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B pabore npejaraercs MareMaTnyeckast MOJIEJb IIPOIECCa TEIJIOOOMEHa BO BPAIIAIOIIEMCS pe-
TEHEPATUBHOM BO3/yXOIIOI0IDEBATEE TEIJIOBBIX 3JIeKTpocTantuii. Mojesb mojydeHa JUCKpeT3a-
1ueit mporecca B pe3yJsibTaTe yCPeJIHEeHNs] KaK BPEMEHHO, TaK U IIPOCTPAHCTBEHHBIX II€PEMEHHBIX.
[Ipu HajOXKeHUM Ha TPOIECC Psifia YIIPOIIAOIINX IIPEIIIOJIOKEHNN COCTABJIEHA JIUHEHAS TUCKPET-
Hast cucreMa z(n + 1) = Az(n) 4+ r(n) mopsiaxa 2m ¢ MoHOMHAIbHON Marpureit A = (a;;) pasmepa
(2m x 2m), B KOTOPO#i @;j = a; mpn ¢ = 1,5 =2m uupu i = 2,...,2m, j =i — 1, a Bce ocrayb-
Hble sjeMenTrl paBubl 0. C BCmonb30BaHeM cooTHOmeHHs A%™ = (Hffl ai)E u dopmyiabt Komnm
U3yYEeHBl YCTOWINBOCTD, EPUOJMIHOCTD, CXOAUMOCTD CpeHUX 1m0 de3apo u gpyrue coiicrBa. [la-

Jiee, paCCMOTPEHa 3aJa4da I/I,ZLGHTI/I(i)I/IKaH,I/II/I CHUCTEMBI, COCTOsdAIMasl B OIIPEaAe/IEHNN KOS(b(bI/IIlI/IeHTOB

a;,i=1,2,...,2m, ua ocaoBe 3nauenuii z(1), z(2),...,z(2m). B upeanonoxenun r(n) = r = const
nmpu n = 1,2,...,2m oHa NpuBeJieHa K MaTpuIHOMY ypaBHeruio AY = B, rje KBajpaTHas MaT-
puria Y cocrasiena u3 croabuos y; =t =1 — (E — A)zp, y2 = Ay1 +t,..., Yom = Ayam—1 + 1, a
B=1t—ys,t—ys,...,t — yYom—_1|. Boienena pekypenrnasi dhopmysa s detY. YcraHOBIEHO, 4TO

ecin A = 109 ... Quy — Qg 102 - - . Qo 7 0, To detY #0u A= BY L.

Kimouesnie cioBa: mporece TeraoodMeHa, MOHOMUAILHAS MATPUILA, YCPedHeHre, JuHeifHoe muc-
KpeTHoe ypasHenue, ¢gopmysta Komm, ycTaHOBUBIIUIACA PEXKUM, MEPUOSUIECKUI PEXKUM, CPEIHUE
Yezapo, 3ama4a HIeHTAPUKALL.

A.A. Azamov, M. A. Bekimov. A discrete model of the heat exchange process in rotating regene-
rative air preheaters.

We propose a mathematical model of the heat transfer process in a rotating regenerative air
preheater of a thermal power plant. The model is obtained by discretizing the process as a result
of averaging both temporal and spatial variables. Making a number of simplifying assumptions, we
write a linear discrete system z(n + 1) = Az(n) + r(n) of order 2m with a monomial 2m x 2m
matrix A = (a;;) in which a;; = a; for i =1, j = 2m and for ¢ = 2,...,2m, j =i — 1, whereas all
the other elements are zero. Using the relation A?™ = (H?;nl ozi) FE and the Cauchy formula, we

study the stability, periodicity, and convergence of the Cesaro means and other properties. We also
consider the identification problem consisting in finding unknown coefficients «;, i = 1,2,...,2m,
from the values z(1), 2(2),...,2(2m) of the trajectory. Under the assumption r(n) = r = const for
n = 1,2,...,2m, we transform the problem to the matrix equation AY = B, where the square
matrix Y is composed of the columns y; =t =r — (E — A)zp, yo = Ay1 +t, ..., Yom = AyYom—1 +1t
and B = [t — y2,t — y3,...,t — Y2m—1]. A recurrence relation is derived for det Y. It is proved that,
if A=ojag. ..o — amyram+2...agy, #0, then detY # 0 and A = BY ~L.

Keywords: heat transfer process, cyclic process, monomial matrix, averaging, linear discrete
equation, Cauchy formula, steady state behavior, periodic mode, Cesdro mean, identification.
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Uccnemyercst mokambHast 3a/1a49a YIPABICHNsT CHCTEMON, COCTOSIINEH U3 HECYIIEero TBEPIOTO Teja
U HECKOJIbKMX TPHUKPEIJIEHHBIX K HEeMY JIUHENHBIX JIMCCUIATUBHBIX OCIUJLIATOpOB. Hecymee Te-
JIO IIepeMellaeTcd 10 TOPUSOHTAJIBHON IIPSAMON € IIOMOIILIO M'OPUSOHTAJIBHON YIIPABJIAIONICH CHJIbL.
PaccmarpuBaemast cucrema mpeicTaBisier cobOit IpOCToe MPUOIUKEHNE K MOJE/IH, ONUCHIBAIOIIEH
yIpaB/IsieMble TIEPEMEITIEHUsT COCYIa ¢ BA3KOH KuAKOCTbi0. COCTOSTHUE XKUJIKOCTU B COCYIE B KayK-
JIBIE MOMEHT BPEMEHHU HEU3BECTHO, MO3TOMY (PU3UIECKUE ITapaMeTPhl OCIMLISITOPOB U UX (ha30BbIe
COCTOSTHWST TAKYKE CUUTAIOTCS HEM3BECTHBIMU. [Ipeamoaraercst, ITo0 MeXKTy HECYIIIM TEJIOM ¥ TIPsi-
MO JIEfiCTBYET CHUJIa CyXOTO TPEHMs, TapaMeTPbl KOTOPOTO HEM3BECTHBI U HENMOCTOSHHBL. Tpedyercs
OCTAHOBUTD HECYIIEE TEIO B 33JAHHOM TEPMUHATBLHOM TTOJIOXKEHIH U YIePKUBATDH €r0 TaM, TIPH 9TOM
Ha TIOBEJIEHUE OCIIMJLISITOPOB TIOCIE OCTAHOBKHU TeJjIa YCJIOBUN He HaKJa IbiBaeTcs. [Ipeioken 3aKoH
OTPAHUTIECHHOTO TIO0 MOJYJIIO YIpaBJeHUS B (popMe OOPATHON CBSI3M, KOTOPLIH TPUBOAUT HECYIIEe
TEJI0O M3 OKPECTHOCTH TEePMHUHATIHLHOTO IMOJOYKEHUSI B 9TO MOJIOXKEHWE 38 KOHETHOE BpeMs. YIpaB-
JICHUE 33J1aeTCs TUIAaJKOI (QHATIMTUIECKON) BCIO/LY, KPOME TePMUHAJILHOIO COCTOsiHUsI, (DyHKIMed,
KOTOpast MOKET TPAKTOBATHCS KakK JINHeHas 06paTHas CBI3b ¢ KOIMDMUIHEHTAMY, 3aBUCATITUME OT
¢a30BBIX MMEPEMEHHBIX. DT KOIDDUIMEHTHI GECKOHETHO BO3PACTAIOT IIPU TPUOJIMKEHIUH HECYIETO
TeJIa K TEPMUHATBLHOMY COCTOSTHUIO, OJTHAKO YIIPABJIEHIE OCTACTCS OTPAHTICHHBIM. DMDHEKTUBHOCTD
YIPAaBJICHUS [TPOIEMOHCTPUPOBAHA C ITOMOIIBIO UCICHHOTO MOJIE/TUPOBAHMUSI.

Kitouesnie ciioBa: smmefiHas ympaBisgeMas CHCTEMa, CHCTEMa OCIIHIISITOPOB, 00paTHAsT CBI3b,
CyXoe TpEeHHe.

I. M. Anan’evskii, T. A.Ishkhanyan. Control of a platform with oscillators under the action of
dry friction.

We study a local control problem for a system consisting of a solid carrier and several linear
dissipative oscillators attached to it. The carrier moves along a horizontal straight line under a
horizontal steering force. The system is a simple approximation of a model describing controlled
motions of a vessel with a viscous fluid. Since the state of the fluid in the vessel is unknown at any
specific time, the physical parameters of the oscillators and their phase states are also considered
unknown. It is assumed that a dry fiction force acts between the carrier and the straight line, and
the parameters of the dry friction are unknown and varying. It is required to bring the carrier to a
stop at a given terminal position and to keep it at that position; no constraints are imposed on the
behavior of the oscillators after the carrier stops. We propose a feedback control law with bounded
absolute value that brings the carrier from a neighborhood of the terminal position to this position in
a finite time. The control is given by a function that is smooth (analytic) everywhere except for the
terminal position. This function can be interpreted as a linear feedback with coefficients depending
on the state variables. Although the coefficients grow unboundedly as the carrier approaches the
terminal position, the control remains bounded. The efficiency of the control is illustrated by means
of numerical modelling.

Keywords: linear control system, system of oscillators, feedback, dry friction.
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C.M. AceeB. OmnrnMmuzanys IMHAMHAKH yIPaBJISEMON CHCTEMBI IPH HAJUYNNA (PaKTOPOB
197 063 <2 27

PaccmarpuBaercs 3a/iada ONTUMAZAINY JIUHAMUKHI yIIPABJISEMON CUCTEMbBI B CUTYAINH, KOI/Ia B
dazosom mpocrpancree R™ 3ajan0 HeKoropoe MHOXKecTBO M (“30HA prCKa’) HAXOKIEHUE B KOTOPOM
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BO3MOKHO, HO HEXKeJIATEJIbHO C TOYKHU 3pEHUs 0€30IIaCHOCTH CUCTEMbI WU B CHJIY HEYCTOMIMBOCTH €€
dyHKIMOHNpOBaHUs. B KIACCHIeCKOH TEOPUHU ONMTUMAILHOTO YIIPABICHNST HAJNYINE TAKOTO HexKelar-
TEJILHOTO MHOKeCTBa M OOBITHO MOJEIUPYETCs IIPU MOMOIIH 3aIaHIs JOMOJTHUTEIBHOTO (ha30BOTO
OTPAHUIEHNS, ITO O3HATAET 3AlPeT Ha HAXOXKJIEHNE TPAeKTOPHl CUCTeMbl B 30He pucka M. B ciy-
Jae, KOTJa JIMHAMUKA CHCTEMBI OIHUCHIBAETCS ABTOHOMHBIM nudepeHInalbHbIM BKIIIOYCHUEM, a
3ona prucka M — OTKPBITOE MHOYKECTBO, JJISI COOTBETCTBYIONIEH 38IaTH OIMTUMAJIBHOTO YIIPABICHUST
TIPU TOMOIIM MEeTO/Ia AMMPOKCUMAIINI MOy IeHBl HEOOXOIMMBIE YCIOBUST ONTUMAJTLHOCTH MTEPBOTO
nopsijika B (hopMe raMuIbTOHOBa BKJOUeHUst Kiiapka. OCHOBHAsI HOBU3HA ITOJIY9IE€HHOTO PE3yJibTa-
Ta COCTOUT B TOM, UTO OH JIOKA3aH JJIsI HANOOJIee BAYKHOTO CJIyUasi, KOTIa MHOXKECTBO M OTKPBITO.
B srom ciaydae mMmeeTcsi eCTECTBEHHAsSI CBSI3b PACCMATPUBAEMON 3aJadi ¢ KJIACCHIECKON 3ajadeii
ONITUMAJILHOTO YIPABJIEHUS ¢ (DAa30BbIM orpamnndenneM. [lomyuennbie HeOOXOMMMBIE YCIOBUS OIITH-
MaJIbHOCTHU BKJIFOUAIOT HECTAHJIAPTHOE JOMOJTHUTEIBHOE YCJIOBUAE CTAIIMOHAPHOCTH TaMUJIBTOHUAHA.

KiroueBnie cioBa: 30Ha pucka, (pa3oBble OrpaHHYEHUsI, ONTHMAJIbLHOE yIpaBienne, auddepen-
IMaIbHOE BKJIIOUEHME, TAMUJIBTOHOBO BKJIIOUEHME, MIPUHIUI MakcuMyMa [loHTpsiruHa.

