIX PacXoxkaeHuil. TeaeBusnoHHOe 110y OLLIO HCIIOIL30BAHO
JUIST Pa3IMIHBIX SMIMPUIECKUX HUCCJIEIOBAHWI M KaK SKCIEPUMEHTAJbHAsT OCHOBA JIJIsl U3YUIeHUsT
SKOHOMHUYECKOTO moBejienust [3;16].

B upencrasiiennoii pabore IpemaraeTcs TeOPETUKO-UIPOBOM IIOAXOI K OIUCAHUIO JAHHONR WP
1 OIIpeJIeIEHIIO OINTUMAJILHOTO TIOBE/IEHUs e YIACTHUKOB. B COOTBETCTBUU C MPaBUJIAMEI UTPOBOTO
moy “The Price is Right” paccmarpuBaercss HekoomepaTUBHasl UT'pa 7 JIAI C ONTUMAJILHON OCTa-
HOBKO#. 371eCh KasK/IbIil HI'POK TOJIyYaeT OUKHU, HAOJI0Aas CyMMbI HE3aBUCHMBIX OJIMHAKOBO PACIIpe-
JIeJIEHHBIX COyJailHbIX BeJudunH. Ha odepeqHOM Iare KasKIblil UTPOK JIOJIXKEH IPUHSATH PelleHue:
OCTAHOBHUTBLCsI Ha TEKYIeM HaOIIOACHUN WA MPOAO/IKUTH M IOJIYYUTH JOIOJHUTEILHO 3HAYECHHE
CJITYTONTeN HE3ABUCUMON CJIy9IaifHON BEJINYUNHBI, KOTOPOE MPHUOABJIAETCS K MOJyIeHHBIM paHee 04-
kaM. ITobexkmaer TOT UrPoOK, Ubs CYMMa OYKOB OKaxKeTcs Hambosiee OJIM3KOM, HO He IPEeBLIIIaomei
3aJIaHHON T'paHUlbl. Ecan cyMMa OYKOB KasKJIOrO M3 UI'POKOB IIPEBBICHJIA 3aJJaHHYIO TDAHUILY, TO
no0EXKNaeT UIPOK, HOJIYUUBIIANA HAaUMEHBIIEe YUCIO OUYKOB. KasKILIil UIPOK CTPEMHUTCS MAKCHMU-
3UPOBATh BEPOSITHOCTH CBOETO BHIUTPBIIIA.

ITpu 5TOM BO3MOXKHBI pa3JIMUHble [IOCTAHOBKHU 3aJa4M: &) MI'POKH XOJAT HE3aBUCUMO OT CBOMX
OPOTHBHUKOB, MOTYT HE 3HATH O KOJIMYECTBE OYKOB U JEHCTBUSIX JIPYT JIpyTra B XOJe UrPbl (MOJIEIb
6e3 mndopmanum), 6) UTPOKU XOJAT IIOCIEIOBATEIBHO, BUAAT KOJINIECTBO OYKOB CBOUX IIPEJIIIC-
CTBEHHHMKOB M 3HAIOT 00 MX JseficTBusAX (Mojeab ¢ nosiHoi uHdopmanueii). Takyke urpokam MozKer
OBITD IIpeJICTaBIeHa BO3MOKHOCTD [OJIyYaTh OUKH 10 UTOTaM He TOJILKO JIBYX (KaK B TEJIeBU3MOHHOM
10y ), HO U HECKOJIbKUX IIArOB UTPHI.

ITocTanoBku maHHON 3808491 ¢ OTCYTCTBAEM HHMOPMAIUU O IOBEICHUN YIACTHUKOB UI'PhI ObLIN
pacemorpensl B [7;9]. B [9] Obuin ucciieoBanbl BApUAHTBI UIPHI ¢ KOHEYHBIM U GECKOHEYHBIM YHC-
JIOM IIIaroB. 3ajada ¢ HOoJHOM mHMOpMaImeil 0 neficTBUSX MPOTUBHUKOB ObLIa ChOPMYIUPOBaHA B
paMKax Teopuu BeposiTHOCTel B [17], u perenue ObLI0 HAliICHO il JBYX UTPOKOB C JIBYMsI [IIATAMH.

B npencrasinennoii pabore HaliIeHo pelIeHue 3aJa9d JJisi MHOTOIIAIOBOM UIPLI C ONTHMAJIb-
HOI OCTAHOBKON IIpU MOJIHON mHGOpMaIun 00 0YKax U JeWCTBUAX IPEIbIIyInX UIPokoB. rpa 6e3
nudopMalnyy JOCTUTAeT paBHOBecHs 110 Hally — cocTosiHMs, U3 KOTOPOro HUKOMY U3 UIPOKOB HE
BBIMOJIHO OTKJIOHUTHCS MHJIMBHYaIbHO OT cBoefi crparernu (cum. [9]). B Bepcun ¢ nosHoii undop-
Manueil urpa mMmeeT paBHoBecHe 0 HaIny, Korma MIpoKM IPUHUMAIOT PELIeHUs IIOC/IeI0BATEILHO
1 KaXKIbIi CJIEIYIONUI UIPOK 3HAET MHQOPMAINI0 O JEeHCTBUSIX €ro IMpeJIleCTBEHHUKOB. B 1aH-
Hoil pabore HailZeHbl M MCCICIOBAHLI OINTUMAJILHLIE CTPATEINMH UIPOKOB B MOJEIM UIPLI C IIOJIHOM
napopMarmeii. TakxKe, B OTJIHYINRE OT IPEIbAYIINX paboT, BEIYUCIEHBI ONTUMAJIbHBIE BHIMTPHIIIN B
00enx BepCHUsX UIPLI, ¢ HOJHOHM uHdopManueil n 6e3 nndopManyuy, Jjisd KOHEIHOrO U OECKOHETHO-
ro 4umcJia maros. Kpome Toro, mpoBeIeHO CpaBHEHHE ONTUMAJBHBIX CTPATErdii B 3ajade ¢ IOJIHOI
nudopManyeil 1 B 3a1aUe ¢ OTCyTCTBIEM MHAMOPMAII O JeHCTBUAX IIPOTUBHUKOB IJIs PA3IAIHOTO
YMC/Ia IIaroB B UIPE. YCTAHOBJICHA HUXKHsIS I'PAHUIE ONTHMAJLHBIX IIOPOIOB U 00CYKIAETCs, KaK
JIOCTYIIHOCTh HHMpOPMAIIMK BJIMSET Ha IOPOTOBblE 3HAYEHWs] W BBIMTPHINM. IloKasaHbl COOTHOIIIE-
HUs MEXKIY IIOPOraMU B UIPaX PasHbLIX THUIIOB MH(MOPMAIUH I KOHEYHOrO U OECKOHEUHOrO YUCJIa
IIAr0B, a TaK:Ke OIPeesIeHO IOHSTHE IeHbl HH(POPMAIMY B JTaHHON UIpe.

st mosIyveHnsT ONTUMAJIbHBIX CTPATErdii UIPOKOB HCIOJIB3YETCS METOJ, IMHAMUYIECKOTO IIPO-
rPpaMMUPOBAHU, KOTOPIH IIO3BOJIIET PellaTh CA0XKHYIO 3a1ady, pa3duBas ee Ha 00Jj1ee IPOCThIe IOI-
3aJ1a491, IIPeJICTaBIeHHbIE PEKYPCUBHON ITOCIEI0BATEILHOCTRI0. MeTon IMHaMUYeCKOro mporpam-
MUPOBaHUsSI UMEET MPUJIOKEHUsI B PA3JIMIHBIX 00JIaCTsIX, TAKUX KaK UIPbl BbIXoJa (quitting games
[14]), 3anaua o npogaxe jgoma (house-selling problem [4;13]), 3amaua noucka paborst (job-search
problem [10]), 3amadta nomcka mapraepa (mate choice problem [1]), urpsr Showcase Showdown
[11;12], u ycmentno ucnosb3yercs: JJisi PelleHnsI TeOPETUKO-UTPOBBIX 3a/1ad € ONTUMAJIbHOI ocTa-
HOBKOI1 [8;15].
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Crarbsi opranu3zoBaHa cjaeayomuM oopasoM. B pa3z. 1 ommcaHo perenne Urpsl n JUI ¢ OTCYT-
cTBUEM HMHGOPMAIUKA O JeHCTBUAX MPOTUBHUKOB. [IpuBeJIeHBI ONTUMAJ/IbHBIE CTPATErHU U OXKWJ1a-
eMble BBIUTPLININ UT'POKOB KaK B JIBYXIIArOBOM, TaK U B MHOrOIIAroBoit Mojgeru. [lasee; B pa3md. 2
1 3, IPEJICTABJIEHBI IIOCTAHOBKA M DEIEeHUE II0CJIEI0OBATEILHON UI'PHI ¢ HOJIHOM mHMOpMalueit o
JeficTBUAX UTI'POKOB. IIpm TOM paccMOTpeHBI KaK JBYXIArOBLIA BapHaHT 3aJladd, TaK U UTPa C
OEeCKOHEYHBIM YHCJIOM IIaroB. B 3aBepiiienne CpaBHUBAIOTCA ONTUMAJbHBIE CTPATEIMH UTDOKOB U
BBIMTPHIIIN B UTpaxX ¢ MOJHOM nHpopMarmeit n 6e3 uHbopMaIun.

1. Urpa n y4acTHMKOB C OTCyTCTBUEM WHQOPMAIUN

PaCCMOTpI/IM AByXITaroByro urpy n Jidil. I/IFpOK k He3aBUCHUMO OT OCTAJILHBIX Y49aCTHUKOB IIO-

k I k
JlydaeT B Ka4eCTBE OYKOB 3HAYCHHUE T, ~ CIydailHOll BeJMYUHEBL Xf ), k=1,...,n. Urpok nosxen
MPUHATE PEIIeHne: 0CMAHOSUMBCA TIOCTE TIEPBOTO TMara WIn NPodoAHCUMS N TIOIYIUTH JTOTOJHU-
k Lo k k k
TeJIbHbIE OYKU :Eg ) xak sHauemme CJIy49aifHO# BeJIMYUHBI Xé ), Ek=1,...,n. Xf ) u Xé ) hesa-

BUCHMbIe DABHOMEPHO pacipejesiennble Ha orpeske [0, 1] cayuvaiiablie Besmaunbl. [Tobexkmpaer Tor
UTPOK, Ubsi CyMMa OYKOB OKarKeTcsi Hambojiee OJIM3KOM, HO He mpeBbimarorieit 1. Ecau cymma od-
KOB Ka)KJIOTO M3 MI'DOKOB IpeBbIcKJIa 1, TO MOOEXkKTaeT WIPOK, HOJIyYUBIINN HAMMEHbBIIEE YHCJIO
04KkOB. Irpoku He 3HAIOT HU 3HAYEHUN HaOJIIONEHNl, HU PEeIeHnil, MPUHATHIX JIPYTUMHU UTPOKAMU.
Kaxkpit urpok crpeMuTcsi MaKCUMU3UPOBATH BEPOATHOCTL CBOEIO BBIMIDHIINIA. Perenne maHHOM
3ajiauu ObLIO moJydeHo B pabore [7| mist n = 2, 3. B 9] 6buto Haiiieno onTuMaJsbHOE pelleHne
JUI 1 > 2, COIVIACHO KOTOPOMY B JIBYXIIIANOBON UI'PE 7 JIUIL C OTCYTCTBUEM MHMOPMAIMH 3HAYEHUS
ONTUMAJIBHBIX ITOPOI'OB umN) =y MOT'YT GBITH HAHJIEHBI U3 CJICIYIONErO YPaBHEHH !

1— u2n u2n—1
An—1) — . 1.1
" n(u+1) * 2n=1(2n — 1) (1.1)

O603maumm wepes (>N (z]u) w HZ™N) (z|u) BBIHIpHImm KazKI0ro i3 NrPOKOB IPH OCTAHOBKE
U HPOJIOJKEHUN HUIPhI COOTBETCTBEHHO, €CJIM UIPOK IOJIYYMJI Ha HIEPBOM Iare 9uciao OYKOB T, a
OCTaJIbHBIE UIPOKU UCIOJIB3YIOT CTPATEIUIO U

RPN (2lu) = (2 — u+ 2u)" Y
0 -1

2 2 n—1 1— 2n _ ( _ )
(2,n,N) _ u”+y U U U—
H (zlu) / ( 2 ) A s R T Yo Ry

2n—1

xT

Tora oxKuaeMblil BBIMIPBIIIL JJisi KAyKI0I0 UTPOKA [IPH MCIIOJIB30BAHUN OIITUMAJILHON cTpaTe-
rin u), (w) = (2,n, N), Beluncisiercs: Kak

u(@) 1
G = / H) (z[u®))dz + / W) (z|u))dz. (12)
0 u(w)

okazewm, aro G™N) =1 /n;

u 1
GenN) — / HON) (zfu)dz + / RPN (2 ) dz
0 u
u u 1
u2 + y2 n—1 1— u2n u2n—1 o (u _ Z)2n—1 1
_/</<72 ) dy+n(u—|—1)+ (20 1) >dz+/(z—u—|—zu) dz
0 z U

2Bepxnnit ungekc (m,n, N) wmu (m,n, F) ciaegyer NOHEMATh Kak “m-TaroBast ©TPpa 7 JIAIL ¢ OTCYTCTBHEM
nadopmarmn (N) mam ¢ nosnHoit nadopmanueit (F)” coorBeTcTBeHHO.
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u

u2n 1 1— u2n u2n—1 o (u o Z)2n—1 1— u2n 1
:—(1——)+/( + Yzt = =
n 2n n(u+1) 2n=1(2n — 1) n(u+1) n

0

B pabore [9] ObL1a nccsieoBana TakzKe Bepcusi 9TO UIPhl ¢ GECKOHEYHBIM YHCJIOM IHAroB. 3Ha-
YeHUe ONTHUMAJILHOTO IOPOoTra w(nfmN) = 4 MoxkeT GBITH HallIeHO U3 CJIEIYIONIEr0 YPaBHEHUS:

u+1

+ / (1 — (z —u)e")"dz. (1.3)

1

e (1 —(e“(u—1)+1)")

(e"(u—1)+1)"" =

Broiurpoimm urpoka mpru OCTAHOBKE W IMIPOJIOJI2KEHUH UTPBI, €CJIN UTPOK ITOJIYIU/I Ha IIEPBOM IIare

9HCJI0 OYKOB &, & OCTaJIbHBIe HIPOKH ncnoib3yior crparernio (™ N) =y papupr A0/ 7N) (z|u)

u HN) (2]u) cooTBeTCTBEHHO I OmpeesoTes Mo hopMy/IaM

PN ) = (1= (1= )"

u 1 z+1
H(mf’"’N)(:n|u) :/H(i"f’"’N)(zm)dz —I-/h(mf’"’N)(z|u)dz + /(e'z_1 —(z —w)e")" tdz. (1.4)
x u 1

Huddepennupyst (1.4) o x, npuxoaum K auddepeHInaabsHOMy yPaBHEHIIO

dH N (g]4)

T = —H®N) (glu) + (e — (z + 1 — u)e®)" !

¢ rpammaab yeaosmen H N (yly) = pEnfmN) (yly) = (1—e*(1—u))* . Ero pemenue MOXKHO
3aliCcaTh CJIEYIOMUM 00pa3oM:

HOEN) () = 72 <e“(1 — (1 —u)" ! = /uez(ez —(z4+1- u)e“)"_ldz>.

xT

Hecnoxuo Bumers, uro npu & = 0 mpu BbIOOpPE ONTUMAIBLHOTO TIOPOTa U 3HAYEHUE

HMEnN)(Olu) = 1/n

U TIPEJICTABIISIET OO0 OKHUTAEMBIN BBLIUTPHIIT UTPOKA TIEpe]] HA9aJIoM Urphl, T.e. GG
MOHSITHO, UTPa CUMMETPHUYHA, BCE UTPOKYM UMEIOT OJUHAKOBBLIE IMAHCHI M TOITOMY 3HAYEHUE WUIPBI
pasto 1/n.

JlamHas 3ama9a IPUHAJIEKUT KIACCY 38449 ¢ ONTUMATLHON OCTAHOBKOI, T/1€ OMTUMAJIHHBIM SIB-
JISIETCsI TAK HA3BIBAEMOE [IPABUJIO TIPOJIOJIZKeHUsT Ha ojiuH 1mar (one-stage look-ahead (OLA) stopping
rule, cum. B [5] Gostee noxpobHoe onmcanue). CoryacHo TOMY IPABUILY CPDABHUBAIOTCS TEKY N BBIUI-
PBII U OXKIJIaeMOe BOSHATPaXKICHUE TIPY MTPOJIOJIZKEHUN UTPhI ¢ OCTAHOBKOMN Ha CJIeIyIomeM mare. B
PACCMATPHBAEMOIl 3414 ¢ ONTUMAIBHOIT OCTAHOBKOM 0xKuaaeMblil Brurpoimm AN )(m]u) UTPO-
Ka TOCJIe TIEPBOTO TIIara siBJIsieTcst Bo3pacraolieil (pyukiumeit. B To ke Bpemst 0XKu1aeMbIifl BHIUTPDIII
H(infn.N) (|u) npu MPOJOIIZKEHNH UTPBI eIlle Ha OJMH IIAr IIPEJCTABIAeT cOO0il HEBO3PACTAIOILYIO
dyukmuio. CremoBareabHo, B 9Toi urpe npasuso octanoBkun OLA onTumasbHO.

3HadeHme OXKMIaeMOTO BBIUTPBIINIA KaXKI0TO UT'POKA MTPU UCTIOTBL30BAHIN ONTUMAILHON cTpaTe-
rin w5 N) vosker GBiTh Toydeno w3 ypasmenns (1.2) ms (w) = (inf,n, N). Bnauenns onrtu-
MaJIBHBIX TTOPOTOB U ONTHUMAJLHBIX BBIUTPBIMIEH [T PA3TIMIHBIX 1 TIPEICTABICHBI B TAOJIHIIIE HUKE.
Kax Bummo n3 TabauTIbI, IOPOTH B UTPE ¢ OECKOHEYHBIM YHCIOM IIATOB BBIMIE, 9€M B JBYXIIATOBOM
urpe.

Bameuanne 1. Bamernm, uro jysi n > 2, uBHLN) 5 o 2nN) g (infintLN) ~ o (infn,N)
u cregosarespio, uN) > 1/2 u ynfnN) > 1 /9,
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OnruMmajbHBIE cTpaTermm " BbIUT'PDbLIIIN

n 2 3 4 5 6 7 8 9 10
Wrpa 6e3 undopmaimn

u(ZnN) 0.563 0.661 0.718 0.757 0.785 0.806 0.823 0.837 0.849

G2nN) 0.500 0.333 0.250 0.200 0.167 0.143 0.125 0.110 0.100

unfnN) 0.633 0.718 0.767 0.800 0.823 0.841 0.856 0.867 0.877
GUnfnN) 0500 0.333  0.250 0.200 0.167 0.143 0.125 0.110 0.100
Urpa ¢ mosHoi mHGOpMAITTEi

ulZmt) 0532 0.649 0.711 0.752 0.781 0.804 0.821 0.835 0.847
E@P™) 0599 0705 0.752 0.783 0.806 0.824 0.838 0.850 0.860
G 0454 0305 0231 0186 0156 0.135 0.118 0.106 0.095
u{MPE) 0571 0688 0.749  0.787 0.814 0834 0.850 0.863 0.873

GiminF) 0495 0286 0218 0176 0149 0.128 0.113 0.101 0.092

ITokazkeM 310 17151 cotydast ¢ GeCKOHEUHBIM uncjIoM Imaros. Ilepenumenm pasHocTs npaBoii u J1eBoit
vyactu ypasaenust (1.3) B Buje

y+1

1
/1—ey 1—2))" "z + /( = (z—y)e) e — (eY(y — 1) + 1)
Y

1

QOyukrws g(n,y) yossaer mo y mpu 0 <y < 1.
Hycrs y = w@mN) = 4. Torma g(n,u) = 0. Paccmorpum

u+1

1
gn+1,u) = /(1 —e"(1—2))"dz + / (et — (z —w)e")"dz — (e“(u— 1)+ 1)"

1

u+1

> (1—e'(1-u)) </1(1 — (1 —2))" dz + / (et — (2 —we")" 'z — (e"(u—1) + 1)"‘1>

1
=(1-e"(1—-u))g(n,u)=0.

Crenosarensro, dyukmus g(n+1,y) obpamtaercs B myib npasee y = u = u""N) Taxum o6pason,
w(nfntLN) g (infinN) -y spagur, noporn Bospacraior 1o n. A ITOCKOJIbKY winf2N) 1/2, To u
see u(HN) > 1/2 nnan > 2.

2. /JIByxmiaroBasi UTpa c NoJiHoi mHdopmalueii

2.1. Urpa aByx Jjuig

Paccmorpum wrpy aByx Jmr ¢ mosiHOM mHGOpMaImeil 0 JIefCTBUAX MPOTUBHUKOB. B oTmtne
OT IOCTAHOBKHU C OTCYTCTBHEM HMH(MOPMAIMH B 9TOH MI'Pe YYACTHUKH IIOCJIEIOBATEIHLHO IIOJIYYaI0T
ouku. IlycThb mepBBIM XOIUT UTPOK 1, a UTPOK 2 — BTOPBIM. BTOpPOMY HUI'POKY H3BECTHO ODIIee
qrcao 0oukoB urpoka 1. Takasi mocranoBka 3ajaqdn Oblia paccMorpena B pabore [17] ¢ momorpio
Teopun BeposiTHOCTeil. B mamHOl craThe 3a/ada MCC/IeAyeT s ¢ TEOPETUKO-UTPOBON TOUYKHU 3PEHUS.
Haxonsrces moapobHo He TOJILKO ONTHMAJIbLHBIE CTPATErMH UI'POKOB, HO M MX BBIMI'PBIIIH.

[Tpucrymnas K urpe, urpok 1 He 3HAET, KaK MOBeHeT cebsi BTOPOit UTPOK Ipu cBoeM xoxe. Ilpem-
TMOJIOYKUM, YTO IEPBBIII UTPOK JJII TPUHSATHUA PEIIeHUS UCIOAb3YeT CJIEAYIONLYI0 OJHOIOPOrOBYIO
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(1)

CTpaTeruro: OCTAaHOBUTLCA Ha IIEPBOM IIIare, €CJan IOJIyI€eHHOE SHaAYCHUEe cnyqaﬁHoi/’I BCJIMYMNHDBI Xl
(2727F)

GoJIbIIIe MM PABHO IOPOroBoMy 3HadeHuo 0 < u; < 1, m IpOJIOJIKUTHL B TPOTUBHOM CJIydYae.
Ob6ozHaunM depe3 S CYMMY OYKOB, IIOJIYYeHHBIX UTPOKOM 1 B pe3yabTaTe HWCIOJIH30BaHUS
(2:2,F) (1) 1 (1) O .
CTPaTEruy Uy . pPaBHO Iy IIpA OCTAHOBKE Ha IIEPBOM IIare Wid Ij  + Ty IIpA IIPO
JOJIZKEHUN:
1 1 2,2,F
g mg), ecJi azg) zug’ ’ ),
- 1 1 1 2,2,F
mg)—kxg), ecnnx§)<u§”).

Bropoii urpok 3maer obmiee UucIo 0uKoB mepBoro urpoka S PyxoBoactBysich sToit nrdOpP-
. 2
Malmel, Urpok 2 ocraHaBauBacTcs Ha mepsoM mare, ecan S > 1 wm ecom xg ) > SsW s <1,
MHAaYe OH IPOJ0JKaeT Urpy. TakuM oOpa3oM, cTparerust UIpoka 2 UMEET BHU/I

Q22 _ SO ecm SW <1,
2 0, ecm S > 1.

HaiisleM onTuMasbHOe IOBEJIEHNE MepBOro nrpoka. O6osmadmm depes S(2) CYMMY OYKOB, KO-
TOPYIO TOJIYYUT UT'POK 2 B pe3ysIbTaTe UrPbl. BLIYUCINM BLIUTPLINT UTPOKa 1 MpU OCTaHOBKE HAa

1
IIEepBOM IIare ¢ 9YMCJIOM OYKOB X{ ) =X

W22 () = P{S@ < 2} + P{S® > 1}

=P{x® <2, x4 xP <2} + P{x? <2, x® 4+ xP > 1}

T T—I1 T 1
= / / drodzy +/ / drodr; = 2.
0 0 0 1—x;
BLIUrpsI urpoka 1 Ipu IPOJIOIKEeHIN UTPhI OIIpe lesIdeTces Kak
1
H®2P) (g) = / 22D ()i = 1/3 — 283,

T

y 2,2,F ) 2,2,F 2,2,F
Ormrmvamsisti opor w\>?") = ¢ moxer 6birb natizen us yDPaBHEHUsI hg )(x) =H f )(x)
aK Kak hj (x) Bospacraer, a H; (x) yObIBaET 1O X, TO CYIIECTBYET €UHCTBEHHOE DEIICHIE
2,2,F
ypaBHEHUS ug 25— g~ 0.532.

2.2. Urpa n awnn

Paccvorpum urpy n Jui ¢ noJiHO#M mHMOpPMAIeit, TJe 09epeIHOl UTPOK OJIyIaeT CBOM OUYKU
TOJIBKO TIOCJIE TIPEJIITIECTBYIONUX UIPOKOB. VITpOKH He 3HAIOT 3HAaYeHUl HAOJIIOIEHUN T0CIELYIONTNX
YYaCTHUKOB, HO 3HAIOT 3HAYEHUs HAOJIONEHNN U PEIeHUs] CBOUX IIPEIIeCTBEHHIKOB. KaXKabIit ur-
POK CTPEMUTCA MaKCUMU3UPOBAThL BEPOATHOCTL CBOET'O BBLIUI'PLIIIA.

O603uaunM tepe3 S cymMMy OUKOB, MOJIy9EHHBIX UIPOKOM i (i=1,...,n). S @) pasmo azg) —
i i
[P OCTAHOBKE HA IMEPBOM INAare WJIN a:g) + xg) — npu npogoszkenuu. Takrke 0003HAMMM 4Yepes

2,n,F .
ug ) ITIOPOTOBYIO CTPATETWIO UT'POKA 4. 10rma cTpaTerus UTPoKa 1 BHIYUCISIETCs 110 (hopMyJie

w@mE) = max (SO . 1{s® < 1}}.

i=1n—

Hastee crpareruto urpoka k, k = 2,...,n — 1, onpenenum Kak

ul™" = max{ max {S@ - [{$D < 1}};uP" )
i=1,k—1

Sal\IeTI/IM, YTO BBIMI'DBLIIT W OIITHMAaJIbHad CTpaTerud HUI'poOKa 3aBHCAT TOJIBKO OT Te€X HUI'POKOB,
9YbU CYMMBI OYKOB IIOCJIE BTOPOI'O miara ObLIM MeHbIe 1.
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Teopema 1. B uzpe n auty ¢ noanoti un@opmayuet v 08YMa wa2amy, ONMUMAAGHAA CIMPAMe-

2n,F .
2UA ug ) = UV Nepe02co u2poxa MoirHcem 6blm’b HaudeHa U3 YypasHeru

_ ,2n—1
VP2 = 712 — (2.1)
/”L_

a ootcudaemmviti sbluzPvlUL NPU UCTOAB30BAHUU ONMUMANLHOT cmpame2uu 8blYUCAAECTNCA O ¢OpMle€

w(22F) (2 3,F)

1 v 1
ngn’F)(v) = / Hy(x)dx + / Hs(x)dz +---+ / H,(x)dx + /azz("_l)da;, (2.2)
0 52 ,2,F) ug2,n71,F)
20e u§2,2,F) < u§2,3,F) < ’LL§2 n, F)’
(2,i,F)
uq 1
27'7F >
Hi(x) = / hi(y)dy + H¢+1(u§ ‘ )), i=2,...,n—1, Hpx)= /hn(y)dy;
2,5, F
Yo+ . _
hj(y) = hj+1(y )ET)v j=i,...,m—1, ha(y) =y*"Y.
HoxkaszaTeanbctTso. Jokaxem Tteopemy mo mumyknuu. s n = 2 yciioBue TeopeMbl
_ (2,2,F) (2,3,F) _(23,F)
BoInosIHAETCs. [lasee /i n = 3 HETPY/IHO MOKA3aTh, YTO Uy <y Uy VIIOBJIETBOPSIET

ypaBrenuto (2.1), a oKuJaeMblii BBIUTPHIIT [EPBOro Urpoka Haxomurcs u3 (2.2). JeiicrBuresbHo,

ngn’F)( ) JocTuraer MakCHMyMa IIpH U > ugnF)

(2,2,F)
v < uy MBI IIOJIyYaeM ITPOTUBOPEYNE.

, yJoBJIeTBoOpsifoleM ypasHeHuio (2.1); a upwu

2,2,F
[Iycts yctoBre TeopeMbl BBITTOIHIETCS JJIsi UTPBI ¢ 1 — 1 urpoKaMu u ug 2F)

2,n—1,F
W2 1E)

(2,3,F)

< uy <<

, T. €. TIOPOT'U IIEPBOI'O UTPOKA BO3PACTAIOT IO 7.

Paccvorpum urpy n s, [IpenmooxKum, 9To 1MepBhIil UIPOK JJIsd IPUHATHS peIeHus 00 ocTa-

2n—1,F .
HOBKE / TIPOJIOJIZKEHUU UCIIOJIB3YET OJHOIOPOrOBYIO CTPATErHIO U U ug n=LF) < v < 1. Haitmem sror

kF) _ M GRE) G o

nopor. Jljis mpocToThl 0003HAMUM 3/ECh Uy
OKuaeMblil BEIUTPBIII IEPBONO UIPOKA MOXKET OBITH OMHUCaH (POPMYJIOit

[2] [3] v 1
" / Hy(z)dx + / Hs(z)dx + - / H,(z)dx + / 22D g,
[n—1] v
Uy

[2]
Bennunna Hl(x) npejacTraBisdeT coboit BEPOATHOCTD BBIUI'DBIIIA IIEPBOT'O UT'POKa IIPU IITPOJOJIZKEHUN
UT'pbI Ha CHe,ZLyIOH_H/Iﬁ mar JIjigd £ U3 COOTBETCTBYIOIIETO MHTEPBAJIA. Omna nmeer BT
z+1]

[1] 4]
/h dy—l—/ hiva (y)dy + . /hn(y)dy:/hi(y)d“Hm(ugﬂ), i—2 . n—1

[n 1]

1

Hi () = / o () dy,

T

rae hj(y) — BepOSTHOCTH BBIUIPBINIA UI'POKa 1 IIPH OCTAHOBKE Ha IIEPBOM IlIare CO 3HAYEHHEM ¥,

n n—(j—1) [n k+1]\ 2
h;(y) = p{ m ({S®) <y} u{st® > 1})} — o201 11k=2 (yzij( 9

k=2
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2y2

— J=4...,n—1, hn(y):y2(n—1)‘
312+(u[1] 1])2

= hj_1(y)

[n]

®yuknus Gy (v) BorayTa o v Ha [0, 1] (Bropast mpon3BoHAas HEOTOXKHATEIbHA) U JOCTUIAET MaK-
CUMyMa B TOUKe, abCIueca KOTOPOil HAXOUTCsl U3 yPaBHEHHUsI, [I0JIy YeHHOIO IPUPABHUBAHUEM IIPO-

1— 2n—1
U3BOJIHOM G[ln] (v) 1o v K Hymo, T.e. u3 hy(v) = Hy(v), wm v 2”71
/”L —_—

[n—2]
Ecimm e mopor mepsBoro Urpoka yJIOBJIETBOPSeT COOTHOIICHHIO Uj

O)KH,IL&EIVH)Iﬁ BBIUT'DBIIT BBITUCJIACTCA KaK

2n—2 _

< v < u[ln_l], TO €ro

ul?

