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IMPAMBIE 1 OBPATHDBIE TEOPEMBI
TEOPUN IIPUBJINYKEHNS MEPUOANYECKNX ®YHKIIUN
B PABOTAX C.Bb. CTEYHKNHA " X PASBUTUE

B. . NBanos

Wsnaraercss mcTopusi pa3BUTHS BaKHOIO HAIIPABJICHHS TEOPHH NPUOIIKEHUS MEPHOAMIECKUX (OYHKINHIA,
MOCBSIIIIEHHOTO IIPSIMBIM M OOpaTHBIM TeopeMaM, CyIeCTBeHHbIH BKIa B Koropoe BHec C. B. Creuknn. CraBarcsa
HOBBIE 3aJa4U.

Korouesble coBa: Hamsydiee npub/InzKeHne, MOAY/Ib HEIIPEPLIBHOCTH, HepaBeHCTBO [Ixkekcona — Creuxkuna,
obpaTHOe HEPABEHCTBO.

V.I.Ivanov. Direct and inverse theorems in approximation theory for periodic functions in S.B. Stechkin’s
papers and the development of these theorems.

S.B. Stechkin made a considerable contribution to an important aspect of approximation theory for periodic
functions concerned with direct and inverse theorems. We present the history of development of this research
area and pose new problems.

Keywords: best approximation, module of continuity, Jackson—Stechkin inequality, inverse inequality.

Moewmy yunrento C. B. Creukuny
MOCBSIIIAETCST

IIpeaucioBue

Hacrosmas pabora nammcana Ha OCHOBE JOKJIaJa, CAEJIAHHOTO aBTOpoM Ha MerkyHapoaHoit
koudepennun “Teopust npubsmxkenuit’, nocesiennoit 90-yeruto Ceprest Bopucosuua Creukunna
u npoxoauBiieit 23 —26 asrycra B Mockee, B Maremarndeckom nactuTyTe M. B. A. Crekiosa PAH.

C.B. Creukun 6bu1 MouMm yumteseMm. Hare obmienue mpoposikaiock 25 jer. B 1970 r. mens,
CTyJIeHTa 3-T0 KypCa MeXaHUKO-MaTeMaTndeckoro dgakysabrera MoCKOBCKOro yHUBEpCUTETa, OH BBeJI
B UYyJECHBII MUD Teopun HTPHUOIMKEHUI 1 3a00TIMBO BeJI 110 TEPHUCTOMY IIyTH OOPETEHUs] HOBBIX
3HAHMI 10 3aIUTHI KAHIUIATCKON ancceprarun B 1977 . I B manpHeiimeM oH BHUMATEILHO OTCJIe-
JKUBAJI U MOJIJIEPYKUBAJI MOU HAYJIHBIE UCCJIEIOBAHUS BILJIOTH JO 3aIUTHI JOKTOPCKOHN JTUCCEPTAIIH
B 1994 r. B 1995 1. Ceprest Bopucosuua ne craio. 9 GeckoneuHo GyiarofgapeH CBOEMY YUUTEIO 3a
BCe, YTO OH JIJI MEHS CJIeJIadl.

Korma oprkomurer KoHMepeHInn IpeJIoKII MHE ¢iiejarh Jokaad o paborax C.bB. Creukuna
110 Teopun MPUOJINKeHUsT (DYHKIHIA, s1 He cpa3y OINEHUI CJI0KHOCTH IMOCTABJICHHO 3ataau. Kro OJa-
rOJIApHBIE YUEHUKHU, OCOOEHHO CTapIee MOKOJIEHNE, TTPEKPACHO IOy IsIPU3UPOBAJIN HAY IHBIE JIOCTHU-
»enust Ceprest Bopucosuya. B ero uzbpannsie Tpy/is! [30] ¢ comepkaTebHBIMU KOMMEHTAPH-
sIMH, BBIILYCKH KypHaJI0B “Ycnexu maremarndeckux Hayk’ [31], “Tpyapt Uacturyra MaremMaTuku u
mexannku YpO PAH” [32], “©ynuamenTanbias u npukiagHas maremarnka’ [33] ¢ mpekpacHbIMU
0030paMu 110 OCHOBHBIM HAIIpaBJIeHUsIM Hay4dHO# nesitesbHOoCcTH Ceprest Bopucosuya, B ToM 4ucjie
u 10 Teopun mpubKenna GyHKIUA. UTOObI He TOBTOPATLCS, MHOIO JJIs JIOK/Iada ObLIN BBIOpa-
HBI, cTaBimme Kjaaccudeckumu, pesyiabrarbl C.B.CreuknHa, MOCBANIEHHBIE TPSMBIM U OOPATHBIM
TeopemMaM Teopuu HpubJvKeHus nepuojundecknx dynxmmii. IIpu mojroroske Jokimaga s ciegoBat
uzBectHoMmy npunnuiy Cepresi Bopucosuua. Brauase pacckazars, ato ObL10 uzBectHo ;10 Cepres
Bopucosuua, 3atem — uaro caenan Cepreit Bopucosnt, u, HAKOHeII, ITO CAEIAHO yKe MOCTE HETO 1
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cIeJI0BasIo Obl, Ha MOW B3I, ele ciaenarh. Cepreit BopucoBud paboTas TOILKO B IPOCTPAHCTBE
HelpepbIBHBIX GyHKImit. MHOIO OyIeT oTCIeKnBaThcA Bes MKaJa IpocTpancTs Ly, 0 < p < 0o, HO
s1 He Oy/Iy KacaTbCs Pe3y/IbTATOB JIJIsi MIPOU3BOIHBIX W COMPAXKEHHBIX (DYHKITHIA.

Pesyinbrarer, Koropoie 6yayT 3arponyThi, Cepreit BopucoBud mosyumn B mepuos ¢ 1947 r. mo
1956 r. B JocTaTOIHO MOJIOIOM Bo3pacTe. OHU MO3BOJIUIN €My Cpa3y CTATh IPU3HAHHBIM CIIEIUAJIN-
CTOM II0 TEOPUU IPUOINYKEHN U B JaIbHEHIIIEM OCTaBaAThC JIUIEPOM, OIPEICISIBIINM HAIIPABICHIE
pPa3BUTHUsT TEOPUU PUOINZKEHUN, OCYIIECTBIABIINM IKCIEPTU3Y IMOJTYIaeMbIX PE3Y/IbTaTOB, ILI0I0-
TBOPHO pabOTABIINUM 0 KOHIIA CBOUX JIHEH.