S. M. Aseev. Optimization of dynamics of a control system in the presence of risk factors.

The paper is concerned with the problem of optimization of dynamics of a control system in
the situation when there is a set M (“risk zone”) in the state space R™ which is unfavorable due to
reasons of safety or instability of the system. In the classical setting the presence of such unfavorable
set M is modeled usually via introducing an additional state constraint in the problem that means
the ban on the presence of the trajectories in the risk zone M. Necessary optimality conditions in the
form of Clarke’s Hamiltonian inclusion are developed for the corresponding optimal control problem
in the case when the system’s dynamics is described by an autonomous differential inclusion and
the risk zone M is an open set. The main novelty of the result is that it is proved in the most
important case when the risk zone M is an open set. There is a natural relation of the problem
under consideration to the classical optimal control problem with state constraints in this case. The
result obtained involves an additional nonstandard stationarity condition for the Hamiltonian.

Keywords: risk zone, state constraints, optimal control, differential inclusion, Hamiltonian inclu-
sion, Pontryagin maximum principle.
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A.JI. Baruno, A.M. TapaceeB. CBpoiicTBa cTabUILHOCTU (DYHKIMH IEHBI B 3ajade OITH-
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B crarbe ucciaenyercs pyHKIMS IIEHBI B 3a4a4e ONTUMAJILHOIO yIIpaBIeHUsI Ha HECKOHETHOM I'0-
PUB0HTE C MOABIHTErPAJIBHBIM UHIEKCOM, BXOAAMNM B (DYHKIMOHAJ KAIECTBa C IUCKOHTUPY FOIIIM
MHOXKHUTeIeM. [IpoBeseH aHaIn3 ee CBONCTB JJIsl CIydasi, KOTaa (pyHKIMOHAJ IIATHI YIIPaBJIAEMOM
CHCTEMBI COJEPXKHUT WHJIEKC KadeCTBa, KOTOPBIA IpeJCTaB/eH HeorpaHWdeHHOU QyHKuumeit. Jlana
BEpXHsAA OIEHKa pocTa (PYHKIUNU IeHbl. loaydeHbl HEOOXOAUMbIE M JOCTATOYHLIE YCJIOBHS, IIPH
KOTOPBIX (PYHKIMS IIEHBI 00J1a1aeT CBOMCTBaMy CTabMILHOCTH B MHPUHATE3UMAa IbHOI dopme. Pac-
CMOTPEH BOITPOC O COBIIaJieHNN (DYHKIMH [IEHBI ¢ 0000IIEHHBIM MUHIMAKCHBIM PEIIIEHIEM Y PABHEHUS
lamumabrona — fkobn — Bevana — Aiizekca. [lokazana e MHCTBEHHOCTDh COOTBETCTBYIOIIENO M-
HUMAaKCHOTO pelleHus. JlaHo ommcaHme acCUMITOTUKNA POCTa (DYHKIUU EHBI s (PYHKIIMOHAJIOB
Ka4JecTBa JIOrapu@dMUIECKOr0, CTEIIEHHOIO0 M 9KCIIOHEHIINAIbHOIO BUIOB, BCTPEYAIOIIUXCS B 9KOHO-
MHYEeCKOM U (PUHAHCOBOM MojeaupoBaHuu. [lojydeHHBIE pe3ybTaThl MOIYT OBITH HCIIOJIB30BaHBI
JIJIsI TTIOCTPOEHHsI CETOYHBIX METOJOB AIIPOKCUMAIUN (DYHKIMH IIEHBI KaK 0000IEHHOIO0 MUHUMAKC-
HOTO pellleHnst ypaBHeHust ['amuiabrona — fAkobu — Bemmvana — Afizekca. DTH MeTOABI SIBJISIFOTCS
9P PEKTUBHBIMU CPEJICTBAMHI B MOJECTHPOBAHUY IIPOIECCOB SKOHOMHYECKOI'O POCTA.

KirogeBnie ciioBa: onTuMmasibHOE yIpaBieHue, ypasaenne l'amMmibroHa — fK0OM, MUHIMAKCHOE
pelenne, 6ECKOHEYHBIN TOPU30HT, (DYHKIMS [IEHBI, CBOMCTBA, CTaOUILHOCTH.
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A.L.Bagno, A.M. Tarasyev. Stability properties of the value function in an infinite horizon
optimal control problem.

Properties of the value function are examined in an infinite horizon optimal control problem
with an integrand index appearing in the quality functional with a discount factor. The properties
are analyzed in the case when the payoff functional of the control system includes a quality index
represented by an unbounded function. An upper estimate is given for the growth rate of the value
function. Necessary and sufficient conditions are obtained to ensure that the value function satisfies
the infinitesimal stability properties. The question of coincidence of the value function with the
generalized minimax solution of the Hamilton—Jacobi—Bellman—Isaacs equation is discussed. The
uniqueness of the corresponding minimax solution is shown. The growth asymptotic behavior of
the value function is described for the logarithmic, power, and exponential quality functionals,
which arise in economic and financial modeling. The obtained results can be used to construct
grid approximation methods for the value function as the generalized minimax solution of the
Hamilton—Jacobi-Bellman—Isaacs equation. These methods are effective tools in the modeling of
economic growth processes.

Keywords: optimal control, Hamilton—Jacobi equation, minimax solution, infinite horizon, value
function, stability properties.

MSC: 49K15, 49125
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B. B. Bacun, A. ®. CkypbiauHa. J[ByxsTamHbiii MeTO IOCTPOEHUS PEryJISPU3YIONUX ajl-
TOPUTMOB JIJIsT HETMHENHBIX HEKOPPEKTHBIX BAAT -« v v v v e vveeeeeee e e eineeeennns 57

Jl1st ypaBHEHMS ¢ HEJTMHEHHBIM I dEPEHIIMTPYEMBIM OIIEPATOPOM, JIEHCTBYIOIIMM B I'HJIBLOEPTO-
BOM ITPDOCTPAHCTBE, UCCJIEYETCSI JIBYXITAIHBIN METOJ TOCTPOEHUSI PEryJIsIPU3YIONIETO aJITOPUTMA.
A mMeHHO cHavaJja MCIOJb3YeTCsl CXeMa Peryispusaiuu JIaBpeHTheBa, a 3aTeM K Perysspu30BaH-
HOMY YpaBHEHUIO HpuUMeHsieTcss MeToJi HbioToHa, ub0 HeJIMHEHHbIe aHAJIOTH (-TIPOIECCOB: METO/T
MUHUMAJIbHON OIMUOKHW, METOJ MUHUMAJIbHON HEBSI3KU U METOJ, HaucKopeiiiero ciycka. s sTmx
[IPOIIECCOB yCTAHABJIMBACTCA JIMHEHHAsT CKOPOCTh CXOJMMOCTH M CBONCTBO (beilepoBOCTH MTEpaIluii.
PaccmarpuBatoTcss fgBa ciiydasi: omneparop 3aJadu SBJISIETCs JIMOO0 MOHOTOHHBIM, JIHOO OIEpaTop -
KOHEYHOMEPHBIH, IIPOU3BOJIHAsI KOTOPOTI'O MMEET HEOTPUIATENbHBIN CIeKTp. st IBYX3TAITHOTO Me-
TO/a C MOHOTOHHBIM OIIEPATOPOM JIA€TCsI OIEHKA MOTPENTHOCTH, ONITUMAaJIbHAs IO TOPSIJIKY Ha KJIacce
HMCTOKOOOPA3HO IPEICTAaBUMBIX pereHuii. st BToporo cjydasl HOIPENIHOCTh METOa OIEHUBAETCs
o Hepst3Ke. OOCYKIAIOTCS Pe3yJIBTaThl INCAEHHOIO SKCIIEPUMEHTa, [IPU PEATU3AINNA HCCIIELYEMbIX
METOIIOB M MX MOAMPUIMPOBAHHBIX aHAJIOIOB JJIsi TPEXMEPHBLIX OOPATHBLIX 3aJad I'PaBUMETPUH U
MarHATOMETPHUH.

Kirouesnie cioBa: cxema perynsipusanuu JlaBpeHTbeBa, MeTon HeloTOHA, HEJTMHEHBIE Q-TIPOTIEC-
CBbI, IBYXITAITHBIA METO, OOpaTHbIE 331a9 TPABIMETPUH U MATHUTOMETPHH.

V.V.Vasin, A.F.Skurydina. A two-stage method of construction of regularizing algorithms for
nonlinear ill-posed problems.

For an equation with a nonlinear differentiable operator acting in a Hilbert space, we study a two-
stage method of construction of a regularizing algorithm. First, we use Lavrientiev’s regularization
scheme. Then, we apply to the regularized equation either Newton’s method or nonlinear analogs of
a-processes: the minimum error method, the minimum residual method, and the steepest descent
method. For these processes we establish the linear convergence rate and the Fejér property of
iterations. Two cases are considered: when the operator of the problem is monotone and when
the operator is finite-dimensional and its derivative has nonnegative spectrum. For the two-stage
method with a monotone operator, we give an error bound, which has optimal order on the class of
sourcewise representable solutions. In the second case, the error of the method is estimated by means
of the residual. The proposed methods and their modified analogs are implemented numerically for
three-dimensional inverse problems of gravimetry and magnetometry. The results of the numerical
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experiment are discussed.

Keywords: Lavrentiev regularization scheme, Newton’s method, nonlinear a-processes, two-stage
algorithm, inverse gravimetry and magnetometry problems.
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M. . T'omorouos, H. FO. JIykossHoB. K Bompocy uncennoro perenust guddepeHnnaib-
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B crarbe paccmarpuBaercst aHTaroHucTHIeCKast JuddepeHnyuaibHasg Urpa, B KOTOPOi IBUKEHIE
KOH(DJIMKTHO-YIIPAB/IAEMO CUCTEMBbI OIUCHIBACTCS JIMHEHHBIMU (DYHKIIMOHAIBLHO- M depeHInab-
HBIMH ypPaBHEHUSIMHU HEHTPAJILHOIO THUIIA, & IOKa3aTe/ b Ka9eCTBa COCTOUT U3 JIBYX CJIaraeMbIX: Iep-
BOE OIIEHUBAET UCTOPHIO ABUKEHUS CUCTEMBI, COOPMUPOBABIILYIOCA K TEPMUHAJILHOMY MOMEHTY Bpe-
MEeHHU, BTOpOe IpeJICTaBIsseT cob0il MHTerpaIbHO-KBAIPATHIHYIO OIEHKY COOTBETCTBYIOIINX PeasIi-
3aIuil yupaB/ieHnii NTPOKOB. [lJjIs BBIYUC/IEHUsT [IEHBI U ITIOCTPOEHUsI ONTUMAJIBHBIX 3aKOHOB YIIPaB-
JIeHUsI B 3Toi nuddpepeHInalbHOl UIpe IpeIIaraeTcs MoIX0, OCHOBAHHBIM Ha PEIIEHUH TIOIXO0 s
el BeroMorareibHoi auddepeHnuaabHol UIPhI, B KOTOPOI JBMKEeHHEe KOH(MINKTHO-YIIPABJISIEMOit
CHCTEMBI OIUCHIBAETCST y2Ke IPHU IOMOINN OOBIKHOBEHHBIX I hepeHInalibHbIX ypaBHEHN, a I10-
Ka3aTejlb KAa4eCTBa, COIEPKUT OIEHKY JBUKEHHUsI TOJILKO B TEPMUHAJIBHBLIA MOMEHT BpeMeHu. [lis
HaXOKJIEHUSI IIEHBI U CEIJIOBOI TOYKH BO BCIIOMOTaTeIbHON A depeHIINATBHON UTIPe UCIIOIB3YETCS
TaK Ha3bIBAEMBIII METOJI BBIIYKJIBIX CBEPXY 000JI0YEK, KOTOPLI B PACCMATPUBAECMOM CJIy4ae B CHILY
OIIPEeIeJIEHHOl CTPYKTYPHI MOKA3aTe sT KAIECTBa U TeOMETPUIECKIX OIPAHNYIEHUN Ha YIIPAaBJISTIONINE
BOB/JIECTBUASI MUT'POKOB IPUBOIUT K 3PPEKTUBHOMY peIleHnIo. PaboTociocobHOCTh IIPe I I0KEHHO-
I'0 IOAXO/a MJLIIOCTPUPYETCsI Ha IIPUMEpPE, IPEICTaBICHbI PE3Y/IbTaThl YMCIEHHBIX SKCIEPUMEHTOB.
[Ipu 5TOM HOCTPOEHHBIE ONTUMAJIBHBIE 3aKOHBI YIIPABJIEHUS CPABHUBAIOTCSI C pa3spabOTAHHBIMU AB-
TOpaMHU paHee IIPOIELyPaMU OITUMAJIHLHOIO YIIPABIECHNsT ¢ KOHEYHOMEPHBIME AIIIIPOKCHMUPY IOIIIMU
ITOBOJIBIPSIMH.