1 1

3
ul v
Gll(v) = /Hz(x)der/H?,(x)der'”Jr / Hn—l(ﬂf)dﬂer/hn—l(ﬂ?)dx
0 2
Uy

u[1n72] v

U, CJIeJIOBATEIbHO, OITUMAJIBHBI [OPOT BBIBOAUTCS 13 ypaBHeHUs hy,_1(v) = Hyp—1(v).
Aln
QyuKIusa G[l }(v) soruyra Ha [0,1] (Bropas npomsBogHasi HemosiokuTenbHa). IIponmsBosgnast

dbyuximm G[ln} (v) mo v

[n—1]

“ 2 [n—1]\2 ; 2 [n—1]\2
/ y2(n=2) (y~ + (1;1 ) )dy—i- / Y21 gy — 2n-2) (v° + (1;1 )%)
v u[lnfl]

. n—1 .
MEHdeT 3HaK C IIOJIO?KUTEJIbHOI'O Ha OTPUIlATe/IbHBIN IIpaBee u[l ]. JlelicTBUTEIBHO, TIPOU3BOIHAS

[n—1]\2n—1 #\2n—1
[n—1] 1- (ul ) [n—1]\2n—2 1- (u ) *\2n—2
OYKe U ee — (u —— — (u = 0, tne
B TOUKe U uMeer BUJL 5 1 (uy ) ] (u®) iyt
He * [n—1] * [n—1]
PABEHCTBO CHPaBEUINBO Jyisg u* > uj ', U BbIpakeHue oOpamaercd B HylIb Ipu u* > uy -,
yaossersopsitomem (2.1). Tlpu v = 1 npousBoHasi MMeeT CJieLy ol Bu/I:
1=n)2n=3)+ @ N2t -2 a-n)@En-3)+1 —(n-2)2n-1) 0
(2n —1)(2n —3) 2n —3 (2n—-1)(2n—-3)  (2n—1)(2n — 3) '
910 O3HAYAET, YTO G[ln} (v) mocTHraeT MakCHMyMa B TOUKe Ireperunba ¢ abCIHCCoit v > u[ln_l].
Teopema 1oKazaHa.
3HaYeHNsT ONTUMAJIBHOIO IIOPOTa ugz’"’F) ¥ OITUMaJILHDLIE BBIUT'PBIIINA G§2’"’F), KOTOPBIE BBIYNC-
asttorest o (opmysiam (2.1) u (2.2), npejcTaBieHbl Jjisi PA3JINIHBIX 1 B TAOJIUIE BBIIIE. 3aMETHUM,
(27n7F)
9TO Uy >1/2.

3. MHoromiaroBasi urpa ¢ mnoJiHoii nadopmarnuei

3.1. MHuorommaroBas urpa AByX JivIl C O0eCKOHEYHBIM YHCJIOM IIIaroB

PaccmorpuM MHOTOIMIATOBYIO UIPY C MOJHON mHOpMAaIyeil u AByMs urpokamu. 1lycrs urpokun
OJIVH 33 JIPYTUM IIOJIyIaI0T MOCJIE/IOBATETHbHOCTD CYMM HE3ABUCUMBIX U OJIMHAKOBO PACHPEIEIEHHBIX

Ha orpeske [0, 1] ciayuaitHbIx BeJUInH, {Xi(l)} u {XZ@)}, 1=1,2,...,.

t
ST =3"x® t=12.. k=12 (3.1)
=1

PaCCMOTpI/IM noBeJeHuEe KazKIA0To HN3 HUI'PDOKOB. HyCTb UT'POK 2 HUCIIOJIB3YyET CTpaTETruro

inf,2,F . 2
ugmf ) = u,0 < u < 1, u puKCcHpyer CyMMy CBOMX OYKOB B IEPBBIl MOMEHT, KOIJIa CYyMMAa SIS )
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upesbicut u. OGO3HAYIM 5Ty UTOrOBYIO CyMMy st urpoka 2 depes S(2). Bropoit urpok 3uaer obee
ancso oukos nepsoro urpoka S, Vexonst m3 sroit mudopMAaIMn BTOPOH HIPOK OCTAHABIHBACTCS,
ecmm S@ > SM wm SO > 1, u nponomxaer, ecm S < SM . Takum o6pason, crpareruio
UTPOKa 2 HaXOMUM 110 bopMyJie

W2 =y = s 1M < 1y,

111 BEIYHC/IEHNsT BBINTPHBIIIA UTPOKa HaiiIeM pacipejesenne S @), s u < z < 1 mosryaum
o o
P{sS® <23 =Y PSP <23 =Y PSP <u,.. 8P < u 5P € [u, 2]}
t=1 t=1

i~ ut—1 . '
:Z(t_l)l(z_u):e (Z_u)v

t=1

TOIJIa,
P{S? >1}=1-P{SP <1} =1—¢€"(1 - ). (3.2)

(inf727F)

Haitnem onrumasbubli mopor 0 < u < 1 mepBoro mrpoka. Bemrpsimt urpoka 1 mpn

)

OCTaHOBKE B MOMEHT BPEMEHU {, €CJU CyMMa ero OYKOB S}l = x, OlIpeJe/INM KaK
plnf2E) () = PS®@ < 2} 4+ P{S® > 1}.
Bepositnocts P{.S @ < x} = 0. Torma, ucnonb3yst Boipakenue u3 (3.2) /it u = x, UMeeM
hgmf’z’F) (x) =1—e*(1—x).

Bemwmrpsiin mepBoro Urpoka mpu IpOJOJIZKEHUN UTPhL MOJIyIaeM 110 (hopMyJIe

Ul 1

u1
Hynf’z’F) (x) = /Hfmf’zp)(z)dz + / hgmf’z’F)(z)dz = /Hynf’z’F)(z)dz +1—e—u;—e"(u; —2).

T u1l
OnruMasbHbL Opor ugmf’z’F) = 2 MOXKeT ObITb Hali/leH U3 ypaBHeHUs hgmf’ZF) (x) = H{mf’zp)(x),
W
e“(l—z)=e+xz+e(x—2). (3.3)
Tax kax hgmf 2F) () Bospacraer 1o x, a H. finf ’2’F)(x) yobIBaet, TO (3.3) MMeeT eMHCTBEHHOE
perrerne. z ~ 0.571 — onTuMaIbHbL TOPOT ugmf 2F) 114 nepsoro urpoka.

3.2. MHuoroimaroBas urpa n Jimjin C O0eCKOHEeYHBIM YMCJIOM IIIaroB

PaccvoTpum MHOTOIIATOBYIO UTPY € TOJIHOM nHpOpMarueir u n urpokamu. [lyctb urpokn oaux
3a JAPYI'UM IIOJIy4aloT II0CJIeJOBATELHOCTh CYMM HE3aBUCHUMBIX U OJUHAKOBO pacClpPEJCJIeHHBbIX Ha

orpeske [0, 1] cayvaitnbix Bequuns Buga (3.1), rme k= 1,...,n.
O6osuaunm uepes S*) cymmy oukos, momydennyo urpoxkom k (k = 1,...,n), a depe3
: F
u,gmf mF) ero HOPOTOBYIO cTparernio. Torma cTpaTernio Nrpoka 1 BBIYUCHM CJIELYIOMIM 00pa3oM:

ulinfnF) — max {80 . 180 < 1}}.

i=1,n—1

Hamee crparernto urpoka k, k = 2,...,n — 1, HaligeM Kak

u,ginf’n’F) = max{' maxl{S(i) 'I{S(i) < 1}};u§mf’n_k+1’F)}.

1=1,k—
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Teopema 2. B uepe n auy ¢ noanots uH@Gopmayuets u 6eCKOHEUHBM HYUCAOM ULG20E8 ONMUMANb-

(infn,F)
1

HaA cmpameaus U = v Mmoorcem bvmsb noAyYyveHa u3 YypasHeHUusm

1

(1- (1 — )t = / (1— ev(1 — )" dy.

v

a oorcudaembviil 6ulULPLIW NPU UCTLONB3OBAHUU onMmumManvHol cmpamez2uu HATLOOUMCA NO ﬁopmyﬂe

Gginfm,F)(v) — ev(l o ev(l _ Q)))n—l,

(inf2,F)

npuvem g < uginf,?nF) (infmn,F)

< M < ul .
,H OKa3aTeJib CTB O BO3paCTaHUsA IIOPOIrOB IIO 7t W BBIBOJ YPaBHEHUA JJIsI HaXOXKJICHUNA

OIITUMAJIBHOI'O ITOPpOra IIPOBOJUTCA aHAJIOTMYIHO ,ZLOKaSaTeHbCTBy TEOPEMBI 1
(infin, ), (infn,F)
1 (uy )

Haiinem oxKumaeMblil BBIUTIPBIIT IEPBOTO UTpoKa G 1pu
i -1,F i F
u:(Lanvn ) ) < u:(llnfvnv ) — Ul < 1
B JAHHOI urpe. BoIMrpoiir urpoka 1, €cjii 4mUCIO €ro O4KoB S @) = T, YIATBIBas, ITO P{S(k) <

z|SM =z} = 0, onpememm Kak

n

hginf,n,F)($) _ P{ ﬂ ({S(k) > 1}) } — p({5(2) > 1})n—1 =(1—-€e"(1- ;p))n—l,

k=2
Boiurpsim mepBoro urpoka mpu MpOJO/IKEHUN UTPhI BEIYUCIUM KaK

ul 1
H{mf"F)(x) = /H£inf’n’F)(z)dz+/hgmf’"’p)(z)dz.
€T ul
Judbdepennupys H{mf’n’p)(x) U yYUTBHIBasi TPAHUYIHOE YCJIOBHE Hfmf’n’F) (u1) = hgmf’n’p)(ul),
HOJTY 9UM
H£mf7n,F)($) — eul—x(l _ eul(l _ ul))n—l'

j F . . infn,F
H {mf o )(0) [IPEJICTABJISET COOOM OYKUTAEMBIN BBIMTPBIII Ggmf n,F) nrpoka 1 mepeji Ha9aJI0M UT'PbI

IIpU UCIIOJIb30OBaHUMU OIITHUMAJIBHOI'O IIOPpOra Ui, T. €.
i ) 7F i 3 7F —
G () = B (0) = e (1 — e (1 - w))" L

TeopeMa JOKa3aHa.

infn,F .
SHa“IeHI/IH OIITUMAJIBHBIX IIOPT'OB ug fon, ) 1 OIITUMAJIBHBIX BBIMT'PBIIIEH JIJId PA3JINIHBIX 7 OTpa-

JKeHbBI B TabJinie, MpeICTaBJIEHHON paHee. 3aMeTuM U3 TabJIUIBL, UTO B UI'PE C TMOJIHOM nH(pOpMaIuei
ONTUMAJIbHBIE TIOPOTH UT'POKa, 1 B ciiydyae HECKOHEYHOIO YHUCJIa IIAroB O0JIbIIe, YeM HOPOTH B CJIydae
JBYX IITaros.

3.3. CpaBHeHme cTpaTermii B urpax pasHoro tumna mHdopMarmumn

Teopema 3. Onmumaavhoili nOpo2 NEPEO20 UPOKG 8 Uzpe ¢ NOAHOT UHPOPMAUUET MeHbUE,
wem OAA u2poKo8 8 uzpe ¢ OMCYMEMBEUEM UHPOPMAYUUU, M. €. BLINOAHAIOMCA COOMHOULEHUA

a) ulP™) <@l gy ylinfnE) g nfnN)
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Hdokaszareabctso. Paccmorpum cirydaii (a) ¢ aByMsi maraMu, JOKa3aTeJbCTBO CJIy-

vast (6) ¢ GECKOHEYHBIM YHCJIOM IIArOB IIPOBOJIUTCH IO TAKON K€ CXeMe.

" 2,n,F

Coyaaii a). Onramassmeie moporn u™N) u ug )
2,n,F .

coorsercrrenno. O6osnaunym kak h™N)(z) u hg " )(x) JIeBble 4YacTU 3THX ypaBHEHUIl M Kak

HaxozsTest 3 ypasaenwii (1.1) u (2.1)

2,n,F
HECnN) () u H f o )(a;) UX IpaBble 9aCTU COOTBETCTBEHHO. DTH (DYHKIMH UMEIOT BUJ

1 z+1
h(2,n,N)(x) - $2(n—1), H(z’”’N)(ﬂj) — /(Zﬂj + - ZE)n_ldz + / (P{S(k) > z})n—ldz’
T 1

1
h§2’n’F)(:E) = 21, H{Zn’F)(:E) = /zz("_l)dz,

T

re S®) — ofiiee uncio 04koB Urpoka k B Urpe ¢ OTCYyTCTBHEM HHMOPMAIIN.
(27n7N) (27n7F)
Qynknun hy (x) u hy () coBIAJIAIOT M BO3PACTAIOT.
Ouesugno, uro H 52’n’F)(x) ybuiBaer mo x. PaccMorpum pasHocTh dyHKIMTIA
1 1 a1
_ — -1
HEDN) () — gD () = ( / (22 + 2 — o) Ldz — / (2)" 1dz> + / (P(S®) > =) dz.
T T 1

BolpaskeHne B CKOOKaX HOIOXKHTEILHO, TaK Kak 1A z > = 22 < zx + z — x. CliejoBarebHo,
HEmN) () — Hfz’n’F)(x) > 0; 9TO O3HAYAET, UTO ugz,n,F) < uZmN),

TeopeMa JOKa3aHa.

CooTHoIIIeHUsT TeOpeMbl MOXKHO YCTAHOBUTDH 110 JAHHBIM TaOJIMIBI, [IPEICTABICHHON BhIIIe. Ta-
KHM 00pa3oM, HaJimdre HHPOPMAIINA YMEHBIIAET [IOPOTH ONTUMAJIBbHON OCTAHOBKHU IIEPBOTO UI'POKA.
B urpe ¢ momHoit nHMOpMaImeil mepBhIit NTPOK CTAHOBUTCSI 0OJIee OCTOPOXKHBIM B CBOEHl CTpaTeruu,
TOr/Ia KaK IMOCJIeAYIONne UTPOKH HAOJIIOJAI0T OUKH IPEIIIeCTBEHHIKOB U MOT'YT OBITh 3aHHTEPECO-
BaHbBI B YBEJIMYEHUN CBOUX COOCTBEHHBIX IIOPOIOB.

Bameganwue 2. U3 unciaeHHbIX pe3ybraToB (CM. Tab/IMIYy) 3aMETHM, 9TO JIA 1 > 2
BBIIIOJIHSAETCS G?’n’F) < G@mN) = 1/n, Tax xe Kak u ngnf,n,F) < GUnfN) — 1 /n,

Sameuganue 3. Hammume nadOpMAaIIN gaeT MPEUMYIIECTBO MIOCIEIHEMY UIPOKY, TaK 9TO
OH MOYKET OXKHUIATH OOJIBINNI BBINIPLII, 9€M B CJIydae OTCYTCTBUsT MH(OPMAIIH.

Chenymomuii IpuMep IeMOHCTPUPYET 3TO COOTHOIIEHUE IJIsI IBYXIIArOBOi UI'PHI JABYX JIUIL.

IIpuwnep. Iokaxem, aro GZ2N) < G§2’2’F). Myeem GZ2N) = 1/2 =0.5.
OnrumalibHasl CTpaTerus BTOPOTO WIPOKa B JABYXIIArOBOW UIpe ¢ IoJHOH muHdopMarmein —
uf’z’F) = SW{SM < 1}. Torga ero omaaeMblil BBIIIPLIII OIPEIEISETCS KAK

2 s 1
GE2F) - / ( / H) (2)dz + / héz’Q’F)(Z)W) dF(s),
0 0

S

= P(S(l) < 8) — bYHKIMsS pacupejeeHus CIyJaiiHOl BeJUIUHBI S MockombKy

~—

rae F(s

£ (2:2.F) , .
5 (2) =1 qya z € [s, 1], nepenuineM 0KuaeMblii BBIUIPBIIT BTOPOIO UTPOKA:

1 S 2
225 225 ()dz -5 ] s).
GRAF 0/<0/H222F()d £ >)dF<>+1/dF<>
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Hnsa 0 < z < 1 umeem H(2’2’F)(z) =P(SW < 2+ X2(2) <1l)=1-s. Torma

1 s 1
G§2’2’F):/</(1—s)dz+(1—s)>dF /dF _1—/ $%dF (s).
0 0 0
Jlist yupotnenus 0003HATEHNN TTOTOXKITM u§2’2’F) =uj " w@2N) =y,

Hna 0< s <wup: F(s)=P{SW < s} = P{Xfl) < s,Xfl) + Xél) < s} =s%/2;
g uy < s < 1t

F(s) = P{S") < s} = P{U1<X <8}+P{X(1<u1,X(1) X2(1)<s}

u1
u2

:S_Ul+/(S—Z)dzzs(l+u1)—u1—71_

0
Torja mueen G52 = 0.546. Taxmv obpasom, G2 < G22N) < g2F)
(2,2,F)

Haiinem oxkmmaemblil mopor Broporo urpoka. O6o3HaImM s = U9, TOTIA

ul

1

1 2 3

E(ug):/s-sds+/s(1+u1)ds:g—i-ﬂ—ﬂ—%:0_599_
0 ul

[Momyuanm, aro uy < u < E(ug).

. 2,n,F
Sameuganue 4. OXumgaeMblil TOPOT BTOPOIO UT'POKA E(u( " )) > (2N,

2,n,F
Borancinm oxKumaeMbIil Topor BTOPOro UTPOKa B UI'Pe ¢ moIHo#i nHdopMarmeit. [lycrs ué )
WM @l il g S 1 _

95 5 Ug = uy . DyHKIMIO pacupeaeIeHus qmciia OYKOB UTPOKa 1 ycTaHABJIMBAEM CJEIYIO

UM 0Opa30M:

32 ecm 0<s< u[ln},
[n]\2
F[”](s) _ s(1+u n]) u[ln} (u12 ) ,  ecin u[ln] <s<1,
[n]
— 1 .
1_(u1 2s—|— ), ecJim 1<s<1-|-uH
L ecm 1+ul <s<2.

Bamernm, 9T0 u[zn] = max{{SM.1{SM < 1}}; u[ln_l] }, TOr1a OXKMUTAEMBIiT TIOPOT BTOPOTO UIPOKA
B UT'PE N JIUI BBIYUCIsIETCs 110 hopMyie

uln 1] ol 1l

E(ugn]):/ In= 1]sals—l—/ 2ds+/ 1+u1})ds—|—/ =1 4 ull—s)ds
0 1

[17L 1] u[ln]

B N G 0 R 7 O o MO W 9
2 2 2 6 6 2 '

[n]

o n
Kak BuiHO M3 Tab/UIbI, IpeJICTaBlIeHHON BbIIe, Uy @ < U < E(u[2 ]). Takum obpasom, B urpe
¢ TIOJIHOI mH(OpMalKeil MOpor UIrpoKa 1 HMXKE, a IIOPOI MI'POKa 2 BBIIIE, YeM COOTBETCTBYIOIINE

IIOPOTH B UI'Pe C OTCYTCTBUEM HHMOPMAIIUN.

YucjieHHBIE PE3yJIbTATHI TOKA3BIBAIOT, UTO B UI'PE C MOJHON WHGOPMAIieil KayKIbIil TOCIe yT0-
I UTPOK MMeeT HPEUMYIIECTBO HePe TPEJAbIYIIUMA B TOM CMBICJE, 9TO OH IOJIy4YaeT OOJIbIiie
uH(bOPMAIMU 1 MOXKET UCIOJIb30BATD €€ TIPU [IPUHSATHU PENIeHUs: 06 OCTAHOBKE / TIPOJIOJIZKEHUU UTDBIL.
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SamMeuganue b Pasauma MexXIy o:KUIaeMBIMA BBLINTPBIIIAMHU IIOCIEIHEIN0 UI'POKA B UIDE
¢ oo mH(opMaIeil 1 UTpoka B urpe 6e3 mHdOpMaIuu IPeACTaBIsIeT co00i 1eHy NHMOPMAITIN

B urpe. O6osnasnm uepes Pol(Mm) = Gslm’"’F) — GmnN) ey wrdopManuu B m-marosoi urpe n
JINIL,

B npusezennom Boime npumepe Pol(22) = Gg2’2’F) — G@2N) = 0.046.

4. 3akJiroueHue

JamHast paboTa pacIIupsieT UCCJIeI0BaHUsT HEKOOIIEPATUBHON UIPBI C ONTUMAJIbHON OCTaAHOBKOM,
IIPOTOTHUIIOM KOTOPOHl siBjsieTcs TesneBusnonnoe 1oy “The Price is Right”, rme urpoku mo ouepenn
MOLYT HOJIYYUTb OJHO WMJIM JIBA YMCJIOBBIX 3HAYEHUs, YTOOBI OBITH KaK MOYKHO OJIMKe K 3aJaHHOM
IpaHnIle, HO He IIPEBBIaTh ee. Bblla pacmmpeHa IocIeIoBaTe/bHasl IOCTAHOBKA UI'PBI ¢ IIOJIHOI
nHMOpMAaIeil: Ha IPOU3BOJIbHOE YNCJIO YIACTHUKOB B UI'PE M Ha OECKOHEYHOE YMCJIO IIaroB.

Jlist urpel ¢ mostHON mHpOpMAIeil, TaKk »Ke KakK U JJIsi CIydas C OTCYTCTBHEM HHQOPMAIINN
[TOKa3aHO, UTO ONTUMAJBHBIA IMOPOr Beerda OOJIbINe OJIOBUHBI, WJIM ITOJIOBUHBI IIPEIeIbHOIO 3HAa-
JeHMs, YCTAHOBJIEHHOIO B Urpe. st KayKIoi UIphl ¢ Pa3iIndHBIM TUIIOM WH(MOPMAIMA BLIYNCJIEHbI
3HAYEHMSI OINTUMAJIbLHBIX IIOPOrOB M OXKMIAEMbIX BBIUI'PBIIIEH [jIsI Pa3/IMIHOr0 YHC/Ia YIACTHUKOB.

[IpoBeieHO cpaBHEHME UT'D € UCIIOJIB30BAHUEM Pa3/IMIHBIX TUIIOB HH(pOpMAIUH. JIst Ipon3BOJIb-
HOI'O0 YHCJIa UTPOKOB OBLIM PACCMOTPEHBLI IOPOI'OBBLIE CTPATEIMU B UI'PE C OTCYTCTBHEM HHpoOpMa-
MM U C TOJIHONM mH(OpMAaIKeil O JefCTBUAX IPOTUBHUKOB. DBLIO yCTaHOBJIEHO, YTO JOCTYIIHOCTD
nH(POPMAIIME B UTPe MEHSIET ONTUMAJIbHYI0 CTPATeruio IepBOro UIPoKa, CHUXKas ee 3HadeHue. Or-
TUMAaJIbHBIA IOPOI' IEPBOI'O UIPOKA U €r0 OXKUIAEMbBI BBINTPLIII HIXKE, 9eM B UI'PE C OTCYTCTBHEM
nHQPOPMAIMH ISl TOTO YK€ UUCjIa YIACTHUKOB. Korma mmeercss J0CTyl K WHGOPMAIUA O JeiiCTBU-
JIX U Pe3y/abTaTax IPeIIIeCTBEHHUKOB, ITOCIeAYyIONINe UIPOKU IIOJIYIal0T BO3MOXKHOCTDH YBEJIUYNTD
3HAYEHUs] CBOMX ITOPOroB. MexK Iy TeM uX ONTHMAaJjbHbBIE ITOPOTH IIPEBBIIIAIOT IIOPOrOBOE 3HATEHUE
B UI'PE C OTCYTCTBHEM UH(MOPMALMH.

B pmanbreiimem ciemgyer Tak:Ke IPOBECTH HCCAEIOBAHHUE IJIsI CJIydasl, KOIJa JOCTYIIHA TOJIBKO
JacTUIHAsT UHPOPMAINs. DTO MOXKET OBITh IIOCTAHOBKA, B KOTOPOW KasKIbIil UI'POK 3HAET obImee
9HCJIO YYACTHUKOB M CBOIO o4epelb B urpe. Ha cBoeM Xome OH Tak:Ke IOJIy4aeT JIOMOJIHUTEILHYIO
MHQPOPMAIIIO 0 KOJUIECTBE YIACTHUKOB, UYbM OUKHU IIPEBBICHIN 3aJaHHYIO TPAHUILY, OJHAKO UI'POKY
HUYEro He M3BECTHO 00 OYKaxX, MOJIYUYEHHBIX MPEIBbIIYIINMU UIpOKaMn. VHTepecHO ONeHUTh, KaKue
[IPEUMYIIECTBA JAET TaKasl JOIMOJHATEIbHAasT TH(OPMAIUs UTPOKY B CPABHEHUN C UT'POii 6e3 nHGOP-
manun. C Apyroil CTOpoHbI, CTOUT HMCCJIENOBAThH, OyIEeT JIM UIPOK, OOJIAIaIONINi TaKOi 9acTHIHOM
nH(pOpMAaIeil, olleHNBaTh BBIIIE CBOU INMAHCHI Ha BBINTPLIII, W WATH, TAKAM 00pa30oM, Ha, OOJIbIINIL
PHUCK, YeM B cJIydae, KOrja JOCTYIIHA BCsl MHMOPMAIUs O IPEJbIIyIIX UIPOKAX.

Dr1a UrpoBasi MOIEIb MOXKET OBITHL pacIIdpeHa Jajblile. XOTs UCCIeJ0BaHUs B JTaHHON pabore
OrpaHMYeHbI IOCTAHOBKOM C OJHUM PayHIOM, MOXKHO PacCMOTPETh MI'PY C ABYyMsl WK Oojee payH-
JIaMU, KOTIa KaXKJIblii payH COIPOBOXKIAETCSI BHIOBIBAHUEM OIHOIO MJIM HECKOJIBKUX YIACTHUKOB.
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K IIOCTPOEHUIIO HEVIIPE2KJTAIOIITET'O CEJIEKTOPA
MHOTO3HAYHOT'O OTOBPAXKEHU SI!

. A.Cepkos, A.T. Henrosn

B pabore usyuarorcsi cBOHCTBA MHOIO3HAYHBIX OTOOparKeHUil OOIIEro BH/A B aCIEKTe BO3MOXKHOCTU BbIJe-
JIEHUSI U3 HUX HEYIPEXKJIAIIUX cesIeKTOpoB. CBONCTBO HEYIPEXKAAeMOCTH (hOPMYJIUPYETCs JJIsi TIPOU3BOJIbHOM
06J1aCTH OIpeJIe/ICHUs 3aJaHUEM HEKOTOPOr'o CEMENCTBa “TeCTOBBIX’ MOIAMHOXKECTB. 1IpeioyKeHbl JOCTATOYHBIE
YCJIOBUSI CYIIECTBOBAHUSI HEYIPEXKIAOIIEr0 CEJIEKTOPa HEYIPEXKJAIOIIEr0 MHOIMO3HAYHOTO OTOOPAXKEHUSs: €ro
3HAYEHUs! JIOJIKHBI ObITh HEILYCTHIMUA KOMIIAKTAMHU, & CEMENRCTBO “TeCTOBBIX’ MOJMHOYXKECTB HEOOXOAUMO JIMHEHHO
YIOPSIJIOUUTD IO BKJIKIOYEHUIO. B KavecTBe WILIIOCTPAIUU IOy YEHHBIX PE3YJIbTATOB PACCMOTPEHA BO3MOXKHOCTH
UX MPUJIOKeHUsT K auddepeHnuaabHoil urpe conmzkenusi-ykjaonenusi B popme I1. Bapaiis u [Ix. JIun.
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D. A. Serkov, A.G. Chentsov. On the construction of a nonanticipating selection of a multi-
valued mapping.

We study the properties of multivalued mappings of general form with respect to the possibility of finding
their nonanticipating selections. The property of nonanticipation is formulated for an arbitrary domain by
specifying some family of “test” subsets. Sufficient conditions for the existence of a nonanticipating selection of
a nonanticipating multivalued mapping are proposed: the values of the mapping must be nonempty compact
sets, and the family of “test” subsets must be totally ordered by inclusion. We illustrate the results by showing
their applicability to the pursuit—evasion differential game in the form of P. Varaya and J. Lin.
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BBenenune

CBOICTBO HEYIPEKIAEMOCTU UI'PAET BaXKHYIO poJib B Teopun quddepennuanbabix urp (A1) B
CBSI3U C IIOCTPOEHUEM HJIEAJU3UPOBAHHBIX Pa3pelraiolx crpareruit. B panamx padorax uiaeasiu-
3UpPOBaHHBIE CTPATEINN — KBa3UCTPATEINH — OIPEIEISINCh B BIIAE OIEPATOPOB Ha PYyHKIIMOHAb-
HBIX IIPOCTPAHCTBAX YIPABICHUN I TPACKTOPHIl CO CBOMCTBOM (PU3MIECKOI OCYIIECTBUMOCTH WJIN
Heynpexaaemoct (cm. [1-4] u ap.). C apyroii cTOpoHBI, B HEKOTOPBIX KOHCTPYKIHSIX, TIPUBOJIsI-
MUX K HENOJBIXKHBIM TOYKAM OIIEPATOPOB HPOrPAMMHOrO moriomienusi (cMm. [5]), ecrecrBeHHBIM
00pa3oM BO3HHMKAIOT HeylpexkIarolie MHOorosHaunbie orobpaxkenus (MO) u, Kak ciejicTBre, MHO-
rosHauHble KBasucTparerun. Bompoc o cemekiun MO ¢ coxpaHeHHEM CBONCTBa HEYIIPEXKIaeMOCTH
JIUIs OTOOpasKeHH HA TPOCTPAHCTBAX OOOOIIEHHBIX yIIpaB/IeHuii paccMarpuBalics B [6], rae cymie-
CTBEHHO UCIOJIb30BaJIach crenuduka yupasienuii-mep. lannoe uccienobanue [6] 66110 BBIIOIHEHO
B ¢BaA3u ¢ BompocoM, rmoctasjaeHubiM H. H. Kpacosckum omnomy m3 aBropos. Mzsectno, uro B JIU
cOMMKEeHNsI-yKJIOHeHUsT (DOpMaJIn3allis B Kjlacce KBa3UCTpaTeruil skpusajenTHa (cM. [7]) mosurm-
OHHOI (popMaIU3aIyH, T. €. (POPMAaIU3AIUN B KJIacCe IPOLELypP YIIPaBJIeHUsI 110 IPUHIIAITY 00paTHOI
csasu (eMm. [8;9]). OcuoBonosararonm dpakToM, KacarommmMest crpykrypbl I, siBisiercst Teopema

! PaboTa BEIIOIHEHA B paMKax IIpoekTa “Hopeiiliine MeTOALI MATEMATHIECKOTO MOJEIIPOBAHI B I3y Ie-
HOAU HEJIMHENHBIX JUHAMUYECKUX CACTEeM’ IO IPOBEIEHUI0 (PYHIAMEHTAJIBHBIX HAYJIHBIX UCCJIEIOBAHUI IO
MIPUOPHUTETHLIM HAITPABJIEHUIM, OIpeIeIsieMbIM mpe3uanyMoM Poccuiickoil akajleMun HayK.
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06 anprepuatuBe H.H.Kpacosckoro u A.U. Cy66oruna. Kax cjencrBue OBLIO YCTAHOBJIEHO CY-
MMEeCTBOBAHNE CEJJIOBON TOYKH JJIsT TUMAYIHBIX MoKazareieil kadecTBa. BaxKHO OTMETHTH, UTO yIIO-
MsIHYTasl TO3UIINOHHAs (POPMAIU3AIS JIOMYCKAET €CTECTBEHHYIO JIJIsI WHXKEHEPHBIX MTPUJIOXKEHH
pean3aImio ¢ IPUMEHEHIEM MTONTATOBBIX JIBUKEHUI ¢ IUCKpeTnsalneil B0 BpeMenu. B 9Toit cBsa3m
CYIIECTBEHHYIO POJIb CHIIPAJIHA TIPOIEYPhl YIIPABJIEHHs € MOBOABIPEM (MOJIE/IBIO), MPEJIOKEHHBIE
H. H. Kpacosckum u A. 1. Cy66orunbiv (cm. [9, §57]). Okazanoch, 4To B yIOMSIHYTHIX HPOIELYyPax
MOTYT HCIOJIb30BaThCs KBasucrparernu (cu. [10]).

IIporie 1y pbl, KOHCTPYHUPYeMble Ha OCHOBe MeToja IiporpaMMubix urepanuii (MIIN), nocrassior
kBasucrpareruu B Buge MO (cm. [6;11;12]). TIpu srom peanusyercs nenpsimast Bepeust MIT, puso-
JIAMIAsT K OCTIEIOBATEIbHOCTH MHOYKECTB B TPOCTPAHCTBE MO3UITUHN MJIA TIOCTIEI0BATEIBHOCTH (DYHK-
muit. JIpyroit Bapuant MIIN (o cmbiciy, npsivast Bepcusi) peanusyer (cM. [13;14]) urepanuonnyio
MOCIEIOBATEILHOCTE HerocpeicTBenHo B nmpoctpancree MO. Takum o6pa3oM, MHOTO3HAYHbBIE KBa-
3UCTPATETHH, PA3PEIIAIOIIINEe COOTBETCTBYIOIIYIO UTPOBYIO 3414y, OMPENEISIIOTCS KOHCTPYKTUBHO.
B To ke Bpewmst nipu pemennu IV mmpoko uenosb3yores oJHo3HaYHbIe KBasucTparernu (cM. [1-4]).
Bosuukaer ecrecTBeHHBIl Bonpoc o ceseknun Heynpexaaonmx MO B xyxe [6], HO He cBsi3bIBae-
MBIX 00s13aTeJIbHO ¢ Tpeobpa3oBanneM 0DOBINIEHHBIX yIIpaBIeHnii — 6opesieBCckux Mep. B yactHoCTH,
[PEJICTABIISIETCSI KHTEPECHBIM BAPHAHT, CBSI3AHHBII ¢ HOCTpoeHusIMU [3| 1 peasin3yeMblil B BUJIE peak-
MU HEMOCPEJICTBEHHO Ha MPOCTPAHCTBE TPACKTOPHIL. 3/1eCh TaK¥Ke €CTECTBEHHON SIBJISIETCS 3a/1a49a
0 TIOCTPOEHUN HEYTIPEXKIAIONIETo ceekTopa 3amanaoro MO.