OcHoBHBIE oripeaeJieHud mn 0bo3HaYeHUA

B pabore OymyT nCoOIb30BATHCS CTAHIAPTHBIE 0O03HATCHUA:
R, Z, N — mMHOX)eCTBa JI€HCTBUTEIBHBIX, TIEJIBIX U HATYPAJbHBIX UHCET;
T = [, 7) — oaHOMEpHBIii TOD;
L,(T), 0 < p < 00, — HPOCTPAHCTBO AEHCTBUTEIBHBIX 27-IEPHOANTIECKAX U3MEPUMBIX 110 Jlebery

1/p
by £ (o) e wopwon 1, = ([ 7@ dr) <o
T
L(T) = C(T) — mpocrpancTso HenpepblBHbIX (yHKImil ¢ HOpMoit || f,, = max{|f(z)|: = € T},
T, = {t(az) Dt(x) = Z\k|<n cpe®® ey = @}, n € Zy, — MOAMPOCTPAHCTBO TPUTOHOMETPUIECKUX
HOJIMHOMOB TIODSIJIKA, 1

E.(f)p = inf{|f - tl,: te Th-1}, 0 < p < oo, n €N, — BeluunHa HAMIYUIIEr0 IPHOIIKEHIsI
dyukiuu f € L,(T) rpuronomerpudeckumu nojuHoMamu u3 1y, q;

Auf(@) = fla+) = f(2), AFf(@) = AAFT (@) = Thg (<15 (§) fla-+it), b € N, — nepras
u k-s1 paznoctu (GyHKIuu f;

w(o, f)p = sup{HAtf(x)Hp s < 5}, wi(6, f)p = sup{HAff(m)Hp s < 5} — IepBbIil U k-it MoO-
nymu menpepsisaoct dynkuun f € Ly(T);

2T

an = O(bn) JIJIsT TIOJIOYKATETBHBIX ITOCTIEI0BATEILHOCTENR Ay, by, €CIIN IS HEKOTOPOH MOCTOSTHHOI
¢ > 0 u Bcex n € N BBIIOJTHSIOTCA HEPABEHCTBA, Gy < C by ;
ap, =< by, eciu a, = O(by,) u by, = O(ay);
n nn—1)---(n—k+1)
(1) = g

¢ — abCcooTHASA MOJIOKNTEIbHAA TTOCTOAHHAS, Cp J, — IOJOXKHUTEIbHAS HOCTOSHHAA, 3aBUCAIIAS OT
YKA3aHHLIX IIapaMeTPOB.

[TonsaTne Benmauubl Hammy«iero mpubmkennsa nupunasmexxut [1. JI. HebbleBy, mepsbiii Mo-
nysb HenpepbiBHocTH BBest A. Jleber, a k-it Mmomynb nenpepoisaoctn — C. H. Bepumreitn [5].

(f*xg)(x)= S /f(:E —t)g(t)dt — cBeprka nepuopmyeckux GyHkmi f u g;
T

— OuHOMWUAJIbHBIE KOIDDUIMEHTBI;

IIpsimbie TeopeMbl

B rteopun npubsmkenusi (pyHKIUN MPUHATO BBIIECISTH AINMPOKCUMATUBHBIE CBOHCTBa (DYHK-
11U, OIpEJIesigeMble CKOPOCTBIO ee NPUOIMKEHNs, U CTPYKTYPHbBIE I[VIAJIKOCTHBIE CBOWCTBa (DYHK-
MU, OTPaYKAIIINe ee BHyTpeHHUE cBoiicTBa. [lojg mpsiMbiMu TeopeMaMy TOHUMAIOT HEPABEHCTBA,
B KOTOPBIX AIIPOKCUMATUBHBIE CBOHCTBA (DYHKITHH OIEHUBAIOTCST Yepe3 ee CTPYKTYPHBbIE CBOICTBA.
B namem ciyvae annpokcuMmaTHBHBIE CBOiicTBa (yHKIMU Oy/IyT XapaKTePU30BATHCHA BEIUIUHON
HAWJIYYIIero IMpUOJINKEHNsT U CKOPOCTBIO MPUOJIMKEHUsT JTUHEHHBIM METOJIOM, a CTPYKTYPHBIC
cBoficTBa (DYHKIMH — €€ MOJLYJISIMA HEIPEPBIBHOCTH.

[Tepsasi npsimasi Teopema 6buta gokazana 1. lxekconom [48] B 1911 .

Teopema 1. Jlas mobot f € C(T) swnoansemes nepasencmeo

Ey(f)oo < cw <z,f)oo (1)

n
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Hepagsencrsa 110/100HOT0 THIIA € TIEPBBIM MOJYJIEM HEIPEPBIBHOCTH MPUHATO HA3BIBATH HEPABEH-
creamu Ixkexcona. B 1937 r. B pabore E. Kpaje [49] nepasencrso [IzkekcoHa 6bLI0 pacupocTpaHeHo
ua npocrpancrsa Ly(T), 1 < p < oo.

Teopema 2. /[as moboti f € Ly(T), 1 < p < 00, 86n0AHAEMCA HEPAGEHCTNEO

En(f)pgcw<%,f) . (2)

p

Mot mokazaresbersa (1) 1. JIzKeKcoH UCIIOIB30BaJI JIMHEHHBINH MeTO| IPUOIMKEHNsI, M3BECTHBII
Kak MeTon J»kekcoHa :

Im2(x, f) = (f * Jm2)(x) € Tn,

Jm,2(t):cm<w>4, %/ng(t)dt:l, m— [”“},
T

riue

sin(t/2) 2

— snpo JI>kekcona.
Hnst mo6oit f € Ly(T), 1 < p < oo, ciipaBeyinBa OleHKa

1£@) = T, Pll, < cw (5, f)
P
U3 KOTOPO#l BbITeKaloT HepaseHcTBa (1), (2).
B 1945 . A. Burmyn [55] yeranosmwi, 9to ecint wa (6, f)oo = O(9), 10 En(f)oo = O(1/n).
B obmiem ciryuae npsMyro TeopeMy O BTOPBIM MOJLYJIEM HElPePLIBHOCTH OlybsmKoBas B 1947 1.
H. . Axuesep B monorpacbun [1].