Kunrouessie ciioBa: muddepeHImaibHble UIPhI, CHCTEMbBI HEHTPAJIBHOTO THIIA, OITAMAJIBHBIE CTPa~
TEr'uy yIpaBJleHUsl, YUCICHHbIE METOIBI.

M. I. Gomoyunov, N. Yu. Lukoyanov. On the numerical solution of differential games for neutral-
type linear systems.

The paper deals with a zero-sum differential game, in which the dynamic of a conflict-controlled
system is described by linear functional differential equations of neutral type and the quality index
is the sum of two terms: the first term estimates the history of motion of the system realized by
the terminal time, and the second term is an integral-quadratic estimation of the corresponding
realizations of the players’ controls. To calculate the value and construct the optimal control laws in
this differential game, we propose an approach based on solving a suitable auxiliary differential game,
in which the motion of a conflict-controlled system is described by ordinary differential equations
and the quality index contains an estimation of the motion at the terminal time only. To find the
value and the saddle point in the auxiliary differential game, we apply the so-called upper convex
hull method, which leads to an effective solution in the case under consideration due to the specific
structure of the quality index and the geometric constraints on the control actions of the players. The
efficiency of the approach is illustrated by an example, and the results of numerical simulations are
presented. The constructed optimal control laws are compared with the optimal control procedures
with finite-dimensional approximating guides, which were developed by the authors earlier.

Keywords: differential games, neutral-type systems, optimal control strategies, numerical methods.
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B. B.TopoxoBuk. O mpejcraB/eHIN IIOJYHEIIPEPBIBHBIX CBEPXY (DYHKIMIA, OlpeaeIeHHbIX
Ha, OECKOHEYHOMEPHBIX HOPMUPOBAHHBIX IIPOCTPAHCTBAX, B BHIE HMXKHUX OIMOAIOIINX
CEMEUCTB BBITLYKIBIX MYHKITM . « .+« vttt ettt ettt et ettt e et et e e e 88

WsBecTHO, 9TO BeIeCTBEHHO3HAYHAS (DYHKIMSI, OIpee/IeHHas HA METPUIECKOM ITPOCTPAHCTBE,
HOJIyHeIIpepbIBHA CBEPXY (CHU3Y) B TOM M TOJILKO TOM CJIydae, KOIJIa OHA sIBJISIeTCs HUXKHel (Bepx-
Heil) orubaroleil HEKOTOPOro ceMeiicTBa HelpepbiBHBLIX (GyHKIumil. B crarhe mist dyukmuii, onpese-
JIEHHBIX Ha BENIeCTBEHHBIX HOPMHUPOBAHHBIX IPOCTPAHCTBAX, 3TOT KJIACCUYECKUN pe3yabTaT yTOd-
HSIETCSI CJICTYTOIIM 06pa30M: OrpaHNYIeHHAs CBEPXY (CHU3Y) BEIIEeCTBEHHO3HATHAST (DYHKIUS, OLPe-
JIeJIeHHAsT Ha, HODMUPOBAHHOM IIPOCTPAHCTBE, TIOJIyHEIPEPbIBHA CBEPXY (CHU3Y) TOTIa U TOJLKO TO-
rJa, KOIJla OHA MOYKeT OBbITh IIpeJICTaBIeHa KaK HUXKHssl (BepxXHsist) orubarolnas ceMeicTBa BbIIYK-
JBIX (BOTHYTBHIX) (DYHKIH, YIOBJIETBOPSIONIMX Ha BCeM IpocTpancTBe yeiaosuto Jlummuia. [Toka-
3aHO, YTO JIJIs MOJIOXKUTEIHLHO OTHOPOTHBIX (DYHKIMIT TpeOOBaHNE OrPAHNYIEHHOCTH CBEPXY (CHU3Y)
MOXKET OBITh OIYIEHO: MOJOXKUTEIBHO OJHOPOIHAsT (DYHKIUS, OIpee/ieHHasT Ha HOPMUPOBAHHOM
[POCTPAHCTBE, MOJIyHEeIPePbIBHA CBEPXY (CHU3Y) B TOM M TOJILKO TOM CJIydae, KOl OHA sBJISAETCS
HIDKHE (BepxHeil) ormbaromieil ceMeiicTBa HEeNpPEepPbIBHBIX CyOJIMHERHBIX (CylnepauHeiHbx) dhyHK-
nuii. Jlannast XxapakTepuCTUKA PACIPOCTPAHSET Ha IIPOU3BOJIbLHBIE HOPMHUPOBAHHbBIE ITPOCTPAHCTBA
aHAJIOTUYIHOE YyTBepXKJieHue, paHee jokazanuoe B. @. lembsroBbiM u A. M. PyOunoBbIM 17151 110J10-
JKUATEJIBHO OJTHOPOMHBIX (DYHKITUI, ONpPEEeHHBIX HA KOHEYHOMEPHBIX MPOCTPAHCTBAX, U PACIIPO-
cTpameHHoe A. YIep30 Ha CIydail pABHOMEPHO BBIMTYKJIBIX OAHAXOBBIX MPOCTPAHCTB. JTOT PE3YILTAT
ITO3BOJISIET PACIPOCTPAHUTD Ha HErVIaJgkue (PyHKIUU, OIPEIe/IEHHbIE HA HOPMUPOBAHHBIX ITPOCTPAH-
CTBaX, NMOHATHUA BEPXHEIO U HUKHEI'O0 9K30CTEPOB, BBEACHHBIC B KOHCYHOMEDPHBIX IIPOCTPAHCTBAX
B. ®©. JleMbsiHOBBIM.

KunrodeBbie ciioBa: moJiyHEpepbIBHbIE (DYHKIIUN, BEPXHUE U HUYKHUE OTMOAIONINE, BBIMYKJIbIE U
BOrHyTbhle (DYHKIHMH, ycJIoBUe JIUIIIUIA, TOJI0KUTETBHO OMHOPOIHbIE (DyHKITUN.

V. V. Gorokhovik. On the representation of upper semicontinuous functions defined on infinite-
dimensional normed spaces as lower envelopes of families of convex functions.

It is well known that a real-valued function defined on a metric space is upper (lower) semiconti-
nuous if and only if it is a lower (upper) envelope of a family of continuous functions. In this paper,
for functions defined on real normed spaces, this classical result is refined as follows. An upper
(lower) bounded real-valued function defined on a normed space is upper (lower) semicontinuous
if and only if it can be represented as a lower (upper) envelope of a family of convex (concave)
functions that satisfy the Lipschitz condition on the whole space. It is shown that the requirement
of upper (lower) boundedness may be omitted for positively homogeneous functions: a positively
homogeneous function defined on a normed space is upper (lower) semicontinuous if and only if
it is a lower (upper) envelope of a family of continuous sublinear (superlinear) functions. This
characterization extends to arbitrary normed spaces a similar statement proved earlier by V.F. De-
myanov and A.M. Rubinov for positively homogeneous functions defined on finite-dimensional
spaces and later extended by A.Uderzo to the case of uniformly convex Banach spaces. The latter
result allows to extend the notions of upper and lower exhausters introduced by V.F. Demyanov in
finite-dimensional spaces to nonsmooth functions defined on arbitrary real normed spaces.

Keywords: semicontinuous functions, upper and lower envelopes, convex and concave functions,
Lipschitz continuity, positively homogeneous functions.
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M.N.T'yce, . B. 3bpikoB. O06 3KCTpeMaJIbHBIX CBOMCTBAX I'PAHUYHBIX TOYEK MHOZXKECTB
9
JOCTHXKIUMOCTH yIPABJIAEMBIX CUCTEM IIPU UHTEIPAJILHBIX OIPAHUYECHUAX . ..o 'vvvt. ... 103

W3BecTHO, 9TO yIpaBeHne, IEPEBOISINEe TPACKTOPUIO YIIPABJISIEMON CUCTEMBI HA TPAHUILY MHO-
JKECTBa JOCTHKUMOCTH, YIOBJIETBOPSAET MPUHIMILY MakcuMmyMa lIloHTpsirnna. dror dakT cripases-
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JIUB JJIsi CUCTEM C IIOTOYEYHBIMHU OIpaHUYEHUsIME Ha ylpaBjeHue. B gaHHON paboTe Mbl pacCMaTH-
BaeM CHUCTEMY C HHTerpaJbHBIMY KBaPATUIHBIMIA OpaHUIeHUsIMIA. PaccMaTrpuBaeMasl yIpaBsieMast
cucTeMa HeJuHelHa 10 (pa30BBIM IIEpEMEHHBIM U JIMHEHHA 10 yupasjeHuio. Ilokazano, 9ro joboe
JIOIIYCTUMOE YIIpaBJIEHUE, [TEPEBOISIIEe CUCTEMY Ha IPDAHUIY MHOXKECTBA [TOCTUKUMOCTH, SIBJISETCST
JIOKQJIbHBIM peIlIeHreM HEKOTOPOH 3a/a4y ONTHMAJILHOIO YIPaBJIEHHS C WHTEIPAJbHBIM KBapa-
THIHBIM (DYHKITHOHAJIOM, €CJIH COOTBETCTBYIOIIAsI JIMHeapU30BaHHAsT CUCTEMa BIIOJIHE yIIpaBJiseMa.
JlokazaTebCTBO JAHHOTO (haKTa OMUpAeTca Ha TeopeMmy ['pefiBca s HAKPBIBAIOIIIX OTOOpazKe-
omit. OTciofa cieayerT IPUHIUAI MAKCAMyMa Jjisl YIPABICHUN, BEIyIIUX Ha TI'PAHUIYY MHOXKECTBA
JocTKUMOCTH. B paboTe 06Cy»KIaeTcst TakyKe aJIlOPUTM IOCTPOEHHUSI MHOXKECTBA JTOCTUYKUMOCTH,
OCHOBaHHBIN Ha IIPUHIINAIE MaKCAMYyMA.

KiroueBnie ciioBa: YupasisieMasi CUCTEMa, HHTErpaIbHbIe OIpAHUYEHUsT, MHOYKECTBO JOCTUKU-
MOCTH, TIPHUHIAI MaKCHMYyMa.

M.I. Gusev, I. V. Zykov. On extremal properties of the boundary points of reachable sets for
control systems with integral constraints.

It is well known that any control that steers the trajectory of a control system to the boundary
of the reachable set satisfies the Pontryagin maximum principle. This fact is valid for systems with
pointwise constraints on the control. We consider a system with quadratic integral constraints on
the control. The system is nonlinear in the state variables and linear in the control. It is shown that
any admissible control that steers the system to the boundary of its reachable set is a local solution
of some optimal control problem with integral quadratic functional if the corresponding linearized
system is completely controllable. The proof of this fact is based on the Graves theorem on covering
mappings. This implies the maximum principle for the controls that steer the trajectories to the
boundary of the reachable set. We also discuss an algorithm for constructing the reachable set based
on the maximum principle.

Keywords: control system, integral constraints, reachable set, maximum principle.
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A.Tyceiinu, H. I'yceitnn, X. I'. I'yceiiHOB. AmnmpokcuMaliisi CeUeHnii MHOYKECTBA TPaeK-
TOPHUIi YIIPABJIAEMON CUCTEMBI C OIPAHMYEHHBIMIA PECYPCAMU YIPABICHUMA . . . ...\ ... ... 116

N3yvaercst anmpoKCUMAaIliss MHOXKECTBA TPAEeKTOPHUIl yIIPaBJIsieMOl CUCTEMBI, OIMChIBAEMON WH-
TerpaJibHBIM ypaBHeHueM ¥ pbicoHa. IIpeamosaraercs, 9o pecypc yIpaBaeHUil CUCTEMON SIBJISAETCS
OI'DaHMYEHHBIM. 3aMKHYTBI IHIap mpocTpancTBa L,, p > 1, ¢ pajmycoM r 1 IEHTPOM B HadaJje
KOOPJMHAT BLIOMPAETCS B KAUeCTBE MHOXKECTBA JIOIMYCTUMBIX yipassenunii. [Ilar 3a marom maOMXKe-
CTBO JOIIYCTUMBIX YIIPAaBJIECHUN 3aMEHSeTCAd MHOXKECTBOM, KOTOPOE COCTOUT U3 KOHEYHOI'0 YHUCIIa
VIPaBIAONINX (PYHKIIUH U MTOPOXKIaeT KOHEIHOE YUCI0 TpaeKTopuit. Jloka3biBaeTcs, 9TO CedeHUs
MHOKECTBa TPAEKTOPUII MOI'yT OBITH aIllllPOKCUMUPOBAHLI C CEYEHUAMI MHOXKECTBA, COCTOMAIIErO 3
KOHEYHOI'O YUCJIa TPACKTOPUIA.