B macrostieit pabore m3ydaeTcss BApUAHT JIOCTATOYHO OOINEH TMOCTAHOBKU TaKOTO POJIA: TOKa-
3aHO, UTO Jyisi Heylpexkaamomero (B mupokom cmbiciie) MO co cBoiicTBaMM HEIyCTOZHAYHOCTU U
KOMITAKTHOCTH MHOXKECTB-3HAUEHUI CYIIECTBYET HEYIPEXKIAIONINN CETeKTOP.

1. Onpenenenuss u 0603HAYEHUsI OOIIEro xapakTepa

B nasbreiineM NCHOIB3YeTCsT TEOPETHKO-MHOYKECTBEHHAS CUMBOJIMKA (KBAHTOPBI, IIPOIO3UIIIO-
Ha/BHbIE CBASKM U T.11.); & — IIyCTOE MHOMKECTBO, = — DPaBEHCTBO 10 onpejesenmio. Cemeticmeom
HA3BIBAEM MHOXKECTBO, BCE JIEMEHTBI KOTOPOro — MHOxkKecTBa. [IpuanmaeM akcuomy BbiGopa. Eciu
X U Yy — UPOU3BOJIbHBIE 00BEKTHI, TO Yepe3 {x;y} obo3HaYaeM (eJIUHCTBEHHOE) MHOXKECTBO, COJEp-
JKallee T, Yy U He cojieprKaliee HUKAKUX JPYTUX 3JIeMeHTOB. Torja Jijis IpOu3BOJIBHOIO 00beKTa 2
B Buge {z} 2 {z; 2} umeem cunrieron, comepxkamuii z. Ecam a u b — HeKoTopbie 06bEKTH, To (CM.
[15, c. 67]) (a,b) = {{a};{a;b}} ectb ynopsanouennas napa (YII) ¢ mepBLIM 31EMEHTOM G U BTOPBIM
ssiemenToM b. Ecim z ects VII, To 4epes pr;(z) u pry(z) ob0o3HaIaEM COOTBETCTBEHHO HEPBBIH 1
BTOPOIi 3JIEMEHTHI 2, OJHO3HAYHO OLpeJeisieMble yeJaoBueM z = (pri(z), pry(z)).

Yepes P(X) u P'(X) ycnoumest 0603HaAIATH COOTBETCTBEHHO CEMEHCTBA BCEX M BCEX HEIYCTHIX
HOJMHOKECTB (11/M) mpousBosibHOTO MHOKecTBa X. Eciim A u B — HelycTble MHOXKECTBa, TO 060~
suadnM uepes B4 MmozkecTBO Beex otoGpaskenmit w3 A B B (em. [15, ¢. 77]). Ecu upu stom f € BA
uC € P(A), ro (f|C) € BY ecrb cymenne f ma muoxecrso C: (f|C)(z) £ f(x) Vo € C. B
ciyuae, xorma F € P/(B4), nonaraem (F|C’) £ {(f|O): f € F}. Ecim X — memycroe cemeii-
crBo, a B — MHO)ecTBO, TO uepe3 X|p OyiaeMm obo3Hauarh cyxkeHue cemeiicrBa X Ha MHOXKECTBO
B: X|p 2 {XNB: X € X}. B kagectBe X MOMkKeT HCIOTb30BATLCA TOTOIOTHST HEKOTOPOTO MHOYKE-
cTBa, comepxKarero B.

B nasbHeiiem MmupoKo MCIoIb3yeTcs onepalys 000BIIEHHOIO JeKapToBa IIPOU3BeIeHus (CM.,
Hanpumep, [15, rr. IV, §5]): eciim X u Y — Hemycrble MHOXKeCTBa U (v € iP(Y)X, TO

H alz) 2{feY¥ | f(z) € a(z) Vz € X}.

zeX

Hazosem napy (X, <) wacmuuno ynopsadowernnvim mrosrcecmeom (AYM), eciim X — MHOKeCTBO,
X # @, u < € P(X x X) — orHomenne (HecTpororo) 4acTUvIHOro mopsijka Ha X. B wactHOCTH,
(P(X),Cx) — YYM 6ymneana MuoskectBa X € OTHOMEHHeM Biokenus: Cy = {w € P(X) x P(X) |
pri(w) C pro(w)}. s Beskoro YYM (X, <) u npoussosbHoro 1n/m S € P(X) (muoxecrBa X)
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HazoBeM S 4envlo, eCaH 3TO /M JIMHEHHO yIopsA0ueHo (T.e. Jis JIOObIX JIBYX 3JIEMEHTOB & € S,
y € S Beimosnsiercst yenosue (z < y) V (y < ). SameTnm, 910 17151 BCssKoro Muoxkecrsa X, X # &,
kaxaas nenb C € P(P(X)) 8 YYM (P(X), Cx) ectb nenrpuposantoe cemeiicrso (em. [16, m. 3.1,
c. 196]).

Eciu X — memycroe muoxkecTBO, a cemeiictso 7 € P/(P(X)) — Tomosorus Ha 3TOM MHOXKe-
CTBe, TO Il BCSKOrO 3jeMenTa x € X uepes Np(xz) Oymem 0603HAUATH CEMECTBO BCEX OTKDbI-
TBIX OKPECTHOCTEH T, T.€e. CeMEeHCTBO BCEX OTKPBITHIX MHOMKECTB (MHOXKECTB U3 T), COIEPIKAIIUX
x: No(x) £ {G € 7 | z € G}. Jlna mobeIx AByX HEmycThX Tomomormdeckux mpocrpancts (TTI)
(U, &) u (V,¢) muoxkecrso C(U, &, V, () ectb MHOXKeCTBO Beex (&, ¢)-HENPEPBIBHBIX 0TOOPAYKEHUN U3
vuoxkecrsa VU, Hamomunm, uro B caydae merpusyemsrx TIT (U, €) u (V,¢) TII C(U, &, V, () ectnb
TAKKe MHOYKECTBO BCEX CEKBEHIMAIBHO (&, ()-HEIPEPbIBHBIX OTOOParKeHUH U3 MHOMKECTBA, VU,

2. OcHOBHBIE KOHCTPYKIIUH

Oukcupyem HemycThle MHOKecTBa X, Y u T, a Takwe (memycroie) mmoxkectsa 0 € P/(YT),

7 € P'(XT) u cemeiictso T € P'(P'(T)); unbivm ciiosamu, 7 — HEIYCTOE CEMEHCTBO HEIyCTHIX MHO-

KecTB. B TepmuHax T olpe/iessieTcs: KJII0IeBoe B HACTosIIeil paboTe IOHSITHE HeYnpescoaemocnu:

orobpazkenne z € Z% maswsaem neynpescomousum (ornocurennuo T), ecmn Yw; € Q, Ywy € Q,
VA € T nmeem

(Wi A) = (w2]A4)) = ((2(w1) [A) = (2(w2) [ A)). (2.1)

CaoiicrBy (2.1) conocrasisiem anasor Jyist MO: otobpazkenne z € "P(Z)Q Ha3bIBaeM Heynpexcoa-
rouwum, ecmm Ywy € Q, Vws € Q, VA € T Boinosnsiercs

(@i 14) = (@21 4) = ((2(w1)14) = (2(w) ] 4)). (2.2)

OCHOBHOIT BOIIPOC, pacCMaTpUBAaeMbIil B JIaHHOW pabOTe, COCTOUT B CJAEAYIOIMIEM: IPU KAKHUX
yenousix MO z 06s1aiaer HeynpesKIaomyM CeJIEKTOPOM; UHBIMH CJIOBAME, NPH KAKHUX YCJIOBHSIX
cymecTByer celekTop z € [ [ cq z(w), neynpexnarommit B cmpicie (2.1)7

B c¢Bs31 ¢ 9100 3a/1a9€i BBEJIEM HEKOTOPBIE JIONOJHUTEIbHbIE Onpeietenus. OcHaIaeM MHOXKe-
crBo MO P(Z) wacruanbiv nopsakoM T, noaras s mobbix o € P(Z)? u ag € P(Z)%

(01 T a2) & (a1 (w) C as(w) Yw € Q). (2.3)
Ecmu z € P(Z)2, o (DOM)[z] 2 {w € Q|z(w) # 2} llpu w € Q, 2z € Zu A € P'(T) obosmaunm

Q(w]A) ={he Q] (w]A)=(h|A)} € P(Q),
Zo(z| A) £{g € Z| (]| A) = (9| A)} € P'(2). (2.4)

Taxum oOpa3oM, onpeaeIeHbl MHOXKECTBA pocmko6 oTobpazkeHuil u3 ) u Z cOOTBETCTBEHHO. 3aMe-
TuM, 4TO st mobbix A € T u A’ € T

(ACA)= (Qw|A) CQw|A) Ywe Q) & (Zo(z| A') C Zo(2| A) Vz € Z)). (2.5)
O6osuamm gepes N MHoxkecTBO Beex neynpezxgaomux MO n3 P(Z)%:

Né{zefp(Z)ﬂ IVAET Ywe Q Vo' €Q ((w]A) = (]A) = <(z(w)]A) - (z(w’)\A))}

- {z e P(2)? | (z(w)] A) = (2(u') | A) VA€ T Yw € Q Yo' € Qp(w] A)} :

Cpe/u Beex Takux 0TOOpazkeHUit Jyist HAC HanboJiee BayKHBIME OY/[yT MyJIBTUCEIEKTOPBI IIPOU3BOJIb-
1o sagannbix MO: s o € P(Z) obosmaumm:

Nola] 2 {z€ N |z C a}; (2.6)
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TOIZIa B BUJIE

N%a] £ {z € Ng[a] | (DOM)[z] = Q} (2.7)
HOJIy9aeM MHOZKECTBO BCEX HEIlYCTOZHAYHBIX HEYIPEXKIAoMuX Mysabrucesekropos MO a.

Bameganuel Diementsr No[a| MoxkHO paccMaTrpuBaTh Kak abCTPAKTHBIC aAHAJIOTH MHO-
PO3HAYHBIX KBA3UCTPATErHi, MUPOKO UCHOJB3yeMbIX B Teopuu uddepeHuaabubix urp (B 1o
CBSI3M OTMETHM TaKxKe M KOHCTPYKI[UH HEYIPEKIAIOIIIX OAHOZHAYHBIX YIIPABJISIONX OTOOpazKe-
auii (em. [1-4| u gp.).

Beegem (. [13, (2.10)]) morodeuno ucnommsiemoe “obbeaunenue” MO: ecmn M € P'(P(Z)?), To

nonaraeM, uro \/ z € P(Z)* oupenenstercst yenopuem: Vw € Q (1 z)(w) £ ey 2(w). Bamernn,
zeM zEM

4o B BUge \/ Z MBI HMeeM TOYHYIO BePXHIOo rpanb Muoxkectsa M B UYM (P(Z)%?, C). Ucxona us
zeM
ompenenenus, 6e3 Tpya MpoBepsaeM CIPABEIINBOCTD CJCTYIOMIEi JIeMMBI.

Jlemma 1. Ecau a € P(Z2)? u M € P/ (Ngla]), mo \/ z € Ny[a]. Kpome mozo,
zeM

(Vw € Q Jz € M: z(w) # @) :>(\/ z € N%[a]). (2.8)
zeM

Kak ciencrsue memmbr 1 s a € P(Z)? u M = Nyla] Mbl mosrygaeM HpejcTaBienie HanGoh-
urero saementa MuoxkecTsa Nola] B UYM (P(Z)%,C) (em. [13, (2.15)]):

(ma)le] £ \/ =z (2.9)

z€Np [

SamMedanue 2. [Ipu mOMOTHUTENTHHBIX YCIOBUIX TOMOJOTUIECKOTO XapaKTepa st TOCTPO-
ernst MO (2.9) MOXKHO HCHOJIB30BATh UTEPAMOHHYTO Tporieaypy (cm. [14, reopema 6.1; 13, mpeio-
xenne 3.2|), peamsyiomyioca B P(Z)%. Torma (cm. (14, (40);13,(3.25)]) MO (na)[a] ects mpemen
UTEPAIOHHON TI0C/IE/I0BATEIHHOCTH € HAYAJbHBIM 3jIeMeHTOM «v. B obmem ciayuae MO (2.9) rak-
JKe MOKeT OBITH IpEeCTaBIeHO B pOpMe Tpemesa, HO Ha 9TOT pa3, BOODIIe TOBOPsI, IJIsi HECUETHOM
(TpanchuHITHOI) TpPOIEYPHI ¢ HAYaIbHBIM 31eMeHTOM ¢ (cM. [17,(3.11); 18, mpemtoxkenue 5.2]).

B cBasu ¢ (2.1), (2.6) u (2.7) BBeseM B paccmorpenue Takxke muoxecrso n'[al, nlla] ¢ Z9,
OJTHOZHAMHBIX HeyIPEesKIAIONINX CeIeKTOpoB mpoussosboro MO a € P(Z)%:

n’[a] £ {n GHa(w) IVAeT V" € Q w €Q ((W'A4) =('A)=((hw")|A) = (hw)]|A)}
wel

= {he [ aw) | h(w) € Zo(hlw") | A) VAE T W' € Q o' € Q"] 4)}. (2.10)
we

B cssu ¢ (2.7) u (2.10) ormerum, uro mpu joboM o € P(Z)? ucrunna uMILIIKAIASA

(9 €n’[a]) = (({9(w)})weq € N[a]). (2.11)

B mocJre Ty omx IocTpOeHusX HaM TIOTpeGyeTcsl peTakCHpOBaHHbBIH BapuanT MuoKecTBa n[a] —
maoxectso N [a], n% o] C Z%, Beex ommosnaunbX cenexTopos MO «, yIOBIETBODSIONIAX CBOHCTEY
neynpexxaaemoctu (2.1) mmmb na nekoropom 1/M H muoxkectsa 2 nycts o € P(Z)% u H € P(Q),

Torma MHoKecTBo nY [ onpesnesnsercss B Buie

nY (o] £ {he]Jaw)|VAe T W' € H o' € H (W' A)=(w'|A)) = ((h(w") ]| A)=(h(w') | A))}
we

= {he]Jaw)|h(w) € Zo(h(w") | A) YA T W' € H Yo' € HNQ(w" | A)}. (2.12)
we



236 . A. Cepkos, A.T. Yenros

Bamernm, uTo u3 onpegenenns (2.12) cpasy ciemyer nzotonnocth otobpaxkenus P(Q) > H —
nY[a] € P'(Z): ns mobeix H € P(Q), H' € P(Q) ucrunna uMIumxanms

(H' ¢ H) = (n%[a] ¢ n%[a]). (2.13)

Bsenem otTmenbHo obozHadenue it Ciydasi, KOraa « = Z, rje Z — HauOOJIBIIUN IJIEMEHT
Q
(em. (2.3)) B pemmerke (P(Z), C), T.e. nocrosiHaOE Ha ) 0OTOOpaskeHHE CO 3HAUCHUEM Z:

nd 2 {heZ%| h(W) € Zo(h(w) | A) YA €T Vw € H Yo' € HNQo(w|A)}. (2.14)

Taxmm obpazom, n(}{ — MHOYKECTBO BCEX HeyTpeskIaomux Ha H orobpazkennit u3 Z. Bamerny, aro

IIPH BBEJICHHBIX 0603HAYeHUsAX BbinoHgAoTes cootHomenns nl[a) = nd[a], n% = n%[Z], a takxe
n[a] = H a(w), n) =7%+g, (2.15)
weN
n% o] = (H a(w)) ﬂn(}]. (2.16)
weN

3. HocrtarouHble ycJ/iOBUs CyHI€CTBOBAHUSI
HeyHnperK/IAIoMIero ceJieKTopa MHOTO3HAYHOI'O OTOOparkeHus

B macrosiieM pasjiesie yCTaHABJIMBAIOTCS YCJIOBHsI CYIIECTBOBAHHS HEYIPEXKIAIOMIErO (OHO-
sHauHoro) cesekropa MO. DTOT pasien mccaegoBaHUs — IPOMEXKYTOUYHBIH STAll, OTBEYAIOIINi
ciaydalo, Korna ynomsayToe MO camo siistercst HeynpexaaonM. C yderoM pe3y/IbTaToB IIpebl-
JIYIIErO pas3jiesia STH YCJIOBHsL OLPEJIEISAI0T OCHOBY MOCTPOCHUS HEYIIPEXKIAIOIIEr0 CeJIEKTOpa 1IPO-
uzBosibHoro MO.

[Tycrs muOXKecTBO X (CM. pasf. 2) ocHamieHo Tomosorueir Tx. Jlasee mosaraem, 9TO Ha MHO-
wectse Z € P/(XT) neiicreyer Tomosorns Ty, WHIYIUpOBaHHAS TOMOJOTHEl @ (Tx) THXOHOBCKOIL
crenenn TIT (X, Tx) ¢ ungekcupiM Muoxkectsom T (em. [16, 2.3]), a ma muoxkectse Z¢ — Tomoso-
rust Tzo TuxoHOBCKOi crenern TII (Z,Tz) ¢ MHIEKCHBIM MHOXKECTBOM ).

OmpeiestM 17151 Tpon3BOILHO BEIGparHoro MO a € P(Z)% cemeiictso H, € P(P/(Q)) Buma

Ho 2 {H € P(Q) | n%[a] # 2} (3.1)

Cewmeiictro H,, He mycto ipm mobom o € P'(Z)%, Tak kak B aToM ciydae (em. (2.15)) oHo comepsKuT
IIyCTOEe MHOYKECTBO, a TaK»Ke BCe CHHIVIETOHBI u3 cemeiictsa P’ ().

JIemma 2. Ecau (X, Tx) ecmo Ti-npocmparcmeo, mo das mobvx M € P'(T) u h € Z mnoorce-
emeo Zo(h | M) samxnymo 6 (Z,7z).

Hoxaszareubctso. s gokazarenscrsa samkayToctu Zo(h | M) mokazkem, 410 MHOXKe-
crBo Z\ Zo(h| M) orkpsiro. Beibepem g € Z\ Zo(h| M) u snement & € M co coiictBom h(§) # g(&).
Tak kak (X, Tx) — Ti-mpocTpancTBo, Haiigercs okpectHocTb Ox € Nr, (g(§)) Takas, 4ro

h(¢) € Ox. (32)
OnpeenuM OTKpBITOe MHOXKECTBO Oz € Ty, moJaras
Oz = {f €Z] f(¢§) € Ox}. (3.3)

U3 nocrpoenns caeayer, uro Oz € N, (g). C yaerom coornomenuit (3.2) u (3.3) paccyKaeHusMu
“or mporuBHOro” Jerko nposeputh pasencrso Oz N Zo(h | M) = .

Urak, Bomosnensl coornommenust Oz € Ni,(g), Oz C Z\ Zo(h|M). B cuny nponsBoibHOrO
BBIOOpa ¢ 9T0 o3Hadaer (cm. [16, 1.1, c. 33]), uro muoxecrBo Z \ Zo(h| M) siBiasiercss OTKPBITHIM.
Canenosarenbho, MuoxkectBo Zo(h | M) 3aMkHyTO.

JlemMa gokasaHa.
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JIemma 3. ITycmo (X, Tx) ecmv Ta-npocmparcmeo u dano MO 5 € T(Z)Q, 3HAYEHUA KOMOPO20

B(w) xomnaxmmuv, 6 (Z,Tz) npu ecex w € §, mozda dan mobozo H € P(Q) wmmoocecmso n%[A]
komnaxmmo 6 (Z2,T4q).

HJokaszareabcTBo. 1. Beibepem npoussoabro H € P() u ycraHOBEUM 3aMKHYTOCTD
mHokecta nYy (e, (2.14)) B TII (Z%,T40). s nokasaTesncTBa 3aMKHYTOCTH DY MOKAazKeM, 9TO
maoxectso Z \ nY; orkpoiro.

BoiGepen mpou3Bosbho @ € 7 \n(}q. Torma cymecTByoT wy € €, wy € Q u A € T Takue, 4To0

(w1 € H) & (wp € H) & (w1 ] A) = (w2] A)) & ((a(w1) | A) # (a@(w2) [ A)). (3-4)

O6osnaanm s KpatkocTd hy = a(wy), he = a(ws). Us (3.4) ciemyer cymecrsopanme & € A
T

takoro, 4ro hi(§) # ha(€). Torma, nockosbky (X, Tx) — To-IPOCTPAHCTBO, HANHIYTCSI OKPECTHOCTH

Ox1 € Ny (h1(§)), Ox2 € Nay (h2(§)) Taxue, uro
Ox1NO0Oxg = @. (3.5)
OupenenuM oTKpbIThIe MHOXKecTBa O71 € Tz, Oz9 € Ty, BUIA

On={geZ|g&)eOx1i}, Op={feZ]|f(eOx} (3.6)

13 nocrpoenust cienyer, uto Oz; € Nr,(hi), Ozz € Ni,(h2). Bazagum OTKPBITOE MHOXKECTBO
Oya € Tyo caeayiomuM 06pa3oM:

Ogo 2 {5 € 29| (§(w1) € Oz1) & (8(ws) € Og)}. (3.7)

[To moctpoenuio nmeem Oyza € NTZQ (@). Paccyxaenunem “or mpoTUBHOIO” JIETKO MPOBEPUTH PABEH-
ctBo Ozo NDY = 2.
B camomMm jseste, mycTh HAILIOCH
v €nY (3.8)

takoe, 9ro vy € Oya. U3 nocseanero Brirouenus: moiaydaeM (em. (3.7)) y(wi) € Oz, y(w2) € Oga.

Takum obpazom (cM. (3.6)), Beimosnensl Bkioderus y(wi)(§) € Oxi, Y(w2)(§) € Oxa. 3naunt

(em. (3.5)), mmeem coiictBo 7y (w1 )(€) # v(w2)(€), 3 KOTOPOrO B CHIY BKIIoUeHnst & € A ciemyer

coornomenue (y(wy)|A) # (y(we)| A), nporusopevamee (3.8). eficTBuresibHO, 110 BBIGOPY W1, Wo

nmeeM (cM. (34)) w1 € H, wo € Hu (w1]A) = (w2]|A), a Torma u3 (3.8) JOIKHO BBITEKATH

pasenctso (y(wy) | A) = (y(wz)| A). Unave rosops, v € nY;. Tlomyueno Tpebyemoe MpoTuBOpEUHe.
UraK, BBIIOJIHEHBI COOTHOIIECHHUST

Ozo € Ny, (@), Oga C A \n(}]

B cuity mpomsBosbHOTO BBIGOpa & 9To ozHavaer (cm. [16, 1.1, c. 33]), uto mmomectso Z9 \ nY
AB/IAeTC OTKPLITBIM. Clle/[0BaTebHO, MHOKECTEO NY 3aMKHYTO.

2. Bribepem u 3acpukcupyem MO 3, yoBiieTBopsitolee yCJIOBUASIM yTBep:KaeHus. Eciu mpu HeKo-
TOPOM w € ) OKAXKETCsl BBIIOJHEHHBIM PaBeHCTBO 3(w) = &, TO, OUEBUIHO, BBIIOJIHSIETCS PABEHCTBO
nY% 3] = &, a BMecTe ¢ HUM U yTBeprKeHHe JeMMBl. VICXO/I U3 3TOTO, HAM OCTAaeTCst PACCMOTPETD
e coryuait € P(Z)%.

U5 samxmyTocTn MuokectBa nY B (Z%,T40) ¢ yaerom (2.16) mMeem 3aMKHYTOCTBH €ro I/

n% (8] B TII (] B(w),Tz2| [] s(w)) KaK Cllea 3aMKHYTOrO MHOXKECTBA. B CHITy HEIyCTOTBI I KOM-
weN weN
naxTHOCTH 3Hadvennit B(w) mpu mobom w € 2 camo TII ([] B(w),Tze| [ g)) KommaxTHO (CM.
we weN

[16, Teopema 3.2.4]). 13 (2.16) u u3 komuakrHoctn 3roro TII ciuexyer (cm. [16, Teopema 3.1.2])
HCKoMasi KOMIaKTHOCTH Ny [3].
JlemMa mokasaHa.
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IIpennoxenue 1. Ecau (X,tx) — To-npocmpancmeo, T — uenv ¢ YYM (P(T),Cr), a € N
u mrodicecmea a(w) menyemut u komnaxmust 6 (Z,Tz) npu aobom w € Q, mo n’a] — nenyemoe
komnaxmuoe 6 (Z%,Tz0) mmoscecmso.

Bameganued OTMeTHM, YTO yCJIOBHs HEYNPEXKIAECMOCTH (v, HEILYCTOTHI €rO 3HAYCHUN 1
JIMHEHHON YHOPSIOYEHHOCTH ceMeficTBa T SBIISAIOTCS CyIIECTBEHHBIMU: 6€3 JI060T0 13 9TUX YCJIOBHIA
npeJyIoxKenne 1 MoXKeT, BOOOIe roBopsi, He BBINOJIHATHCS (CyIIECTBEHHOCTH HEPBLIX JBYX YCIOBHUIL
OYeBHJIHA; OTHOCUTEIBHO JINHEHHOI yropsytodennocT 7 cm. [19]).

HJoxkaszareunbctso. Beibepem n zaduxcupyem MO a € N, yiosiierBopsitoniee ycIoBusM
yreepxkaenus. Onpeneaum cemeiictso Hy, € P/(P(Q)), caenys (3.1). D1o cemeiicTBO HemycTo, Tak
KaK IycTOe MHOXKeCTBO (cM. (2.15)) U CHHIVIETOHBI JIEMEHTOB U3 ), OUeBUIHO, COAEPIKATC B HEM.
O6osnatanmm < = Co N(Ha X Ha)-

B cuiy ormeuentoro oime pasencrsa n°[a] = n[a] kommakrHocTs MuOkectBa nl[a] cpasy
cJIeyeT U3 JIEMMBI 3.

CxeMa JI0Ka3aTe/IbCTBa HEellyCTOTh MHOMKecTBa n¥[a] TakoBa: cHavasia, mosIb3ysch Jemmoii 1op-
Ha, MbI T10KaxkeM, 910 B UYM (H,, <) CyliecTByer MakCUMAJIbHBIH 3J€MEHT, a 3aTeM yOeamuMcs,

YTO BCIKHIT TaKOIl MaKCHUMAJILHLIA 3JeMEHT COBIIaJa€eT C Q.

1. ITycts b — mems 8 YYM (Hq, <). O603naumm vepes H obbeaunenne Becex MHOXKECTB 13 b

A& |)H (3.9)
Heh

u iposepum, ato H € H,. Ecu 310 Tax, To H ssiserca sepxueii rpanbio e h 8 UYM (Hq, ).

Herpyano Bujers, uro npu Besikom H € § nyist o m H BbinosiHsiioTest yeaosust gemmbl 3. Coe1o-
BaTesbHO, pH BegkoM H € h muozxkectso nY[a] xommaxtao B (Z,T40). U3 Th-oTmemmmocTn Toto-
JIOTHHU TX B CUJLY OIIPEJICJICHUH Ty, Tzo BBITEKAET, U4TO Tyo TakxkKe sapisiercs Th-ronosorueii. Orcroza,
Begkoe kommakTHoe B (Z$, Tz0) MHOKecTBO 3amKHyTO. Takmm obpasom, cemeitctso {nY[a]: H € h}

cocrout u3 3amMnyThix B TII (Z9, T40) Muoxects. B cuny samkuytoctn [ a(w) B TIT (Z9,140)
weN
Beskoe /M [[ a(w) samxmyto B TII ( [] a(w), Tzel [T a(w)) TOTAA I TOTBKO TOT/A, KOTJA OHO
wed weN weR
samxnyTo B (Z%, Tz0). Takum 06pasoM, U3 3aMKHYTOCTH MHOYKECTB CeMEHCTBa

{nf[a]: H € b} € P(]] )

we

B TII (Z9,140) creayer ux samkuyTocts 1 B TI ( ] a(w), Tya] T o)
weN weQ
Torpa ¢ yuerom JsimHeliHOI yropsimodennocT ) u cBoiictBa nzoronuoctu (cM. (2.13)) moxkem

3aK/II0uNTh, uTo cemeiicto {n%[a]: H € h} Tax:ke obpasyeT nenb (HEIyCTBIX IO OIPE/IEIICHHIO)

n/Mm B YYM (][] a(w), C ] a(w))- B JacTHOCTH, KaK y’Ke OTMEHYaToch, 3TO ceMeficTBO OyjieT TeH-

we weN
TPUPOBAHHBLIM.

U3 HemycToThl 1 KOMIAKTHOCTH 3HaueHuil o(w) npu j1060M w € 2 1 CBOICTB oreparun nepexoja

k mopnpocrpanctey TII (em. [16, 2.3.2]) cremyer xommaktrocts TII ([ a(w), Tzel [T a(w)) (oM
weN weN
[16, Teopema 3.2.4]).

Urtax, {n%[a]: H € h} — nenrpuposamioe ceMeficTBO 3aMKHYTBIX 11/M KOMIAKTHOTO IIPOCTPaH-
crea. CrenoBarensuo (cm. [16, Teopema 3.1.1]),

() n¥lo] # 2. (3.10)

Heb

Bui6epenm npoussoibio B € (| n%[a] u nokaxkem, uro 3 € n% []. Tlycts A€ T,w1 € Huwy € H
Heb
TAKOBBI, ITO

(w1 | A) = (wa] A). (3.11)
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[Hockonbky H — obbeunenne MHOXKECTB U3 1eru h), To Haiijercs MuOzkecTBO S € b Takoe, uTo
wi € S uwy € 5. Io BeiGopy B umeenm Brimouenue 3 € ndla]. Orciona ¢ yuerom (2.12) u (3.11)
nosryanm paseHcTBO ([(w1) | A)=(B(w2) | A). Tak Kax wi, wy OGbLIN BEIOPAHBI IPOU3BOJILHO, NMEEM
(cm. (2.12)) Brimouenne € n%[a]. B cuity nponssosbHOro BeiGopa 3 oy daeM COOTHOMIEHNE

() n%lo] € n%[o]. (3.12)
Heb
Urak (cm. (3.10), (3.12)), n%[a] # @ u mveer mecro Brmouenne H € Ho. Vexons u3 coornommenuit

H < H, ouesuino BuinosHennbx s seex H € b (em. (3.9)), zakmodaem, uto H ectb Bepxnsis
rpaib h B UYM (Hqa, X).

Tax kax 1emb b BBIOMpasach IPOU3BOJILHO, MOXKHO BOCIOIL30BaThCs JteMMoii [opra. Oboznadnm
Jepe3 H HEKOTOPBIl MakcuMaJIbHbIH 31eMeHT B UYM (Hy, X): HeHyn pu 3tom VH € H,

(H< H)= (H=H). (3.13)

2. TTokaxkem, ITO H=Q. IIpenmookumM MPOTUBHOE: CYIIECTBYET W € Q\Jfl . [Iycts mpou3BO/ILHO

BoiGpan cenektop € [[ a(w) MO «, ynosrersopsitomuii (cm. (3.1)) BRIHOYEHUIO
weN

8 e nl o] (3.14)

Hamerum cxemy manbHeiirnero paccyzxuaenusi. [lokaykeM cHadajia, 9TO, U3MEHdASA 3HadeHHE (QyHK-
1y [ pasBe JIMIIb B TOYKE (0, MOXKHO ITOJIYIUTH HOBYIO (DYHKIHIO (3, YAOBJIETBOPSIOIILYIO BKJIIOUE-
HUIO

Ben (3.15)

HU{w}[ ]

B srom cayuae (em. (3.15)) n + @ u, smaunr, H U {0} € H,. Crenosarernio, Ko

Dy ) !
CKOpO W & H, snemenr H ue 6yaer makcumaabHbM B YYM (H,, <), 910 poruBopednt Boibopy H
(em. (3.13)).

Htst peanmm3arum TaHHONW CXeMBI BBEIEM CEMeENCTBO
A2{BeT|JweH: (w|B)=(@|B)}. (3.16)

Bo3MOKHBI JIHIIDL J1Ba CITydast:

a)A=gub) A+#g.

Paccmorpum ciygait a). Jlerko mposepsiercsi, 9To B 9TOM ciydae Jyist o0bix A € T u wy €
HU{®}, wy € HU{®} nocsuika yenosust veynpexaaemocru (eM. (2.1)) (wy | A) = (wy | A) ucrunna
TOIBKO TIPH yCIOBHSAX, uT0 {wi;ws} C H wmm {wy;ws} = {&}. Ho npu BbimosHenny 106oro us srux
yeaoBuii B cuity BbiGopa dyukimu 3 (em. (3.14)) yxke cama sra dDyHKIWMsI, OYEBHHO, YIOBIETBOPSIET
paserctBy (S(wi1)]|A) = (B(w2) | A). Takum obpazom, ucruHHA I/IMHHI/IKaILI/Iﬂ (2.1). TockoubKy A,

Wi ¥ Wy BBIOUPAJHCH HPOU3BOJIBHO, BBINOJHSETCS BKIoueHne (3 € nl [a]. Urak, B cirydae a)

Au{o}
Mbl mveem Bimodenne H U {&} € H,, nporusopeuamee makcnvanbuocrns H 8 UYM (Hey, <)
(cm. (3.13)). TIpuxoaum K BBIBOJY, YTO CJIydail a) HEBO3MOXKEH.