Teopema 3. [laa amobot f € Ly(T), 1 < p < 00, 66inoanAEMCA HEPABEHCTEO

En(f)p < cwr <%,f) : (3)

p

Hepagencrso (3) MOXKHO Tak»Ke J0KA3aTh C MOMOIIBLIO MeToja JIxKekcoHa.

B 1947 r. C.H.Bepumreita [6] ycranosum, aro ecmn wi(d, fleo = O(6%), 0 < a < k, 1O
E,(f)oo = O(1/n%). Takum 06pazoM, BOHUKAJA TBEP/Aas YBEPEHHOCTh, YTO HEPABEHCTBO (3) crpa-
BEJJIUBO U /I MOJLyJIell HEIIPEPBIBHOCTH MTPOU3BOILHOTO TOpsiyika. OCHOBHAsI TPYHOCTD 3TOr0 0606~
HICHUs COCTOSIa B TOM, 9TO MeToJ JIxkekcoHa, Oyaydn MOJOXKUTEIbLHBIM, HE MOYKET MPHOJINKATD
HeTpUBHAIBHBIE (GYHKIINI CO CKOPOCThIo 6ostbieit, wem O(1/n?), B To Bpems Kak MOJLy/Th HelpephiB-
HOCTH Wi (7/n, f)p, MOXKET CTPEeMHUTbCH K HyO ¢ Gosbiueit ckopocrbio. [Tosxke P. M. Tpury6 [43]
MOJTHOCTBIO OXaPaKTEPU30BAJI AIIPOKCUMATHBHBIE BOZMOKHOCTH MeToa JIxKekcoHa :

1£) = Tmala f)l, =2 (2.) . 1<p<oo

Bosnukimyo tpyanocts cmor npeogosiersb C.B. Creukun, paborast Hall KaHIMIATCKON mguccep-
tarueii “ O mopsiaKe HAUIY IIIIX TPUOJIMKEHII HellpepbIBHBIX (OYHKIINI ~, 3ammuineHHoi uM B 1948 .
Emy ymamoch mocrpouTh HeoOXoamMblil meron npubimkenusi. Hazosem ero meromom Credkmna.
Xors C. B. Creuknn JJ0Ka3bIBaeT HEPABEHCTBO (3) JJIsT MOJYJIsl HEIIPEPBIBHOCTH IPOU3BOJILHOTO 110
psiJiKa B IIPOCTPAHCTBE HEIPEPBIBHLIX (DYHKIINNA, HO €r0 PACCy>KIEHHS CIPABEIINBLI U JJIA IIPOCT-
pamcts L,(T), 1 < p < oo, nosromy copMmynupyeM yTBepzKIeHIe ¢ HAROOIbIIEH TOTHOTOM.

Teopema 4. /[as mobot f € Ly(T), 1 <p < oo, k> 3 swnosnsaemca nepasencmeo

En(f)p < cwn (20f) - )

p
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Hepasencrsa Buja (4) ¢ MOIyJIeM HEIPEPBIBHOCTH IIPOU3BOJIBHOIO MOPSIKA MPUHATO HA3bl-
Barb HepasencTBamu JIxkekcoma — Creukuna. HepasencrBo (4) mpu p = 00 6bLIO OIyOJIHKO-
BaHo C.B.CreukunbiM 6e3 jokazaresberBa B 1949 1. B [24] U ¢ HOJHBIM JI0KA3aTEJIBCTBOM —
B 1951 . B [25].

Apropy npu pabore HaJl Kaugugarckoii gucceprarueit C. b, CreukuubiM OblLia OCTAB/IEHA 3a-
Jlada pacIpOCTPAHUTL HepaBeHCTBO (2) Ha npocrpancrsa Ly(T), 0 < p < 1. Hax ananoruanoit 3aaa-
Jeii nmapaJuiesibHo paborain ogecckue maremaruku . A. Cropoxenko, B. I Kporos u I1. Ocasibi.
B 1975 r. Beiwu paborer [10] u [34], B KOTOPbIX HE3aBUCHMO JOKA3aHO CJIEIYIONIEE YTBEPXK ICHUE.

Teopema 5. [as mobot f € Ly(T), 0 <p < 1, swnoanaemea nepasencmeo

En(f)p < ey (7.1) . (5)

s nokazaresbersa (5) ObLIO HCIOJIB30BAHO IPOMEXKYTOTHOE IPUOJIMZKEHNE KYCOUHO-TIOCTOSH-
ubiMu ysknusamu. Ilosmenit anagor Hepasencrsa JIxkekcona — Creuknuna B npocrpancTsax L, (T),
0 < p < 1, moayuen . A. Cropozxkenko u I1. Ocsasbgom [35] B 1978 r. Onu ucnosb3o0Bain mpoMerxKy-
TOYHOE MPUOINKEHNE KYCOTHO-MHOTOWICHHBIME (DYHKIUSIMA U OMUPAJTIUCH Ha YCTAHOBICHHOE MU
obobmerne TeopeMsl Yurau gt npocrpancts L,(T), 0 < p < 1.

Teopema 6. /[as moboti f € Ly(T), 0 <p <1, k> 2 svinosnsaemca nepasencmeo
7r
En(f)p < ep i wi (_7f)
n P

Taxum 06pa3oM, MpsiMbIe TEOPEMBbI I HAMIY YITUX TPUOJIMKEHIH epUoAnIecKnX (DYyHKINNA 1
MOJLyJIell HEIIPEPBIBHOCTH IIPOU3BOILHOIO MOPAKA ObLIN YCTAHOBJIEHBI ¢ MAKCHUMAJIHLHOM IIOJHOTOIA.