MuTterpanbHoe ypaBHEHHE Y PBICOHA, YIIpaBjseMasi CUCTEMa, HHTeI'PaJbHOE OrpaHndeHne, MHO-
2KECTBO TPACKTOPUil, allllPOKCUMAIINS.

A. Huseyin, N. Huseyin, Kh. Guseinov. Approximation of sections of the set of trajectories for a
control system with bounded control resources.

The approximation of the set of trajectories is studied for a control system described by the
Urysohn integral equation. It is assumed that the system has limited control resources. The closed
ball of the space L,, p > 1, with radius r centered at the origin is chosen as the set of admissible
control functions. The set of admissible control functions is replaced step by step by a set that
consists of a finite number of control functions and generates a finite number of trajectories. It is
proved that sections of the set of trajectories can be approximated by sections of a set consisting of
a finite number of trajectories.
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Keywords: Urysohn integral equation, control system, integral constraint, set of trajectories,
approximation.
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A.P. Jaunausu. AcuMOToTHKa pEIleHNsT CUHTYJISIPHON 3aJ@di ONTUMAJIBLHOIO Paclpeie-
JIEHHOT'O YIIPABJICHUS B BBILYKJIION ODJTACTH « « o o\ttt et ettt e e e ie e e e e 128

PaccmarpuBaercst 3a1a4a ONTHMAJIBLHOIO PACIPEICICHHOTO YIPABIEHUSA B IIJIOCKOM BBIIYKJIOM
00JIaCTH C IJIQJIKON TpaHUIlell W MaJbIM [IapaMeTPOM IIPU CTAPIIAX IPOU3BOMHBIX SJIAITHIECKOIO
oneparopa. Ha rpanunie obsactu B 3TOii 3ajade 3aJaHO HysaeBoe ycioBue Jupuxiie, a yupaBiieHHe
aJINTUBHO BXOJUT B HEOTHOPOIHOCTH. B KauecTBe MHOXKECTBA JOIYCTUMBIX YIIPABJIEHUA UCIIOIb3Y-
ercd eIUHUYHLIA Iap B COOTBETCTBYIOLIEM IIPOCTPAHCTBE (DYHKIMH, CyMMUPYEMBIX C KBAJIPaTOM.
Perrenne moJryuarommuxcst KpaeBbIX 3879 PAcCMAaTPUBAIOTCS B 0OOOIIEHHOM CMBIC/IE KaK 3JIEMEHTHI
HEKOTOPOro TMJIEOEPTOBA IPOCTpaHCTBa. B KadecTBe KpUTEpHUsl ONTUMAJIBLHOCTH BBICTYIIAET CYMMa
KBaJIpaTa HOPMbI OTKJIOHEHHUsI COCTOSIHUsI OT 3aJaHHOI0 M KBaJpaTa HOPMBI YIPABJIEHHSA C HEKOTO-
pbiM ko3 dunmernTom. Takas CTpyKTypa KPUTEPHUsl ONTUMAJLHOCTH IIO3BOJISIET, IIPU HEOOXOIMMO-
CTH, YCHWIATH POJIb JUOO IEPBOro, JUOO BTOPOrO CIaraeMoro B 9TOM KpUTEpuu. B mepBoM ciiydae
0oJ1ee BayKHBIM SIBJISIETCS JTOCTHKEHIE 33 IaHHOIO COCTOSTHUSI, 8 BO BTOPOM CJIydae — MUHUMEI3AIUST
pecypcHbIX 3aTpar. [logpobHo m3ydyeHa acUMIITOTHKS 3aJadM, HOPOXKIEHHas orepaTropoM Jlamraca
¢ MaJIbIM K03 DUIMEHTOM, K KOTOpoMYy ITpubaBiieH quddepeHInaabHbi OIepaTop IePBOro HOPsiI-
Ka. OcoOEHHOCTBIO 3aa4i sIBJISIETCS HAJIMIHE XapaKTEPUCTHK IPEIE/IbHOTO OIlepaTropa, KOTOPbIE
KaCcarTCcs IPaHuIbl obsacTu. IloydeHo moTHOE aCHMITOTHIECKOE PA3JIOXKEHUE 10 CTEIIeHsIM MaJio-
ro mapamMeTpa pelleHns 3a1a91 B CIydae, KOrIa ONTUMAJILHOE YIPaBIeHNE €CTh BHY TPEHHS TOYKA,
MHOXKECTBA, JOITYCTUMBIX YIIPaBJIEeHUI.

KunroueBble cjioBa: CHHIYJISIpHBIE 3aJa4H, ONTHMAJbHOE VIIpaBJIeHHe, KPaeBble 3a1adl JJIsl CHU-
CTEeM ypaBHEHHIl B YACTHBIX IPOM3BOIHBIX, ACHMITOTHYCCKIE PA3JIOKEHHUSI.

A.R. Danilin. Asymptotics of the solution to the singular problem of optimal distributed control
in a convex domain.

We consider the problem of optimal distributed control in a planar convex domain with smooth
boundary and a small parameter at the highest derivatives of an elliptic operator. A zero Dirichlet
condition is given at the boundary of the domain, and the control enters the inhomogeneity additively.
The set of admissible controls is the unit ball in the corresponding space of square integrable
functions. The solutions of the obtained boundary value problems are considered in the generalized
sense as elements of some Hilbert space. The optimality index is the sum of the squared norm of the
deviation of the state from a given state and the squared norm of the control with some coefficient.
This structure of the optimality index makes it possible to strengthen, if necessary, the role of either
the first or the second term of the index. In the first case it is more important to attain the desired
state, whereas in the second case it is more important to minimize the resource consumption. We
present a detailed study of the asymptotics of the problem generated by the sum of the Laplace
operator with a small coefficient and a first-order differential operator. A special feature of the
problem is the presence of characteristics of the limiting operator that are tangent to the boundary
of the domain. We obtain a complete asymptotic expansion of the solution in powers of the small
parameter in the case where the optimal control is an interior point of the set of admissible controls.

Keywords: singular problems, optimal control, boundary value problems for systems of partial
differential equations, asymptotic expansions.
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JI. B. KamueBa, B. C.Ilanko. IlocTpoenne MHOXKeCTBa paspermuMocT B anddepeHIm-
aJIbHBIX UI'PAX C IPOCTHLIMU JIBMKEHUSMHU U HEBBIITYKJIBIM TEPMUHAILHBIM MHOXKECTBOM 143
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PaccmarpuBatorcss antaronucrudeckre gudepeHnuaibable UIPhl Ha IIOCKOCTH C IIPOCTBIME
JBUZKEHUSIME, (DPUKCHPOBAHHBIM MOMEHTOM OKOHYAHUsI U MHOTOYTOJIbHBIM TE€PMUHAILHBIM MHOXKE-
cTBOM. l'eoMmeTpuueckoe OorpaHUYEHHME Ha YIIpaBJIeHHE KarKJIOr0 U3 UTPOKOB SBJISAETCS BBITYKJIBIM
MHOTOYTOJIbHUKOM WJIM OTPE3KOM. J[JIsT BBIMYK/IONO TEPMUHAJIBLHOTO MHOXKECTBA W3BECTHA SBHAS
bopmyJia, onuchBAIONAsT MHOXKECTBO PA3PENIMMOCTH 3a1a9u (MHOXKECTBO yPOBHsI (DYyHKIUU TIEHBI,
MaKCHMAJIBHBIN U-CTAOMIIBHBIN MOCT, MHOYKECTBO BBIKHBAEMOCTH). COOTBETCTBY IO 9TOi hopMy-
JIe AJITOPUTM OIHPAETCS HA ONEPAIINH aJreOPANIECKOil CyMMBI M T€OMETPHYIECKO PA3HOCTH (pasHO-
cru MunkoBCKOro). B crarbe mpejiaraercsi aJropuT™M TOYHOIO IIOCTPOEHUSI MHOXKECTBA PA3peIl-
MOCTH JIJIsI CJIy4dasi MHOTOYTOJILHOTO HEBBIIIYKJ/IONO TEPMUHAJIBLHOIO MHOXKecTBa. 1Ipm sTom He Tpe-
OyeTrcsl JIOIMOJHUTEIHLHOTO Pa3dMeHnsI pacCMaTPUBAEMOI0 IIPOMEXKYTKA BPEMEHH U BOCCTAHOBJICHUST
IIPOMEXKYTOUHBIX MHOXKECTB Pa3PEIIUMOCTH B JOMOJTHUTEIbHBIE MOMEHTHI. AJITOPUTM 3aKTFOUAETCSI
B GOPMHUPOBAHNM U IOCIEIYIONE KOHEYHON peKypcuBHOM 006pabOTKe CIMCKa ITOJIyIPOCTPAHCTE B
TPEXMEPHOM IIPOCTPAHCTBE BpeMeHU M Pa30BbIX KoopawHaT. CIHCOK CTPOMTCS Ha OCHOBE MHOIO-
YT'OJIBHOI'O TEPMUHAJBHOI'O MHOXKECTBa C UCHOJIb30BAHUEM HOpMAaJiell MHOIOYT'OJIbHBIX OrPDaHUYEeHUN
Ha yIIpPaBJICHAS UT'POKOB.

Krouessie citoBa: muddepeHima bubie UIPHI C TPOCTHIME JIBUKEHUSIME HA ILJIOCKOCTU, MHOXKE-
CTBO Pa3pEIINMOCTH, MOUATHAS IIPOLEypa.

L. V. Kamneva, V. S. Patsko. Construction of the solvability set in differential games with simple
motions and nonconvex terminal set.

We consider planar zero-sum differential games with simple motions, fixed terminal time, and
polygonal terminal set. The geometric constraint on the control of each player is a convex polygonal
set or a straight line segment. In the case of a convex terminal set, an explicit formula is known
for the solvability set (the level set of the value function, maximal u-stable bridge, viability set).
The algorithm corresponding to this formula is based on the set operations of algebraic sum and
geometric difference (the Minkowski difference). We propose an algorithm for the exact construction
of the solvability set in the case of a nonconvex polygonal terminal set. The algorithm does not
involve the additional partition of the time interval and the recovery of intermediate solvability
sets at additional instants. A list of half-spaces in the three-dimensional space of time and state
coordinates is formed and processed by a finite recursion. The list is based on the polygonal terminal
set with the use of normals of the polygonal constraints on the controls of the players.

Keywords: differential games with simple motions in the plane, solvability set, backward procedure.
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E. A. KoamakoBa. O pemennn cucreMbl ypaBHeHHit ['aMuibroHa — IKOOK CIEIaJIbLHOTO
1535 2 P 158

CraTbhs MOCBAIIEHA UCCACIOBAHUIO CUCTEMbI YPaBHEHUI [IEPBOrO HOPsiIKa TUIIa [ aMUIBTOHA —
Axobu. PaccmarpuBaeTcs CHIbHO CBsi3aHHAs HepapxXudeckasl CHCTEMa: IePpBOE ypaBHEHHE He 3a-
BHCHUT OT BTOPOI'O, & FaMIJITOHHAH BTOPOrO YpPaBHEHHS 3aBUCUT OT IPAJMEHTa PEIIeHHs IEPBOroO
ypaBHeHus. JlaHHas cucTeMa JOITyCKAeT IOCJIe0BaTe/IbHOe perteHne. Pelienne mepBoro ypaBHEHUsI
HOHUMAETCSI B CMBICJIE TEOPUH MUHIMAKCHBIX (BSI3KOCTHBIX) PEIICHUiT U IOy IaeTCsl C UCIOIB30Ba-
nreMm dopmyiibl Jlakca— Xomda. [lomcranoska perrennst IepBOro ypaBHEHHS BO BTOPOE ypaBHEHHE
lamuabrona — fAkobu npuBoauT K ypaBHeHHIO |'aMuiabToHAa — JKOOM ¢ pa3pbIBHBIM TaMUJILTOHHA-
voM. Ero pemrenue ocHoBano Ha kouremniuu M-pemtennii, BBesennoit A. M. Cy60oTHHBIM 1 BBIOMpPA-
eTcsl B KJlacce MHOTO3HAUHBIX 0TOOpaykeHuil. Takum obpas3oM, pelleHne NCXOIHOM CUCTeMbI SIBJISTETCSI
[IPSIMBIM ITPOU3BEIEHUEM OJHO3HAYHOI'O M MHOI'O3HAYHOI'O OTOOParKEHUil, YI0BIETBOPSIONINX IIEPBO-
My U BTOPOMY YpaBHEHHUSIM B MUHHMAKCHOM CMbICJI€ U B cMbiciae M-pemenuii. st caydasi, Korga
pellleHre mepBoro ypaBHennsa HeanddepeHnupyeMo JIUIIb BAOJIb OHOM Junnn Pankuao — I'toronno
JIOKa3aHbI TEOPEMBI CYIIIECTBOBAHUSI W €IUHCTBEHHOCTH. JIJIsI pellleHnst CHCTeMBbl HOJIyUeHa perpe-
3eHTaTHBHAsA GOpMyJsa B TepMuHax xapakrepuctuk Kommu. VccienoBaHbl CBOMCTBa pelleHnsl U UX
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3aBUCUMOCTDb OT IIapaMeTPOB 3a/Ia4U.
Koiouesnie citoBa: cucrema ypasuenunii ['amuinbrona — Akobu, MUHIMAaKCHOE perenue, M—permenne,
MeTo]1 XxapakTepuctuk Korn.