ITycrs Teneps uMeer Mecto ciaydaii b): A € P/(T). B messix HOAXOASIIEro U3MEHEHNs 3HAYCHIUS
dbyrkmu 5 B TOUKe W BBeJEM jasee BernoMoraresbHoe cemeiicteo 2 € P(P(a(w))).

Iist sroro, yunrsisas (3.16), onpeenum cuadana cemeiicrso A € P'(P/(H)) suga A 2 {M(B):
B e A}, rne

M(B)2{we H|(w|B)=(&|B)} =Q(@|B)NH VBeA. (3.17)

L

st pomsBosibHbix B € A mw @ € M(B) obozmamm § = (B(w) | B). Torma mo BBIGOPY 3 BHI-
HOJIHSIETCsl BKJIIOUeHne 0 € (oz((I;) | B ) Orcioma B cuiy (3.17) m meynpexknaemoctn MO « (cm.
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(2.2)) BBITEKAIOT PABEHCTBO (a )| B ) (a |B) U KaK CJIeJICTBHE BKJIOYeHNe § € (a(dj) | B )
C yd4eroMm mocJsieHero BKJIIOYEHHsI 110 BBIOODY (5 u omnpezesneruto Zo(f(@) | B) (cm. (2.4)) nomyanm
coornomenne Zo(B(@) | B) N a(®) # @. Urtak, mo utoram mpoM3BOILHOTO BbIGopa B u @ umeeM
COOTHOIIICHHST

Zo(Bw)|B)Na(@) #2 VYBeA  Vwe M(B). (3.18)

[Mockombry M(B) # @ upu B € A, To BBULY HEyIPeXkKIaeMOCTH [ Ha H soisoaum
VBeA ISeP(Z):S=7Zo(Bw)|B)Na(@)  Ywe M(B). (3.19)

B camom gerne, dbukcupyem B € A u w, € M(B'). Torga w. € H u (wy | B') = (0| B'). Tlycrs
S, & Zo(B(ws) | B") Na(@). B enry (3.18) S, € P'(Z). Bribepem nponssomsro w* € M(B'), nomy1as
w* € Hu (w*|B') = (&]B). B sroum ciyuae (w* | B') = (w, | B') 1 BC/I€ACTBHE HEYIPEXKIAEMOCTH
B ua H (em. (3.14)) (B(w*)|B') = (B(ws) | B'). Orciona cornacuo (2.4) cuenyer Zo(B3(w*)|B') =
Zo(B(wx) | B'), a Torma

Zo(B(w") | B)) Na(@) = Zo(B(ws) | B) Na().
[Tockobky BBIOOP wW* OBLIT TPOU3BOIBHBIM, TO
Zo(B(ws) | B'Y Na(@) = Zo(Bw) | B) Na(®) Yw e M(B').

Takum 06pa3oM, ycTaHOBUM CBOiicTBO: cymectByer S € P/(Z): S = Zo(B(w)|B') N a(d) Yw €
M(B’). CeoiictBo equucTBeHHOCTH S OueBUIHO, Tak Kak M(B') # @. Ilockonbky BeIGOp B’ GbLI
[IPOU3BOJILHBIM, YCTAHOBJIEHA CIPaBeINBOCTH (3.19).

C yuerom sroro st Besikoro B € A onpenennm S(B) € P/(Z) kax

S(B) 2 Zo(B(w) | B)Na(@)  Yw e M(B). (3.20)

Takmm o6pasom, ompesiesieno Hemyctoe (cM. yeosne b)) cemeiictso = = {S(G): G € A}. Ormerum
coorHotenus, cieayomue u3 (3.19), (3.20): npu B € A

(3(B)|B) £ ((Zo(B(w)| B)Na(@))| B) € (Zo(Bw)|B)| B) N (a(&)| B)

= {(B) | B)} N (@) B) = {(Bw) | B)} N (a(w) | B) = {(Bw) | B)}  Vw e M(B).
[Ipu sToM & # (S(B) | B) C{(B(w)|B)} VB € A Yw € M(B). Torga nmeem

(s(B)|B) ={(Bw)|B)} V¥BeA VYweM(B). (3.21)

Hamnommum, gro o yenosuio teopemsl 7 — 1ens B YYM (P(T), Cr). Crenosarensbro, ee mojice-
meiicTBo A Takzke ectb nenb B IYM (P(T), Cr). Torua, onupasich Ha CBOHCTBO U30TOHHOCTH (2.5) 1
onpegenenne (3.20), MOKHO TIPOBEPUTH, UTO s OOBIX B € A, B’ € A BBIIONHSETCS NMILTIKATINS
(B" Ct B) = (S(B) C S(B’)). Buauut, cemeiicrso = ectb nenb B (P(Z), Cz). Orciona ¢ yuerom
(3.18), (3.20) zaksrouaeM, 4TO = — IEHTPUPOBAHHOE CEMENHCTBO HEIyCTHIX 11/M ().

ITo ycioBuio TeopeMbl (W) — KOMIIAKTHOE MHOYKECTBO B TOIOJIOMMIECKOM TIpOcTpaHcTie (Z,Tz).
Cormacro oupejenenuio u jgemme 2 MuOKecTBO Zo(S(w) | B) 3amkmuyTo B (Z,Tz) pu mobom B € A.
Cnenosarensno (cu. (3.20)), snementsr cemeiictsa Z samkuyTsl B TII (@), Tz|a())- UTak, E —
[EHTPHPOBAHHOE CEMEHCTBO 3aMKHYTBIX II/M KOMIAKTHOrO mpocrpancrsa. CienoBarenbio (cm. [16,

Teopema 3.1.1]),
(152 ()s(B) #2. (3.22)
Se= BeA

Bocnospsyemcst (3.22) u BbiGepeM ssteMeHT X € (W), yA0BIETBOPSIONHIT BKIIIOYCHUIO

xe () s®). (3.23)
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OTmeruMm coOTHOIIEHUE, Cpady cieiayolee u3 omnpesjesenus (3.23) u pasencrs (3.21):
(x| B) = (B(w)|B) VB e A Vw € M(B). (3.24)

ITepeonpenenum byHKIMIO [ B TOUKE W, TOPOKIas TeM CaMbIM HOBoe oTobpaxkenme [ € Z%: mpn
w e N

(1>

Bw) { Blw), we o, (3.25)

X, wW=w.
U3 (3.24) n onpesenennst (3.25), 0YEBUIHO, CJIECYIOT PABEHCTBA
(B@)|B) = (Bw)|B) VBeA YweM(B). (3.26)

Baech yunrbiBaercst Tor dakt, uro M(B) C Hupu BeAuo & H. Kpome Toro, Tak Kak & ¢ H,
dbyukuus § nacaeayer (em. (3.25)) Heynpexgaemocts [ Ha MHOXKecTBe H':

3 ena]. (3.27)

C 1esbio npoBepKn Heynpexaemoctn byuxmn [ na muoxecrse H U {&} BbIGEpeM MPOH3BOILHO
GG € HU{w}, € HU{®} u E € T, mjist KOTOPBIX BBIIOJIHSIETCS PABEHCTBO

(G E) = (G| E). (3.28)

Coracno (3.27) nBa ciay4vast oueBuansbl (cM. (3.14)) — ux paccMorpenue MoxKHO oyctuts: {(1; (2} C
H, {(1;¢} € {&}. PaccmorpumM eanHCTBEHHBLH (¢ TOYHOCTBIO JI0 I1€peOOO3HAYCHH) OCTaBIIHiiCA
BApUAHT: IIyCTh

(¢ € H) & (G € {@}). (3.29)

Torpma u3 (3.28), (3.29) crenyer pasencrso ((1 | E) = (| E). 3 sToro paBeHcTBa B CHILY OLpe/ie-
nenust (3.16) BBIBOJMM BKJIIOUEHHE

E € A, (3.30)

a Takxke B cuiy onpejesenns (3.17) — BkioveHue

1 e M(E). (3.31)

(B3(¢1) | E). Ananormausivi o6pasom mposepsiercs: pasenctso (((Co) | E) =
(1 € {&}. B nrore (cMm. (3.28)) nMeeM MMILIMKAIINIO

(G E) = (@] E) = ((BG) | B) = (B(¢) | B))-

Tak kak MHOX)ecTBO E u 3emeHTsl (1, (o MHOXKecTBa H U {®} BBIOMpAINCh HPOU3BOJIBHO, yCTa-

HOBJIEHO BKJjtouenue (3.15). Buaqur, n(;{U{ }[ o] # @ n xax caeacrsue (em. (3.1)) HU{Q} € Ha,

e & ¢ H. Tocmeanee mportuBopednt Makcumaaboctn saementa H B IYM (Hq, <) (om. (3.13)).
Urax, ciayuaii b) Tak:ke HEBO3MOMKEH.

MpbI mokaszajm, 9TO BO BCEX BO3MOXKHBIX CJIYIasIX IIPEJIIOIOXKEHTEe H # () BJIeYeT IpOTUBOpPEYINE
¢ MakcnmasbaocTeio H B YYM (Ha, =}). CriesioBaTesibHO, HMEET MECTO PABEHCTBO H=0Q. Orcrona
Q € Ho; unbivu ciopamu, nYfa] # .

[Ipenjoxkenne moKa3aHo.
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4. DKBUBAJIEHTHOCTH CYMNIECTBOBAHWS HEYMPEXKIAIOMINX CeJeKTopa
U MYJIBTHCEJIEKTOPA

B sToMm pazjesie MBI Ha OCHOBAHHMHU PE3yJIbTATOB Pa3/. 3 YCTAHOBUM 3SKBUBAJEHTHOCTH CYIIEe-
CTBOBaHUSI HEYIIPEXKIAIOIINX CeJIEKTopa U MyJbTucesekropa s MO mocraTodHo 0OINEero BHIA.
Buagaje ormeTrM OHO BCIIOMOTATEILHOE YTBEPKICHNE.

Jlemma 4. ITyemw a € P(Z)2, a(w) komnarmmno 6 (Z,7Tz) s ecanoeo w € Q. Tozda (na)la](w)
Komnaxmno 6 (Z,Tz) daa ecarozo w € S

CrpaBeIJTMBOCTD JAHHOMN JIEMMbI HETPY/IHO YCTAHOBUTh, MOJIL3YsACh cooTHOIeHusiME [13, (3.25)].

Ipennoxkenne 2. [Tycmv T — uenv 6 YYM (P(T),Ct), a € P(Z)%, (DOM)[a] = Q u a(w)

komnaxmmo 6 (Z,Tz) das ecarozo w € Q. Tozda
(n°[a] # ) & (N°[a] # ). (4.1)

HdokaszaTenbcTso. Bubepem npoussoabio a € P(Z)? co ceoiicrsavu (DOM)[a] # @
U KOMIIAKTHOCTH MHOX)KeCTB a(w), w € Q. C yuerom (2.11) nMeeM MMIUIIKAIAIO

(n°[a] # @) = (N°[a] # ). (4.2)

IIposepum obparnyio nvmmkamnmo. 1lycrs N[a] # @. Pacemorpum MO o £ (na)[al. g o
BBIIIOJTHEHBI BCE yCJIoBUs mpejyiokenus 1: o € N, muoxkecTBa o(w) mHemycTsl (cM. (2.8)) u KoM-
nakTHB B (Z,Tz) npu mobom w € Q (memma 4). Tlostomy B cmry npemtoxerna 1 nla] # @.
Ho no BeIGopy o ouesmamo mveem wroxkenne n[a] C n[a]. Cnemosarensno, n’la] # @. Urak,
BBIIIOJIHSIETCST MMILTHKAIHST

(N°[a] # ©) = (n°[a] # ). (4.3)

Umnmkaryn (4.2) u (4.3) npu npoussosibHOM BeiGope MO a garor uckomoe yreepkienue (4.1).
[IpeyioxKeHne JOKa3aHO.

5. OauH YacTHBI ciaydaii

PaccmoTpuM npumMep peasmsamiumyi oOIIUX MOCTPOEHMM pasi. 2—4, uMest B BULY, UTO B JaJIbHeli-
urem T £ [to, 9], tne tg € R; 9 € Rutg < 9 (R — Bemecrsennas npsaMas); B KadecTse 7 UCIOIB3yeM
CeMeNCTBO BeeX OTPe3KoB [to,t], ¢t € T. lanHas KOHKpeTH3alus COOTBETCTBYET BAPUAHTY, MCIIOJIb-
syemomy B Teopun auddepernnanbubix urp (cm. [1-5]). IIpu srom T sBasiercst nensio B YYM
(P(T),Cr). B kauecrBe X u Y ucCnosib3yeM HEIyCThle MHOXKECTBA, OCHAIAEMbIE METPUKAMU pPx U
py coorBercTBeHHO, Tak uro (X, px), (Y, py) — Merpuueckue npocrpancrsa. [losaraem nasee, 4ro
TX U Ty — TOmoJjiorud Ha X u Ha Y, MOPOXKJIEHHBIE METPUKAMU pxX U Py COOTBETCTBEHHO. MBI MmO-
JlaraeM 37eCh, 9To ) 1 Z CyTh HEIIyCThle MHOXKECTBA B IIPOCTPAHCTBAX HEIPEPBIBHBIX 0TOOPasKeHMit
m3 T B X u B'Y coorsercrBenno (mpu stom T ocHamiaercst oObIaHOl | - |-romosorueit Tr, a X u
Y — ronosorusimu T u Ty ). [losaraeM, 9410 7Z KOMIAKTHO B TOHOJIOIMU PABHOMEDPHON CXOIMMOCTH
upocrpancra C(T,1p, X, Tx). Jdannyio ronosoruio obo3Hadaem depes 0, a METPUKY PABHOMEDHOIH
CXOJIMMOCTH, TOpoXKIatontyio 0, — depes r. Cxommmocts mocsenosareabnocreii u3 C(T, 1, X, Tx)
B METpHKe I 0003HaUYaeM, KaK OOBITHO, Yepe3 —.

Beenem B paccMoTpeHne KOHKDPETHBIH BapHaHT OTOOPayKeHHsST &, CBSI3QHHBIN C eCTeCTBEHHBIM
0606menneM uddepeHnuanbHoi Urpbl comkenus-ykiaonenus: (cM. [8;9]). st sroro ocuamaem
H £ X x Y ecrecTBeHHOi (MeTpusyemMoit) Torosiorueii Ty L1y @ Ty,

B sroit casu manmommnm, uto (eM. [20, c. 17]) X x Y x T 2 (X x Y) x T = H x T; nammoe
MHOKECTBO OCHAIIACTCA €CTECTBEHHON MeTPU3yeMOil TOIIOJIOTUEeN T x T, OTBEYAIOIIeH IIPOU3BEICHUIO
TII (Ha TH)? (Ta TT)'
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@ukcupyem muoxkectso M € P'(H x T), samkuyroe 8 TIT (H X T, tg«). Kpome Toro, duk-
cupyem muOkectBo N € P'(H x T), nya xoroporo 3amxayTsl B (H, Tg) Bee MHOXKECTBa-ceueHUst
N{t) 2 {h € H| (t,h) € N}, t € T. Hanomnum, uro Z C C(T,tp,X,1x) C X*. C y4erom sroro
BBejieM (MerpusyeMyto) Tonoormo 0z £ 0|z, unaynuposanmyio u3 (C(T,tr, X, Tx),0). OrMernm,
YTO CXOAMMOCTD MOCJIEI0BATEILHOCTH B MeTpusyeMoM TTI paBHOCHIIbHA CXOIUMOCTH 3TOI IOCTIEI0-
BATEJIHLHOCTU B CMBIC/IE METPUKH, TOPOKJIAIONIEH TOMOIOIHIO JJAHHOTO IpocTpaHcTBa. Kpome Toro,
st Mmerpusyemoro TTI koMmakTHOCTH MHOXKeCTB B JanaoM T1I, monnmMaeMast Kak KOMIIAKTHOCTD CO-
OTBETCTBYIOIIUX IIO/IIPOCTPAHCTB, KBUBaJeHTHa (cM. [16, 4.1.17]) cekBeHIMANIbHO KOMIAKTHOCTH,
HOHMMAEMOIi KaK BO3MOXKHOCTD BBIJIEJICHUS U3 MOCICA0BATEILHOCTH 3JIEMEHTOB COOTBETCTBYIOIIETO
MHOKECTBa, CXOJIsIIIelicst moocieoBaTesbHocT (em. 21, 2.7.43)).

Beezem B pacemoTpenne creayiomuii BapranT orobpaxkenns a € P(Z )Q:

a(w)={z€Z|3tecT: ((2(t),w(t),t) € M) & ((2(¢),w(€)) € N{(£) VE € [to,t])} VYw € Q; (5.1)

narnomanM (cm. [20, c. 17]), gro (z,y,t) = ((x,y),t) mpuz € X,y € Yutc T,

Bameuanued [lannas cxema oTBedaer Ha ujeiiHoM yposHe nocrpoenusim [3]. B camom
nene, o Z u € Mbl MOXKEM IMOHHUMATDH IIyYKHA TPAEKTOPHUIl IBYX yIPaBJIsI€MbIX CUCTEM B OIHOM U
ToM ke (1yist mpocToThl) dhazosom npocrpancte X = Y. IIpu 310oM ycsi0Bue KOMIIAKTHOCTH Z MOYKHO
CBSI3aTh C UCIIOJIb30BaHUEM ODOOIIEHHBIX yIpaBieHuii-mep [22-24] B ofHOl U3 yIIpaBisieMbIX CUCTEM
(mostaraem, 4To yupapieHue B 3710ii cucreme dopmupyer urpok 1). OTHocuTesbHO MHOXKecTBa )
9TO yCJIOBHE He MIpeJIoJaraercsi BbinosiHeHHbIM. Ciieyst uzee [3], Mbl paccMaTpuBaeMm BapHaHT
pearupoBaHusi TpaeKTopueil (TpaeKTOpHUsiIMEU, B MHOIO3HAYHOM BapUaHTE) CHCTEeMbI UTpoKa | Ha
TpaekTopuio urpoka II, bopmupyiomiero ynpasjaeHne BTOpoil cucTeMoil. Y TOMsIHyTOe PearnpoBaHue,
Kak u B [3|, momumHeno yciaoBuio HeyupexkigaemocTu (dbusmueckoii ocymecrsumoctn). Ilpu srom
pearmpoBaHue TPAeKTOPHEil Ha TPACKTOPHIO (& He yIpaBIeHIEM Ha YIPABJICHUE) UMEECT CBOCH IEIbI0
BBIIEIUTH HauboJjee CyIeCTBEHHBIE MOMEHTBI PEITECHMUS.

IIpennoxenune 3. Omobpasicenue a komnakmmodnauno 6 (Z,0z): npu mobom w € L mnooice-
cmeo a(w) xomnaxmmo ¢ TII (Z,0z).

HJoxkaszareunnbctso. SaduxkcupyeM w € ) u paccMOTpuM MHOXKecTBO a(w), a(w) C Z.
[Tokaxkem cHadasa, 9To a(w) 3aMkHyTO B Tomosoruu 0. Vrak, mycrs

(Zi)iGN € a(w)N7 z € O(TvTTvvaX) (52)

TAKOBBI, UTO (Z;)ieNy = 2. Torma mo coiicrBam Z umeem z € Z u cornacuo (5.1) mjist HEKOTOPOIi
nocseoBaTeabHOCTH (t;)ieN € TN MTOJTyYaeM CBOMCTBO: Jjist Beakoro j € N

((z(t;), wlty), 1) € M) & (((£),w(£)) € N (&) VE € [to, t5])-

B cuny komnakraocTH (T, Tr) MOXKHO mOJIAraTh MOCJIEI0BATEILHOCTD (t;)ieN cxosieiics: (¢;);en —
%, e t° € T. IHomyunmu, aTo

((ti)ien = t°) & ((2:)ien = 2) & (py (w(ti),w(t?))ien — 0). (5.3)

U3 nByx nepsbix nosoxkennii (5.3) nmeeM CBOHCTBO

(px (2i(ti), 2(t°)))ien — 0. (5.4)

Torma (cm. mocyemnee monoxkenne (5.3) u (5.4)) mocaenoparenbrocts ((25(t;), w(t;)))jen € HY
CXOIUTCsI B METPHKe, MOPOXKIaoieil Tonosoruto Ty, T.e. cxopurca B TII (H, Ty). Yuursias eme
pas mepBoe mosoxenue B (5.3), mMeeM cXomuEMoCTb TocTeoBaTenbrocTh (2;(t5), w(t;),t;)jen € MY
K (2(t°),w(tY),t) B Tononmoruu Ty ® 7r. B cuty samkuyTocTHm M momyHaem, |To

(2(1%), w(t°), %) € M. (5.5)
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Iycrs ¢ € [to,t°], a m € N rakopo, uro t; €]¢,d] npu j € N, j > m (c yueroMm mepsoro
nosioxkenust B (5.3) Takoit BeIOOp m, oueBnaHO, BosMoxeH). Torma B cuiy (5.1) (2;(¢),w(¢)) € N(¢)
upu j € N, 7 > m. Iockonbky N () 3amkuyTo B (H, TR), TO ¢ yuerom Broporo nosoxkenus B (5.3)
U onpezesnenus rouosornu Ty nmeeM Brioderne (z((),w(¢)) € N((). IHockoabky BBIGOD ( OBLI
HPOMU3BOJIBHBIM, YCTAHOBJIECHO, ITO

(z(t),w(t)) € N{t)  Vte [to,t°]. (5.6)

C yuerom (5.1), (5.5) u (5.6) momy4uaem Briodenue z € a(w). Kosb ckopo Bbibop (5.2) Takxe ObLI
[POM3BOJILHBIM, YCTAHOBJIEHO TpefyeMoe cBoicTBO 3aMKHyTOCTH a(w) B Tomnosoruu 0. ITockoabky
a(w) C Z (em. (5.1)), To a(w) ectb /M Z, 3amkuyTOE B (Z,07). B critly KOMIAKTHOCTH TOCTIE/IHE-
ro TII umeem Tpebyemoe yTBEpKIEHUE.

I[IpeyioxKeHne J0Ka3aHO.

OrmerumM, uro Tz C 07 (10Ka3aTeIbCTBO JAHHOTO CBOTCTBA 110700H0 060cHOBaHMIO [16, 1pe iio-
xkenne 2.2.6]). ITosromy Besikoe /M Z, komnakraoe B (Z,0z), komnaktao u B TII (Z,1z). Cneno-
BATEIBHO, [IPU YCJIOBUSIX, ONPEIENSIONIX Ipe/ioxkenne 3, mmeeM csoiicto: MO a (5.1) koMmmakT-
HO3HAYHO B cMblcsie (Z,Tz), 9TO HO3BOJISIET UCHOIb30BaTh 910 MO B jtemume 4.

Urak, npu ycjoBusx, onpejesionux npeaioxkenne 3, 1yst MO a (5.1) cupaseyinBo cBoiicTBo:
(na)[a](w) xkommakrro B TII (Z,7Tz) mas kaxkgoro w € €; ecin k Tomy ke (DOM)[(na)[a]] = 2, To
cormacuo nipetokenuio 1 n®[(na)[a)] # @ u kax ciencreue n’[a) # @.
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B crarpe usydaercs 3amada 06 ompenesieHUN I'DAHUYHOTO YCJIOBUS B YPABHEHUU TEIIONPOBOAHOCTHU JIJIst
[IOJIOTO IIapa M3 KOMIIO3UIIMOHHOIO MaTepHaJia, COCTOSIIEro U3 JIBYX OJHOPOJHBIX COCTABHBIX dacTeil. B kaue-
CTBE IPAHUYHBIX YCJIOBUI BHYTDH Iapa IpH T = rg paccMarpuBaercs ycjaoBue lupuxise. B obparHoit 3amatde
TeMIlepaTypa BHYTPH LIapa CYUTAETCS HEM3BECTHON Ha OECKOHEYHOM HHTepBaJie BpeMeHU. Jljisi ee OThICKaHUS
U3MepPsIeTCsl TEMIIEPATypa TEIJIOBOIO IIOTOKA B pa3esie cpell B TOYKe r = r1. B paboTe npoBeeHO aHAIUTHYE-
CKO€e UCCJIeJJOBAHUE IPsIMON 3aJla4dM, [TIO3BOJIUBIIEE JATh CTPOIYIO IIOCTAHOBKY OOpAaTHON 3a/a4¥ U OIPEIEIUTH
GYHKIMOHAJIBHBIE IPOCTPAHCTBA, B KOTOPBIX €CTECTBEHHO pemaTh obpaTHyio 3amady. OCHOBHasl TPYIHOCTD,
Ha pelleHne KOTOPON HalpaBJieHa CTAaTbs, 3aKJIIOYAETCH B IOJIyYEHHHU OIEHKHU IOTPEIIHOCTH IPUOJINZKEHHOI'O
peutenusi. Jljisi 9TOro MCHOJIB3YETCs METOJI IIPOEKIMOHHOM DPErysspu3alii, KOTOPBIi [TO3BOJISIIOIINI IOy YUTh
TOYHBIE IIO TOPSJKY OLIEHKH.

KiroyeBble cjioBa: OlleHKa IOTPEIIHOCTH, MOJYJIb HENPEPBIBHOCTH, Npeobpa3oBanue Pypbe, HEKOpPEKTHAas
3a7a4a.

V. P. Tanana, A.I. Sidikova. Approximate solution of an inverse boundary value problem for a
system of differential equations of parabolic type and estimation of the error of this solution.

We study the problem of finding a boundary condition in the heat equation for a hollow ball made of
a composite material consisting of two homogeneous components. The Dirichlet condition is considered as
boundary conditions inside the ball at 7 = rg. In the inverse problem, the temperature inside the ball is assumed
to be unknown on an infinite time interval. For finding it, the temperature of the heat flux at the media interface
for r = r1 is measured. We analyze the direct problem, which allows us to give a strict formulation of the inverse
problem and determine the functional spaces in which it is natural to solve the inverse problem. Estimating the
error of the approximate solution presents a major difficulty, which is dealt with in this paper by the method
of projection regularization. Using this method, we find order-exact estimates.

Keywords: error estimation, modulus of continuity, Fourier transform, ill-posed problem.
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BBenenune

B pasimuuHBIX OTpacisiX COBPEMEHHOM TEXHUKH HAILIN IITPOKOE IPUMEHEHHE KOMIIO3UITHOHHbBIE
MarepuaJibl. JlajgbHelne yciexn B pa3BUTUN MHOTUX HAIpPaBJIeHUH MpuOOpOCTpoeHus: B OOJIbIIE
CTEIICHU CBA3aH C YBEJIMYEHUEM JIOJIM HCIIOJb30BaHUs TAKUX MAaTepUaJIOB, & IIPU CO3JaHUU HOBOM
A3POKOCMUYECCKON W CIIEIAAJIBHON TEXHUKU UX POJIb CTAHOBUTCH PEMIAONICH [1]

[Tporpecc B mpubOpPOCTPOCHUN HAET IO IIyTH YCJIOKHEHUsT U3YydIaeMbIX MOJe/eil W ITOCTAHOBOK
sagad [2]. Mcxomst U3 MOJIEIBHBIX TIPEJICTABICHUN MEXAHUKU KOMIIO3UIIMOHHBIH MaTepuasa MOXKHO
OIIPENEJINTh KaK HEOTHOPOJHYIO CPeJy, OIUCBIBAEMYIO C IIOMOINBIO PA3PBIBHBIX 110 KOOpAWHATAM
dyuximit. B crarbe ncciemyercss u pemraercss obpaTHas 3aada 00 ompeieeHun TeMIIepaTypbl Ha
BHYTPEHHEH CTEHKE II0JIOr0 Iapa, COCTOSINEero U3 KOMIIO3UTHLIX MaTepuaJsioB. IIocKoIbKy K pere-
HUIO IOJOOHBIX 33184 IPEIbsIBIAIOTCI BbICOKHE TPEOOBAHMSI TOYHOCTH, TO HEOOXOIMMO IIOJIYYEeHHE
rapaHTUPOBAHHBIX OIEHOK, KOTOPBIE CYIIECTBEHHO IOBBIMIAIOT HAJIEKHOCTb YHMCJICHHBIX PE3YJIbTa-
TOB.
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B cBsi3u ¢ 3TuM B paboTe IMPOBEIEHO AaHAJIUTHYECKOE UCCACIOBAHME IIPAMON 3aJa4M, KOTOPOe
ITO3BOJIAJIO IIPUMEHUTH K 0OpaTHON IpaHUYHON 3aade npeobpazoBanue Pypobe mo Bpemenn. Jlasee
UCIIOJIB30BaH METO/| IIPOEKIMOHHOM peryssipusanuu [3|, ¢ moMOIbio KOTOPOro MOJIyYeHO MpHOJIn-
JKEHHOE PeIlleHne, a TaKKe TOYHAasl 110 MOPSJKY OIEHKa IIOIPEIIHOCTH 9TOro pernerus. OTMeTnM,
9TO M3YYEHMIO U PEIIeHUI0 0OPaTHONH I'PAHUYHON 3aJa49M TEIJIONPOBOIHOCTH JIJIsi OTPE3Ka, COCTOSI-
IIEro U3 JIBYX KYCKOB C Pa3IndHbIMEU KO3(DUIMEeHTaMI TEIIONPOBOHOCTH, MOCBsIeHa pabora [4];
JIOCTATOYHO IMUPOKUil KJIacC 0OpATHBIX TPAHUYHBIX 3a7a4 MpeJcTaBieH B [5-9).

1. IlocranoBKa 3aavu W MUCCJIEJOBAHUE IIPSIMON 3a/1a9u

Paccmorpum TemioBoii mporiece, KOTOPBIit OlucbiBaeTcs cucreMoit ypasuenuit [10;11]

Oui(r,t) 5 Quy(ryt)  20uy(r,t)
T_CLl( 67‘2 ; or ), ro<r<ry, t>07 (11)
Ousa (1, t) o (O%us(r,t) 2 0ug(r,t)
—_— = - t 1.2
ot a2< or? r Or )’ mo<r<r, t>0 (1.2)
rae ai,az > 0, a1 # az;
up(r,0) =0, ro<r<ry, ux(r,0)=0, r <r<rg, (1.3)
ui(ro,t) = q(t), t=>0, (1.4)
811,2(7‘2,t)
— = t> 1.5
o 0, t>0, (1.5)
t t
u1(r17t) _ u2(7’17t)7 a18u5§47417 ) _ a2au;£T17 )7 t 2 O7 (16)
sneck q(t) € C?[0,+00), ¢(0) = ¢'(0) = 0 u cymecTByeT unco to > 0 Taxoe, ITO 151 JTEO60TO T > o
q(t) =0. (1.7)

B npsmoit 3agade (1.1)—(1.6) tpebyercst Haiitu dyHKIUIO

( t) Ul(r,t), To STSTl, t>07
u\r, =
’LLQ(T, t), T1 S T S ro, t> 0.

Craenas 3ameny u(r,t) = v(r,t) 4+ q(t), nepeiinem x 3azate

2
8@1(r,t) %<8 vl(r,t) n 28?}1(r,t)) —q/(t), ro<r<ry, t>0,

ot or? r Or
Qua(r,t) 51 0%s(r,t) | 20va(r,t) ,
ot _a2< or? r or ) ¢(t), m<r<r, t>0
01(7‘,0) = 07 To S r é 1, 1)2(7",0) = 07 1 S r é r2, (18)
v (ro,t) = 0, W —0, t>0,
a10v1(ry,t as0vo(ry,t
’Ul(T‘l,t):’Ug(’r’l,t), ! éi‘l ) = gil ), t>0.
Beenem oneparop A : Clrg, ra] — C[ro,ra],
a_%i<7,2 dUl(T)) re [7‘0 Tl]
_ ) r¥dr dr /)’ T
AU(r) 5 (1.9)
%i<r2dU2(r)) r € [r1,ra)
r2dr or /)’ br2h
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D(A) = {U(T), AU(T) c C[TQ,TQ], Ul(TQ) = O, Ué(rg) = O, Ul(Tl) = UQ(Tl), CLlU{(Tl) = agUé(Tl)}.
Pemas zagaay [rypma — Jluysuia

Ui(r), r € lro,m],

Us(r), r€[ry,ral, Ulr) € D(4),

AU(r) + XN2U(r) =0, U(r)= {

aHasorngHo |4, c. 475; 10, ri. 5, 1. 2|, onpeeanM mocsie10BaTebHOCTh COOCTBEHHBIX 3HAYEHUH A,
9TOM 3aJa4H, TAe A, — MOJOKUTEJIbHbIE KOPHI TPAHCIEHICHTHOIO YPABHEHMUST

Arg —11) n @ sin Arg —711)

COS
ctg M1 =T0) ag as ag  _ (m1—ay) (1.10)
al . )\(7‘2 — 7‘1) T’Q/\ )\(7‘2 — 7‘1) /\7"1 ’ '
sm—-——— —COS ——
a2 a2 a2

U COOTBETCTBYIOIIHE UM cobcrBeHnble hyHKImu {@, (1)}

A (r —
gin 2nl(—10)
aj
, ro <r < rq,
. An(rl - 7‘0) 0 !
rsin ———=
_ aq
n(r) =  An(ra—1) o, An(re — 1) (1.11)
sin — cos
a2 a2 ag
) ™ S r é r9.
( . Ap(ra—r1)  redn  Ap(re — 7’1))
r|( sin — coS
a9 as a9

JIemma 1. ITycmw onepamop A onpedeaen gopmyaot (1.9). Tozda onepamop A cummempuren
na muoorcecmee D(A).