Cormacno ussecrnoit Teopeme Bepumreitna E,(f), — JeBasg dacrtb Hepasencrsa (4) Moxer
OBITH J1I000I MOHOTOHHO YOBIBAIOIIEH K HYJIIO IOC/IEI0BATEIbHOCTHIO. B TO BpeMs Kak ITOC/IeI0-
BaTEIbHOCTD W (7/n, f), B IpaBoil dacTu HepaseHCTBa (4) uMeer Gosee pery/sApHOe IOBEICHHE I
HE MOMKET CTPEMHTLCA K HYJIO JUId HeTPUBHAIbHON (ynkmuu 6bictpee, yem O(n~F). Bosnukaer
peIIoIozKenne, 4to (4) MOXKHO YCHJIUTH, IOCTABUB B JIEBYIO YaCTh 9TOI0 HEPABEHCTBA HEKOTOPOE
cpejHee U3 HAWIYIININX HPUOIMKEHNH. DT0 AeificTBUTENbHO Tak. OTMETHM JIBa Pe3ysIbTara.

B 1965 r. M. @. Tuman [39;41| musa 1 < p < 00 JJoKa3aJ HEPABEHCTBO

1 . vk—1 ry 1 ™
J{ZV Eu(f)p} < Cpje W <E’f>p’ 7 = max(2, p). (6)
v=1

B 1979 r. I. 1. Haraucon u M. @. Tuman [18] pokasamnu, aro s 1 < p < oo

(T 70) T (Z) )

p

Hepagencrso (7) cupasemmeo u jyist 0 < p < 1.
Bepuemest BHOBb K HepaBeHCTBY Jlxkekcona — Creukuna (4). JIunefinbiit MeTo npubimzkeHnst
CredkuHa UMeeT BU,

1
2

Sl 1) = = [ (F@) = A2 1) g 04t € Ty,

T

Tm.q(t) = cm<w>2q, L /qu(t)dt =1, m= [n_ Ly 1] :
T

rIIe

sin(t/2) 27
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— obobrenHoe siapo Ixkekcona.
Host moboit f € Ly(T), 1 < p < oo, ¢ > 2 cupase[jmsa OIEHKA

1£(2) = Smg(@ D, < eqoaga (7. 1)

U3 KOTOPOH BBITEKAET HEPABEHCTBO (4).

O6cyauM alIpOKCUMATUBHBIE BO3MOXKHOCTH MeTona CTedkuHa.

Bamgaua 1. Jokasars, aro qus moboit f € Ly(T), 1 < p < oo, ¢ > 2 cupaBeinBo MOPsIAKO-
BOE PABEHCTBO

17() = Sma(a, £, = w22 (1. f) -

Meron Creuknna MOXKeT ObITh 3allMCaH B BUJE CBEPTKHU

Smq(, f) = (f * Smq) ()

¢ sapom Creukuna,
2q —2
Smalt) = 3 (0 (277 84,00,

rIIe

1 « t+ 27s
S2q2 _YZ < )
s=0

OnpeesuM ceMeicTBO JIMHEHHBIX OJUHOMHUAIBHBIX olepaTopoB CTeuknHa

2q(m—1)

! S FOA ) S (A — 7+ 1),
k=0

Smq(@, A, f) = Sqm =1 1

rae ty = 2mk/(2¢(m—1)+1). Oyukims Sy, 4(z, A, f) 10 HEpeMEHHOMY  €CTb HOJIMHOM HOPsAKA 1n—1;
1o napamerpy A ona umeer nepuof 2mw/(2g(m — 1) + 1).

Koncrpykiust Takux cemeiicts oneparopos npunaexur K. B. Pynosckomy [20]. C momorsio
TaKO KOHCTPYKIMHK ¢ ApyruM sapoM B 1993 1. emy yuanocs [21;22] noay9uTs npocToe JoKa3aTesb-
crBo Hepasencrsa [Ixxekcona — Creukuna B npocrpancrsax Ly(T), 0 < p < 1.

Hnst mo6oit f € L,(T), 0 < p < 00, crpaBeanBo HEPABEHCTBO

1 » 1/p
By = (50 [ 1060 = Smalar DY)
T

Bamaua 2. Jokazars, uro s smoboit f € Ly(T), p > 1/(2q), ¢ > 2 cupaBemBo HOPsIKO-

BO€ PaBEHCTBO
1 » 1/p s
(3 T/ 170) = Smale A DIEN) =gz (Z.1) |

PaCCMOTpI/IM 3a/a4dy O BeJIMYMHE KOHCTaHTBI B HEPABEHCTBE ,H}KGKCOHa — Creyknna. HyCTb

D, 4(n,6) = sup f)p

En(
1<p< <
ey wi(0, fp (Ispsoo, 0<ism)

— TOYHas KOHCTaHTa B HEPaBEHCTBE rB;}KGKCOHEL — Creuknuna

En(f)p < ce(n,é,p, k) wi (6, f), -
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HaszoBem ee koncranroit Ixxexkcona — Creukuna. OHa siBiistercst PYHKIMEH MHOTHX ITapaMeTpPOB,
1 ee BuIUHCaeHne — cjioxkHas 3aga4da. C. B. CreuyknH, B 9acTHOCTH, HHTEPECOBAJICS 3aBUCAMOCTBIO
9TOI KOHCTAHTBI OT IOPSIIKA MOJLYJIST HEIPEPBIBHOCTH.

OmupenennMm 4duciia

k RN\ —1/R
— (> (" "R o Lelog g
Qp k= s ) —max(p,p), 5—1_]7_ ) <p < o0,

s=0
k -1 L1/ (@2r) ) ,
A1k = Qoo k = < [k‘/Z] ) ) /Bp,k = 77 r= mln(p7p )7 1 < p < 0.
Pasaomepromo 1 <p<ocomk >1

apyk = /8p7k'
HaI\/I IPEeJICTaBJIAIOTCA BaKHBIMU CJICAYIOINEC 3aJ a1,

Sangayva 3. Hokazarb, uro npu 1 < p < oo, k> 1
Dy (n,m) = ap. (8)

Sanayva 4. Jokasarb, uro npu 1 < p < oo, k> 1

2
DpJf <n, ?> < Ap k- (9)

Bamaga 5 [47]. Hokasars, uro npu k > 1,1 > 1

7T 7T 7T

Doo,k <’I’L, _> < oo,k Doo,2l <’I’L, _> = Qo,2], SUp Doo,2l—1 <’I’L, _> = Moo 21—1-

n n n n

SBamaua 6. lokazars, uro mpu 1 < p <oo, k> 1
T
Dy (1,2 ) = By (10)