E. A. Kolpakova. On the solution of a system of Hamilton—Jacobi equations of special form.

The paper is concerned with the investigation of a system of first-order Hamilton—Jacobi equations.
We consider a strongly coupled hierarchical system: the first equation is independent of the second,
and the Hamiltonian of the second equation depends on the gradient of the solution of the first
equation. The system can be solved sequentially. The solution of the first equation is understood in
the sense of the theory of minimax (viscosity) solutions and can be obtained with the help of the Lax—
Hopf formula. The substitution of the solution of the first equation in the second Hamilton—Jacobi
equation results in a Hamilton—Jacobi equation with discontinuous Hamiltonian. This equation is
solved with the use of the idea of M-solutions proposed by A.I. Subbotin, and the solution is chosen
from the class of set-valued mappings. Thus, the solution of the original system of Hamilton—Jacobi
equations is the direct product of a single-valued and set-valued mappings, which satisfy the first
and the second equations in the minimax and M-solution sense, respectively. In the case when the
solution of the first equation is nondifferentiable only along one Rankine-Hugoniot line, existence
and uniqueness theorems are proved. A representative formula for the solution of the system is
obtained in terms of Cauchy characteristics. The properties of the solution and their dependence
on the parameters of the problem are investigated.

Keywords: system of Hamilton—Jacobi equations, minimax solution, M-solution, Cauchy method
of characteristics.
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B. B. Kocroycos, . C.IlepeBasoB. Mopdosorndecknii mpoeKTop B MeTpuke Lo u 3a-
J1ada JIOKAJIN3AIUN CTPYKTYPHBIX PASIMIAN U300PAXKEHMIA . . .o oo v veveeeeeeee e, 171

B pabore paccmarpuBaercs 3aj1ada JIOKAJIM3AIUNA CTPYKTYPHBIX Pa3Indnii ByX N300parKeHMmil,
KOTOPbBIE IIPEICTaBIEHBI OOPEIEBCKUMK (DYHKIIUSIMKM Ha, OPAHUYIEHHOM ITOAMHOYKECTBE ILJIOCKOCTH.
Jiist citydasi KOHEYHO3HAYHBIX H300PaykKeHUI IIPEeJIosKEH HOBBIA aJI'OPUTM BBIYHCICHUs 00JIacTH
pas3Inunii, OCHOBAHHBIN Ha MOPQOJOTHIECKON IMPOEKINN B MeTpuKe L, W ITOKA3aHO, UTO OH JaeT
TOYHOE pelleHne JJIg JOCTATOYHO IITHPOKOI0 KJIacCa CTPYKTYPHBIX pasmaunii. OKa3ajaoch, 9To ajl-
TOPUTM, OCHOBAHHBIN Ha MOPQOJIOrUIecKoil nmpoekinu B Lo, He maeT TOYHOI'O PEIeHus B KJiacce
OIpaHMYEHHBIX CTPYKTYPHBIX n3MeHeHuil. Jjist ciiydasi IUCKPETHBIX M300parkKeHuil, KOrma OIHO W3
HUX 3aIIyMJIEHO JUCKPETHBIM HE3AaBUCUMBIM HOPMAJbLHBIM OEJIBIM ITYMOM, IIOCTPOEH aJTOPUTM BbI-
qHCJIeHUS 00JIACTH PAa3Indnil U TOKA3aHO, 9TO CUMMETPUUIECKas Mepa pa3HOCTH pe3yJibTara paboTh
aJITOPUTMA W UCTUHHOTO MHOXKECTBA PA3JIMIHIl CTPEMHUTCS 110 BEPOSITHOCTU K HYJIIO IPU HEOTpa-
HUYEHHOM POCTE OTHOIIEHHSI BEJIMINHBI MIHIMAJILHOIO CKadKa APKOCTH K CPEIHEKBAIPATIIECKOMY
OTKJIOHEHUIO TiryMa. [losydena HOBast OIeHKA OJIOXKEHUS TOUYEK TVI00aIbHOIO MAKCUMYMa TayCCOBOM
CMECH CHEIUAJIBLHOIO BUIA.

KroueBsie ciioBa: Mopdosorndeckuii anams n300parkeHuii, MOPGOJTOTHIECKUI TIPOEKTOP, rayc-
COBa CM€Ch, METPHKa L(, CTPYKTYpPHBIE PA3JIMIHSI.

V. B. Kostousov, D.S. Perevalov. Morphological projector in the Lg metric and the problem of
localization of structural differences between images.

We consider the problem of localization of structural differences between two images given by
Borel functions on a bounded planar set. For the case of finite-valued images, we propose a new
algorithm for the calculation of the difference domain based on the morphological projection in
the Lo metric. It is shown that the algorithm gives an exact solution for a wide class of structural
differences. It turned out that the algorithm based on the morphological projection in Ly does not
give an exact solution in the class of bounded structural changes. For the case of discrete images,
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when one of them is perturbed by a discrete independent normal white noise, we construct an
algorithm for the calculation of the difference domain and show that the symmetric measure of the
difference between the algorithm’s output and the true difference set vanishes in probability under
the unbounded growth of the ratio of the minimum jump to the standard deviation of the noise.
We obtain a new estimate for the location of global maximum points for a Gaussian mixture of a
special form.

Keywords: morphological analysis of images, morphological projector, Gaussian mixture, metric
Ly, structural changes.

MSC: 62M40, 65D18, 68U10
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A. A. Kpacosckuii, A. C. IlnaroB. bununeiinas 3aja<va ONTUMAJILHOTO YIIPABICHUS TUC-
KPETHOM PYOKOM JIECA . . .« v ottt e ettt e et e e e e e et e e e 188

B nmpemyoxkennoit MaTeMaTHYecKONl MOJENN YIPABJAIONINNA JeCOM B KaXXIbIf MOMEHT BpeMe-
HU [IPUHUMAET DellleHre o0 pyOKe JIePeBbeB OIPEIEIEHHOO THIIa (OPOJbl) U Bo3pacrta (BO3PACTHOMN
IPYIIIBL) C MEJIbI0 MAKCUMU3AIUA TPUOBLIH. [Ipu IJIaHMPOBAHUY JIECO3aTOTOBKHU YIIPABJISIFOLTHN OPU-
E€HTHUPYETCH Ha IEHOBBbIE IIPOTHO3BI U yYUTHIBAET SKOHOMUYECKHE 3aTpaThl. B pabore Jjis perieHus
JUCKPETHO-BPEMEHHON 3a/a4i OIITUMAJIBHOIO yIIpaBJICHUs, BO3HUKAIOIICH B MOJE/IN, IIPUMEHAETCA
npunnun makcumyma JI. C. [loarpsiruna. Pemtenne 1moiyaeHo B KOHCTPYKTUBHOM BHUJE 6€3 OOJIBITNAX
BBIMUCJIUTEJBHBIX 3aTPAT, CBA3AHHBIX C BBICOKOH pa3sMepHOCTHIO 33ja4u. B cTarbhe IpeiCcTaBIeHbI
aHAJUTUYIECKUE PEe3YJIbTATHI, MTOsICHSIONNE ONTUMAaJIbHOe perenue. st mocraToano ofimeit mocTa-
HOBKH 33/Ia4H TI0JIy YeHO YCJIOBHE OIITUMAJILHOCTH, OTBEYalOIee yIIPABIEHHUIO PeJIEfHOr0 THIIA. YCJI0-
BHE BKJIIOYAET B ceOsl JIUCKPETHYIO JIMHAMUKY COIIPSI)KEHHOH IIepEMEHHOI, TPaKTyeMOil KaK TeHeBast
nena jpesecunbl. [osydennoe npaBuio HHTEPIPETUPYETCH KaK JTMHAMUYECKAs OIEHKA PAaI[HOHAIb-
HOCTHU PYOKHU JIPEBOCTOSI OINPEIEIEHHOTO TUlia 1 Bo3pacTta. CTpyKTypHast THOKOCTD TPEJII0XKEHHOI
MaTeMaTUIECKON MOJIEIN CIIOCODCTBYET IPAKTUYeCKOMY IPUMEHEHHUIO B MeHeKMeHTe Jjeca. [Ipu
JOKa3aTeJIbCTBE TEOPETUYECKUX PE3YIbTaTOB B CTAThe IIPEJJIOZKEH METO/I, KOTOPBIil He BCTpedaJIcs
aBTOpaM B JIUTepaType.

Kurouesbie cioBa: npuniun MakcumyM lloHTpsirnna, qucKpeTHas MOJEIb YIIPABIEHUS JIECOM.

A. A.Krasovskii, A.S. Platov. Bilinear optimal control problem of a discrete logging.

In the proposed mathematical model a forest manager at each specified moment of time makes
decisions on harvesting the trees of a certain type (species) and age (age group) in order to maximize
their profit. When planning logging, the manager focuses on price projections and takes into
account economic costs. The Pontryagin maximum principle is applied for solving the discrete-
time optimal control problem arising in the model. A solution is derived in a constructive manner
without computational costs associated with the problem’s high-dimensionality. Analytical results,
explaining the optimal solution, are provided. For a typically defined problem the optimality condition
is derived, which determines the bang-bang solution. The condition includes the discrete dynamics
of the adjoint variable, interpreted as the wood shadow price. The rule that is obtained is treated
as the dynamic rationale for logging a certain type and age of forest. Structural flexibility of the
proposed mathematical model facilitates its application in forest management. In proving theoretical
results in the paper, the authors propose a method that they have not come across in the literature.

Keywords: Pontryagin’s maximum principle, discrete forest management model.

MSC: 93C55, 49J30, 91B76
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B. . MakcumoB. OO0 omHOit 3ajiatie yrpaB/IeHusl JHHEHHON CuCTeMOl Ipu N3MEPEHIN JacTh
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PaccmarpuBaercst 3a7aua yrpaBjieHns CUCTEMO JTMHEHHBIX OOBIKHOBEHHBIX JTuhdepeHnaib-
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HBIX ypaBHeHuit. Ee cyTh cocTouT B IOCTPOEHHHU IPOLEAyphbl (POPMUPOBAHUS YIIPABJICHUSI B BHJE
0OpaTHOIT CBsI3M, 0OECIIEUNBAIOIIET0 OTCIEXKUBAHNE CKOPOCTHIO M3MEHEHHST JaCTH (PAa30BBIX KOOPIN-
HaT 3aJIaHHON CHCTEMbI CKOPOCTH U3MEHEHNs JacTU (PAa30BLIX KOOPIUHAT IPYLOf CUCTEMbI, IOABED-
JKEHHON BJIMSIHUIO HEM3BECTHOI'O BO3MYyIeHHs1. lIpesmosaraercsi, 9To M3MepsieTcss 9acThb (ha30BBIX
KOODIMHAT KazKIO0M U3 3aJaHHBIX CHUCTeM. V3MepeHns MPOUCXOIAT ¢ OIIHMOKOM B JUCKPETHLIE MOMEH-
TBI BpeMeHU. B pabore mpemjaraercss yCTORINBBIN K MH(DOPMAIIMOHHBIM [TOMeXaM U ITOI'PEITHOCTSIM
BBIMHCJIEHUI AJITOPUTM peIleHsT YKa3aHHON 3aa4u. AJITOpUTM OCHOBAH Ha M3BECTHOM B TEOPUH Ia-
PaHTHPOBAHHOI'O YIIPABJIECHUsT METOJIE IKCTPEMAJILHOIO CABUIa. B CBsI3u ¢ HenmotHOTO HH(pOpMaIun
0 ($ha30BBIX KOOpAUHATAX “KJIACCHIECKHUI KCTPEMAJIbHBIN CABUTI IPUMEHHUTH He yaaercs. [losTomy
B paboTe IpejioykKeHa ero MOAugUKaIus. JTa MOMMMUKAIUS HUCIOIb3YET 3JIEMEHTHI TEOPUH JIH-
HamMu4eckoro obpamenus. [loceaHsiss ocHOBaHa Ha KOHCTPYKIIUSIX TEOPUH HEKOPPEKTHBIX 3a1ad. B
3aKJII0YNTEIbHON YaCTH CTAThH YKA3BbIBACTCA KJIACC HEJTMHEHHBIX 110 (Pa30BbIM KOOPAMHATAM CHCTEM,
JIJIsT KOTOPOr'O MPUMEHUM OIMCAHHBIA B paboTe aJropuTM.
KiroueBnie ciioBa: ympapieHue, HEoIHasd NHMOPMAIWS, JUHEHHbIE CUCTEMBI.