Hoxaszareubctso. Bosbmem npoussosbhbie ¥(r) = (91(r), d2(r)), ¢(r) = (¢1(r), ¢2(r)) €
D(A). HeobxonuMmo 110Ka3aTh, 4TO

dr 7 a3 dr

/ 010) B (24 0) 1?2+ [ 0atr) B2

T1

/¢1 —; (r*9i(r /2dr /<252 —3 (r205(r))'r 2dr-

ITpounTerpupoBas JeBYIO 9aCTh 3TOTO PABEHCTBA, IBAKIIEI 110 JacTaM, nojayanM (Ad(r T)) =
Yy s s ) y )

(0(r), Ad(r)).

JlemMa nokasaHa.

Uz jpemmbr 1 cieyet, uTo cobcTBeHHBbIE (DYHKIME OrnepaTopa A OpTOroHAJBHBI B IPOCTPaH-
crBe Lo(rg,72). O6o3HaunmM yepe3 X nojmnpocrpanctBo Lo(rg, r2), onpejernsemoe hopMyIioii

X = {en(r)}), (1.12)
riae ({¢n(r)}) — sambikanue B La(rg, ) suueiinoit obonouxu ({¢,(r)}), mopoxkmennoit {¢n(r)}.
JIemma 2. Cywecmsyrom wucaa ci,ca > 0 maxue, wmo das aobozo n cin < A, < can.

Hokasarenasncrtso. [Ipeobpasyem ypasuenue (1.10):

. r —7Tro To —T1 )\7’2 M —To ro — "1
sin /\< + > — —=cos A +
ay a a ai a _ (a1 — a2)

A(r1 —ro) (sin Ao — 1) B ﬂ o A(rg — 7"1)) ATy

a2 a2 az

sin
aj
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YMHOXKUB 06€ 9acTH IIPe/IbIIYIIero paBeHcTBa Ha ag/ a% + 7‘%)\2 1 BBeJIs 0003HAYEHUS

sin€(\) = ﬁ cos€(N) = ﬁ (1.13)
Oy YUM ‘ . ((ﬁa—l?‘o . 7’2a—27’1>)\ . g(A)N
- ] 2 <
‘sin (g - (Tla_lro + TQC;I)AJFE(A))‘ < % (1.14)

O6ozHaunM: oy, = g— (Tl — 0, Tl) An+E); Torma uz (1.13) creayer [E(\,)| < az/radn,
a

a u3 (1.14) 6ymem uMerhb CymecTBOBaHUe HEKOTOPOro uncia di > 0 Takoro, uro Vn |oy,| < dj/A,.
rL—r9 To—T ~
Tak Kax cos(( 10, 72 1)/\n+£(/\n)) — 0 mpu A\, — 00, TO

ai

ayag (m/2 +mn+&,)

A - )
" a1(7’2 — 7‘1) + a2(7‘1 — 7‘0)

(1.15)

rae Sn =0n — S(An)

U3 BbIIIecKa3aHHOIO CJIE/yeT CYIeCTBOBAHUE WHCENT Ci,Cy > 0 Takux, 9TO JyIst JIIOOOTO 1 BbI-
HOJTHSIETCsT HepaBeHCTBO ¢1/n < |&,| < ca/n.

JlemMa gokasaHa.

Pacemorpum dysrmmu 1y, (1) = @5 (r)/|lon ()], 70 < r < ro. Torma st oboro n uMeeM 1y, (1),
Aty (1) € Clro, r2], a mocienoBarensuocts {y, ()} oproHOpMEpOBaHA.

Jlemma 3. Cywecmeyem wucao dg > 0 maxoe, wmo das mobvxr n ur € [ro,m2] |Un(r)] < do.

HokaszaTenabcTso. Berancamu ¢, (r)|? mo dopmyie

T1 79
2 _ 2/ 1 2,7 2/ 2 2,7
lon)IP = [ rehe)Ra(=) + [rPemra( L)
To 1
YuaursiBasi, 9To Sin An(r = 10) = (—1)" cos (7)\n(7”2 — ) + £n>, HOJTY YUM
ai as
||(’Dn(,r,)H2 o 01(7‘2 - 7"1) + (Lg(’f’l - TO)

N 2a;1a9 Sin2()\n(T1 - 740)/a1) ‘

V2ayaz | sin (A, (r — 7o) /ay)|

s To S r S 1,
| ( )| T\/al(TQ_r1)+a2(r1_r0)
Tora [$n(r)] = o =
[on ()]l V2ayras | cos (A (re — 1) /az + &) r<r<r
) 1= =12

ry/ai(ry — 1) + ag(ri — o)
V2a1a;
Vai(ra —ri) + az(rn — o)

N3 npenpiayinero paBeHcTBa ciaeayeT dy =

JlemMa nokasaHa.

Bosbmewm t; = tg + 2. s mokazarenbcTBa mpuMeHHMOCTH IIpeobpasoBanus Pypbe mpsamyio
3aj1a41y pa3obbeM Ha jiBe: nepsast npu t € [0,t1), Bropast upu t € [tg, 00).
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JIemma 4. Cywecmeyem pewenue v(r,t) sadauu (1.8), ydosaemeoparowee ycaosuim

8@1(T, t)
v(r,t) € C([ro,r2] x [0,t1]), 81,2(7;’ 1 € C((ro,r2] x (0,t1]),
or
o“vy(r,t 820, (r, t
M e C((ro,m1) x (0,#1]) a%#
, or? u das mobozo t € [0,t] ,Or € La(ro, r2).
0%va(r,t) o 0%va(r, 1)
7 S C((Tl,Tg) X (O,tl]) a27
HokazaTeanbcTsBo. PaccmorpuMm psif
t
o(r,t) </gn Je Aa(t=0) d@)%( ). (1.16)
n=1 0
Baenem obo3nadenus:
t
P, (t) = / gn(0) e =0 gg, (1.17)
0
gn(0) = —v2a1a2¢'(6) <ro sin((ry — ro)\n/az)
Vai(rg —r1) +ax(ry — o) An

4 a1 — ag sin2 )\n(rl — 7“0) 4 (—1)"&2 sin )\n(rl — 7"0) .
/\% aq )\% aq

[Tpounrerpuposas pasencTso (1.17) mo gacTsim, moIyIuM

Po(t) = —v2aja (ro sin((ry — ro)An/a1) L o Aa(r1 = ro)

sin
Vai(ra —ri) + as(ri — o) An A2 a1

t
4 (-1)”@2 sin )\n(ﬁ —7"0) t /q _)\2 t— 9 d9
)‘% ai n

0
V2aiaz sin (A (r —rg)/a1)

ro <1 <7rq,
0 alr) = ), e () = | VT2 T ealr =)
PEeACTaBUM Yy (1) = Yn(T) /T, TAE Yn(T) =
V2ajag cos (A (ro — 1) /as + &) <r<y
y T1=>Tr=nr

\/(11(7’2 — 7"1) + CLQ(T’l — 7"0)

Torpa psapn (1.16) nepenuiem B Buge v(r,t) = 1w(r,t), w(r,t) = § P (t) yn(r).
r n=1
[Tockosbky
ov(r,t) 1 0w(r,t) 1 Pu(r,t) 2 2 Jw(r,t) 1 0%w(r,t)
or r Or r2w(r, ), orz  p3 wlnt) = 5 o 7 o2
Owy (r,t)
D7
TO HEOOXOMMO JoKa3aTh, 4to w(r,t) € C([ro,re] x [0,11]), 8w28(r ) € C((ro,r2] x (0,t1]),
2 or
0 t 0? t
M € C((ro,r1) x (0,1]) cﬁ%
82w2r(r 9 u gy sioboro t € [0, ] 282w2r(r,t) € La(rg, r2).

87" S C((Tl,TQ) X (O,tl]) 2T
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t © 1 =1
2 2
W3 Toro, uro e_)‘”t/o q"(9) e*nfdp e C[0,t1], u U3 cxXOIUMOCTH PsIJIOB 21 et 21 3 o Tpu-
n—= n—=

3Haky Beiiepmrpacca IoJIydInM PABHOMEPHYIO CXOJIMMOCTD PsIia

an(t) Yu(r) ma [ro,r2] x [0,t1].
n=1

C yuerom Toro uro ¢'(t) € C[0,t1] u P,(t) € C[0,t1], umeem w(r,t) € C([rg,r2] X [0,t1]).
Anasornano nokaseisaeM, aro Ow(r,t)/0r = > (P (t)yn(r)).,

n=1
a10wy (r,t)/0r € C([ro,r1] x (0,t1]), a20wa(r,t)/0r € C([r1,r2] x (0,%1]).

Teneps nepeiiiem K uccieposanmio 02w (r,t)/0r?. Tax Kax

—> A a;?Py(t)ya(r) mpu 1 € (ro,m1),
azw(r,t) _ —

or? s
- Z A ay? Po(t)ya(r) mpu 7 € (ri,72),
n=1

TO MHTEPECYIONIHii HAC PsiJ HA TIPOMEKYTKe (T(, 1) OyJer UMeTh BU/I

82w1(r,t)/8r2 — V2aia3 Z <a1 —as sin M(r1 —10) . Ap(r —10)

S1n
ajy/ai(ry — 1) + az(r1 — 7o) f— A% a1 ax

An A2 a

n

L rosin((r —ro)Anfar) | (=D)"az . An(r = 7o) > < jq o2 (t- 9)d9> (1.18)
0

a Ha TpoMexKyTKe (11,73)

O wo (7, t)/8r2 =

V2aiaz i [ "cos((ro — ) A\n/az + &)

a3v/a1(re — 1) + az(r1 —ro) ot An

I Rl R An(r1 —10) (—1)" cos (M +§n) + 2 s <w + &)]

2 2
)‘n aq )‘n a9

x <q’(t) - ] q”(@)e"\%(t_@)w). (1.19)
0

[TockosibKy InCTIOBOM Ps Z —5 CXOAUTCA, TO 1O npu3HaKy Beftepmrpacca dbyHKIpoOHATbHbIE
PAIbL h
. An(ri—710) . An(r—r1o) . An(r—10) (ro —7)An
oo Sin sin oo §in ———= 00 COS ——F—
ai ai E : ai § : a2
A2 ’ A2 ’ A2 ’

o (—1)7sin 2nL=T0) o (M
> - -

2
n=1 )‘n

CXOJIATCsI PABHOMEPHO Ha (1, I'2].

+ gn)
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BocnosisszoBasimch pPe3yJIbTaTOM

— )\,
(—=1)" cos (u + fn)
as
— )\n - )\n . n . - )\n .
= (—1)"(005 ra= 1) _ cos (rs=1)An 2sin? bn _ sin (rs=1)An smfn),
a2 ag 2 az
HOJTy 9UM
— )\, — 1),

oo (—1)" cos (u + En) oo (—1)"cos (r2 =)

Z an _ Z ag

n=1 /\n n=1 /\n

oo (—1)"cos (r2=1)An 2 sin’ b oo (—1)"sin r2=1)An sin &,
3 - > -
n=1 )\n n=1 )\n
U3 srlemMer 2 ciiesryer, 9To
(—1)"™ cos (r2 =) 2 sin? én (—1)"sin (rz = 1) sin &,
a9 2 C_l 2 < C_2
e s
B sTom ciyuae psijist

oo (=1)" cosw2sin2§—" 00 (—1)"51]{1M sin &,
> " S .
n=1 /\n ’ n=1 /\n

CXOJIATCsl PABHOMEDHO Ha IPOMEKYTKe [r1, 79| 10 npusHaky Beitepimrpacca. [To npusnaky Iupuxie
Jtst Jioboro € > 0 MoKeT OBbITH JI0Ka3aHa PaBHOMEPHAs CXOIUMOCTD DsiJIOB

—1)" cos 7(T2 — )

oo . A (r — o (
Z sin(Ap (r —ro)/a1) wa [ro+6,r—¢ = Z a2 Ha [r1+e,7m0 — €l
1 An n=1 An

[TopobHOe JoKa3aTeIbCTBO 9TOrO0 (hbakTa MPUBEJEHO B pabore [4, semma 2|.

U3 (1.18), (1.19) un oproronasbHOCTH 1OCHE0BaTeabHOCTH {10y, ()} BBITEKAET, YTO JyIst JTI06OTO
t €10,t1] v(r,t) € H?[rg,m2).
JlemMa nokasaHa.

N3 jgemmbr 4 ciaemyer ciieayroliee yTBEPKICHTE.

Teopema 1. Ilycmw q(t) ydosaemsopaem ycaosuro (1.7). Toeda cywecmeyem pewenue u(r,t)
sadavwu (1.1)~(1.6) maxoe, wmo u(r,t) ydosaemsopaem naxasvrnomy ycaosuro (1.3), eparuurovim
yeaosuam (1.4), (1.5), yeaosuam conpsotcenus (1.6), a makotce 6bnoAHAIOMCA YCAOBUS

a M a2732u1(7‘,t) C((rog,r 0,t
u(r,t) € C([ro,r2]x[0,t1]), lauf{;« ) € C([ro,r2]x(0,t1]), 1321?2?3" t) = o@D
S 3520 € C((r, 1) % (0,11])

or %2 Or2

u das mobozo durcuposannozo t € [0,t1] cnpasedauso Au(r,t) € X (em. (1.9), (1.12)).
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N3 teopemsr 1 ciemyeTr cripaBeIMBOCTL YCJIOBUIA

~+

1

Ouy (r,t) o-irt 0 ( a
m/al dt = 67‘<

ul(r,t)e_mdt>, r € [ro,r1], |7| >0,

\

var 0
t1 8 a t1
\/12_71 J as u%(:, 2 et = g <j2_0/uQ(r,t)e_mdt>, r € [ri,rel, |7] >0, (1.20)

_mdt>, r € (ro,m1) U (r1,72).

O\H\

82 u(r, t
2 —rrt
V2r / dt = or? (

J1s1 oKOHYATEIbHOrO 0BGOCHOBaHUsI IIPUMEHUMOCTH Npeobpasosanus Pypbe 110 ¢ HA HOJIYIPs-
moii [0, 00) jyist perenns 3agaqau (1.1)—(1.3), (1.5), (1.6) meobxomumo dopmyay (1.20) paciupocrpa-

HUTB Ha [tg, 00).
2. HWccienoanue ckopocTu yobiBanmus dyHknuii v(r,t), dv(r,t)/0r, 0*v(r,t)/0r?

B manHOM pasjiesie ucno/ib30BaHa METOJUKA, pUBeIeHHas B |12, pasm. 5.1].
PacemoTpum BeomMoraTesibHYIO 3314y, UCIOJIb3yolyo yeaosue (1.7)

ui(r,t)  ad®vi(r,t)
o orz 7

ua(r,t)  a3d®va(r,t)

ro<r<ry, t=1lg,

ry <r<ry, t=tg,

ot Or? ’
U(Tu tO) = f(T), To S r S T2,
t
Ul(r()ut) = 07 % = 07 t 2 t07
a10vy(ry,t as0va(ry,t
Ul(T‘l,t) :’Uz(ﬁ,t), ! ({1?541 ) — 22 (??54 ! ), t > top.

Permenne sroii 3amadu nMeeT BU,

Zb e =ty (1), (2.1)

_ VamasinQu(n —r)/a) [
= GBS L [ ) 10) entrier

70

2

r“/ay upu rog <r<r

rae p(r) = 2/ LHPE T =7 =T ©n(r) m Ay, BBezmensl coorBercrenHo B (1.11) u (1.15).
r/az npu 1 <71 <719,

JIemma 5. ITycmo by, onpedeasemes gpopmyaoti (2.1), mozda cywecmesyem wucao ds > 0 maxkoe,

wmo daa mobozo n |by| < dz/N\2.

HokaszaTenbcrtso. Uz (2.1)maemver 3 umeem by, = (f(r), ¥n(r)); An(r) = =N, (7).
[TosTomy

(f(r), Apu(r)) = =A2(f (1), ¥n(r)) = (Af(r), u(r)).

Torma (f(r), Yn(r)) = —1/X2 - (Af(r),¥n(r)). Hockombky Af(r) € La(rg,r2), TO io: b2 < 0.

n=1
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CootsercTBenno, b, — 0 upu n — co. OTKyna ciaemyer, 4ro cymecrsyer dg > 0 Takoe, 4TO it
moboro n |(f (1), %n(r))] < ds/N2.

JlemMa gokasaHa.

Temneps 1epeiiieM K OlEHKe CKOPOCTH yObIBaHUs pemtenust v(r,t) upu t — oo.
U3 siemm 3, 5 u coorHomenust (2.1) ciemyer, uro npu t > to + 1

lo(r,t)| < ngdg)\fe_)‘%(t_to), [ol.(r,t)] < ngdg)\;le_)‘%(t_to)
n=1 n=1

u jyist moboro € > 0 cymecrsyer dy(g) Takoe, 94TO
rt\<Zd4 e Malt=10)  p e gt —e] U [ +e,r0 — el

2 2 2
[Tockosbky e Anlt=to) = ¢=An e_)‘n(t_to_l), TO MOJIyYUM CYIIeCTBOBaHUe uucjia ds > (0 Takoro,
qT0 JijIsl JIIo0oro t > tg + 2

sup {v(r,t)], [v.(r,t)[} < dse (oD

re(ro,ra]

u Jyist moboro € > 0 cymectByer dg(€) Takoe, 9TO JIst JIIOOLIX 1 € [rg +&,71 — ] U [r1 +¢&,79 — €]
ut >ty + 2 cupaBeJIMBO COOTHOIIIEHUE

[0 (r )] < dg(e)e” oD,
N3 Tteopemsr 1 1 jemMMbl 5 ciiejryeT

Teopema 2. [Tycmo swnoanenv ycaosus meopemo, 1. Tozda cywecmsyem pewerue u(r,t) sa-
davu (1.1)—(1.6) maxoe, wmo u(r,t) ydosaemeopsaem nauasoromy ycaosuro (1.3), eparuurovm ycao-
suam (1.4), (1.5), ycaosuam conpasicenus (1.6), a maxoice 8unoinA0OMEA Ycao6ua

8u1(r t)
u(r,t) € C([ro,r2] x (0,00)), 81@( € C([ro, 2] x (0,00)),

2
t
a%auali(;’) € C((ro,r1) x (0,00))
, Or
€ C((r1,r2) x (0,00))
u das mobozo durcuposannozo t € [0,t1] cnpasedauso u(r,t), Au(r,t) € X (cm. (1.9), (1.12)).

Torja Ha ocHOBaHMM TeopeMbl, JoKazanHoi B [13, ri. XIV, Teopema 3|, mosyunm

Teopema 3. [Tycmo u(r,t) onpedeaena dopmyaot (2.1). Tozda dasn abozo T, |T| > 0, cnpa-
6€0AUBDL PAGEHCTNEA

1 /OO Our(r,t) _iny 0 ( ay 7 irt
—— [ ag— et = — uy(r,t)e " 7'dt |, r € [ro,m1], |T| >0,
v/2 ox or \ v/2

1 / Oua(r,t) _,y 0 < ag / it )
—— | ag— et = — ua(r Tt ), 1€ r,re], |T] >0,
V2 0 or \v2

1 / 282u(r,t) —irt 0? < a? / o—irt > .
— ————e "dt = —5 L u(r Tt ), T € (ro,r1) U (r,12), i =1,2.
Vor %52 or2 \ /2

0 s
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3. llocranoBka obpaTHOII TPAHUYHOI 3a/Ia49N

[Tpemmonoxkum, uro B yeaosuu (1.4) dyukuust ¢(t) He u3BecTHA, & BMECTO HEE B TOUKE '] U3Me-
psiercsi remmnieparypa f(t), COOTBETCTBYIOIIAs JJAHHOMY [IPOIIECCY

UQ(Tl,t) = f(t), t> 0. (3.1)

Tpebyercs, uctonssys f(t), oupegesurs GyHKIMO ¢(t) TaKyI0, 9TO IPHU MOJCTAHOBKE €€ B yCJIo-
Bue (1.4), permenne u(r,t) 3amaun (1.1)—(1.6) yaosmerBopsier coorromrernio (3.1).
[Tycre My C Ly (0; 00), Torma

00 +00
_ . 2 - 00 2 " 2 2
Md—{qa).q(t)ec (0:00), 0/|q<z:>| dt+0/|q ()2dt < d }

riae d — M3BECTHOE IOJIOKUTEIBHOE THCIIO.

Tak Kak obpaTHas 3aja9a HEKOPPEKTHO MOCTABJICHA, TO JIOHOJHHTEIHHO IPEIIOJOKUM, ITO
upu f(t) = fo(t) € C[0,00) cymecrsyer perienne go(t) obparnoii samaau (1.1)—(1.3), (1.5), (1.6),
(3.1), npunaekamee MuOKecTBY My, HO dyHKIMsA fo(t) HAM He M3BECTHA, a BMECTO Hee JAHBI
HekoTopast npubsmkennasi dbyukius f5(t) € C[0;00) N L1(0,00) u yposenb norpermroctu 6 > 0
TaKme, 9To

[ 155t0) = ooy < 2 (32)
0

Tpebyercst, ucnonb3ys fs,0 u My, Haiitu npubiamkenHoe pemienue ¢s 3agadu (1.1)—(1.3),
(1.5), (1.6), (3.1) u onennth BesIUHY ||g5 — Gol|£5(0,00)-

4. Csegnenme obparHoii rpann4Hoii 3amauu (1.1)—(1.3), (1.5), (1.6), (3.1)
K 3a/ja4e BBIYNCJIEHUs] 3HAYEHNIl HEOrPAHUYEHHOIO OllepaTropa

[Tpu pemennn 06paTHON IPAHUTHON 387491 OUEHb BAXKHO HE TOJBKO MOJIYIUTH MPUOIUZKEHHOE
pelenne, Ho U OLEHUTH €ro MOrPeInHocThb. Jljist aToro 6yaeM UCIoIb30BaTh peobpazopanne Pypbe
dbyukuun u(r,t) no nepemennoii t. Beegem oneparop F', orobpazxatoniuii Lo(0;00) B Lo(—00;00),
KOTOPBIl OIPEIENM CJIEIyIONIM 06pa3oM:

i(r) = Filq(t)] = \/%_ﬂ / (B dt,  q(t) € La(0;00). (4.1)
0

Otmernm, 9TO BBEJEHHOE IpeobpasoBanue s GyHKIuu ¢(t) cOBHAAET CO CTAHIAPTHBIM MIPE00-
pazoBanneM Pypbe yHKIUN

3 q(t), t>0,

q(t) = {

0, t<o.

TeM camMbIM BCe CTaHJAPTHBIE CBOHCTBA BBEJIECHHOIO IPEOOPA30BAHUS COBIAJIAIOT ¢ AHAJIOIUIHBIMU
cBoiicTBamu npeobpasoBanusa Dypre.

U3 reopembl 3 cieflyeT IPUMEHUMOCTH IpeobpasoBanus F, omupezessiemoro dopmysoii (4.1),
K pemmennio 3a1aan (1.1)—(1.3), (1.5), (1.6), (3.1). Takum 06pazom, cBejieM ee K cJieLyorei

82?11(7‘, T) gaﬂl(T,T)
Or? r Or
62@2 (7", T) + 2 a@2 (Tv 7-)
Or? r Or

ity (r,T) = a%( >, ro<r<ry, TE€(—00,00), (4.2)

iTuy(r,7) = a%( >, ri<r<ry TE(—00,00), (4.3)
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ou: o
:07 711(7‘1,7'):?12(7'1,’7'), ai u1(87:77-) = a9 U2§97;17T) —oo < T <00, (44)

alr,7) = {ﬁl(r,T), r € [ro,m],

8112 (7‘2 s T)
or

rae (r,7) = Fluy(r )], d2(r,7) = Flua(r,2)], Go(r, ), 7€ [ry,rol.

Pemenust ypasuenwuii (4.2), (4.3) umeror Bu

LAl ()

N a a
() = A7) = B o)
rVi rVi
g ), et

92 L 4 By(r) 2 — %2 7

i/ 1 r i r

ﬁQ(T,T) = Bl(T)

tie p= i1, /i = (1 +1i)/T/V2.
Pemas 3amady (4.2)—(4.4), cBesieM ee K 3a/iate BBIUNCICHHS 3HAUCHNIT HEOIPAHUIEHHOIO OIlePa-
Topa 1"

T(T)f(T) =q(1), —oo< T <00, (4.5)
r(0) = [oarypon (LD (22PN (12RO (1))
+ (1 —a1)sh <W) <a2 sh (W) —roy/lch (W))]
Jranvin (P2E) (BT

B nanbueiintem, yuntesas, uro |T(7)| — oo npu 7 — 0o, Bocnombayemcst Vit = (14 i)y/7/v/2.
[Ipeo6pasyem dopmyiy (4.6), pasiegus qucanuTe b U 3HAMEHATEIb HA \/T%/L — a%.

[Tycrs B(p) onpenenena popmyJioit
a2
Vi — a3 '

U3 coiicts dbyukiu ArshfB(u), nokazannbix B [14, r. 11|, caeayer, uro sra dynkus orobpa-
JKaeT KOMILTEKCHYTO 1mockocThb C, 3 xoTopoit BuiGporenst ayan 1 <y <oo 1 —oo<y < —1 B

sh B(11) = (4.7)

s
II0JIOCY —§ <v< §

Takum obpaszom, u3z (4.7) cuemyer cymecrsoBanue dyukuuu B(p):
B(u) — 0 mpu p — oo, (4.8)

a u3 (4.6) moaygaem, 9To

7(r) = [rav en (L 2 DOVE )

al a9

1

+ (a—1)sh ((7‘1 — 7‘0)\//7> ch ((7’2 — 7’1)\//7_5(M)>} . [7‘0\//7 ch (M_mu)ﬂ_ , (4.9)

ai az a2

D(T) = {f(7): f(r) € Ly(0,00) u Tf(r) € Ly(0,00)}. (4.10)

U3 (4.6) u (4.10) mMeeM, ITo oneparop ' THHeeH, HEOTPAHNIEH, 3aMKHYT I HHHEKTHBCH.
Bosmaient do(7) = Tfo(r), fol(r) = Flio(], f5(r) = FUfs(t)]- W5 bopuyast (3.2) cueayer, smo

Ifs = foll < 6. (4.11)
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MuoxkectBo My npu npeobpaszosanuu F' nepeiiner B muoxkectso My D F[My], onpenensiemoe
dopmyoit

ﬁp{«ﬂnmemmm,/u+ﬁmvﬁmsmﬂ. (4.12)

U3 Toro, uro qo(t) € My, nosydaem
QO(T) € M,. (4.13)

Teopema 4. [lycmv svinoarerv, yciosus, chopmysuposannvie 6 meopeme 1. Toeda das arbo-
eo q(t), wydosaemeopsrowemy ycaosuro (1.7), cywecmeyem eduncmeennoe pewenue 3ada-

wu (1.1)~(1.6).
HoxaszareunbctBo ciaeayer uz reopem 1, 2, dopmyn (4.9), (4.10) u uHbBEKTHBHOCTU

omneparopa T'.

5. Pemrtenne 3amaum (4.5), (4.9)—(4.13)

JIemma 6. Jlaa awboeo € > 0 cywecmsyrom wucaa Tz, bi(e) u ba(e) > 0 makue, wmo dan
mobozo T, |T| > T, cnpasedauso caedyrowee coommouenue:

(r1—ro)V/7/2

QT <|T(1)] < ba(e) VG

(7'177'0)\/7'/2
al
bi(e)

Hdoxkaszareascrtso. 3anumeMm paseHcTBo (4.9) B Buje

oo (VR (2 TV )]

IT(7)| < = 2
‘7”0 ch (w - 5(#))‘

az

(an — 1yt (TN gy (22 TOVE )|

“ a2 . (5.1)
‘7"0\//7 ch (M - ﬁ(ﬂ))‘

1
az

+

Hockonbky B(p) = Bi(w) +if2(n), |/l = /T, TO A/ HOTydenus: ONEHKH CBEPXY, BOCIIOJIb-
syeMmcsi popmystamu | ch zq| = Vch? z —sin?y; — s gpcanrens u |ch zo| = \/Sh2 x9 + cos? ya,

z1 =x1 +1Yy1, 22 = To + 1Yo — JJId 3HAMEHATEIH.

Takum 006pa3oM, OJYIUM OIEHKY CBEPXY JIJIsi YACTHOIO:

(B B )] (B B )

o (LD ) b (LT g )

a2 as

Hamee

ch ((T1 _:Z) /2, (2o 212) /2 Biw))

sh <—(T2 —TVT/2 - b (M))

a2
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(r1—rg)\/7/2 , (rg—r1)\/7/2 —2(r1—rg)\V/7/2 2(rg—r1)\/T/2
e wm T —B1(M)<1 te — +251(M)>

‘”i};m—m(u)( 7*2“2;;““/&261(“))

e 1—e¢

Tak kak u3 (4.8) u BBIIECKA3AHHOIO CJIEJLYET, 4TO st jioboro 1 > 0 maiigerca 7 > 0, 71 > 7o,
2
as 91

2(T2 — 7’1)

Halpumep 71 = TaKoe, 94To s JIoboro || > 1

*2(7"1*7"0)\/7/2_2(7"2*7“1)\/7/24_251(“)
sup {e a1 a2 pe

—2(ro—r1)\/7/2 9
ag + Bl(ﬂ)} < ,'7’

TO JJ1s1 JII06OTO T, |T| > 71, Oy/eT BepHO HEPABEHCTBO

(r1—ro)y/it | (r2—m1)\/R
‘ch( 1 alo(r ,U__i; | 2 a21 H —5(#))‘ . 14_776(”?1)\/%. (52)
en ()| o

Ananormano MOXKHO IIOKa3aTb, ITO

‘Ch((ﬁ—TO)\/ﬂJr(Tz—rl)\/ﬁ_ﬁ(m)‘ sh((ﬁ_m) T/2+(7“2—7“1) 7/2
a1 a9 S a1 as

‘ch ((r2 —71)\/1h B 5(#)” o b <(r2 —1r1)\/T/2

a2 a2

- B (M))

- b (#))

Torpa npu || > 71

(r—ro)y | (rs—r1)
‘ch ( 1 alo Vi 422 a21 Vi ﬁ(#))‘ . 1—p e<r17r21)\/m' 63
o (2T ) b

€
[Iycrs n = S 300 TOTAR COTIACHO (5.2), (5.3) mas moboro € > 0 cymecrByer 4uciao 7. > 0
5
TaKoe, 4To JIsl JII060ro T, |T| > 7., ClipaBeJInBO HEPABEHCTBO

(o ey e 6 P s

442 o (LD

a2

B ) (r1—ro)V/7/2
e

< (1 a . 5.4
_(+4+€ ' (54)

st oneHku cBepxy BTOpOro ciaaraemoro B opmyse (5.1) ucnonbsyem dopmyibl |shz| =

\/ch2 x1 —cos2yy, |chzo| = \/ch?ag —sinyy, 2y = @1 + iy1, 20 = @9 + iy — A8 GHCIUTENS T
|ch zs| = V/sh? x5 + cos? ys, 23 = a3 + iy3 — s sHaMenarenst. Tora

‘Sh <(7‘1 — To)\/ﬂ) ch <(7‘2 - 7‘1)\/,17 _ 500)‘ ch (M) ch (w — 51(:“))

a1 as < al a9
‘\/ﬁch (W_g(u))‘ V7sh (w—ﬁl(ﬂ))

a2
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3areMm

Ch((m—ro) T/Q)Ch<(7‘2—7“1) 7/2—ﬁ1(/~6)>

ai az

J7sh ((rg —11)\/T/2

az

- Bi(w))

(r1—ro)V/7/2 —2(r1—ro)V/7/2 “2re—rVT/2
e @ (1+e a1 >(1+e az +61(“))

—2(rg—-11)/7/2
2T <1—e a2 +2Bl(“)>

Paccymgaﬂ AHaJIOTUYIHO, IIOJIyYHMM OICHKY CHHU3Y

‘sh<(rl_TO)\/ﬁ)Ch<(T2_r1)\/ﬁ_5(ﬂ)>‘ Sh((m—m) T/2>Sh((7’2—7’1) 7/2—51(10)

a1 as S a1 as
(ro —11)\/I N (ro —r1)\/7/2
h _ _
Ve (S () )| Vrah (2 Bin))
Hamee
(r1 —ro)\/7/2 (ro —r1)\/7/2
sh ( al ) sh ( as B /81 (M)>
(7“2 — 7“1) T/2
()
(r1—ro)v/77 —2(ry—ro)y/7/ —2(rg—r1)/77
e ’ 81\/_2 (1 —e o a10 \/_2> (1 —e e > \/_2"‘251(#))
= —2(rg—r )\/m
27 (e e DT )
—2(r1—ro)V/71/2
Ecm1l-—e a < 1/2, To mus moboro T, |T| > T1, BEpHO HEPABEHCTBO
(7“1 - 7’0) T/2 (7’2 - 7’1) T/2 (r1—r)\/7/2
Sh( ax >Sh( as _Bl(’u)) e a 1—n)
T2 —11)\/T/2 4/ +n)
Vron (22N g )

Taxum obpaszowm,

(L= TV gy (T2 TOVE )|

| .
(- )R < a a

4./1 44 2¢ (ro —r1)/p
vT ‘\/ﬁ ch (7@ f—ﬂ(u))‘

4 8e + 20 (r1=ro)V/7/2

< —( - —) e a1 .
3T 3e2 + 20e + 32

[Iycts € Takoe, 4To
%(1 B 8¢ +20 ) <9

3 3e2 + 20e + 32

Torga uz (5.1), (5.4) u upepLIyIIEro HepaBeHCTBa OyIeT CJIeI0BATD: JIjId JI060ro € > () CyIecTBy 0T
uncia Tz, b1(g) u ba(e) > 0 Takume, 4T0 1711 JIFOGOTO T, |T| > T, BBIIOIHACTCS Y TBEPIK ICHHUE JIEMMBL.
JlemMa gokas3aHa.
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Hns pemenns 3amaan (4.5) BOCHONIb3yeMcsl METOIOM MPOEKIMOHHOMN peryisipuzaiun (cm. [12,
1. 4, 1. 4.1]). B ocHOBe 3TOr0 MeTo/Ia JIesKUT peryssipusytoinee cemeiicTso onepatopos {1y : a > 7},
omnpeensieMoe (hbOPMYyJIOit

T, f(r) = {QT,f(T% |—T<|34>Sa7 < -7, T<7<aq, (5.5)
[Ipubnmxennoe 3uavenue ¢§ (1) 3amaan (4.5) 3amaamm GopmyItoit
5 (1) = Tafs(r), || > (5.6)
st BIOOpa mapamerpa peryssipusanuu @ = a@(d, ) B (5.6) paccMOTPUM OIEHKY
165 (r) = do()II < 145 (1) = G5 (Tl + 146 (1) — do(T)ll, tme G5 (7) = Tafo(r). (5.7)

HMockombky 3 (4.11), (5.5) u (5.6) caenyer, uto ||G§(T) — ¢5(7)|| < V2||Tw||6, To mepeiinem x
oterke || Ty |-

Jlemma 7. Ilpu chopmysuposaHHbir 8viuie YCAOBUAT U O > To CNPABEIAUBO COOMHOULEHUE

(ri—ro)v/a/2 (ri—ro)\/a/2
bie)e 1 <|Ta(r)l| <bze)e = .
Hoxaszareunbctso. Iloounpenenenuto nopma oneparopa |1yl = sup |T(7)]. Yun-
Te<|7|<cx

ThIBagd, 9TO

(ri—ro)VI7|/2 (ri—ro)VI7l/2  (ri=ro)VI7l/2
a1

e e 2a7 e 2a7

Vil VIl ’

HOJIyYUM CYIIeCTBOBAHHUE Ty > T TAKOrO, 4YTO Jyisl Jiioboro T, || > 7o, e
TOT/Ia

(r1—r)Virl/2
2a7

RVALI=R¢

(r1—ro)V/I7l/2
e ay (ri—rg)V/I7l/2
>e 2a1 . (5.8)

VT

3anuieM Ternepb paBEHCTBO

(r1—ro)V/I7l/2 2(ry —ro)V/I71/2
ay ay

e e
/7] - (r1=r)V/I71/2
ITle” =
(r1i—ro)V/Ir1/2
CymectByer T3 > T TaKoe, 4TO JIs J000r0 T, |T| > T3, ClpaBe/yiuBo € a1 /A |T| > 1; Torpa

(r1—ro)V/I71/2
e aj 2(ry —ro)V/I71/2
<e a1 .