Bameuanue 1. Bojee npocro, yem HepaBeHCTBO (8), 10Ka3aTh HEPABEHCTBO

Dy (n,0) > app upn 0<d< 2% (11)

B 1967 r. H. 1. Yepusix [45] ycranosu (11) npu p = 2. Ilpu 2 < p < oo nepasencrso (11) 6b110

nokazano asropoM [12]. pyroit crioco6 mokaszareiberBa HepasercTBa (11) mpu p = 2 npejjioxken

B pabore A.T.Bab6enko [2]. CupasemmBocth HepaBeHcTBa (8) OblIa MOJ COMHEHHEM JI0 PabOTHI

A. M. Kosko u A. B. Poxxzecrsenckoro [14], B koropoit (8) mokaswsiBaercs npu p = 2. [lpu 1 < p < 2

XOpoliue OleHKN KOHCTaHThl JIxkekcona — CredknmHA CHU3Y OTCYTCTBYIOT, KpoMme ciaydast k = 1,
HO9TOMY JIJIsl 9TUX P BHAYAJIE CJIEJyeT HOIbITAThCs 1oKa3arh (11).

Sameuganue 2. B3sagade 5 oeHKY CBepXY HYKHO JOKA3BIBATH TOJIBKO JJIst YeTHBIX k = 21,
TaK Kak

m us
20050,21 = Qloo,21—15 woy <—7f> < 2w9q (_7f) .
n 00 n e’}
Bameuanue 3. Ipumep byukun fo(z) = cosnx, niusa koropoit ipu 1 <p < oo, 0<a <1

En(fo)p — 1
Wi <7;—a,f>p <2sin %)

[OKA3BIBAET, YTO aAPIYMEHT 71/ B MOJLyJIe HEIPEPBIBHOCTU — HAUMEHBIIUH CPE/I apTyMEHTOB BUIA
mwa/n, mis Koroporo cupaseauso (10).

k
k 2 /Bp,k ca7 CCL > 17
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C(l)OpMy.HHpOBaHHbIe TUITIOTE3bI OCHOBAHBI Ha U3BECTHBIX TaCTHBIX pE3yJ/ibTaTaX.
HepBbIM TOYHBIM DPE3YJ/JIbTaTOM CTaJI0O PaBEHCTBO

T
Supl)oo,l (n7 _) =1= Qoo 1,
n n

KOTOPO€E BBITEKAET U3 HEPABEHCTB
1 T
1—% SDoo,l (naﬁ) <1,

nokazanubix H. IT. Kopreiiaykom [16] B 1962 r. Takum o6pazom, B 3aja4e 5 MOXKHO cuutarTh k > 2.

B nacrostiiee Bpemst Hanbosiee usydeH ciydaii p = 2. 3agaiu 3, 4, 6 perreHbl HOJTHOCTHIO Y IeHNKA-
mu 1 HaygHbIME “BHYKaMu” C. B. Creuknna. Hepasencrso (8) npu k = 1 nokazano H. 1. Yepubix [44]
u B. 1. Bepapimessiv [4] 8 1967 ., a mpu k > 2 — A. 1. Kosko n A. B. PoxiecrBenckum [14] 8 2004 1.
B 1967 1. H. 1. Yepnbix [44] nokaszan HepaBeHCTBO

™
Dy (n, ﬁ) <o,

6osee cuibHoOe, YeM (9) pu k = 1. B sT0M 2Ke rojy oH joka3as HepaBeHcTBO (9) 1yist Beex k > 2 [45].
Omnenka cepxy (10) B 3amaqe 6 6buta noaydena B 2001 1. C. H. Bacuibessiv 7).

B 1967 r. B. 1. Bepapumes [4] nomyqawnn mepasencrso (8) mpu 1 < p < oo m k = 1. B 1992 rn.
H. 1. Yepnbix [46] mokazan uepasenctso (9) npu 1 < p < 2 u k = 1. Yro Kacaercs: ONEHKHA CBEPXY
koHcTaHThl JIxxekcona — Creuknna npu 2 < p < 00, k = 1, To HaW/IydIIell HA CErOJHS SBIIAETCS
onerka D) 1(n,7/n) < 3/2, xoropas npunagtexur C.B. Creukuny [29]. Aropom [11]| mokazaiibt
OICHKH

E3/2 E3/2
Dy <n, T) <cBpr (1<p<o0), Dy <n, T) = Bk (2<p<o0).

B 2009 r. nosiBuiack unrepecHas pabora C.Pykapa, FO. Kpsaxkuna u A. [llagpuna [47], nocss-
IeHHas ONEeHKaM KOHCTaHThl JIxkekcoma — CTeUknmHa B NPOCTPAHCTEE HENPEPBLIBHBIX (DYHKIHIA.
B pabore nocrasiena 3agada 5, s KOTOPOI IOJIyYeHBI IPABUILHLIE OLEHKU CHU3Y, a TaKKe JI0-

Ka3aHbl OICHKN
2

2T
Do <n, —> = Boo ks Dy, <n, —> < ¢k
n n

O6paTtHble TEOpPEMBI

B obpaTHBIX TeopemMax CTPYKTypPHbIE CBOMCTBA HEepUOAMIeCKUX (DYHKIMI XapaKTepusyioTcst
C MOMOIIIBIO MX AIIPOKCUMATHBHBIX CBOfCTB. IlepBble pesyiabrarsl 3nech npunaiexar C. H. Bepu-
mrrefiny [5] u II1. Basute Ilycceny [54]. B 1912 r. C. H. BepHiureiin joka3biBaeT, B 9aCTHOCTH, yTBEP-
xaenne: ecit By, (floo = 0(n™%), 0 < a < 1, 10 w(0, f)oo = O(6%).

OCHOBHBIM TEXHUIECKUM allllapATOM JJIs JIOKA3aTeIbCTBa OOPATHBIX TEOPEM CTaJI0 HEPABEHCTBO
Bepureitaa [5] 1yist TpOM3BOAHOI TPUTOHOMETPHIECKOTO MOJIMHOMA

1t <nlitl, t€Tn
[Tepsasi obmast o6parHast Teopema 6buia gokazana P. Camemom [53] B 1935 .