V. 1. Maksimov. On a control problem for a linear system with measurements of a part of phase
coordinates.

We consider a control problem for a system of linear ordinary differential equations. It is required
to design a feedback control procedure under which the velocity of a part of the phase coordinates
of the system would track the velocity of a part of the phase coordinates of another system, which
is subject to an unknown perturbation. It is assumed that a part of phase coordinates of each of the
systems is measured with error at discrete times. We propose a solution algorithm that is stable to
informational disturbances and computation errors. The algorithm is based on the extremal shift
method known in the theory of guaranteed control. Since it is impossible to apply the “classical”
extremal shift due to the incompleteness of the information on the phase coordinates, we propose
a modification of this method that employs elements of the dynamic inversion theory. The latter
is based on constructions from the theory of ill-posed problems. In the concluding section of the
paper, we specify a class of systems nonlinear in the phase coordinates for which the algorithm is
applicable.

Keywords: control, incomplete information, linear systems.
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M. C. Hukoabckuii. OqaHa HeJauHeHAs 38898 UICHTHMUKAIAT . . ..o oovveeeeeeeeennn 206

PaccmarpuBaeTcs HenuHelHas JTUHAMUYIECKAsI CUCTEMA, B OIMUCAHUE KOTOPOI BXOJIUT HEU3BECT-
HBIT BeKTOpHBII mapamerp. Ilpeanosnaraercs, aro Habmonareas Ha orpeske [0,7] MOXKeT BbIYHC-
JIATH (PA30BBIi BEKTOP CUCTEMbBI ¢ HEKOTOPOI OIMIMOKOI, OrpaHUMYEeHHON 10 MOJIYJII0 MaJioil BeJIudn-
HO#t h > 0. D1y MHOOpPMAIIUIO O JUHAMHUKE CHCTEMBI »KeJIaTe/IbHO HUCIIOIb30BaTh JIJIsi HAXOMKICHUS
HEU3BECTHOI'O BEKTOpa. B cTraThe moyueHbl KOHCTPYKTUBHBIE JTOCTATOYHBIE YCJIOBHUSI, IIPU KOTOPLIX
MCKOMBII BEKTOP MOXKHO BOCCTAHOBUTH T€M TOUHee, deM MeHblrne Bejaudnna h > 0. [Ipu sTtom yma-
€TCs OTPAHUIUTHCI JTUCKPETHBIMUA U3MEPEHUSIMU BBIXOJ& CUCTEMBIL.

KirogeBnie ciioBa : maeHTudUKAIMSA, TUHAMAIECKAE CUCTEMbBI, OOPATHDBIE 3aIa4H.

M. S. Nikol’skii. A nonlinear identification problem.

We consider a nonlinear dynamic system with an unknown vector parameter in its description.
An observer can calculate the phase vector of this system on the interval [0, 7] with an error whose
modulus does not exceed a small value o > 0. This information on the dynamics of the system should
be used to find the unknown vector. We obtain constructive sufficient conditions under which it is
possible to restore the unknown vector with decreasing error as the value of h tends to zero. It turns
out that it is sufficient to use discrete measurements of the output of the system.
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Keywords: identification, dynamic systems, inverse problems.
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H. H. IlerpoB, H. A. CosoBbeBa. MHuorokparHasi mOUMKa yOEraroIero B JUHEHHBIX pe-
KYPPEHTHBIX TUPDEPEHITAATIBHBIX HTPAX -+« « v v v e et ete et et ettt e e et e e e e e 212

B konegHOMEPHOM €BKJINIOBOM IIPOCTPAHCTBE PACCMATPUBAETCs JIMHEWHAs 3a]1ada, IIPecje 0Ba-
HHs TPYIIION IpeciieoBaTesieil OqHOro yoeraiomero ¢ paBHLIMIA BO3MOYKHOCTSIME BCEX yYIACTHUKOB,
ONHUCHIBaEMasl CHCTEMON BHIA

Zi = A(t)zl + u; — v, Zi(t(]) = zz(']v Uiy U € V7

I7e MHOYXKECTBO JOIYCTHUMBIX yIpaBjeHuit V' — cTporo BBIMYKJ/IbIH KOMIIAKT C TVIAIKOW TDaHUIE.
[Ipeamnonaraercsi, uro dbyHnmamentaabias marpura P(t) ogaopoanoit cucremsl w = A(t)w, P(tg) =
FE aBistercst pekyppeHTHOI 110 3y00BYy (QyHKIHEH, a ee MPOM3BOAHAsT PABHOMEPHO orpaHudeHa. Lle-
JIBIO T'PYIILI IIPEC/IeIoBaTe/Iell ABJIsIeTCsl ONMKa, yOeraomero He MeHee 4eM 7 Pa3jIddHbIMHU IIpe-
CJIeIOBATENISIMY, IIPUYEM TePMHUHAJLHBIE MHOXKECTBa — BBIIYKJIble KOMIAKTHL. [IpecienoBarenu mc-
MTOJIb3YIOT KBA3UCTPATErnH. B TepMuHax HAYAIBHBIX MTO3UITUH Oy IeHbI JJOCTATOIHBIE YC/IOBUS Pa3-
PEIINMOCTH 3aJIa9t IIpecjenoBanusi. [IpuBeneHnl mpuMepsl.

Kirouesnie ciioBa: muddepennmanbiast urpa, rpyImnoBoe IpecaefoBanme, peKyppeHTHas QpyHK-
LM,

N.N. Petrov, N.A.Solov’eva. A multiple capture of an evader in linear recursive differential
games.

In a finite-dimensional Euclidean space, we consider a linear nonstationary problem in which
one evader is pursued by a group of players and all the participants have equal capabilities. The
problem is described by the system

4= At)zi+ui—v, zlto) =2, wu,veV,

where the set of admissible controls V is a strictly convex compact set with smooth boundary. It is
assumed that the fundamental matrix ®(¢) of the homogeneous system w = A(t)w, ®(ty) = F is a
Zubov recursive function and its derivative is uniformly bounded. The aim of the pursuing group is
to capture the evader by at least r different pursuers. We assume that the terminal sets are convex
and compact. The pursuers use quasistrategies. We obtain sufficient conditions for the solvability
of the pursuit problem in terms of the initial positions. Examples are given.

Keywords: differential game, group pursuit, recursive function.
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JI. A.Ilerpocsan, f.B.IlankparoBa. Ilocrpoenne CuIbHO-IMHAMUYECKH YCTONINBBIX
noabsiziep B audpepeHImaabHbIX UIPpax ¢ IPEANICAHHON IPOJO/KATEIbHOCTRIO. . . . . . 219

B pabore mpeiyiozkeH HOBBIH CHIBHO-JIMHAMUYECKH YCTOWYMBBIA MPUHITUI ONTUMAJIHLHOCTH KO-
onepaTuBHON I depeHInaIbHON UTPBI. DTO JETACTCS MyTEM MOCTPOEHHUsT HEKOTOPOTO TIOMHONKE-
CTBa sJIpa KOONEpaTuBHOW Wrpbl. IIpemjaraercss CYUTATH 9TO MOIMHOMXKECTBO HOBBLIM HPHHIIAIIOM
ONITUMAJBLHOCTH B PACCMATPUBAEMOM Kjacce urp. llocTpoenne mTpon3BOIUTCS Ha OCHOBE BBEICHUS
byukuun V, 1oMEHEpYIOLIeil 3HAMCHUST KIACCHIeCKOi XapaKTepHCTHIeCKOil (byHKIMI 110 KOAJIHIIH-
sim. [lyers V(S,Z(7), T — T) 3HaYeHMne KIACCHUYIECKOH XapaKTepUCTHIeCKOi (DYHKIMI, BHIYUCIEHHON
B HOJBIIPE ¢ HAaYaJbHbIMU ycjoBusivu Z(7), T — 7 Ha KoomepaTuBHON TpaekTopuu. Oupesesnm
dyHKIIHIO V 1o dopmyiie

~ V(S;z*(r), T —7

( )
V(S;20,T —tg) = m V(N:z0,T — to).




TPYAbI UHCTUTYTA MATEMATUKN 1 MEXAHUKU VpO PAH

Ha ocnose dyukImm V(S ; 20, T —tg) cTponUTCsl aHAJION KJIACCHYECKOTO sijipa. B pabore mokasaHo, 4To
IIOCTPOEHHOE TAKUM 00PAa30OM sIIPO SIBJISIETCS MOAMHOXKECTBOM KJIACCHYIECKOro sapa. Ilocmemmee 06-
CTOATEILCTBO IO3BOJIET PACCMATPUBATD €r0 KaK HOBBIN IMPUHIIAII ONTUMAJILHOCTH. JoKa3bIiBaeTcsl,
YTO 9TOT BHOBBb ITOCTPOEHHBIH MPUHIIUAI ONTHMAIBHOCTH SIBJISIETCS CUJIbHO-IMHAMUYIECKH YCTONYIU-
BBIM.

KioueBnie ciioBa: KooneparuBHas audpepeHimaibaas Urpa, CUIbLHO-IMHAMIIECKas YCTONIN-
BOCTbB, SIIPO, MOIbSIIPO, JEIEXK.

L. A. Petrosyan, Ya. B. Pankratova. Construction of strongly time-consistent subcores in differential
games with prescribed duration.

A new strongly time-consistent (dynamically stable) optimality principle is proposed in a coope-
rative differential game. This is done by constructing a special subset of the core of the game. It
is proposed to consider this subset as a new optimality principle. The construction is based on
the introduction of a function V that dominates the values of the classical characteristic function
in coalitions. Suppose that V(S,z(7),T — 7) is the value of the classical characteristic function
computed in the subgame with initial conditions Z(7), T'— 7 on the cooperative trajectory. Define

(S _ V(S;2* (1), T =7) 1.
V(S, LE(),T - t()) = tolgng V(N; x*(T),T — T) V(N,a:o,T - to).

Using this function, we construct an analog of the classical core. It is proved that the constructed
core is a subset of the classical core; thus, we can consider it as a new optimality principle. It is
proved also that the newly constructed optimality principle is strongly time-consistent.

Keywords: cooperative differential game, strong time consistency, core, subcore, imputation.
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. A. CepkoB. TpanchUHUTHBIE TTOCTEIOBATEILHOCTA B METO/E MPOIPAMMHBIX UTEPAITNIA . 228

PaccmarpuBaercs 3aaua yaep:Kanus OBMXKEHIH aOCTPAKTHON JUHAMIYIECKONR CHUCTEMbI B 3a1aH-
HOM MHOXKeCTBe orpanndeHuit. KoHCTpyKIIIu MeTo1a MpOorpaMMHBIX HTEpAIil PacupoCTPaHSIIOTCS
Ha 3aJa49d ¢ JUHAMHUKON He obJiagalorieil, BooOIne roBops, KaKMMHU-JIU00 TOMOJOIHYEeCKIMHI CBOM-
cTBaMM. YKazaHHAasl OOITHOCTE TPpeDOBAHMI K CHUCTEME IIPEOI0IEBAETCS BBEIEHNEM TPAHCHOUHATHBIX
ATepanyii onepaTopa IPOrPaMMHOIO IIOIVIOIIeHUs. B 000CHOBaHUM HCIOJIL3YeTCs TEXHUKA HEIO-
JIBUYKHBIX TOYEK OTOOparKeHUil B MHIYKTHUBHBIX YACTHIHO YIIOPSIOYEHHBIX MHOXKecTBaX. MTorom
[IPUMEHEHUsI IIPOLIEIYPhI SBJISETCA TOCTPOEHNE MHOXKECTBA, YCIIEITHON pa3pelIuMOCTH 3a1a9 YAep-
JKaHUS B KJIacCe KBAa3UCTPATErwil, “IPOMEXKYTOK  VIIPABJICHUS He IIPEII0IaraeTcsi KOHEIHBIM.