VT

U3 semmbr 6, coorrommenuii (5.8), (5.9) moy<auM yTBEpKIEHUE JIEMMBL.

(5.9)

JlemMa nokasaHa.

Bgenem
W a) = sup{ [ lao@Par+ [ lao(rPar ot € Md}. (5.10)

Torna X
sup{[|45 (1) — qo(7)[|: do(7) € Ma} = w(a). (5.11)
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Cormacuo (4.12) npu yenosuu Go(7) € My umeenm
o

/(1 +T4)]Ljo(7')]2d7' < 24°.

«

U3 (5.10) 1 IIpebIyIero cOOTHONEH s 09eBHIHO, 9To w? () = 2d?/(1 + at).
Takum o6paszom, u3 (5.7), (5.11), NpeapLIyIEro paBeHCTBa U JIEMMBI 7 HOJLY TUM

o X V2d (r1-ro) /o7
Hqé (T) - QO(T)” < \/ﬁ + bg(E)e ay /25

[Tapamerp peryssipusaiu @ = @(9) B dopmyie (5.6) BoibepeM u3 ycjaoBust
d (ri=rq) /
———— =bi(e)e af2g (5.12)
V1+aot

YunrbiBas BBIIMNIECKa3aHHOE, NMeEeM

159 2v/2d

qs (7—) _qAO(T)H < \/HTZL((S)

(ri=ro) /o759
Tak kak dynkiusa V1 + ate 201 o/ CTPOro BO3pAcTaeT MO « M m3MeHsercs or 0 10 00, TO
CyIIeCTBYeT eJMHCTBeHHOe perenne @(d) ypasaenus (5.12).
s npencrasienus ornenkn (5.13) B Kiacce /eMeHTapHBIX (GYHKINI PACCMOTPHM [[Ba ypaB-

HEHUsT — oy — b o\
r1—ro 2 £ T1-"0 2 g
Jrar Va2 _ ba(e) e Vel bi(e)d (5.14)
0 0
Pemenust ypasuenwuii (5.14) o6o3naunm uepes @(0) u @a(d) COOTBETCTBEHHO.
Torjia mpy TOCTATOYHO MAJIBIX 3HAYECHUSX O CHPABE/IMBBI COOTHOIICHNUST

(5.13)

@2(0) < @(d) <@i(9). (5.15)

C yuerom (5.14) 6ynem umernb

2

a? In2 bi(e)d
(7’1 — 7’0)2 (5

o (5) - 2(7‘1 — 7’0)2 ) ’

u 52(5) =

a n3 (5.15) mosydaem
a(d) ~In?§ mpu § — 0. (5.16)

Pemenue 3amaqan (4.5), (4.9)—(4.13) Boipasum dopmyinoii §s(7) = Q?(5) (7).
Torma u3 coornomenus (5.13) cremyer, 9ro

2v2d
Vi+ai(s,r)

OxonuaresnbHo perenne ¢s5(t) obparnoii 3amaan (1.1)—(1.3), (1.5), (1.6), (3.1) oupemennm dop-
MYyJION

145(7) = qo(7)[| <

1=
%(t) = {ORGF [q5(7—)]7 z i Ef(:), to],

rae F~1 — omeparop, obparubrii F.
C yueroM BBIIIIECKA3aHHOTO 1Ist ¢5(t) Oyer cupaBejinBa OlEeHKa

2v/2r
14+ 6‘11(5,7‘).

llgs(t) — qo(t)|| < (5.17)
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Teopema 5. Cywecmeyem wucao I > 0 maxoe, wmo daa 106020 docmamouHo mano2o § cnpa-
6€0AUBA CALOYIOULAA OUENKA OAA NPUOAUIICENH020 pewenud qs(t) obpamnol 3adavu:

lgs(t) = qo(®)]| <1-d-In*s.
HJoxkaszarennbctso creayer us (5.16) u (5.17).

CIINCOK JINTEPATYPbBI

1. Buabaeman B.3., Cokoakun FO.B., TainkuaoB A.A. Mexannka HeyIpyroro aepOpMUPOBAHNS 1
pa3pyIneHns KOMIIO3UIIOHHBIX MaTepruasos. M.: Hayka. @uamarimT, 1997. 288 c.
2. Anundanos O.M., AptioxuH E.A., Pymaunes C.B. 9kcrpeMajibHbIE METO/IBI PEIIEHNs] HEKOPPEKT-
weix 3aga4d. M.: Hayka, 1988. 288 ¢
3. Tamana B.Il., Jaumaua A.P. O06 onruMajibHOCTH PEryJISPHU3YIONIUX aJlOPUTMOB IIPH PelIeHUun
HeKOppeKTHBIX 3a1a4 // Juddepent. ypasaerus. 1976. T. 12, Ne 2. C. 1323-1326.
4. Tamaua B.Il., EpmioBa A.A. O pemennn 06paTHOI 'PAHUYHON 334U /i KOMIIO3UTHBIX MaTepra-
goB // Becru. ¥Yamypr. yu-Ta. Maremaruka. Mexannka. Komnbior. nayku. 2018. T. 28, Ne 4. C. 474-488.
5. Kabauuxuna C. U. O6parubie u HeKOppeKTHBIE 3a1a4un. HoBocubupcek: Cub. nay4. uzm-so, 2009. 457 c.
6. IBanoB B. K., Bacun B.B., Tanana B.Il. Teopus muHefiHbIX HEKOPPEKTHDBIX 33/1a49 U €€ IPUJIOKEe-
nus. M.: Hayka, 1978. 206 c.
7. Tanana B.II. O6 onTuMaj bHOCTH MO MOPSIIKY METOJIA TPOEKIIMOHHON PEryJIsipU3AIMy [IPU PENIeHun
obparubix 3ana4 // Cub. xkKypH. ungycrp. maremaruku. 2004. T. 7, Ne 2. C. 117-132.
8. Tuxonos A.H., T'nacko B.B. K Bompocy 0 MeToax ompe/iesieHnst TEMIIEPATYPBI TOBEPXHOCTH Teia, / /
2Kyps. Bbraucsa. marematuku u mMar. dusukn. 1967. Ned. C. 910-914.
9. JlaBpeurbeB M.M., Pomanos B.I., IIlumnarckwuii C.II. Hekoropsie 3ajaun MaTreMaTudeckoii ¢u-
suku u anajgn3a. M.: Hayka, 1980. 285 c.
10. Bymak B.M., Camapckmii A.A., TuxonoB A. H. Coopruk 3a7a4 o MmaremMaTnieckoil pusuke. M.:
M3a-Bo Texauko-Teoper. urepaTypbl, 1956. 683 c.
11. JIsikoB A.B. Teopus remmonposoguaoctu. M.: 3a-Bo BhICIas mkosa, 1967. 599 c.
12. Tanana V., Sidikova A. Optimal methods for ill-posed problems with applications to heat conduction:
with applications to heat conduction. Berlin: De Gruyter, 2018. 130 p. ISBN: 978-3-11-057721-1.
13. ®uxtenrosbi I'M. Ocuobl MaTemaTnaeckoro anausa. 1. 2. M.: @usmaraut., 2006. 864 c.
14. IIpuBanoB N.WU. Beejaenne B Teoputo hyHKIMi KoMiiekcHoro nepemennoro. M.: Hayka, 1984. 432 c.

TTocrymmna 28.06.2019
[Tocse mopaborku 22.08.2019
[Tpunsara x mybaukamuu 26.06.2019
Tanana Buramnuit [TaBmosud
I-p dus.-mMarT. HayK, mpodeccop
IVIABHBIN HAy4. COTPYJIHUK
FO2xHO0-Y pabckuil ToCyIapCTBEHHBI YHUBEPCUTET
r. Yenabunck
e-mail: tananavp@susu.ru

Cupukosa Anna VBanosHa

KaHm. $us.-MarT. HayK

CTApPIIUil HAayd. COTPYIHUK

FO:xHO- Y pabcKuil ToCyIapCTBEHHBIN YHUBEPCUTET
r. Yensabunck

e-mail: sidikovaai@susu.ru

REFERENCES

1. Wildemann V.E.; Sokolkin Yu.V., Tashkinov A.A. Mekhanika mneuprugogo deformirovaniya 1
razrusheniya kompozitsionnykh materialov [Mechanics of inelastic deformation and fracture of composite

materials]. Moscow: Nauka Publ., 1997, 288 p. ISBN: 5-02-015078-9 .



264 B.II. Tanana, A. . Cuaukosa

2. Alifanov O.M., Artyukhin E.A., Rumyantsev S.V. Ekstremal’nye metody resheniya nekorrektnykh zadach
[Extremal methods for the solution of ill-posed problems]. Moscow: Nauka Publ., 1988, 288 p. ISBN:
5-02-013774-X..

3. Tanana V.P., Danilin A.R. The optimality of regularizing algorithms in the solution of ill-posed problems.
Differ. Uravn., 1976, vol. 12, no. 7, pp. 1323-1326 (in Russian).

4. Tanana V.P., Ershova A.A. On the solution of an inverse boundary value problem for composite
materials. Vestn. Udmurtsk. Univ. Mat. Mekh. Komp. Nauki, 2018, vol. 28, no. 4, pp. 474-488 (in
Russian).

5. Kabanikhin S.I. Inverse and Ill-posed problems. Berlin: de Gruyter, 2012, 459 p. ISBN: 978-3-11-022400-
9. Original Russian text published in Kabanikhin S. I. Obratnye @ nekorrektnye zadachi. Novosibirsk:
Sib. Nauch. Izd-vo, 2009, 457 p.

6. Ivanov V.K., Vasin V.V., Tanana V.P. Theory of linear ill-posed problems and its applications. Utrecht:
VSP, 2002, 281 p. ISBN: 9789067643672 . Original Russian text published in Ivanov V.K., Vasin V.V.,
Tanana V.P. Teoriya lineinykh nekorrektnykh zadach i ee prilozheniya. Moscow: Nauka Publ., 1978,
206 p.

7. Tanana V.P. On the order-optimality of the projection regularization method in solving inverse problems.
Sib. Zh. Ind. Mat., 2004, vol. 7, no. 2, pp. 117-132 (in Russian).

8. Tikhonov V.N., Glasko V.B. Methods of determining the surface temperature of a body. U.S.S.R.
Comput. Math. Math. Phys., 1967, vol. 7, no. 4, pp. 267-273. DOI: 10.1016,/0041-5553(67)90161-9 .

9. Lavrent’ev M.M., Romanov V.G., Shishatskii S.P. Ill-posed problems of mathematical physics and
analysis. Translations of Mathematical Monographs, 64. Providence, R.I.: American Mathematical
Society, 1986, 290 p. ISBN: 9780821845172 . Original Russian text published in Lavrent’ev M.M.,
Romanov V.G., Shishatskii S.P. Nekotorye zadachi matematicheskoi fiziki i analiza. Moscow: Nauka
Publ., 1980, 285 p.

10. Budak B.M., Samarskii A.A., Tikhonov A. N. Sbornik zadach po matematicheskoi fizike [Collection of
problems in mathematical physics]. Moscow: Tekhniko-Teoret. Literatura Publ., 1956, 683 p.

11. Lykov A.V. Teoriya teploprovodnosti [Theory of heat conduction|. Moscow: Vysshaya Shkola Publ., 1967,
599 p.

12. Tanana V., Sidikova A. Optimal methods for ill-posed problems: with applications to heat conduction.
Berlin: De Gruyter, 2018. 130 p. ISBN: 978-3-11-057721-1.

13. Fikhtengol'ts G.M. Osnovy matematicheskogo analiza [The Fundamentals of Mathematical Analysis].
Vol. 2. Moscow: Fiz. Mat. Lit. Publ., 2006, 864 p.

14. Privalov LI. Vwedenie v teoriyu funktsii kompleksnogo peremennogo [Introduction to the theory of
functions of a complex variable]. Moscow: Nauka Publ., 1984, 432 p. ISBN(14th ed.): 5-06-003612-X .

Received June 28, 2019
Revised August 22, 2019
Accepted August 26, 2019

Vitalii Pavlovich Tanana, Dr. Phys.-Math. Sci., Prof., South Ural State University, Chelyabinsk,
454080 Russia, e-mail: tananavp@susu.ru .

Anna Ivanovna Sidikova, Cand. Phys.-Math. Sci, South Ural State University, Chelyabinsk, 454080
Russia, e-mail: sidikovaai@susu.ru .

Cite this article as: V. P. Tanana, A.I. Sidikova. Approximate solution of an inverse boundary value
problem for a system of differential equations of parabolic type and estimation of the error of this
solution, Trudy Instituta Matematiki ¢ Mekhaniki URO RAN, 2019, vol. 25, no. 3, pp. 247264 .



TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHUKU YpO PAH

Tom 25 Ne 3 2019

YK 519.857

OB OJHOM 3AJAYE VIIPABJIEHIS IIPU HAJIMYNUN IIOMEXH
1 BO3MO>KHO! ITOJIOMKE!

B. . Yxo06oTOB

PaCCIVIanI/IBaeTCﬂ JINHEeHHAas1 3aJga4v9a yIIpaBJICHUA IIPU HAJTUIUN BO3,ZL€ﬁCTBH5{ CO CTOPOHBI HeKOHTpOJ'IpreIVTOﬁ
nomexu. V3BecTHO TOJIBKO, YTO €€ 3Ha4YeHHUud IIPUHAJIEZKAT 3aJaHHOMY CBA3HOMY KOMIIaKTY. BaﬂaH MOMEHT
OKOHYaHUA IIpOoIlecCa yIpaBJICHUA. TepI\/II/IHaJ'IbHaSI COCTaBJIAIONIIAA IIJIATHI 3aBUCUT OT MOIYJIA JINHEHHON beHK—
nu d)a3OBI:xIX IIEpeMEHHBbIX. I/IHTeraﬂbHaﬂ COCTaBJIdOIIasd IJIATBI 3aJaeTCdA HHTEerpaJioM OT CTEIIeHU yIIpaB-
JICHUAA. C}“II/ITELGTCSI7 YTO BO3MOXKHa OJHAa IIOJIOMKa, KOTOpad IPUBOAUT K U3MEHEHUIO JUHAMWKU YIIPaBJIAEMOI'O
IIporecca. BpeMﬂ HaCTYIIJIEHU ITIOJIOMKH 3apaHee He U3BECTHO. praBJ’IeHHe CTPOUTCA UCXOsd U3 IIPUHITNUIIA MU-
HUMU3alIAU rapaHTUPOBAaHHOI'O pe3yJibTraTa. HpOTHBHOfI CTOpOHOfI BBICTYIIaeT IIOMeXa U MOMEHT HaCTYIJIEHUA
IIOJIOMKH. HaﬁﬂeHbI H606XO,ZLI/Il\/IbIe u JOCTaTOYHbIE YCJIOBUA, IIPU BBIIIO/JIHEHUN KOTOPBIX JOIIYCTHMOE yIIpaBJICHUE
ABJIAETCA OIITUMAJIbBHBIM.

Komouesbie ciioBa: ynpasjenue, momexa, MoJOMKA.
V.I. Ukhobotov. On a control problem under a disturbance and a possible breakdown.

A linear control problem is considered in the presence of an uncontrolled disturbance. It is only known
that the values of the disturbance belong to a given connected compact set. The terminal time of the control
process is fixed. The terminal component of the payoff depends on the modulus of a linear function of the phase
variables, and the integral component is given by an integral of a power of the control. We admit the possibility
of one breakdown leading to a change in the dynamics of the control process. The time of the breakdown is
not known in advance. The construction of the control is based on the principle of minimizing the guaranteed
result. The opponents are the disturbance and the time of the breakdown. Necessary and sufficient conditions
for the optimality of an admissible control are found.
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BBenenne

Sagada yIpaBieHUs ¢ BO3MOXKHBIMU HAPYIIEHUSIME B JUHAMUKE B PE3YJIBTATE TOJOMKH MO-
2KeT OBITh PACCMOTPEHA B PAMKAX IOJX0/a, KOTOPBI OCHOBBIBACTCsI HA IIPUHIIUIIE ONTUMU3AINN
rapaHTupoBaHHOro pesyibrara [1]. Takoil mogxos ecTecTBeHEH, €CiM U3BECTEH TOJBKO MPOMEXKY-
TOK BPEMEHH, KOTJ[a MOXKET IIPOU30HTH IooMKa. K 4uciy 1mepBbix paboT, MOCBAIIEHHBIX 3a/ladaM
YIIPABJIEHUsI C TIOJIOMKON B TAKOW IIOCTAHOBKE, OTHOCUTCS MCCJeoBanue [2].

Jluneitnyio 3aJiady ylpaBJeHUs [IPU HAJUYIUN BO3JIERCTBHUSA CO CTOPOHBI HEKOHTPOJIUPYEMOIT 110~
MeXU U C (PUKCUPOBAHHBIM MOMEHTOM OKOHUYAHUS IPOIECCa YIPABJIEHUsI C HMOMOIIBIO JIMHEHHOM
3aMeHbI [IePEMEHHBIX [3] MOXKHO CBeCTH K BHJY, KOIVIa B IIPABOH YaCTU HOBBIX ypPABHEHHIl CTOUT
TOJIBKO CyMMa YIPAaBJICHUS U IIOMEXH, 3HAUYEeHUs] KOTOPBIX IIPUHA/JIEXKAT 338/IaHHBIM MHOXKECTBAM,
3aBUCHIIIM OT BpeMeHU. BarkHbIil KJlacC COCTABIIAIOT 3a/la4U, KOIJIa B IIPUBEJIEHHOM BUJIE KAK Tep-
MHUHAJbHOE MHOYKECTBO, TaK U BO3JEHCTBUS yIIPABJIECHUS U IIOMEXH OIUCHIBAIOTCS OJHUM U TEM K€
BBIIIYKJIBIM KOMITAKTOM, KOTODBII MOXKET OBITH ITapaJuIejIbHO MIEPEHECEH W MOMOTETHYHO PACTSHYT.
Takyio JUHAMUKY UMEIOT [OCJIe 3aMEHBI IIePEMEHHBIX U3BECTHBIE JuddepeHaabHble UIPhl “U30-
rponnble pakeTsl” [4], kouTposbhbiiit npumep JI.C. [TouTpsiruna [5], B KOTOPbIX HOMEXOM SIBJISIETCST
yIIpaBJleHre BTOPOro UrpoKa-nporusHuka. st Takux puddepeHipagbabx urp B [5] mocrpoen anb-
TEepPHUPOBAaHHBIN uHTErpas. B [6] npeiacraBien anbrepHUPOBAHHBI UHTErPAJI JIJIs OJHOTUIIHBIX UTD

'PaboTra semosmena npu noiep:xkke PH® (mpoext 19-11-00105).
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C IPOU3BOJIBHBIM BBIITYKJIBIM 3aMKHYTBHIM TE€PMUHAJIBHBIM MHOXKECTBOM U IIOCTPOEHBI ONITUMAJIbHBIE
HO3UIMOHHBIE yIIPABJIeHNs] UI'POKOB. B [7]| mepBbiit urpok, BeiBojist ha30ByIO TOUKY HA KPYT 3a/aH-
HOI'O PaJiuyca, MUHUMHU3UPYET UHTEI'PAJBHYIO IJIaTy, KOTOpas 3aJaeTCsd NHTETPAJIOM OT BBIITYKJION
dyHKINN, 3aBUCAIIEN OT HOPMBI €r0 YIPABICHUS.

B ciyuae, ecoin B tuHeiiHOM 3a1ate yIIpaBIeHUs C TIOMeXOM TepMUHAIbHAs COCTABJIAIONIAS TIIa-
TBI $BJISE€TCH 3HAYEHHEM B MOMEHT OKOHYAHMUS IPOIECCA YIIPABJIEHUS MOJYJId JIMHEHHON (DyHKIUN
oT $a30BBIX MIEPEMEHHBIX, JIMHEHHAS 3aMEHA IePEMEHHBIX MPUBOJUT K OJHOTHUIIHON 3aJade, KOorjia
MHOKECTBa 3HAYEHUIl yIIpaBIeHUsl U [OMEXU CyTh OTPE3KHU, 3aBUCAINME OT BpeMeHu. B pabore [§]
paccMOTpeHa Takas 3ajiada, KOrJa IiaTa SBJISEeTCs CyMMOIl KaK TepMUHAJIBHON COCTaBJISIONIEH, TaK
U MHTErpajia OT BBINYKJIOH (yHKimu. HailieHbl HeoOXouMbIE YCIOBUSI, KOTOPBIM YIOBJIETBOPSET
onTuMaJsbHOoe yupasienue. B [9] paccmorpena anasorndnast 3ajada, B KOTOPOil MHTerpajbHas CO-
CTABJISIOIIAS TJIATHI SIBJISIETCS HHTEI'PAJIOM OT CTEIIEHU HOPMBI yiipaBjenns. HaliieHbl HeoOXomumMbre
U JIOCTATOYHBIE YCJIOBUdA, IIPU BBIIOJHEHUN KOTOPLIX yIIpaBJICHUE SBJISCTCA OITUMAJIbHBIM.

B nacrositieit pabore paccMaTpuBaeTCst JIMHEHHAsT 3a/1ada yIPaBI€HUs] TPU HAJUYIUU BO3JIEH-
CTBUS CO CTOPOHBI HEKOHTPOJIMPYEMOIt IIOMEXHU ¢ 3aJJaHHBIM MOMEHTOM OKOHYaHHUd IIpoliecca ylIpaB-
sieHusi. TepMuHA/IbHAST COCTABJISIIOINIAS ILIATHI 3aBUCUT OT MOJIYJIsl JIMHEHHOM (hbyHKIN (ha30BBIX
IIepeMEHHBIX B MOMEHT OKOHYaHHS IIPOIlecca yupasjeHus. VHTerpasbHas COCTABJISIONAs ILJIATHI
3aJIa€TC UHTEPAJIOM OT CTelleHU yipasieHusi. CUnuTaeTcst, ITO BO3MOXKHA OJIHA MOJIOMKA, KOTOPast
IIPUBOJUT K M3MEHEHUIO JIMHAMUKHU YIIPABJISEMOrO Ipollecca. BpeMs HACTYIUIEHUs [TOJIOMKU 3apa-
Hee He W3BECTHO. YIPAaBJIEHWE CTPOUTCI MCXOAd W3 IPUHIIANE MUHUMHU3AIUUA TapaHTUPOBAHHOTO
pesynbTata. Haitienol HeoOXoIuMble U JIOCTATOYHBIE YCJIOBUS, ITPU BLITOJTHEHUN KOTOPBIX JTOITYCTH-
MOe€ yIIDaBJICHUE $IBJISCTCA OITHUMAJIbHBIM.

1. IlocraHoBKa 3aga4u

PaccmarpuBaercst ynpas/sieMblii 11porece
T=A(t)x+ Bt)E+ oC(t)x +n, z(to) =z0; x€R™, to<t<p. (1.1)

3/1ech p — 3aJIaHHBII MOMEHT OKOHYAHUSI TIPOIIECCa YIIPABJIeHNs; ty) — HaYaJbHBI MOMEHT BPEMEHH;
EeMcCR: g ecRuyx €N CRP apusnores: ynpasiennsivi. Muoskectsa M u N cyTh CBSI3HBIE
KOMITAKThI, CHMMETPUYIHBIE OTHOCUTEJIBHO HadaJjia KoopauHat. [lomexa 7) IPUHAIIEIKUT CBSI3HOMY
kommnakTy Q C R™. HenpepsoiBubie npu tg < t < p marpunst A(t) u C(t) umeror pasmepHOCTH
m X m u m x p coorBercrsento. Hasnee, B(t) = By(t) upu to <t < 7 < p u B(t) = By(t) upn
7 <t <p. 3nech Bj(t), j = 1,2 menpepsoiBabie 1pu tg < t < p MATPHUITEI PASMEPHOCTH M X d.

Takast cuTyarnusi MOXKeT UMETh MECTO, KOIJia B MOMEHT BpeMeHu tg < 7 < p IPOUCXOJUT HOJIOMKA
U MEHSIeTCs JMHAMUKa mporecca. MOMEHT MoJIOMKHU T 3apaHee He W3BECTeH.

OmpeznesnM 10IycTHMOE yIpaBieHue. 3againo uuciao ¢ > 1. Obosmaunm 4epes Lg[to, p] mpo-
CTPAHCTBO M3MepUMbIX GyHKIui ¢ : [to, p] — R ¢ cymmmpyemoii na orpeske [tg, p| cremennio |(r)|?.
JormycTuMbIM yIpaBieHneM sABIISIIOTCS HeoTpunareabast dyukims ¢(-) € Ly[to, p] n mpoussosbibie
dbyuxun x : [to,p] X R™ — N u £ : [to,p] x R™ — M. ITomexa peanusyercss B BHUJE IIPOU3BOJILHOIL
byukuuu 7 : [to,p] X R™ — Q.

Takoe ompejiesieHre JIOMYCTUMOrO YIIPABIEHUsI IPOJUKTOBAHO CJIEIYIONMM COOOpaykeHneMm. B
3a/1a9ax yIPaBJIeHIs MEXaHUIECKUMHU CHCTEMAaMU IIEPEMEHHOI0 COCTaBa, JIBUYKEHUE B KOTOPBIX OIIH-
cbiBaercst ypaBaeHnem Memiepckoro [10], BosmoxKeH ciiydail, KOrjia 3aKOH M3MEHEHUsI PeaKTUBHOM
MacChl HYYKHO 3aJIaBaTh MIPOIPAMMHBIM 00Pa30M, a YIPaBIATH MOKHO TOJHKO HAIPABICHUEM OT-
HOCHTEJIbHON CKOPOCTH €€ OTIeNIeHHsl. B 9TOM ciiydae HPUXOIUM K CHOPMYJIMPOBAHHOMY BbIIIIE
JIOITYCTUMOMY yTIPABJIEHUIO.

Cuenyst [3], nBuzkenus: cucrembl (1.1), MOPOXKIEHHBIE JOMYCTUMBIME yIIPABJICHAEM U IIOMEXOIi,
OIIPEJIETM C MTOMOIIBIO JIOMAHBIX.

BosbmeM pasbuenne w orpeska [tg, p] ¢ auamerpom d(w):

withg<t1 <...<ty <ty =p, dw)=max(tjy1—t;), =0,
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[Mocrpoum z,(t) npu ty < t < t1 Kak perenue 3a1adn Kormu:

u(t) = A()zw(t) + B(t, 7)E(to, 2o (to)) + ¢(E)C(£)E(t0, 7 (to)) + n(to, Tw(to)),  Zw(to) = o

O6ozHaunM x1 = x,,(t1). lloctpoum x,,(t) nupu t; < t <ty Kak pemenue 3aga4un Korrm:

jfw(t) = A(t)fnw(t) + B(t’ T)£(t17 wa(tl)) + gb(t)C(t)f(tl, xw(tl)) + 77(751’ xw(tl))’ xw(tl) = Z1-

Hanee, npennonoxum, 9ro x,(t) mocrpoeno mnpu t;—1 < t < t;, i < l. ObozHauum z; = 2 (t;).
[TocTpoum xw(t) npu t; < t < t;11 Kak perienue 3aaauan Kormm

iy (t) = A(t)ay(t) + B, 7)E(ti; 70(t:) + d()C()E(Ei; 20 (ti) + 1t 20 (t), - wo(ti) = i (1.2)

Baecek obosznadeno B(t,7) = By(t) upu to <t <7 u B(t,7) = Ba(t) upu 7 < t < p.

MoKHO MmoKas3aTh, 9TO CeMeicTBO JioMaHbIX (1.2), ompe/ie/ieHHBIX Ha OTpe3Ke [to,p|, sABIACT-
Csl PABHOMEDHO OTPAHUYEHHBIM U paBHOCTelleHHO HemnpepbiBHbIM [11, ¢. 56]. ITo Teopeme Apiesna
[12, c. 104], u3 sr06o#i HOCIEOBATEIHLHOCTH JIOMAHBIX (1.2) MOXKHO BBIJEIUTD HOJIIOCTIEI0BATEb-
HOCTB, PABHOMEPHO CXOJISIIIYIOCs Ha oTpe3ke [to, p]. Ilos nBrmrKenuem, peasn3oBaBIIIMCs IPH JIOILY-
crumbix ¢(t), (¢, ), n(t, ) 1 MOMeHTe MOJIOMKH T U3 HAYaJIbHOrO cocTosiHus x(tg) = g, OyaeMm
HOHNUMATD JTI0O0N PAaBHOMEPHBI IPEJIeIT TOCIIEI0BATEILHOCTH JIOMAHbIX (1.2), y KOTOPBIX JHaMeTp
pasbuenust d(w) CTPEMUTCST K HYJIIO.

ITokazaresieM KadecTBa yIpaBJIeHUS ABJISCTCH BEJIUINHA

G ({0, 2(p))| — C) + / $9(r)dr. (1.3)

Baeck ¢y € R™ — 3amanublii BeKTOD; (-, -) — cKasisipHOe TpousBesierne B R™; C' — 3a1aHHOE YHCIIO;
G :]0,+00) - R — zanannas dbyHKIu.

Yipas/eHue CTPOUTCs UCXOJd U3 NPUHIMIA MUHUMU3AIUE TAPAHTUPOBAHHOTO pesyibrara [1]
nokazaressi kadecrsa (1.3).