Teopema 7. Ecau f € C(T), mo
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Cdopmynupopantoe Bbitie yreepKaenne C. H. Beprmreitna mist @ = 1 He BepHOo. A. 3urMyH.I
[55] B 1945 r. momosmmmi ero yreepxaenmen: ecin En(f)ee = O(n™1), To wo(d, flee = O(6),
a C.H. Bepumrreiin [6] B 1947 r. upuzan sromy Habiogenuto obumii xapakrep: ecian Fn(f)eo =
O(n=%),0 < a <k, towk(d, e = O(5%).

Teopema 7 siBisiercsi oOpaTHBIM yTBepXKJeHHeM K HepaeHcTBY JIxkekcona (1). Ecrecrsento
BO3HUK BOIPOC 06 obpaTHOii Teopeme K HepaBeHCTBY Jlxkekcona — Creukuna (4).

B 1950 r. Bbiwia pabora A. ®@. Tumana u M. ®@. Tumana [37], B KOTOpOIi J0KA3aHO yTBEPXKICHUE:
ecin f € Ly(T), 1 < p < oo, 10

n
7T Cp k
14 k—1
wi (T f) < PSR (f),
n D n
v=1
Orpannyenne 1 < p < 00 6BIIO CYNIECTBEHHBIM, TaK Kak JOKA3aTEIbCTBO UCIOIB30BAI0 HA3UCHOCTD
TpuroHomerpuyeckoit cucremst B Ly, (T).
B 1951 r. C.B. Creukun [25] omybmkoBas jg0Ka3aTebCTBO OOPATHOIO HEPABEHCTBA Jist k-TO

mozysisi HeripepbiBHOCTH B TipoctpancTse C(T), npudem ero MeToJ JI0Ka3aTebCTBa TOIUIICS CPa3y

qutst Beex mpoctpancts Ly(T), 1 < p < co. ChopmynupyeMm yTBeprKaeHre B 0OIIEM BHJIE.

Teopema 8. Ecau f € L,(T), 1 <p<oo, k€N, mo
s Ch ~—
% _
wi (—,f)p < ENTULE (), (12)

O6parHoe HepaBeHCTBO (12) 110 (hbopMe CHIIBHO OTIMYAeTCst OT IPsIMOTo HepaseHcTBa (4). BosHuk
Borpoc o crenenu ero rounocru. C. B. Creukun [27] B 1956 1. onpeenmn Kiaace yHKIuii

Ly(e) ={f € Lyp(T) : En(f)p <en, en L 0, e ={en}} (upu p=o00),

OKa3aBIIUIiCs €CTeCTBEHHBIM JIIsl IPOBEPKH TOYHOCTH OOPATHBIX HEPABEHCTE.
B 1965 . M. @. Tuman [40]| mokazas, aro

1 n
sup wy (:f) X — Zl/k_le,,. (13)
feC(e) n 0o n 1

Awnayormunbiit pesyabrar jisi npocrpancrsa Ly (T) noayqawn B. 9. Teiir [§]:

n
sup wg (z,f) = ik Zyk_ls,,. (14)
felie) AL mEIE

Takum o6pasoM, Hepasencrso (12) na kiaccax Ly(e) mpu p = 1,00 ABJISIETCS TOYHBIM.

[TpuHIMnIaIbHBIM MOMEHTOM IpH JoKasaresnberse (13), (14) siBisiercst mocrpoeHue KpaiHUX
(skcTpeMasbabix) dyHKnuit. OKazaaoch, 9T0 Opu p = 00 B KavecTBe KpailHell (byHKIMU MOYKHO
B34Th (DYHKINIO, KOHCTPYKIUsT KOTopoii Obuta npeyioxkena C. B. Creukunbiv [28] panee jyist joka-
3aTe/ILCTBA TOYHOCTH OIEHOK /I YKJIOHEHUs JTuHeiHoro meroaa Peitepa

flx) = Z (e, — €p41) COS VL.

v=1

Koncrpyxkius kpaitneit dyuknuun B. 9. leiita mist p = 1 6b11a HOBOIA.
IIpn 1 < p < oo mepasencrso (12) moxuO yemmrs. B 1958 1. M. @. Tuman [38] mokaszas
CcJIeIyToIee yTBEP K/ ICHNE.
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Teopema 9. Ecau f € L,(T), 1 <p < oo, ¥y =min(2,p), k € N, mo

n 1/
w(T0), = B (vt mn) (15)

nk

O61eii Teopeme 9 mpeIecTBOBAIN YaCTHBIE PE3YJIbTATHI, KOTOPbIE HOMOIVIHA IIPOSICHUTH BUJL
nepasernctia (15). B 1950 . A. @. Tuman u M. @. Tuman [37] nokazamm, aro ecmm B, (f)2 = O(n™1),

To w(d, f)2 = O (5\/ In 5—1>. B srom ke rory A. 3urmyns [56] moxaszar, aro ecmu By, (f), = O(n™1),
1 < p < oo, mow(d,f)y =0 (6(Ind"1)/7), v = min(2,p). Hakonen, & 1953 r. C.B. Creuxnn [26]

JIOKa3aJI HepaBeHCTBO
T ¢ [ 1/2
w—, < — vE? .

(n f)2_n<VZ::1 ”(f)2>

B cayuae npocrpanctsa Lo(T) usz (6) u (15) BbITEKaeT MOPsKOBOE COOTHOIIEHNE

7T 1 - 2k—1pp2 1/2
o (3o8), < (S min)

Tounocrs mepasencrsa (15) ma kiaccax Ly(e), 1 < p < oo, 6pu1a ycranosiaena M. ®@. Tumanom

(em. [42]): § 1
sup  wg <%, f)p = % <Z Vyk_ls',j)
v=1

fe€Lp(e)

[Mogxon K nocrpoenuio Kpaitaux dbyHKIuii MoKHO Haiitu B pabore A.3urmynga [56]. Tlo mosomy
ToyHOCTH HepaseHcTBa (15) cm. Takke pabory H. A. Wibsicosa [13].