KunroueBbie citoBa: MeTon IPOrpaMMHBIX HTepalii, TpaHC(OUHUTHBIE UTEPAIH, KBA3UCTpaTe-
IUH, HEIIOABUKHLIE TOUKN, UHIYKTUBHBIE MHOXKECTBA.

D. A. Serkov. Transfinite sequences in the method of programmed iterations.

We consider the problem of retaining the motions of an abstract dynamic system in a given
constraint set. Constructions from the method of programmed iterations are extended to problems
whose dynamics, in general, does not possess any topological properties. The weaker requirements
are compensated by introducing transfinite iterations of the programmed absorption operator. The
technique of fixed points of mappings in inductive partially ordered sets is used in the proofs. The
proposed procedure produces the set where the problem under consideration is successfully solved
in the class of quasistrategies. The control interval is not assumed to be finite.

Keywords: method of programmed iterations, transfinite iterations, quasistrategies, fixed points,
inductive posets.

MSC: 37N35, 65J15, 47J25, 52A01, 91A25
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A. A. Ycunenckuii. Ciabast ”HBAPHAHTHOCTb OTHOCUTEJIHHO YIIPABJISEMON CHUCTEMBI IIUJINH-
JPUYECKOI'O MHOMKECTBA, C TVIAIKOM TPAHMIIEH . o o oo\ttt eeeete et e eeie e e eeiee e e 241

PaccmarpuBaercst mpobsiemMa MocTpoeHnst MHOYKECTB, pa3penaonux 1uddepeHnnaabHyo urpy
WIN 33J1a9y ONTHMAJILHOIO yIPaBJIEHHUS, NUCXOIdA U3 3HAHUS JIUHAMHUKU CHCTEMBI, PECYPCOB yIIPaB-
JIEHHsI W KpaeBbIX ycyoBmil. IlocTpoeHne Taknx MHOXKECTB, IpUYeM HaUOOJBIINX M3 BO3MOXKHBIX
(MaKCHMAJIBHOIO CTAOUIILHOIO MOCTa — B JAud DepeHnnaibHOil Urpe, MHOKECTBA YIIPABJISEMOCTH
— B 3aJia4e yIpaBJIEHNs ), SBJIsIeTCs HEeTPUBHAJIBHON 3a/adeil. DTo 06yCIIOBIEHO CIIOXKHOI reoMeT-
pueit MHOXKECTB, KOTOPBIM CBOWCTBEHHBI HEBBIIIYKJIOCTb W HErVIAIKOCTh IpaHuil. Ha mpakTuke mpu
pellleHnN MH>KEHEPHBIX 3aa4, MMEIONINX OIpPeIeIeHHbIE JIOIMYCKH U OTKJIOHEHHS, 3a9acTyIO0 CUH-
TaeTcsl MPUEMJIEMBIM IIOCTPOEHME pPa3pelaroIlero MHOXKECTBa, He O0JIaJalollero CBOMCTBOM Mak-
cuMaJIbHOCTH. [Ipu 5TOM KOHCTPYHpPyeMOe MHOYKECTBO MOKET OBITh HAJIE/IEHO XapaKTEPHCTUKAMII,
B JaJibHeieM objerdarnumMn (pOpMUPOBaHIe yIPABISIOMNUX BosdelicTeuit. Hampumep, MHOXKE-
CTBO MOXKET MMETh BBIILYKJIbIE CeYeHUs, IVIAIKYIO IpaHuily. B paMKax o3HAYeHHON HAIIPaBJIEHHOCTH
paboT B cTaTbe M3y4eHO CBOHCTBO crabmibHOCTH (C1a00fi WHBAPMAHTHOCTH) Ul OJHOTO KJIACCA
MHOKECTB, PaCCMATPUBAEMbBIX B IIPOCTPAHCTBE HO3UIMii auddepeniuaibuoil urpsl. Ha ocHoBe BBe-
nerroro B.H. YmakoBbiM nonaTus gedeKTa cTabiIbHOCTH MHOXKECTBA, ITOJIydYeH KPUTEPHil caaboii
MHBApPUAHTHOCTH OTHOCHUTEJIBHO KOHMJIMKTHO YIIPABJISIEMON JIUHAMUYIECKON CHCTEMBI JIJIsl IIUJIHH-
JPUYECKUX MHOXKECTB. B 9acTHOM cilydae JIMHEHHON yIpaBisieMOil CHCTEeMbI BBISIBJIEHBI JIEIKO IIPO-
BepsieMble [IOCTATOYHBIE YCJIOBHUSI CJIabO0W MHBAPUAHTHOCTH IJIsI IUJIAHIPUIECKIX MHOXKECTB, HMe-
IOIMX 3JUIAICONIAIbHbIE cedennsi. OOOCHOBaHUE YCJIOBHUIl OINUpaeTcss Ha KOHCTPYKIUU U (paKThl
cyomuddepennuaabHOro ucuucaenus. [IpuBesen WIOCTPUPYIONINANA TpUMED.

KiroueBnie citoBa: cTabnIbHOE MHOXKECTBO, Cilabasi MHBAPUAHTHOCTD, nud pepeHImaabHast urpa,
raMUJILTOHNAH, NedeKT CTabMILHOCTH, IAINHIPIIECKOE MHOYKECTBO, SJUINIICONI, cybauddepenn-
aJl.

A. A. Uspenskii. Weak invariance of a cylindrical set with smooth boundary with respect to a
control system.

We consider the problem of constructing resolving sets for a differential game or an optimal
control problem based on information on the dynamics of the system, control resources, and boundary
conditions. The construction of largest possible sets with such properties (the maximal stable bridge
in a differential game or the controllability set in a control problem) is a nontrivial problem due
to their complicated geometry; in particular, the boundaries may be nonconvex and nonsmooth. In
practical engineering tasks, which permit some tolerance and deviations, it is often admissible to
construct a resolving set that is not maximal. The constructed set may possess certain characteristics
that would make the formation of control actions easier. For example, the set may have convex
sections or a smooth boundary. In this context, we study the property of stability (weak invariance)
for one class of sets in the space of positions of a differential game. Using the notion of stability
defect of a set introduced by V.N. Ushakov, we derive a criterion of weak invariance with respect
to a conflict-controlled dynamic system for cylindrical sets. In a particular case of a linear control
system, we obtain easily verified sufficient conditions of weak invariance for cylindrical sets with
ellipsoidal sections. The proof of the conditions is based on constructions and facts of subdifferential
calculation. An illustrating example is given.

Keywords: stable set, weak invariance, differential game, Hamiltonian, stability defect, cylindrical
set, ellipsoid, subdifferential.
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B. 1. Yxo6oToB. Jluneiinas 3amada ynpaBjeHus IPpU HAJIAYIUH [TOMEXHU C ILIATOMN, 3aBUCS-
e OT MOJTYJIST JTUHETHOM (DYHKIIAT « .« « ot v v vttt et ettt e e ettt e e e ae e 251
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PaccmarpuBaercs JuHeliHad 3ajada ylIpasicHusa B R" npu HaIu9uy BO3AEHCTBHA CO CTOPOHBI
HEKOHTPOJUPYEMON TIOMeXH. Y IPaBISEMBIN IIPOLIECC IIPOUCXOAUT Ha, 3aJaHHOM IIPOMEXKYTKE Bpe-
MeHu [tg, p|]. Bo3aMoxkHbIe 3HAUEHUSsT TOMEXU TIPUHAJIE’KAT KOMIIAKTY. YIPABJICHUE UINETCS B BUJE
npousBejieHns: CKaasipHoit dyukimu ¢(t) € [J, o] na Bekropuyto dbyukuuio {(t,z) € M, z € R™.
Orpesok [d, @] u BIMyKIIbI cuMMerpuunblii KomakT M 3ananbl. Takoe onpejiesienue yrpaBieHust
BO3HUKACT B 3aJa49ax YIPABICHUS MEXaHUIeCKHMH CHCTEMAMU II€PEMEHHOTO COCTaBa. BO3MOXKeH
cJIydaii, KOrJa 3aKOH W3MEHEeHUsI peaKTUBHOI Macchl 3amaerca (PyHKIME BpeMeHn ¢, a yIpaBIaTh
MOXKHO HAIIpaBJICHHEM OTHOCUTEILHOI CKOPOCTH €€ OTAeIeHHs. TepMUHAIbHAS YaCTh ILIATHL 3aBU-
cuT OT Moy JmHeiHoi dyHKuu or BekTopa x(p). 3amana dbyukuus g(t,¢) > 0 upu t € [tg, p|,
¢ € [0, a]. UnTerpasibHasi coCTaBIISIONIAs IIATHI SIBJISIETCS MHTErPAJIOM Ha oTpeske [tg, p| oT dyHK-
wn g(t, ¢(t)). Bamada yupaBieHusT PAaCCMATPUBACTCS B PAMKAX TEOPUU ONTHMU3AINI FapaHTHPO-
BaHHOI'O pe3ynabraTa. JJoKazaHa TeopeMa CyIIeCTBOBAHUS OITUMAJBLHOIO yIIPABICHHUS C JOCTATOYHO
MIMPOKUME OIPAHMYCHUSIME Ha PACCMaTPUBAEMbIl Kiace 3amad. HaiieHsl 10CTaTOYHbIE YCJIOBHS,
IIPU BBIIOJIHEHNN KOTOPBIX JOIyCTHMOE YIIPABJICHUE SIBJISETCS ONTUMAJILHBIM. PaccMOTpeH mpumep,
KOTOPBII WILTIOCTPUPYET HaiiIeHHbIE JOCTATOYHBIC YCJIOBHS.

KiroueBnie ciioBa: yupasienune, momexa, miaTa, auddepeHiuaibaass urpa.

V. 1. Ukhobotov. A linear control problem under interference with a payoff depending on the
modulus of a linear function.

We consider a linear control problem in R” under the action of an uncontrolled interference.
The control process occurs on a given time interval [tg,p]. The possible values of the interference
belong to a compact set. The control is sought as the product of a scalar function ¢(t) € [4, o] and
a vector function £(t,z) € M, x € R™. The interval [§, o] and the convex symmetric compact set M
are given. This definition of the control arises in control problems for mechanical systems of variable
composition. For example, the law of variation of a reaction mass is defined as a function of time ¢,
and the control affects the direction of relative velocity in which the mass is separated. The terminal
part of the payoff depends on the modulus of a linear function of the vector z(p). The integral part
of the payoff is the integral over the interval [to, p] of a given function g(t, #(t)), where g(t, ¢) > 0 for
t € [to,p] and ¢ € [0, a]. The control problem is considered within the theory of guaranteed result
optimization. An optimal control existence theorem is proved under rather wide constraints on the
class of problems. Sufficient conditions are found under which an admissible control is optimal. An
example that illustrates the sufficient conditions is considered.