2. llepexom K oHOMEpPHOII OAHOTHUITHOMN 3ajiavde

Cuentyst |3, ¢. 160], mepeiijem K HOBOI yIpaBJisieMoOil cCUCTeMe, B yPABHEHUSIX JIBUXKEHUsST KOTOPOii
orcyrcrByer (aszopblii BekTop. Pacemorpum npu tg < t < p pertenne (t) 3agaau Komru:

b =—A*t), ¥(to) = 1o (2.1)
Baecy A*(t) — rpancnonupoBanHast Marpura. [losoxum
B-(t) = minu(t),n), By (t) = max(y(t), ). (2.2)

Torya u3 cesisHocTH KoMnakTa ) ciaemyer |13, c¢. 333, Teopema 4|, uro

W) = 3B+ 6-(0) + Be)o, Il <1, Bl = 5(B+() — 6-(1) 2 0. (23)
O6o3nauNM

bi(8) = max((t), B (0), J=1.% c(t) = max(u(t), CI). (2.4)

I3 cBasnoct n u3 cummerpun komnakTos M u N umeem, uro bj(t) > 0, ¢(t) > 0 u

((t), B;j(t)§) = =bj(H)us, |u| <15 ((2), C(t)x) = —c(t)u”, |u[ <1 (2.5)
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CuientoBarensho, upu ¢(t) > 0

(W(8), Bj(1)§) + (1), (1) C(8)x) = —bj(t)ux — d(t)c(t)u” = —(b;(t) + d(t)c(t))u,  |u] < 1.

[Tocsiennee paBeHCTBO MOXKHO IIOKA3aTh, 3aMETUB, YTO MHOYKECTBO BCEX BO3MOYKHBIX 3HAUCHUIT BbI-
pazkennst —b;(t)u,—@(t)c(t)u* mpu |uy| < 1, [u*| < 1 coBuamaer ¢ orpesrom [—b;(t)—o(t)c(t), b (t)+
o(t)e(t)]. Ormernm, uro dbyuxiuu (2.2) u (2.4) sBasgorces HenpepbiBHbIME |14, c. 84, semma 3.5].
CaenoBarenbHO, HENIPePBIBHOM siBisiercs u dyukuus [(t) (2.3).

Ilepeiinem K HOBOI MepeMeHHOM

2= (y(t), =) +

N —

(/kﬁ+(r)+-ﬁ_(rﬁdr-—61 (2.6)

Torma u3 (2.1) u (2.6) cremyer, uro z(p) = (¢o,z(p)) — C, a nomanas z,(t), orBevaromast
nomanoii (1.2), omnpejesnsieTcs: paBeHCTBAMU

20(t) = =(b(t,7) + o(t)c(t))u; + B(t)vi,  |uwi| <1, Ju| < 1.

Baeck obosnaueno b(t,7) = by (t) upu to <t < 7 u b(t,7) = ba(t) upu 7 < ¢t < p. Takum o6paszom,
HOJLY YU OJIHOMEPHYO OJHOTHUIIHYIO 33189y YIPABJICHUS

2=—(b(t,7) + o(t)c(t))u + B(t)v, =z(t) =205 &(t) 20, [|u[ <1, Jof<1  (27)

C KpurepuemM KadeCTBa

P
G(|z(p)|) + /¢q(r)dr — min max . (2.8)
7 u v, T

B sroii 3a1a4e JOIYCTHMBIM yIPABICHIEM sIBJISIOTCsE HeorTpunareibhas Gyukiwus ¢(-) € Ly [to, p
u upousBoibHast Gyukus u(t, z) ¢ |u(t,z)] < 1. Hdomycrumoii momexoit siBjsieTcsi IPOU3BOJIbLHAS
dbyukuus v(t, z) ¢ |v(t, z)| < 1. Ipuzkenue z(t) onpejeisiercsi KAk PABHOMEDHBIN TIPEJIEST OCJIEI0-
BATEHLHOCTU JIOMAHBIX

t t

polt) = 2 (ki) — / (b(r, 7) + d(r)e(r))dr u(ts, zo(ts)) + / Br)dr v(ts, (L)), 1 <t < b1, (2.9)

t; t;

Y KOTODBIX z,(to) = 2o u nuamerp pasbuenus d(w) — 0.

Ounpenenmenmne. Pemennem samaun (2.7), (2.8) HA3BIBAIOTCS JOIMYCTHMOE yIIPABJICHUE
¢o(t), up(t, z) u ancio Vj Takue, 4to

1) JJIst JIIOOBIX JTOIYCTUMOM ITOMEXHU v(t, z), MOMeHTa TOJIOMKH ty < 7 < p u JI00Oro JBHIKE-
Hust z(t) ¢ HavasbHBIM ycsioBueM z(tg) = zg, HOpOXKieHHOTO ¢q(t), uo(t,z) u v(t,z), BHIIOIHEHO
HEPaBEHCTBO

GW@W+/%MW§%;

2) myist Jio6oro jromycruMoro ynpasienust ¢(t), u(t, z) u ays gaoboro uuciaa Vo< Vy HaiigyTes
JorycruMast momexa v(t, z) u MoMeHT mosioMKu tg < 7 < p Takuwe, 4ro Jis ABuKeHusi z(t) ¢
HAYAJBHBIM yeioBueM z(tg) = zg, nopoxkaenuoro ¢(t), u(t, z) u v(t, z), BbIIOJHEHO HEPABEHCTBO

P

GW@W+/wmm>v

to
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3. VYcjoBus OKOHYAHHUSA B OJHOTUITHOI 3ajade

Pacemorpum ypaBrenust jBuxkenust (2.7) B 6osiee o0IIeM cirydae, KOTJa 2z, U, U IPUHAIJIEIKAT
npocrpanctey R™, a |- | — vopma B R™.

Badukcupyem meorpurarensuyio dyaknmo ¢(-) € Ly[to, p], 1aucio € > 0 u paccMOTPHM 3a1ady
yIIpaBJICHUs C IIOMEXOil U C BO3MOXKHOU I10JIOMKO

Z=—alt,7)u+pv, |u <1, <1 (3.1)
C yCJIOBUEM OKOHYAHMUS
lz(p)| <e. (3.2)
31ech 0603HATCHO
a(t,7) =b(t,7) + c(t)p(t). (3.3)

s mostHOTHL M3soKeHust cautaeM, uro dbyakmuu b;(t) > 0, ¢ = 1,2, f(t) > 0 u ¢(t) > 0

CyMMEpyeMbI Ha oTpe3ke [to, p], npudeM c(t) € L [to, p]. Smecs v = 1 [Tepennmiem ypaBHeHHe
q J—
nomanoit (2.9) aus ypasuenus (3.1)

t t

() = 2 (k) — / a(r, 7)dr ults, 7 () + / Br)dr vt 2(ti)), t <t <tir.  (3.4)

t; t

IIpu tg <t < p onpemenum QyHKIUU

D(t —tnglgp</b1 d?“+/b2 > /p )o(r))dr — D(t),  (3.5)

F(t) = max f(s). (3.6)

OTMmeTnM, 9TO 3TU DYHKIUA ABJISTFOTCS HempepbiBHBIMI. O0O03HATNM

o(z) = é upu |z| > 0 u p(0) — smo6oe ¢ orpannuenuem |p(0)] = 1. (3.7)

Teopema 1. Ilomexa v = o(z) ¢ nekomopvim momermom noromku tg < 7 < p obecnevwusaem
BHINOAHEHUE HEPABEHCTEA,

|z(p)| > max(F(to); |20| + f(to)) (3.8)
ona aobozo ynpasaenus [u(t, z)| < 1 u das amobozo pearusosaswezocs dsusicerus z(t) ¢ HaUarbHbIM

yeaosuem z(tg) = 2.

HJoxkaszarenbctTso. 3abukcupyeM HPOU3BOJIBHBIA MOMeHT nosoMku tg < 7 < p. Iloa-
craBuM nomexy v = o(z) B dopmyiy (3.4). Torna uz (3.7) u HepaBeHCTBa TPEYrOJbHUKA CIIEJYET,
470 JII06ast JToMaHast 2, (t) B ToUKax t; ee pasOUEHUs W yOBIETBOPSET HEPABCHCTBY

tit1 tit1 tit1

zo(t;) + / B(r)dro(z)| — /a(r,T)dr: |20 (t:)] — /(CL(T,T)—,@(T))CZT.

t; t t;

|2 (tig1)] >

[Ipocymmupyem stu HepaBencTBa. st 1060l TouKE t; pa3sOUEHUS W IOy IUM

|20 (D) = |2 (ti)| — /(G(TJ) — B(r))dr. (3.9)
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[Tycrb 1mOC/IEI0BATEIBHOCTD JIOMAHBIX 2, (t), y KOTOPBIX JMAMETpBI pa3bHeHHil CTpeMsTcs K
HYJIIO, PABHOMEDHO CXOJMTCsI Ha OTpe3Ke [tp,p| K paccMmarpuBaemomy jsizkenuto z(t). Torma us
(3.9) nosyunm, uro

12(p)] > J2(8)] — / (a(r.7) — B(r)dr (3.10)

aist moboro tg <t < p.
IIycrs |z0| + f(to) > F(to). U3 (3.3) u (3.5) cieayer, 9TO CyIeCTByeT MOMEHT HOJIOMKH to <
p

7 < p Takoit, uro f(tg) = /(ﬂ(r) — a(r,7))dr. Orcrioma u u3 dopmynst (3.10) npu t = tg umeem
to
HepaBeHCTBO (3.8).
Iycrs |20] + f(to) < F(to). Uz dopmyn (3.3), (3.5) u (3.6) cmemyer, 910 CymECTBYIOT YHCIA
to < s < 17 < p Takue, 4TO

Flto) = / (B(r) — alr, 7))dr.

Orciona u u3 wepasencrsa (3.10) npu t = s nosmyunm, uro |z(p)| > |z(s)| + F(to) > F(tg). Crano
6bITH, HEPABEHCTBO (3.8) BBIIOJIHEHO. O

Teopema 2. Ynpasaenue u = p(z) obecnewusaem 6unoAHEHUE HEPABEHCMEA

2(p)| < max(F(to); 20| + f(t0)) (3.11)

das 0600 nomezu |v(t, z)| < 1 u npu aobom momenme nosomru ty < 7 < p das 406020 pearuso-
saswezoca deudicenua z(t) ¢ navasvnvm yeaosuem z(to) = 2.

HJoxaszareunnbctso. U3(3.5)u(3.6) cienyer, aro f(p) =0u F(t) > F(p) = 0 upu Bcex
to <t < p. [losromy, eciu |z(p)| = 0, To nepasercTso (3.11) BBIIOTHEHO.
[Tycrs |z(p)| > 0. Iokaxkem, 4ro cymecrByer aucio ty < t, < p Takoe, 4To

|2(t)| < max(F(to); |zo] + f(t0)) — f(t+), (3.12)
|2(t)] > F(t) — f(t) nns Beex t, < t < p. (3.13)

Hepagencrso (3.12) Bbinosineno upu t, = to. [loaromy, eciin mepasencTso (3.13) BBIIOJIHEHO IPH
Bcex tg < t < p, TO UCKOMBIM YHUCJIOM ty OyIeT tg.

[Tycrs HepasencTso (3.13) Hapymaercst jjisi HEKOTOPbIX uucen ty < t < p. ObozHaumMm uepes
t.« BepxHIOIO I'panb 3tux unces. [lockoubky f(p) = F(p) = 0 u |z(p)] > 0, 1o to < t. < p. Hasee,
HepaBeHCTBO (3.13) BbimosiHeHO TpU Beex t, < t < p, a npu t = t, B HEM JIOCTUTAETCS PABEHCTBO.
Orcroza, yanThiBasi MOHOTOHHOCTL (byHKimu F'(t), noaydum, 4ro

|2(t)| = F(ts) = f(te) < F(to) — f(£).

CrenoBarenbHo, HEPaBeHCTBO (3.12) BBIIOIHEHO.
Badukcupyem uncio t, < t* < p. [lockonsky F(t) > f(t), To u3 nepasencrsa (3.13) cienyer,
YTO CyIIECTBYeT 1ucyao ¢ > 0, 1718 KoToporo

|z(t)] > 20 upm Beex t* <t < p. (3.14)

IlycTb 1OCTIEI0BATEIBHOCTD JIOMAHDIX 2, (1), ¥ KOTODBIX JUAMETPbl Pa3OMEHHN CTPEMSITCI K
HYJIIO, DABHOMEPHO CXOJUTCSI Ha OTpeske [to,p] K paccmarpuBacMoMmy jsmkenuio z(t). Torma us
HepaseHcTs (3.13) u (3.14), ucHoIb3ysT PABHOMEPHYIO CXOAUMOCTD 2, (t) — 2(t), mosyanm

|2, ()| > 0 mpm Beex t* <t <p (3.15)
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s BCEX JIOCTATOYHO Gosbux HoMepoB k. VI3 nepasencTsa (3.15), ncnosbayst CBOHCTBO abCOTIOTHOM
HelnpepbIBHOCTU HHTerpasia Jlebera [12, c¢. 282], nmeem

S
|20, ()| — /a(r, T)dr > 0 npu Beex t* <t < s <t+d(wg) <p. (3.16)
t

Or6pacbiBast HEHYKHbIe HOMepa k, cauraeM, 9To HepaBeHcTBa (3.15) u (3.16) BbIIOJHEHBI /1T BCEX
HOMepOB k.

Pacemorpum omanyio z,, (t). Ilycrs ¢;, 1 < t* < t;, < ... <t 41 = p — 9TO YaCThb TOUEK
pasbuenust wy. Vcnonb3yst HepaBeHcTBO (3.15), u3 dopmyssr (3.7) mosydum, 4To

_ Zw; (tj)
|ij (tj)| ’

u(ts, 2w, (t5)) J =, .

[Mogcrasum 310 yupasienue B dopmyiy (3.4). Tomyanm

ti+1 ti+1
2 (£5)] / ar,7)dr| + / B(r)dr, j=TrT.

tj tj

|20y, (Ej+1)] <

Orcronia n n3 mepasencTsa (3.16) ciemyer, 910

tjt1 tit1

|2k (4] < |20 (85)] = /a(m)dTJr /ﬁ(r)dn J =ik, by

[Tpocymmupyem 3Tu HepaBeHcTBa. Mmeem

P

0] < (8] + [ (50) = atr )

b,
[Tepeiimem K mpeseay B 3TOM HepaBeHCTBE W yuTeM, 4uTo t; — t*. B mosyunsiemcs nepaBeHCTBe
nepeiiziemM K npegeny npu t* — t,. B pesynbrare

P

2(p)] < |=(t)] + / (B(r) — a(r,7))dr.

ts

Orcrona, ucnonb3yst dopmyssl (3.5) u nepasencrBo (3.12), BbIBosuM TpebyeMoe HepaBEHCT-
BO (3.11). O

I/I3 9TUX TEOPEM IIOJIyIUM, 9YTO €CJIN BBIIIOJIHEHBI HEPpAaBEHCTBa
|20 + f(to) <&, Flto) <&, (3.17)

To yupasienne u = 0(z) obecmedmBaeT BBINOJIHEHWE HepaBeHCTBa (3.2) st Jioboil momexw
lu(t, z)| <1, mas moboro MoMeHTa TOJIOMKHU tg < 7 < p U Jyis JHOOOI0 Pean30BaBIIErOCs [J[BH-
KeHus z(t) ¢ HaYAJIBHBIM yeaoBueM z(tg) = zo. Eciu ke omHo u3 HepaseHcTs (3.17) He BBINOJIHEHO,
TO noMexa v = 9(z) IpU HEKOTOPOM MOMEHTE MOJIOMKH O6ECIIeYMBACT BBIIOIHEHHE [POTHBOIOJIOXK-
HOTrO HepaBeHCTBa |z(p)| > € must soboro yupasmienus |u(t, z)| < 1 u st 1106010 peaan30BaBIIerocs
JBIzKeHnst z(t) ¢ HavaJIbHBIM ycsioBueM z(tg) = 2.
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4. YciaoBud ONTUMAJBLHOCTH B OJHOTHUIIHOI 3aJade

YunreiBas dopmyist (3.5) u (3.6), nepenuniem yciosust (3.17) B ciemyromem Bue:

P

ol + [ (B(r) = etr)or))dr = Dito) ~ <0, (11)
/(ﬂ(r) —c(r)o(r))dr — D(t) —e <0 ays Beex tog <t <p. (4.2)

31ech
>0, ¢()€ Lylto,pl,  #(t) = 0. (4.3)

Jlajee OymeM CYUTATH, UTO BBIMOJHEHO CJIEAYIOIIEE IIPeII0JI0KEHIE.

IIpenmonoxkenne 1. Pynxyusa G : [tg, +00) = R asasemca nenpepwienoti, cmpozo 603pacma-
em, u G(g) = +00 npu € — +00.

Pacemorpum 3amaay
p

o(.0()) = Gle) + [ o(rydr — min (1.4

to

¢ orpanmdennsimu (4.1)—(4.3).

Teopema 3. [Iycmv g9 > 0 u ¢o(t) — pewenue 3adavwu (4.1)~(4.4). Tozda pewernuem 3adavu
(2.7), (2.8) asamromesa pyrrkyuu ¢o(t), u = o(z) u wucao Vo = g(eo, do(-)).

JoxkaszarTesubcTBO IPOBOAUTCA 110 AHAJOIUH C JIOKA3aTEJILCTBOM TeopeMbl 2 u3 [9]. [

Bameuanune 1. Iockonbky dyukius (3.7) yuosaersopsier yeaosuio |o(z)| = 1, To Teope-
Ma 3 OCTaeTCs CIpaBeJInBOl U Jiisl CJlydasi, KOTja OrpaHuvIeHne Ha ylpasjieHue u B 3ajade (2.7),
(2.8) umeer By pasencrsa |u| = 1.

Teopema 4. Pewenue 6 3adaue (4.1)—(4.4) cywecmsyem.

ﬂ OKa3aTeJbCTB O IIPOBOAUTCA IIO aHAJIOTUU C JOKa3aTCJIbCTBOM TECOPEMbI 3 u3 [9] O

Bameuanue 2. Ecm gononaurensuo k npeanoiaoxkennto 1 dyukmus G : [tg, +00) — R
SIBJISIETCsI BBIITYKJIOH, TO pertierne B 3aade (4.1)—(4.4) cymecTByer u emHCTBeHHO. EMHCTBEHHOCTD
caeryer u3 Toro, 9o cszu (4.1) u (4.2) ABAAOTCS JIUHEHHBIMI OTHOCUTEIHHO HEM3BECTHBIX € > ()
u ¢(t) > 0, a dyakuuonas (4.4) BBIIYKJBIA 110 9TUM HEU3BECTHBIM, IpUYeM 10 ¢(t) OH CTPOro
BBIILYKJIBI.

ITpuBeieM JOCTATOYHBIE YCIIOBHUSL, IPH BBIIOJHEHUN KOTOPBIX YHCJIO €9 U DyHKIS ¢o(t) sBis-
forcst perterneM 3azaqn (4.1)—(4.4). JlokazaresbcTBa TeOpeM, KaK U JOKA3aTeIbCTBA AHAJIOTMIHBIX
TeopeM B pabore [9], 6asupyrorcs Ha mpuMeHeHHN HpaBuiia MHOKHTestelt Jlarpamka. OgHako HaIm-
que caaraemoro D(t) B ycnoBusix (4.1) u (4.2) morpe6oBaiio BHeCEHHE HEKOTOPBIX M3MEHEHUI B 9TH
JI0Ka3aTeJIbCTBA.

Teopema 5. [Tycmv wucao gy u pynruus ¢o: [to, p] =R ydosaemeopsarom yeaosusam (4.1)—(4.3).
ITyemsv cywecmeyrom wucao A > 0 u neybuwsarowas na ompeske [to, p] dynryus 6(t) maxue, wmo
O(tg) =0 u

P

/ O(r)(6(r) ~ c(r)en(r)dr — [ D(r)db(r) = 6(p)zo. (4.5)

to
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A(/@Wﬁ—dﬂ%&ﬂh+@d—0aw—m)=o, (4.6)

to

G(gg) — (A +0(p))eo < G(e) — (A + 6(p))e npu arobom € > 0, (4.7)

c(t) 1/(g—1)
o) = (Lrcown) e ve ol (1)
Tozda wucao gy u pynryus ¢o(t) asaaomea pewernuem sadavu (4.1)—(4.4).

Joxkasarennctso. Bosbmem mpoussosbuble unciao € > 0 u dyuxmuio ¢(-) € Lg[to, p],
¢(t) > 0. Bamumem dbyuknuo Jlarpanxa

Ale, o() /¢q dr+/ </p ¢(r))dr — D(t) —a)d@(t)

to

p
([ (60 = o) + ol - Dlt) <) (1.9
to
Bropoit unTerpan B 3roil hopmyne sBigercd uHTerpajgoMm Pumana — Cruarbeca. Ilockoabky
qucsio A > 0, a dyukuus 0(t) He ybbiBaer, To Jyist JOObIX € U ¢(t), YIOBIETBOPSIONIUX YCIOBUIM
(4.1)—(4.3), BBILOJIHEHO HEPABEHCTBO

A@wwgcw+/wmw

[Tpumensist hopmMy/Iy MHTErPUPOBaHUST IO YacTsiM B uHTerpasie Pumana — Crusrbeca |15, . 134],
IIOJIYYUM, YTO

jwmmmﬂwwmw—jwu+ew /(i o)~ D(t) ~ =) ab(),

to to

Baech yureno, aro 0(ty) = 0. Ilosromy dopmyna (4.9) npumer Bu

Ae,¢() = G(e) = (A +0(p))e
p p
+ /(cbq(T) — (A4 0(r))e(r)o(r) + (A +0(r))B(r))dr — /D(T)dG(T) + A(lzol = D(to)).  (4.10)
to to
Munumansioe suadenne ¢yuxnun Jlarpamxa mo ¢(-) € Lgto, pl, ¢(t) > 0 HaxonuTCsa U3 yCIOBHUs
MHUHUMYMa IIOABIHTETPDAJIBHOT'O BbIPpazKEeHU A

(@) = o — (A+6(r))e(r)¢p — min, ¢ > 0.

Oyukuus p(¢) asiasercs Buinykoi. [IpupaBHuBasg K HYJIIO €€ MPOM3BOIHYIO, IIOJYYUM, YTO MU-
HUMaJIbHOe 3HadeHne dbyukuuu Jlarpanxka pocrasiser HeorpuilareabHas dynkuus (4.8). Hasee,
MOKHO IOKa3aTh |11, c. 63|, aro dyukrums (4.8) npunanieur npocrpaictsy Lg[to, p]. Munumusa-
must Gyuxmun Jlarpamka (4.10) mo mepemennoii € gaer ycnosue (4.7). Hasee, uz ycnosuit (4.5) u

(4.6) caemyer, uTo
p

Am@wnzmw+/%mm

to
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BosbmeM unciio € u dbyHnximio ¢(t), Koropsie yaosiaerBopsitor yeaosusim (4.1)—(4.3). Torma nmeem
G(eo) /% Ydr = Aleo, d0(+)) < Ale, (1)) < G(e /¢q -

Teopema 6. Ilycmv donoanumenvno x npednoaosceruro 1 gynrkyus G : [0,4+00) — R a6aa-
emcea evinykaol. Tozda daa pewenus o, ¢o(t) sadauu (4.1)~(4.4) natddymea wucao A > 0 u Heyooi-
sarowan yrkyua 0 : [tog,p] — R ¢ O(ty) = 0, xomopwie ydosaemsoparom ycaosusam (4.5)—(4.8).

ﬂ oKas3aTeJbcCTBOoO. Bosbmem I10CJI€JOBAaTECJILHOCTD pa36I/IeHI/II7I
@) ) (%) (2)
Y KOTOPBIX juaMeTpbl d(w;) CTpeMsITCs K HYJIH0. 3allUIeM HepaBeHCTBa

p

/(5(@ () (r))dr — D(t) — <0, =T,k (4.11)

tj

Pacemorpum onrumusanuonnyio sagady (4.4) ¢ orpanudenusivu (4.1), (4.3) u (4.10). D1u orpa-
HUYEHUS SBJISAIOTC COBMECTHBIMU. AHAJIOTHYHO TeopeMe 4 J0Ka3bIBAeTCs, 4TO B 9TOMH 3a/1a4e Cylie-
CTBYeT eIMHCTBEHHOE pelieHue &;, ¢;(t). PaccmarpuBaemast 3ajada sABjIsieTcs 3ajadeil BBILYKJIOTO
[POrpaMMHUPOBaHMUsl, CBI3H B KOTOPOIi yioBiersopsiior ycsosuio Cueiirepa [16, c. 53]. ITo Teope-

me Kyna — Takkepa [16, c. 90-91| cymiecrByer HabGop MuOXKuTes el Jlarpanka 2@ > 0, )\g-i) >0,

j =1, k;, Takoii, 9TO BBIIIOJHEHBI YCJIOBUS JOMOJTHSIIONIECH HEXKECTKOCTH

A® (/(ﬂ(r) —c(r)¢i(r))dr + |20| — D(to) — 6,~> =0, (4.12)

to

A ( / (B(r) — e(r)i(r))dr — D(tY) — ) =0, j=TFk, (4.13)

0
2

u ycaosue MunumyMa dyuknun Jlarpanxka A;(g;, ¢i(+)) < Ai(e, ¢(+)) mas mobbix € n ¢(+), Koropsle
yaosisiersopsitoT (4.3). 31ech

Ai(e, 6(:) /¢q dr+)\(2<

8\@

—c(r)p(r))dr + |zo| — D(to) — E)

C nomorpio QyHKIMH

Oi(t) =4 oo T - (4.14)
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sarmmenm bynxmuo Jlarpamka A;(e, ¢(+)) dopamymoit (4.9) mpux A = XD, 0(t) = 0;(t). Ilosromy oma
MozkeT GbITh 3ammcana dopmymoii (4.10) mpu A = XD, 0(t) = 6;(t).
Munumusupys 1o e dyukmuo A;(g, ¢(+)), moaydnm HeEpaBeHCTBO

Glei) — AD +0;(p))es < G(e) — AD +60;(p))e mnst moBoro umcna & > 0. (4.15)

Munumusupyss o ¢ > 0 mompiHTErpasbHoe Bhipaxkenue B dopmyse st dyHkiuu Jlarpamxka
Ai(g,¢(+)), nomyanm paBeHCTBO

50 = (L0 +a0) " (4.16)

MoxHO cunTaThb, ato A + 0;(p) > 0 nyist Beex oCcTaTOUHO GOJIBIIMX HOMEPOB i. B camoMm Jieste,
nycrs Am) 4 6; (p) = 0 11t HEKOTOPOH TIOATOCIEIOBATENLHOCTH iy — 00. VI3 HEOTPHIIATETLHO-
cTi Muoxureseii Jlarpamka u w3 dopmyast (4.14) momyumy, aro sce A u 6; (t) pasmbr 0 s
aoboro t € [tg,p]. YuurbiBas npeamnosoxenue 1, uz dopmyist (4.15) moaydum, uro see g;,, = 0.
13 dopmyasr (4.16) caexyer, aro ¢;, (t) = 0 puist soboro t € [tg, p]. Crasno 6eitb, € = 0 u ¢(t) =0
yaosisierBopstoT yeaosusim (4.1) u (4.4). Hasee, yauTbiBast, 4T0 uaMeTpbl pasdueHuii w;,, CTpeMsiT-
csl K Hyso, a £, = 0 u ¢; (t) = 0 ynossersopsitor HepasencTsam (4.11), noxyuum, aro € = 0 u
¢(t) = 0 ynosrersopstior ycaosuio (4.2). Craso 6bith, € = 0 u ¢(t) = 0 sBISIOTCsI pellieHneM 3a,1a9u
(4.1)—(4.4). B sTom ciyuae yenosust (4.5)—(4.8) Beimosnenst npu A = 0 u 0(t) = 0.

Bygem cumrars, aro A9 + 6;(p) > 0 mas Bcex HOMepos i. ITockombky pemenme £g 1 ¢o(t)
sagaun (4.1)—(4.4) ynosnersopsier orpanmdenusiv (4.11), ro g(g;, ¢i(+)) < g(eo, ¢o(+)). U3 s1oro
HepaBeHcTBa U u3 dopmyibl (4.4) ciaemyer HepasencTso G(g;) < g(eg, do(+)). Orcrona, ucnonb3yst
IPEJIIOIOKEHNE 1, MOSYUIUM, UTO IOC/IEI0BATEIHLHOCTD YUCE €; OTPaHMYeHa CBepxy. llepexoss,
eC/IM HY¥KHO, K MOJIIOC/IEIOBATEILHOCTH, OYIeM CIUTATh, 9TO & — €4 > 0.

[Tokazkem, uTo cymecTByeT uuciao B > 0 takoe, 4To

AD < B 0;(p) < B ast seex i > 1. (4.17)

ITo yemosuio Teopembl dyukiws G : [0, +00) — R gBisercs nenpepblBHON 1 BbIyKJoi. [Tosro-
My [14, c. 61] cymecrBytor yucia By > 0 u § > 0 rakue, 9ro

|G () — G(ex)| < Bole — e mnst Beex |e —ei| < 30, € > 0. (4.18)

ITocKOIBKY €; — €4, TO |&; — €4 < 0 JyIst BCex i, HAUMHAsI ¢ HEKOTOPOro Homepa. IIpomssoss
[EPEHYMEPOBKY, CYMTAEM, UYTO HEPABEHCTBO |£; — €, < 0 BbimosHeHO st Beex @ > 1. Bosbmem
e = e, + 24. Torga u3 nepasencts (4.15) u (4.18) nosyunm, 4ro

AD+0:(p)(e—ei) < G(e)—G(e;) < |G(e)—G(e.)|+]G(e)) —G(es)| < Bo(le—eu|+|ei—e.]) < 3Bod.

[TockombKy € — €; > 0, TO U3 MPEILIAYIIEr0 HEPABEHCTBA CJIEIyeT, UTO 2D 4 0;(p) < 3By. Orcrona
u 13 Toro, aro A% >0 u 6;(p) > 0, momyuum mepasencrsa (4.17) ¢ B = 3B,.

Kaxnast usz dynkuuii (4.14) ue yopiBaer Ha orpeske [tg, p| u yuosiersopsier pasenctsy 6;(0) = 0.
Orcroma n u3 Broporo Hepasencrsa (4.17) momyqmnm, uro 0 < 0;(t) < B mus Beex t € [to,p]. Ha-
nee, mosiHast Bapuanus [12, c¢. 313| dyukuun (4.14) pasua 0;(p) — 6;(to) < B. Cornacuo Bropoii
reopeme Xesutn [12, ¢. 346] u3 nocnenosarenbrocTu dynknuii (4.14) MOXKHO BBIJIEIUTD HOJIIOCIIEI0-
BaTEJILHOCTD, CXOJISIIYIOCS B KaXK/I0il TOUKe oTpesKa [tg, p| kK Hekoropoii dyukimu 6(t). Ipenenbuas
dbyHKIMst He yObIBaeT U yiosiersopsier paBeHcTBY 6(tg) = 0.

[Tockosbky 0 < \D < B , TO U3 MOCJIEI0BATEIbHOCTH UHCEJT AD nozkHO BBIJIEUTD CXOISIIYIOCS
HOJIIOC/IeI0BAaTEILHOCTD. He BBOJSI HOBBIX 0O0O3HAYEHUil, CUuTaeM, 9TO

lim 0;(t) = 0(t) nost Beex t € [to,p] u  lim AW = X > 0. (4.19)

1—00 1—00
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U3 dopmys (4.16) u (4.19) nomyunm, aro lim ¢;(t) = ¢.(t) st moboro ¢ € [tg, p, rae npeenb-
11— 00
Hast QyHKIUA ¢y (t) 3amaercs dopmyioit (4.8). [TlosTomy ona HpHHAIIEKUT TPOCTPAHCTBY Lg[to, pl.
U3 dbopmya (4.16) u (4.17) caemyer, uro
2B\ 1/(1=q)
0 <c(t)pi(t) < <—) A(t) upm Beex t € [to, pl. (4.20)
q

)

Badukcupyem unciio t € [tg, p]. Ilycrs tg»i) <t< t§i+1. Torna u3 mepasenctsa (4.11) momy«wmM, aTo

D(tgi)) +& > /(5(7") — c(r)ei(r))dr = /(5(7”) —c(r)gi(r))dr

0
2

+ j c(r) i (r)dr — /t B(r)dr. (4.21)

O] (©)
tj tj

Jlastee, yauTeiBasi, 9TO AMAMETPBI PA30UEHUN w; CTPEMSITCS K HYJII0, UMEEM

t t t
0< lc(r)q%(r)dr < (%)U(l_q) /cl(r)dr — 0, /B(T)dr — 0.

i (4) ()
t; t t;

Baech ucnosnb3oBanbl HepaBeHCTBO (4.20) u Teopema 06 abCOIOTHON HEIPEPLIBHOCTU MHTErPAJIa
Jlebera. ITo Teopeme Jlebera [12, c. 284|
P P
/(ﬁ(?“) — c(r)gi(r))dr — /(ﬁ(?“) — c(r)@«(r))dr.
t t
ITosromy, iepexozisi B HepaBeHcTBe (4.21) K mpejiesty, Oy duM
p
/(5(7’) —¢(r)p«(r))dr < D(t) + e, upu mobom t € [to,pl.
t
CraJio ObITh, £, U ¢4 (t) yaoiersopsitor yeaosuio (4.2). Ilockonbky &; u ¢;(t) yI0BIETBOPSIOT HEpa-
BeHCTBY (4.1), TO UX IpeNesIbl £, U ¢y (t) TaKIKe yJIOBJIETBOPSIOT TOMY HepaBeHCTBY. IlokazkeM, 4To
BBIIOJIHEHB! yeaoBust (4.5)—(4.7).