O6parnast Teopema B mpocrpancTsax Ly(T), 0 < p < 1, 6bi1a ycranosaena B 1975 r. aropom [10]
u uezasucumo . A. Cropoxkenko, B.I'. Kporoseim, IT. OcBasnbaom [34].

Teopema 10. Ecau f € Ly,(T), 0<p <1, k€N, mo

n

- 1/p
Wk (Eaf)p < Cq;)—}f<ZVpk_lE5(f)p> :

v=1

Sanava 7. Hokasarb, gro npu 0 < p < 1

T 1 - _ !
Sup W (;f)p = m(Zy”k 165)

f€Lp(e)

Tounoe obpairienne HepaBeHcTBa Jl>kekcona — CreuykuHa

U3 cchopmynmupoBarHbIx Bbitie pesynbratos 1. Jlxxekcona, C. H. Bepumretina, A. S3urmynia Bbi-
TEKaeT, 4To

E,(floo=0(n"%), 0<a<l, & w(dfe=0("),
En(f)o =0(n7") & wal6, fleo = O(5),
Eo(f)lco=0(n"%), 0<a<k, < wg(d e =O0(").

ODTH pe3yJIbTaThl TOBOPSAT O COBIAJIEHUN KJIACCOB (DYHKIIU, OIpeIesIsieMblX allllPOKCUMATHBHbI-
MU U CTPYKTYPHBIMU CBOHCTBAMU.

B kammunarckoii puccepranun C. B. CreuknH NpuBOAUT OOIMYIO IIOCTAHOBKY 3aJa9l O COBIIAJIE-
HUW aIllllPOKCUMATUBHBIX M CTPYKTYPHBIX KJIACCOB (DYHKITHIA.
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[Iycrs dyukius w € C[0, 7], ve yonBaer, w(0) = 0. IIpu kakux ycaoBusx Ha (GYHKIUO w
CIPABE/JIUBBI CJIEJLYIONIHAE COOTHOIICHHSI:

(1) En(f)oo = O(w(l/n)) & wi(f, floo = O(w(9)),

(2) En(floo =w(l/n) < wi(d, foo < w(6)?

Ecsm nocraHoBKa 3312491 0 BBIIOJHEHUH [IEPBOTO COOTHOIIEHNs OblLiIa TIOHATHA U OXKHIAeMa, TO
HOCTAHOBKA 38/Ia9¥ O BBIIOJHEHIN BTOPOTO COOTHONICHUST OBLIA OPUIMHAJIBLHON 1 HOBOI.

C.B. Creukun B [24;25] onpenensier ycnosue (Sy) Ha dyuknuio w: cymecrsyer 0 < € < k ta-
koe, uro dynxmus w(d)/0¥° mourn ybnBaer, T.e. ma mekoroporo A > 0 u Beex 0 < 0 < 0y
w(61)/0F7° > Aw(82)/057F, 1 MOKA3BIBACT, ITO HTO YCIOBHE TOCTATOMHO JITsi BHITIOJHCHIS COOTHO-
menwuit (1), (2). IIpu JokasaTeabCTBe 9TOro yTBEPKICHNS OH UCIOJIb3yeT YCTaHOBICHHOE UM B 1948 1.
B [23| ussiaoe 06001eHne HepaBeHcTBa BepHinreiina

' 27
M < i ATt teT, h< L 16
). < (3o ) 1800 te T 0<h< (1)

OrmeTnM, 9TO YaCTHBIHA cirydail 9Toro HepaBeHcTBa 1pu r = 1, h = 7/n 6bur nouyyden B 1914 r.
M. Puccom [52, § 4|. Anasor nepasencrBa (16) st 1esbix (byHKIMI SKCIOHEHIIUAIBHOIO THIIA
crereru p upu v > 1, h = 7/p ycranosun B 1948 1. C. M. Hukosnbckuit [19].

B 1952 1. C. M. Jlosunckuii [17] mosydaer, 9ro HEOOXOJUMBIM U JIOCTATOYHBIM YCJIOBHEM JJIsI
cupaseinBocT coorrorennii (1), (2) apusercsa ycmosue (Ly): cymecrsyer C' > 1 Takoe, 910
fim ) o

1
6040 w(9)

Bosuukas Bonpoc, Kak cooTHocsiTes yesaosust (Si) u (Ly). Ha stor Bonpoc B 1956 1. gamm orser
H.K.Bapu u C.B. Creukun [3|. Onu BBeM erme JBa yCJIOBHs:

(Bg): Zn:uk_lw(l/l/) = O(n’%(%)),
v=1

(%) /Zj—ﬁdtzO(%),
é

u jokazasu, aro yciaosust (Sk), (L), (Bk), (Z;) — SKBUBAJECHTHBIE.
TakuM 00pa3oM, IMEET MECTO CJIE/LYIOIIee YTBEPIK ICHHUE.

Teopema 11. Coomnowenus (1), (2) cnpasedausv mozda u moavko mozda, k0204 6LINONHEHO
xoma 6v. 00no us yeaosut (Sy), (L), (Br), (Zg).

Teopema 11 cupaseqmusa u jyist upocrpancts Ly(T), 1 < p < oo, (cm. [36]).

Bamauaa 8 Hceregosars coornomennus (1), (2) mams npocrpancts Ly(T), 0 < p < 1. Io-
KazaThb, YT0 B oupesesnennsx ycaosuii (Si), (Lk), (Bg), (Zx) napamerp k HEOOXOAMMO 3aMEHHUTH
Ha k—1+1/p.