Keywords: control, interference, payoff, differential game.
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T. ®. ©®ununimoBa. BuernHne OIEHKN MHOXKECTB JIOCTHXKUMOCTH YIIPABJISIEMON CHCTEMBI C
HEOIIPEJCICHHOCTHIO M KOMOMHUPOBAHHON HETUHEMHOCTDIO . « o o\ vvve e eeeeeeeeeineee s 262

PaccmarpuBaercs 3amata oneHnBanns TPyOOK TPAeKTOPHUl HEJIWHEWHON yIIPAB/IsIeMON JTUHAMU-
YEeCKOl CHUCTEMBI C HEOIIPEJIEJEHHOCTHIO 1O HadaJbHBIM JaHHBIM. IIpesarosaraercss, 9T0 JUHAMU-
YecKad CUCTeMa HMMeeT CIIEIHUAJbHYIO CTPYKTYPY, B KOTOPON HEJIMHEHHBIC YJIEHBl ONPEIeIAI0TCA
KBIPATHIHBIMUA (bopMaMu 110 (Ha30BLIM KOOPAUHATAM, & 3HAUEHUsT HEOUPEIeeHHBIX HAYAIbHBIX
COCTOSTHUI W JIONYCTUMBIX YIIPABJICHUN CTECHEHBI JIIUIICOUIAJIBLHBIMUA OrpaHndeHusiMu. MaTtpuna
JIMHEHHBIX C/IaraeMbIX B (Pa30BBIX CKOPOCTSAX CHCTEMBI TaKKe TOYHO HE M3BECTHA, HO MPUHAJIIE-
JKUT U3BECTHOMY KOMIAKTY B COOTBETCTBYIOIEM IIPOCTPAHCTBE, T. €. IMHAMUKA CUCTEMbI OCJIO2KHEHA
HaJauIneM OUINHENRHDBIX COCTABJISIONINX B HPABBIX YacTIX And@epeHITnaJ bHbIX YPABHEHUN CHCTe-
MbI. B pabore paccMOTpeH CI0XKHBIN CIydaii, 0600Imaiomuii pagee Moy YeHHbIe aBTOPOM PE3yIbTa-
TBI, KOTJa IPEIIIOIaraeTCsl OJHOBPEMEHHOE HAJIMINE B JUHAMUKE CHCTEMbI OMINHEHHDBIX (DyHKIIH
u kBagparudHbix (Gopm (6e3 mpeanosiokenusi 06 UX TMOJOKUTEIBHON OIPEIETIEHHOCTH), & TaK¥Ke
YUYATBHIBAIOTCA HEOIPEJECJCHHOCTD 110 HAYaJbHBIM JIAHHBIM U BJIASHUE YIPABIAIONIAX BO3ICHCTBUIA,
KOTOPBIE TaK»Ke MOT'YyT TPaKTOBAThCS 3JIeCh KaK HEOoIpeJieJIeHHbIEe aIUTHBHBIC BO3MYyIIeHus. [1pu-
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CyTCTBHE BCEX yKa3aHHBIX (PaKTOPOB CYIIECTBEHHO YCJIOXKHSIET MCCJIEIOBaHue IpobyeMbl 1 Tpebyer
aJIeKBATHOI'O aHAJN3a, ITO W COCTABJ/IET OCHOBHYIO IIeJIb JAHHOI'O MCCenoBaHus. B pabore mpu-
BOJIATCS aJITOPUTMBI OTIEHUBAHUST MHOXKECTB JOCTHXKUMOCTU HEJIUHEWHON YIPaBJITEMON CHUCTEMBI
YKa3aHHOTO TUTA, Pe3yJIbTaThl NITIOCTPUPYIOTCST TPUMEpPaMU.

KitoueBnbie ciioBa: yrpasiiieMasl CUCTEMa, MHOXKECTBO JOCTUXKUMOCTH, OIIEHUBAHUE COCTOSHUIA,
HEOPeIeJIEHHOCTD.

T.F. Filippova. External estimates for reachable sets of a control system with uncertainty and
combined nonlinearity.

The problem of estimating the trajectory tubes of a nonlinear control dynamic system with
uncertainty in the initial data is studied. It is assumed that the dynamic system has a special
structure in which the nonlinear terms are defined by quadratic forms in the state coordinates and
the values of uncertain initial states and admissible controls are subject to ellipsoidal constraints.
The matrix of the linear terms in the velocities of the system is not known exactly; it belongs to
a given compact set in the corresponding space. Thus, the dynamics of the system is complicated
by the presence of bilinear components in the right-hand sides of the differential equations of the
system. We consider a complex case and generalize the author’s earlier results. More exactly, we
assume the simultaneous presence in the dynamics of the system of bilinear functions and quadratic
forms (without the assumption of their positive definiteness), and we also take into account the
uncertainty in the initial data and the impact of the control actions, which may also be treated here
as undefined additive disturbances. The presence of all these factors greatly complicates the study
of the problem and requires an adequate analysis, which constitutes the main purpose of this study.
The paper presents algorithms for estimating the reachable sets of a nonlinear control system of
this type. The results are illustrated by examples.

Keywords: control system, reachable set, state estimation, uncertainty.
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A.T. Yenuos, A. A. YentioB. luckpeTHo-HEIPEPBIBHAS 3a/[a1a MAPIIPYTU3AIUHI C YCJIO-
BUSAMUA TPEITTECTBOBAHIIST .« .+« e ettt ette et e e ettt e e e ettt e e e e e e e e e e 275

PaccmarpuBaercs 3agada mocIe0BaTEIBHOIO 00X0/1a 3aMKHY THIX MHOYXKECTB B KOMITAKTHOM MET-
PHUYECKOM IIPOCTPAHCTBE, OCJIOXKHEHHAsI OPAaHUYEHUSAMHI B BUJE yCJIOBHUI IPEIIIECTBOBAHUSA U BO3-
MOXKHOI 3aBHCHUMOCTBIO (DYHKIIMI CTOMMOCTH OT CIIMCKa 3ajaHuii. Vcciaemyercss BapuaHT AllIpPOK-
CUMAaTHBHOH peaim3alliid SKCTPEMYyMa IIOCPEICTBOM IIPUMEHEHUsI MOeseil, NCIOIb3YIOMNX 38 a49n
[OCJIe/I0BATEIBHOIO 00X0/[a MEralomcoB (HelyCThIX KOHEYHBIX MHOXKeCTB). JlaHHbIil BapuaHT ecre-
CTBEHHBIM 00pa30M BKJIAJILIBAETCsI B OoJjiee OOIMYI0 KOHCTPYKIINIO, CBSI3AHHYIO C ITOCJIEI0BATEILHBIM
HOCEIeHNeM KOHEIHON CHCTeMbl HEIllyCThIX 3aMKHYThIX MHOKecTB (H3M) B MeTpusyemoM Kommak-
te. Camo ke npocTpancTso H3M ocHammaercss merpukoit Xaycaopda, B TepMHHAX KOTOPOI OIeHM-
BaeTcs (U COOTBETCTBYIONIEM YCIOBUU HENPEPBIBHOCTH CedeHuH (DYHKIMI CTOMMOCTH) BIM30CTh
9KCTPEMYMOB YIIOMSIHY TOH 33/1a41 TIOC/IeI0BATEILHOT0 00X0/1a jisi ABYX JiIoObIX crucrem H3M (moz-
pasymeBaercst, 9o KoimdectBo H3M B Kax 101t cucreme oo u 10 kKe). [Ipu aToM orpanuyenus B
BHJIe YCJIOBUI IIPEIIIeCTBOBAHUS COXPAHSIFOTCS.

KurodeBbie citoBa: MapIpyT, Tpacca, YCIOBHUsI IIPEIIIECTBOBAHMS.

A. G. Chentsov, A. A. Chentsov. A discrete—continuous routing problem with precedence condi-
tions.

We consider the problem of visiting closed sets in a compact metric space complicated by
constraints in the form of precedence conditions and a possible dependence of the cost function
on a list of tasks. We study a variant of the approximate realization of the extremum by applying
models that involve problems of sequential visits to megalopolises (nonempty finite sets). This
variant is naturally embedded into a more general construction that implements sequential visits to



TPYAbI UHCTUTYTA MATEMATUKN 1 MEXAHUKU VpO PAH

nonempty closed sets (NCSs) from a finite system in a metrizable compactum. The space of NCSs is
equipped with the Hausdorff metric, which is used to estimate (under the corresponding condition
that the sections of the cost functions are continuous) the proximity of the extrema in the problem
of sequential visits for any two systems of NCSs (it is assumed that the numbers or NCSs in the
systems are the same). The constraints in the form of precedence conditions are preserved.
Keywords: route, path, precedence conditions.
MSC: 49120, 90C39

DOTI: 10.21538/0134-4889-2017-23-1-275-292

A. A. Yukpuii. Bepxuss un HmKHsS pa3pernamornime (QyHKINA B UTPOBLIX 3aa9aX JTITHAMEA-
3 PP 293

PaccmarpuBarorcst urpoBble 3amadm 0 COMMXKEHUN TPAEKTOPHUN HECTAIIMOHAPHON KBA3WINHEH-
HOW CHUCTEMBI C IIepEMEHHBIM IMUJINHIPUIECKUM TepMHUHAJIBHBIM MHOXKeCcTBOM. Mcciemyercs: cuTya-
[IMsi, KOTJIa He MMeeT MecTa Kijaccudeckoe ycimoue IlonTpsiruHa. C IOMOIIBIO BBEIEHUS] BEPXHUX
1 HIDKHUX pa3pemaionux QyHKIUH KaK CeJIeKTOPOB CIIENHAIbHBIX MHOTO3HAYHBIX OTOOpPasKeHU
HOJIYYEHBI JOCTATOYHBIC YCJIOBUA PA3PEIINMOCTH 337249, KOTOPbIe OTJIMYAIOTCA OT y2KEe M3BECTHDBIX.
Pesynbrarhl MILTIOCTPUPYIOTCA HA MOJIEJIBHOM ITPUMEPE.

KiroueBnie ciioBa: KOH(MDINKTHO-YIPABJIAEMbI IPOIECC, MHOIO3HAYHOE OTOOparKeHHE, yCJIOBHE
[Tourpsruna, naTerpag AymanHa, paspemraionast (pyHKIIH.

A. A. Chikrii. Upper and lower resolving functions in dynamic game problems.

The paper deals with game problems on the approach of trajectories of a nonstationary quasilinear
system to a variable cylindrical terminal set. The case is studied when Pontryagin’s classical
condition fails. The notions of upper and lower resolving functions are introduced in the form
of selections of special set-valued mappings. These functions are used to derive sufficient solvability
conditions, which differ from the known ones. The results are illustrated with a model example.

Keywords: conflict-controlled process, set-valued mapping, Pontryagin’s condition, Aumann’s
integral, resolving function.
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Biiyilikkoroglu T., Celebi G., V. Dzhafarov. Stabilization of discrete time systems by
reflection coefficients . . ... ... 306

For single-input single-output discrete-time systems, we consider a stabilization problem by a
fixed order controller. A number of examples show that such controller may not exist. It is assumed
that the controller depends linearly on a stabilizing parameter. In this case, the stabilizing controller
defines an affine subset in the parameter space. We use the well-known property of the Schur stability
region in the parameter space. According to this property the closed convex hull of this region is
a polytope with known vertices. Every stable vector has a preimage in the open cube (—1,1)",
and this preimage is called the reflection coefficient of this stable polynomial. By using reflection
coeflicients and polytopic properties of the stability region we obtain the stabilizability condition.
This condition is expressed in terms of vertices of the stability region which is a multilinear image
of the cube of reflection coefficients.

Keywords: discrete system, stability, affine stabilizer, reflection coefficient.

T. Brorokképoriy, I. Henebu, B. Jxadapos. Crabunmmsarust TUCKPETHBIX CUCTEM C HUCIOJIB30-
BaHUEM pedIeKTUBHBIX KO3(MUIIMEHTOB.

PaccmarpuBaercs 3a1a4a cTabUIN3aIUN JUCKPETHBIX CUCTEM C OJIHIM BXOJIOM U OJITHUM BBIXOJIOM
PErYJISTOPOM 3aJJAHHOT'O TIOPSIIKA. Psiji IpUMEpPOB MMOKa3bIBAET, UTO TAKON PEryIsiTOp MOYXKET HE CY-
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mecTBOBaTh. IIpeamonaraercs, 910 peryasaTop JUHEHHO 3aBUCUT OT CTAOMIN3UPYIOIINX [IapaMeTPOB.
B sTom ciayuae crabunmmsupyromniuii perysasaTop omnpeaessaer adb@UHHOE TOAMHOXKECTBO B IIPOCTPAH-
CTBE apaMeTpoB. B aToM mpocTpaHcTBe 3aMKHYTasi BBIIYKJIas 000JI0YKa 00/IaCTH YCTOWIMBOCTH 110
[Iypy stBIsIeTCST MHOTOTPAHHUKOM C M3BECTHBIME BepiinHaMu. KaKaplii cTaOUIBHBI BEKTOP MMeeT
upoobpasz B oTKpbiToM KyOe (—1,1)", u aror npoobpas HasbiBaeTcss pedJIeKTUBHBIM KO3hbuImen-
TOM COOTBETCTBYIOIIET0 CTaOMIM3UPYIOIero nojanuomMa. Ha ocroBe pedeKTUBHBIX KOI(DDUITMEHTOB
1 CBOIICTB MHOT'OI'PAHHO 00JIACTH YCTOMYINBOCTH IIOJIYYEHO YCIOBUE CTAOUIN3UPYEMOCTH. DTO YCJIO-
BHE BBIPAYKEHO B TEPMHMHAX BEPIIUH OOJIACTH YCTOWYMBOCTH, KOTOPas SIBJISETCA MYJIbTHIMHEHHBIM
obpazom Kyba pedIeKTUBHBIX KO3MMUITHEHTOB.
MSC: 93C55, 93D15
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