[Tepeiigem k npeseny B pasencrse (4.12). Tlomyunm pasercrso (4.6). 13 dbopmya (4.13) u (4.14)
CJIEeJyeT PABEHCTBO

/9i(7")(ﬁ(7“) — c(r)gi(r))dr — /D(T)d@'(r) = bi(p)ei- (4.22)

U3 mepasencrs (4.17) u (4.20) mveem
@) 1/(g—1) B

q
[Tosromy, nepexojisi B paBeHcTBe (4.22) K 1npejiely U IpuMeHsis TeopeMy Jlebera u mepByio Teopemy
Xesumu [12, c. 344], BuiBomum pasencTso (4.5). 3adukcupyem umcsio € > 0 u nepeiijieM K mpejeiy B
HepasercTse (4.15). [Momyunm HepaBercTsBo (4.7) npu g = &,.

ITo Teopeme 4 mpenenst £, n ¢, (t) saBisitores perenneM 3agaqn (4.1)—(4.4). B cuy equncTBen-
HOCTH €, = €0 U ¢x(t) = Po(t). O

Bameuanue 3. Ioxcrasisis B dopmyist (2.5) u, = u* = p(z) , rue z onpenessiercs
dbopmyioit (2.6), naiiaem yupasienus £ u Y B ucxojHoit 3anade (1.1).

0 < c(H)ai(t)0t) < (1)
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AJITOPUTMBI IIOCTPOEHN A JIOKAJIBHBIX 9KCITOHEHIINAJIbHBIX
CIIJIAMHOB TPETBEI'O ITOPIJIKA C PABHOOTCTOMIIINMU Y3JIAMU

B. T. llleBanaux

Pabora mnocssiieHa MOCTPOEHUIO HOBBIX JIOKAJbHBIX SKCIOHEHIIMAJIBHBIX CIJIAHOB C PABHOOTCTOSIIIUMU Y3~
JIAaMH, COOTBETCTBYIOIINX JinHeiiHOMY nuddepennunaabaomy orneparopy L£3(D) TpeTbero nopsifika BHAA

L3(D) = (D = B)D =)D =36) (B,7,6€R)

W YCTAHOBJIEHUIO TOPSIKOBBIX OIEHOK CBEPXY JJIsl MOTPEITHOCTH AINMPOKCUMAIUU STUMU CIUIAHAMUA B paB-
HOMEPHOI MeTPHUKe Ha CODOJIEBCKOM KJlacce TPHKbl quddepeHnupyemMbIx dOyHKIMi Wo£<,3. B uwacraocTH, mjis
mudbdepenmanbroro oneparopa L3(D) = D(D? — 32) npusesiena obias cxeMa MOCTPOSHUA JIOKATBHBIX CILIAM-
HOB C JIONOJIHATE/ILHBIMU y3JIAMU, IPUBOMAINAS B OJHOM CJIydae K U3BECTHBIM (POPMOCOXPAHSAIONIAM CIJIARHAM,
a B JIpDyrOM — K HOBBIM MHTEPIIOJISIMOHHBIM JIOKAJIbHBIM CIUIAfHAM, TOYHBIM Ha sape oneparopa L3(D).

KumoueBbie ciioBa: JIOKaJbHbIE SKCIOHEHIIMAIbHBIE CIUIARHBI, JUHEHHBINA nuddepeHuaabiblii onepaTop, al-
TTPOKCUMAIIs, THTEPIIOJIAINA.

V. T.Shevaldin. Algorithms for the construction of third-order local exponential splines with
equidistant knots.

We construct new local exponential splines with equidistant knots corresponding to a third-order linear
differential operator L£3(D) of the form

L3(D) = (D =)D =)D =6) (B,7,6 €R).

We also establish upper order estimates for the error of approximation by these splines in the uniform metric
on the Sobolev class of three times differentiable functions Wocog In particular, for the differential operator
L3(D) = D(D? — %), we give a general scheme for the construction of local splines with additional knots,
which leads in one case to known shape-preserving splines and in another case to new local interpolation splines
exact on the kernel of L3(D).
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BBenenue

Teopusi JIOKaJIbHBIX CIIaitHOB Geper Havaso ¢ paborer [1] T.Jluua u JI. [llymeiikepa, B KoTO-
POt ObUIN TTOCTPOEHBI JIOKAJIBHBIE [TOJTMHOMUAAIBHBIE CILUIANHBI ¢ IIPOU3BOJIBHBIMU y3JIaMu Ha ocu R,
COXPAHSIOIINE ITPOCTPAHCTBO ajredpandecKux MHOTOWICHOB 3aJiaHHON crerenu. CyliecTBEeHHBIH
BKJIAJ] B Pa3BUTHE NPAKTHIECKUX METOJIOB 3Toi Teopun BHecsa MoHorpadus [2] FO. C. 3aBbsiiosa,
Bb. 1. Ksacosa u B. JI. Mupomuunuenko. Ciestyer takzke ormeruthb uccienopanusi H. I1. Kopreitayka
[3] Mo HAXOXKIEHUIO TOYHBIX KOHCTAHT B TEOPUM JIOKAJLHON AIIPOKCUMAIMH IIOJMHOMHUATLHBIMI
CIUTaffHAMU B CJIydae, €CJIU y3JIbl CIJIaiHa PACIIOIOXKEHBI PABHOMEPHO.

Jlannast cTaTbs MOCBSIIEHa YTOYHEHUIO U JIAJIbHENIIIEMY Pa3BUTHIO METOJIOB JIOKAJILHOMN AIIIPOK-
CUMAITMU SKCIOHEHIIUATBHBIME CIIaiiHamMu 13 MoHorpadun asropa [4]. ens uccienosanus — mosry-
YeHue HOBBIX (DOPMYJI JIJIsl TaPAMETPOB TVIAJIKUX SKCIOHEHITUAIBHBIX CIJIARHOB TPETHErO HOPSIKA C
PABHOOTCTOSATIIUMU Y3JIaMU, COOTBETCTBYIONIUX JIMHEHHOMY (D PEPEHITNATBHOMY OIIEpATOPY BHUJA

L3 = L3(D) = (D= B)(D —~)(D —9),
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e D — cumBon jguddepeHupoBanus u 3, v, § — MPOU3BOJIbHBIE JEHCTBUTEIBHBIE YHCIIA.

B nepBom pasmeste cratbu MbI 06061IaeM cooTBeTcTByIONNE uccaeaoBanus 1. Jluaa u JI. [lymeii-
kepa [1| B HOJIMHOMUAILHOM CJlydae Ha SKCIOHEHIUATbHBIE CIUIAHHBI ¢ PABHOOTCTOSIIMME y3JIAMHU,
COXPAHSIIOIHE sIPO orepaTopa L3, T. €. BCEBO3MOXKHBIE JIHHEIble KOMOHHAIIIN SKCIOHEHT €77, ¢1®
1 %% yrounsis npu 31oM HeKoTOphie pesyanrarsl E. B. Crpenxosoit (Ilesasaumoit) [5;6] (cum. Taxxe
[4, ru. 1]). B sTom pasese npuBoasiTcst siBHbIE (GOPMYIIBI JJisl IAPAMETPOB TAKUX CILIAHHOB.

Bo BTOpOM pasiese paccMaTpPUBAIOTCS JIOKAJILHLIE SKCIIOHEHIMAILHBIE CILIAMHBI, COOTBETCTBY-
fomue oneparopy L3 BAIA

L3 = L3(D)=D(D?*- 5% (8>0).

Ucnonbsys unen pador 7] FO. H. Cy66oruna u [8] B. 1. Kacosa (06e pabGoThl HOCBSIIEHBI JIOKATb-
HBIM T1apabOJIMIECKUM CIUIAfHAM), B KOHCTPYKIIUIO JIOKAJIBHBIX CIJIAfHOB Mbl J00aBJIsieM K OCHOB-
HBIM y3J1aM JIONOJIHUTE/IbHBIE y3Jbl ([OCEPeJNHe MeXK/y OCHOBHBIMU), UTO MO3BOJISIET, B YaCTHO-
CTH, B OJIHOM CJIy4ae CTPOMTH U3BeCTHBIE (hopMOCOXpaHsiolue ciiaiinel 9], a B 1pyrom — HOBbIe
JIOKaJIbHbIE HMHTEPITOJISAIMOHHBIE SKCIIOHEHIINAIbHbBIE CILIAMHBI, OJu3Kue 10 (GopMe K 3PMHUTOBBIM
napabosmueckum ciuaiinam B. 1. Ksacosa [§].

B rperbeMm pasmene craTbi IPUBOAATCH IOPSIIKOBBLIE OIEHKU IIOPEIIHOCTU AIIIPOKCAMAIII
ITOCTPOEHHBIMU B MPEIBIAYIINX Pasienax JIOKAJbHBIMUA 3KCIIOHEHIINAIBHBIMI CILIAHAME C PaBHO-
OTCTOAIIUMU y3JaMHA. A MMEHHO JIOKAa3aHO, YTO Ha KJjacce TPHKABLL auddepeHnupyeMbix (yHK-
i VVOEO3 B C/Iydae PAaBHOMEPHOH CETKM y3JIOB CILUIAHHOB ¢ maroMm h > (0 BeudnHA TaKOH ITOr'PEIr-
HOCTH aIlIPOKCHMAIIME B PaBHOMepHOil Merpuke pasna O(h3).

OTMeTuM, 4TO IPAKTUYIECKU BCsd HeobxomuMast 6ubnorpadus 1o JaHHONR TEMATUKE COAEPKUTCS
B MoHorpacduu [4] aBropa crarbu. Kpome Toro, Tam usjioxena Teopusi JOKAIbHBIX TPUTOHOMETPHYE-
CKHUX CILTAffHOB TPETHEro MOpsiaKa, ApyTrue 0oJee obIIue pe3yaIbTaThl 0 JTOKAJIBHON alllPOKCUMAIIAN
U PACCMOTPEHBI JIOKAJIbHbIE CIUIAHHBI ¢ POU3BOJILHBIM (He 00s13aTeIbHO PABHOMEDPHBIM) PaCIIOJIO-
JKeHMeM y3JI0B He TOJIbKO Ha ocu R, HO U Ha JII0O0OM OTpe3Ke DTOH OCH ¢ OIPEICJIeHHBIM BBIOOPOM
IPAHUYIHBIX YCIOBUI. Bce 3TH BOIPOCH! B HACTOSAIIEH CTAThe MBI 3aTPAruBaTh He OYIeM.

1. DkcnoHeHNMaJIbHbBIE CIUIAHBI TPETHEro IOPS/IKAa, TOYHbIE HA sipe
nuddepeHInaILHOTO olepaTopa

[Iycts D — omeparop auddepeHnnpoBanus u
L3 = L3(D) = (D - B)(D —y)(D —9) (L.1)

— JmHeHb quddepeHnInanbHbIi OepaTop TPEThero HMOPAIKa, KOPHSAMH XapaKTEePHCTHICCKOTO
MHOTO4JIeHa KOTOPOro ABJIsoTca ancaa 3, v, d € R. B gannom paszzesne 6yaeM cuuTaTh, 9TO BCE 3TH
YHCJIa TOIAPHO PA3INYHbI U He PaBHBI HYJII0. DKCIIOHEHITNAIbHBINA Oa3UCHBIA CILIaiH (B—cnnaf/’lH) HA
orpeske [—3h/2;3h/2] (h > 0) c paBroOTCTOsIIME y3inamu —3h/2, —h/2, h/2, 3h/2 onpeneium
Kak OObIUHO (CM., HampuMep, [4, ri. 3|) dopmysoii

(v — 8)eBE+3) 4 (5 — B)@ %) 4 (B — 4)ed@ts), ve [_ %; _g]7
—(y = 8)(e + M)ePEtTE) — (5 — B) (e + Pl @HE)
h
— B+ MID, g [0,
2'2
Blay=m h h (1.2)
(v — 6)e0thefe=2) 1 (5 — B)e+Aherle=s) 4
+ (B —m)ePHhda=3) g [g %}
3h 3h
k " v |- 55
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B nanuoM pasgesie 6yieM CYUTaTh, YTO HOpMaJu3yonwii Muokuresb m = m(h) pasen 1. Heciioxuo
IIOHATDL, YTO

o(B)-n(-2) -0 #()=r(-2) -0 mwmp- [ B Y] w peciy

st dyaximuu f: R — R mosroxum
Yjiva = f((T+a)h) (5 €Z).

Bumech o — uKCUpoBaHHOE JIEHCTBUTEILHOE YUCIO, IIPpUYeM, He OrpaHHYUBasd OOLIHOCTH, OyeMm
cunrarh, uro —1/2 < a < 1/2. Pacemorpum dbyHKImoHA

Iito = C1Yjra + C2Yjtratt + C3Yjtrat2,

e Cp, Co, C3 € R. JlokaJbHbI 9KCHOHEHIMAIBHBI CIUIAiH S(2) ¢ PABHOOTCTOAIIMME y3IaMU
(1/24 j)h (j € Z) oupenenum Ha Beeii ocu R (em. [4, ri. 1]) dopmyinoit

S(z)=8(f,z) =Y ILiyaB(x—jh) (x€R). (1.3)

JET

[Tapamerper Cy, Cy u Cs dyukumonana [j, OyaeMm ompeneiaTsh 1o anajgorun ¢ [1], mexons us

DABEHCTB
Sl x) =€ S ,z) =€, S(e,z) =" (zeR). (1.4)

Teopema 1. HUmerom mecmo caedyroujue paseHcmea:

o(1+0)h o 5t —Bha o (B+)h 2 —ha
N e e P e R ) L E e
e(B+1)h o %t —5ha
MR GO E E O
o (e + ewh)e%—h—ﬁha (e + eﬁh)e%—ym
2= (v — 8)(ePh — erh)2(efh — e&h)2 (6 — B)(evh — eBh)2(erh — e5h)2
(efh +e»yh)e%—5ha
o (B — ,Y)(eéh _ e*yh)2(66h _ eﬁh)2’
On — e%—eﬁ’m e%—ﬁ/ha
3= (v — 0)(ePh — e7h)2(ePh — edh)2 + (6 — B)(e7h — eBh)2(erh — edh)2
o3t —0ha

B CER CO DR CD

Hoxaszareannbctso. [lycrs x € [(I—1/2)h; (I+1/2)h] (I € Z). Torna n3 (1.3) nosyuaem
S(x) =IL—14aB(x — (I = 1)h) + L1 B(x — lh) + Ij4q11B(z — (I + 1)h).

He orpannuunsast obutaoctn cuauntaem | = 0, u nycrs —h/2 < x < h/2. Ucnonb3ys (1.2), umeem
h
S(:E) = (C1ya_1 + Coyo + O3ya+1) [(7 _ 5)e’yh+5heﬁ(x+§)
+ (5 _ 6)66h+5h6’y(x+%) + (ﬁ _ ,y)eﬁh+'yh66(x+%)]

+ (C1ya + Cayass + Cayasa) | = (v = 0)(&" + ™)e?+D)
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= (3= B)(e + M) — (5 —4) (e 4 )|

+ (Cayasn + ooz + Cspiays) (7 = )" 4 (6 = B 4 (8- 1)’ 48]

Pagencria (1.4) IpuBOAAT K cUCTEME JIMHEHHBIX ajreOpandecKuX ypaBHEHUI OTHOCUTEIHHO KO-
durmenros Cy, Co u Cs (6osee moapobHBbIE BBIKIAAKK CM. B [5;6]):

o5 —Bha

(v = 8) (e — ePh) (e — )’

1 +02€Bh+03626h =Y =

h
6% —vha

vh h _ vy, =
C1+ Coe™ + Cse 27 (6 = B)(ePh —eh)(eh — erhy)’

Sh 25h e7 ~oha
C1+Cee® + C3e®* = Y3 = .
e G
Pemas nmomyvennyio cucteMy ypaBHEHUil, IOJIydaeM yTBEPXKICHUE TeOPEMBI 1. O

2. SKCHOHeHI_[I/IaJIbeIe CILIAHBI C AOIIOJIHUTEeJbHbIMU y3JlaMU

B macrosimem paszmesie Mbl Oy/ieM paccMaTpUBATh TOJBKO JudepeHnnaabHbIil OepaTop Tpe-
ThEro IIOPsJIKa BUA

Ly = L3(D) = D(D* - %) (8>0) (2.1)

U CBS3aHHBIC C HUM IVIQJKHE SKCIOHEHIUAJbHbIE CILIAHBI ¢ PABHOOTCTOSIIMMHU y3J1aMu. BHada-
JIe U3JIO?KUM OJIMH BapUaHT OOINEll CXeMbl MOCTPOEHUsI JIOKAJIBHBIX CILIAHHOB C JIONOJTHUTETbHBIMA
y3J1aM#, OCHOBAHHBIN Ha CBSA3U JIMHEHHBIX JuddepeHuagibHbIX OIepaTopoB ¢ MOCTOSHHBIMU JIeii-
CTBUTEJIbHBIME KOI(DDUIMEeHTaMI U COOTBETCTBYIOIIUX KOHEUHBIX pasHocreil (M., Hanpumep, [10]).
Vane cnnaiina x; = jh (j € Z) Oysiem HasbIBATL 0CHOGHBLMU, & Y3IbI Tj41/9 = (j+1/2)h (j € Z) —
00NOAHUMENLHBLMU.

Iycrs f: R— Ruvy; = f(jh) (j € Z). dubdepenmmansuomy oneparopy Lo(D) = D* — 32
HOCTaBUM B COOTBETCTBUE Pa3HOCTHBII OlepaTop

AP?y; = yjyo — (2ch BR)y;1 +y; (j € Z),

OIIpeIeJIEHHBIIT Ha IPOCTPAHCTBE HocseqoBareabHocTeil {y;}jcz. On obpamaercs B Hy/Ib Ha CETOU-
HBIX 3HaucHUsAX (¢ marom h) dbyurkmuit e’ u e 5% (wmm, aro To xe camoe, bynkuuit ch Bz u sh fz)
u3 sizipa oneparopa L3(D) suna (2.1). Ha so6om orpeske [jh; (j + 1)h] (j € Z) nokanbHbLii 9KCIIO-
HEHIMAJIbHBIA crutaiin S(x) OyuemM UcKaTh B BUJIE

S(x) = S(f,z) = a+ bsh B(z — jh) + cch Bz — jh) + %{ch [5@ - <j n %)hu - 1}, (2.2)

e x4 = max{0;x} u a,b,c,d € R. Hucna a,b, ¢ u d Haxonum u3 ycjoBuii
1) S(jh) = yj + kALY,
2) S((j+ Dh) = yj1 + kALY,

3) (D%—?)8 = ANy, 1 + BARy;,

z€(jh;(j+1/2)h)

4) (D*-pB%)S = CARy; 1 + DAy,

ze((7+1/2)h;(G+1)h)
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rae k, A, B, C u D — nHekoropble JeiicTBuTe bHbIE Yncaa (06 MX BBIOOpE CKaxKeM 4yThb M03Ke).
[Tocsie HECTIOXKHBIX BBIMUCIEHUN UMeEEM

a = —

52 (AAh Yj-1+ BAh2y])

¢ = — (AAR?y; 1 + BARy;) +y; + kARy; 1,

5
d = (c — A)ARy; 1+ (D — B)Agzyj,

{yﬁl + kAh Y+ ( A%y] 1t BA%%)

Shﬁh 52
- chﬁh[52 (AAﬁ Yj—1+ BAh yj) +y; + k:Ah Yj— 1]
ch 8 _
- S [0 - APy + (D - BATY) )

CnenoBarenbro, Ha orpeske [jh; (7 + 1)h| (j € Z) noxkanbuerii crtaiin S(z) Buga (2.2) Moxker OBITH

3alliCaH B BHUJIEC

1
S(x) = —@(Aﬁfzyj—l + BARy;)

N
+ chB(x — jh) [@ (AAF2y 1+ BARY,;) +y; + kA Y,

sh3(z — jh)

sh Bh { Yj+1 + k‘Ah y; — ch Bhy; — k‘chﬁhAh Yj—1

1
+ @(1 — ch 3h) (AAf2yj_1 + BAf@j)

~ (e @ ~1)[(€ = AAf2y -1 + (D - B)Afy;) }

ch(8(z — (j +1/2)h)4) —1 c c
+ 7 [(C — A)APy;—1+ (D — B)Ay;]. (2.3)
Yucna k, A, B, C'u D 6ynem uckarb u3 coobparkeHuii riajkocTu civiaitna S(z), a IMEHHO, UCXOIs
13 paBEHCTBA

S((G+1)h—=0)=5((j+1)h+0) (jec).

Bbrumcsisist JieBy1o U IPaByio [MPOU3BOJHBIE ClUlaiiHa S(x) B OCHOBHBIX y3iax 1o dopmyse (2.3) u
[IPUPABHUBAST B TOJIYIEHHOM PABEHCTBE KOI(MDMDUITUEHTHI IPH A%yj_l, A%yj u Afzyj_i_l, [TOJTY 9UM
CJIEJIYIONIYIO CUCTEMY U3 TPEX JIMHEHHBIX aarebpanvdecKux ypaBHEHWIL:

< h@_1)A+( hﬁh—ch@> = kp%,

<ch% _ chBh)BJr (1 —¢h %)D S

ﬁ(l—%chBh)JrﬂTlﬁh[( hﬁh Chﬁh>A+ <1_Ch/32h)0] (2.4)
- Al - (- )o] + 22 2

[TockosbKy ypaBHEHUIT TPH, & HEU3BECTHBIX — IIATh, TO Y HAC €CTh JIBE CBODO/IBI BHIOOPA HEM3BECTHBIX
k03 dunuenTos. B maHHOM pasesie Mbl PACCMOTPUM JIBa CJIydasi PelieHus: cucreMbl (2.4).
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Mepeorit cayaait Ilomoxkum B =C = 0. Torma

kB2 1
A=D=—nr— k= ——————.
ch@—l 8ch@ch2@
2 2 4

CraiiHpl ¢ paBHOOTCTOAIIMMU y3JIAMU C TAKMMHU IIapaMeTPaMU COBIAIAIOT CO CILIaiflHAMM M3 pa-
Gorer [9]. Onu, Kak ciegyer u3 [9], ob1aJaAlOT XOPOIIUMHU AIIPOKCUMATUBHBIMU U (HOPMOCOXpPa-
usonumu ceoiicreamu. Ha ux ocuose E. B. Crpesnkoroii (Illesasnaunoii) mocrpoenst Gosee obriue
9KCIIOHEHIMAJIbHbIe CILIAiiHbl, cooTBeTcTBYOmUe oneparopy L3(D) Buga (2.1), ¢ IPOU3BOIBHBIM
HEPABHOMEDHBIM DACIIOJIOKEHUEM Y3JIOB Ha YUCIOBOH ocH (CBOMCTBA TaKuX CILIaiiHOB momumo [9)
cM., HampuMmep, B [4, . 3|).

Bropoit canyuait IHonoxkum k = 0. Torma uz (2.4) nosydaem Tpu JIMHEHHBIX ypaBHEHUST

A(Ch% —1) +C’<ch5h—ch%> _0,
B(chﬁ—zh—chﬂh>+D<1—ch%):0, (2.5)

52-1-(ch%—chﬁh)(A—i—D)—i—(1—Ch%>(3+0):0

OTHOCUTEJIBHO deTbipex HemsBecTHbIX A, B, C' u D. Hepocraromee ypaBHeHHE Il 9TUX HEU3-
BECTHBIX Oy/IeM UCKaTh U3 TOYHOCTH cxeMbl (2.2) Ha QyHKImH, paBHOii KoHcTanTe. Torma us (2.2)
IPUXOAUM K ypPaBHEHUSIM

52
A + B == 75}1,
4sh? > (2.6)
C+D=A+B.
Cucrema (2.5), (2.6) uMeeT eJMHCTBEHHOE DeIlIeHUE
A = D = 4 m7 B = — _m,
Bh
sh —
4
52
rHem = ——g g Takum obpasomM, crutaitn S(x) Buga (2.2) npeacraBisiercss B BUJE
8 Sh2 T ch I
m , m
S(x) = 5 [754}1 ARy — AR2y; | 4 ch Bz — jh) |y; + 7 <_ B4h-A£2yj_1 — A%%)]
sh — sh —
4 4
b 36h
sh B(x — jh) (1 —chpBh)m T4 Ar r
+ W Yj+r1 — chﬁhyj + 52 N ah Ahzyj—l — Athj
Sy
36h
m(ch 82 — 1) sh 1 r r
™ 522 1+ Bh (A3yj—1 — Ay%y))
hZ=
!
1 sh 36k
ch(B(z — (j +3)h)+) — 1 4 _— .
- P 2t 1+ 54h (ARy; 1 —ARy;), x € [fhG+1h] (€ Z). (2.7)
sh —
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DTOT CIUIAlH ABJIAETCI NHTEPHOJIAIIMOHHBIM B TOM CMBICJI€, 9YTO

S(Gh) = yj = f(ih),

OH nMeeT y3/bl “ckieiiku’ B Toukax {jh}jcz, {(j + 1/2)h}jez u coxpanser Bce sIpO olepaTopa

L3(D) = D(D? — 3?), 1.e.

S(1,z)=1, S(Px)=¢€ S P;z)=eP* (zeR).

3. OI_[eHKI/I IIOTPEINTHOCTU alllIPOKCHUMalli JIOKaJIbHbIMHI
JKCIIOHEeHIINAJIbHBIMMA cIlaiitHaMu

IycTp
W ={f: f" € AC, ||L3(D)f||r.. <1}

— KJIaCC TPHZKJIBI 0UTH Beiofy auddepeHnupyeMbix (byHKIMHA, COOTBETCTBYIONIUX OLEPATOPY BU-
a (1.1). Baecs AC — kitacc JIOKaJIbHO abCOIOTHO HENPepbIBHBIX (ByHKImit i1 Lo = Loo(R) — kitacc
dbyHKIMA, CyIECTBEHHO OrPAHMYEHHBIX Ha R ¢ OOBIYHBIM ONIPEIEICHHEM HOPMBI

[l Lo = ess sup |f(z)].
z€R

JTiobyio dynxmuio f € WA MoxKHO NpeicTaBUTh B BHIE
xr
F(@) = A1eP® + Xpe?® + A3e®® + / w3(z —t)L3(D) f(x)dt,
0
e A1, A2, A3 € R u 3 — pelrienne JUHEHHOTNO OJHOPOIHOTO JTUMMEPEHITNATBHOTO YPABHEHUST
L3(D)f = 0, ynosrersopsiomiee ycaosusiM: ¢3(0) = ¢4(0) =0, ¢4(0) = 1. Hecioxuo HOHATD, 910
9TO pelIeHre UMEET BH/I
( ) eﬁx N T N e&m
w3 (T) = .
B=08)B—=7) (=0 —=8) (6-p8)(0-1)
31ech, KaK U B IIEPBOM pasjese, Mbl CIATaeM, ITO ducyaa S, v, 6 € R aBISOTCS MOIApHO Pas3Ind-

HBIMI 1 He PaBHBIME Hyo. B cirydae oneparopa L3(D) suma (2.1) ms moboit bynxmun f € WE3
UMEET MECTO PABEHCTBO

F(@) = AL 4 A€’ + Age ™7 4 /cpg(a; —t)L3(D)f(t)dt,
0
rme A\, Ao, A3 € Ru
1

p3(x) = ﬁ(Ch Bx —1).

Teopema 2. /Jlaisa a060t ¢ynxyuu f € Woﬁo3 U AOKANDHBL IKCNOHEHUUAALHUT cnaalinos S(x)
suda (1.3), ydosaemsopsrowuzx ycrosuam (1.4), u suda (2.7) umeem mecmo pasercmeo

sup ||f —S|lc =003 (h—0).
fewss

HdokaszareanbcrTBo. B ciyuae omeparopa L3(D) Buma (1.1) s so6Goit dyHkimu
f € WE2 1o bopmyse (1.3) mocTponM JTOKAIBHbIH SKCIOHEHIHAILHBIN crtaiin S(2), mapaMerpsr
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C1, Cy u C3 KOTOPOro BhIGEPEM MCXOJsl U3 paBeHCTB TeopeMbl 1. IToCKOIbKY 9TOT CIUtaiiH coxpa-
HsIeT BCE TPHU JIMHEHHO HesaBucuMble GyHKunn e’?, 7% u €% u3 sapa omeparopa L3, TO PA3HOCTD
S(z) — f(z) me Gyaer cojepKaTh HEMHTErPAJBbHBIX ciaracMbix (cM. [5;6] u [4, mokasaresbcTBO
TeopeMbl 1.3]) 1 MoXeT ObITH 3alcaHa B BUJIE

b
S(z) - f(x) = /Kl(:n,t)ﬁg(D)f(t) at, we(i- %)h; (1+ %)h} (e,
a
rie [a;b] = [(I— 14+ a)h; (I + 2+ a)h] u K;(x,t) — HEKOTOpPOE HENIPEPBIBHOE 110 06EUM IIePEMEHHBIM
sipo. Orciona crasgapTHbIM 06pas3oM (eM. [4, Teopemsbl 1.3-1.6]) mosrydaem yTBepzKIeHIE TeOPEMbI 2
Jutst ciutaiinos Buga (1.3), yuosiersopsiiomux paBercTsam (1.4).

Bo Bropom ciyuae atst orepatopa L3(D) = D(D? — 5?) u citaiinos susa (2.7) J0Ka3aTeIbCTBO
TeopeMBI 2 BIOJIHE AHAJIOTUYHO. 371eCh pasHocTh S(x) — f(2), HOCKOIbKY MHTEPHOJISIIHOHHBIN 9KC-
HOHEHIIMAIBHBIN CIUIAiiH U3 BTOPOTO pasjesa TOUYeH Ha BeeM sijpe oneparopa L3(D), MoxeT GbITh
3alliCaHa B BUJIE

(I+2)h
S(z) — f(z) = Koz, t)Ls(D)f(t)dt, =€ [lh;(I+1)h] (I € Z),
(I-1)h

riae Ko(z,t) — HeKOTOpOE HENpephIBHOE O 0O6EMM MEPEMEHHBIM siZIPO; U CHOBA METOJIOM [4, Teope-
Mbl 1.3-1.6] mostydaem paBeHCTBO

sup ||f —S|lc =O(h*) (h —0). O
fewss

3akJIrouyeHue

Hogble siBable hopMysIbl JjId apaMeTPOB JIOKAJbHBIX SKCIOHEHIUAJIBHBIX CIJIAHOB, allPOK-
CUMUPYIOIIIX TPUKJIBI MOUTH BCIOAY muddepeHimpyeMbie (hpyHKIUU ¢ MAKCUMAJIbHBIM TOPSIIKOM
TOYHOCTH B 3aBHCHMOCTU OT Illara PaBHOMEDHON CETKH, IOJIyYeHHbIe B HACTOLAIIEN pabore, MO-
I'yT OKa3aTbCd II0JIE3HBIMU JJIsl CIELIMAJIMCTOB B BBIYUC/IUTE/ILHON MaTeMaTHKe, WMEIOIIUX J1esI0
C aIIpOKCUMAIUEH PA3IUIHBIX OBICTPO PACTYIIUX (DYHKIUH U TOBEPXHOCTEN CJIOXKHON (DOPMBI.
B npakTuueckux mpUIOKEHUIX JIOKAJIHHBIX SKCIIOHEHIINAIBHBIX CIJIAHOB U3 IIEPBOT'O pas3jielia CTa-
Thu BBIGOp mapamerpa « : —1/2 < o < 1/2, xapaKTepusyIoIero ¢ABUr y3JI0B CILIAfiHA [0 CpaBHE-
HUIO C TOYKAMU UHTEPIIOJIAIUHN AIIIPOKCUMUDPYEMOi (DYHKITUH, MOYKET OBITH OCYIIECTBJIEH UCXO/Is U3
KOHKPETHBIX 0COOEHHOCTEl paccMaTpuBaeMoii 3aiadn. boJiee TOUHbIE OIEHKU TTOTPEITHOCTH ATITPOK-
CUMAIIUK MOYKHO TIOJIYYUTh, Hccaeays 3Haku siep Ki(x,t) u Ko(x,t) kak DyHKIMil OT 1IepeMeHHoi ¢
upu dbukcupoBannoM = € R (em., nanpumep, [5-7;9]).
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