Herpyano Bugers, aro ecin B yenosusix (Sg), (L), (Bk), (Z) dyskmumo w(d) 3amMeHuTb Ha
wp(0, f)p, 1 < p < 00, TO KaxKI0e U3 HUX OyAeT HEOOXOAMMBIM U JOCTATOYHLIM YCJIOBHEM JLIst
TOYHOro obparenus Hepasencrsa Jxxexkcona — Creukuna

Eu(f)p = wr (%,f)p. (17)

B 1994 r. R.K.S. Rathore [51] upeoxui HOBOe mpocToe HEOOXOIMMOE U JOCTATOYHOE YCJIOBHE
Jutst cripasemBocta (17):

Wk((sv f)p = wk+1(57 f)P . (18)
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Yeaosue (18) moxkuO 6bw10 61 HazBaTh ycstoBueM (Ry). B 2007 r. FO. C. Kosomoitnes [15] narmes
HeOOXO/IMMOe 1 JIOCTATOYHOe ycjioBue jiis cupaseausocte (17) npn 0 < p < 1:

wk(évf)pwa(&f)P? T:k+[1/p]'

Paccmorpum 3a1ady 06 yCIOBHAX HEIYCTOTBI CTPYKTYPHBIX KJIacCOB (DYHKIUIL, ONpPeIe/IseMbIX
yeaosueM wi (9, f)p =< w(d), 0 < p < oo, T.e. 3amady O HOPAAKAX MOZY/eil HEIPEPLIBHOCTH B
npocrpancrsax L, (T), 0 < p < oo.

ITycrs €y, , — Kiacc Bcex MofyJIeii HenpepbiBHOCTH Hopsiaka k dyukmuit u3 Ly(T), 0 < p < oo,
p >0, &, — KIaCC HEOTPHUIATEIBHBIX, OrpaHnIeHHbX Ha [0, 7] dbyHKImit ¢(t), 11 KOTOPBIX

1) 6(t) — 0 (£ — 0 +0),

2) ¢(t) — ne ybObiBaer,

3) ¢(t)/t! — ne BO3pacraer.

Onmcanne MOpsiIKOB MOJLYJIEl HEITPEPBIBHOCTH JAETCA B JIBYX yTBEPIK/ICHUSX.

Teopema 12. IIycmo k € N, 1 < p < 0o. Ecau wy € i, mo das nexomopoti ¢ € Oy,

P(t) = wy(t). (19)
Obpammo, ecau ¢ € $y, mo cywecmeyem wy, € Qy p, daa Komopot svinoarero (19).

Teopema 13. [lycmv k € N, 0 < p < 1. Ecau wy € Qyp, mo daa nexomopoti ¢ € Pp_141p
cnpasedauso coomnowenue (19). Obpammo, ecau ¢ € @, mo cywecmeyem wy, € Q, ,, 044 KOMOPOT
svinoarero (19).

Teopemy 12 qyist p = 1,00 B 1971 1. mokazan B. 9. Teiir [8;9]. Teopemy 12 nmpu 1 < p < oo u
treopemy 13 B 1979 r. nokaszana T. B. Pagocnasosa [50].

B zakmiouenne g xotqy mobJIarogapuTh BCEX, KTO CMOCOOCTBOBAJ YIIYUIICHUIO STOW CTATHHU M,
npexe Bcero, B. B. Apecrosa, A.T. Babenko, H. A. Unbsicoa, P. M. Tpury6ba, H. . Yepubix.
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TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHNUKU YpO PAH
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ITPNBJIN>2KEHVNE KJIACCA XAPIU — COBOJIEBA
AHAJINTUYECKHNX B ITOJIVIIJIOCKOCTHU ®YHKIINII
HEJIBIMIA ®YHKIINAMM SKCIIOHEHIITMAJIBHOT O TUIIA!

P. P. Axonsiu

Usyuena sesmuuna Eq (HE) gp naumyuniero npubimxkenus o nopme mpocrpancrsa Xapmu HP,1 < p < oo,
kiacca Xapmau — Cobosiesa HY, anamTuYecKux B OJIYTIOCKOCTH (bYHKITHET, HMEIOIIIX OrpaHmyYeHHyio HP-nopmy
MIPOU3BOHON MOPAIKA 7, HEJbIMUA (DYHKIUIMHA IKCIOHEHIIMAJIBLHOIO THIIA, HE NpeBocxozsdamero o. Jlokazano
pasencteo Ex (HE) gp = 0~ "™ IlocTpoen JTHHEHHEI MeTOosT, 06eCTIeTHBAIOIINI HATTy IIITee TIPUOJIIKeHNe KIacca.

Koouessle cioBa: kitace Xapau, npubsmkenne pyHKIHI, 1esble PYyHKIUNA SKCIIOHEHIINAIBLHOTO THUIIA.

R. R. Akopyan. Approximation of the Hardy—Sobolev class of functions analytic in a half-plane by entire
functions of exponential type.

We study the value E5(HE)gp of the best approximation in the norm of the Hardy space HP for 1 < p < co
of the Hardy—Sobolev class HE of functions analytic in a half-plane with bounded HP-norm of the nth-order
derivative by entire functions of exponential type not exceeding o. The equality £, (HAL)gpr = o™ is proved.
A linear method providing the best approximation of the class is constructed.

Keywords: Hardy class, approximation of functions, entire functions of exponential type.

1. Bsegenne

O6osnatnm depes HP = HP(II), 1 < p < oo, npocmpancmeo Xapdu DyHKIHIT, aHATNTHICCKAX
B BepxHeil nosyiiockoctu I = {z: §z > 0}, ¢ KoHeuHoit HOpMOIA

—+o00 1/p
1z = 50D I F o @asy) = Sup /|f<:c+z'y>|% 1< p< oo
y>0 y>0
—00

[f |z = sup [f(2)]-
z€ell

s marypasbaoro n obosnadnM depes HE xaace Xapou — Cobonesa dynxmumit us HP, y KOTOPBIX
MTPOU3BOJTHAST TIOPSIIKA N TAKKE TPUHAIEKUT HP 1 ee HopMa OTpaHuveHa eIuHUIe, T.e.

Hy={fenr: f™enr, |f™)m<1}.

Leavimu GyHKUUAMU SKCNOHEHLUGAHO20 Muna Ha3bIBAIOT |1, ru1. 4] resble dyHKImU f, KOTOpHIE
(B kOMILIEKCHOIT TT0CKOCTH C) yIOBIETBOPSIIOT HEPABEHCTBY

f(2)] < el zec, (1.1)

e qncaa «, (> 0 He 3aBUCAT OT TOYKH 2. HIKHIO rpadb ¢ KOHCTAHT [3, TPU KOTOPLIX MMEET
MecTo HepaBeHCTBO (1.1), HasbiBatoT TUIIOM (DYHKIUE f; U3BECTHO, UTO

'Pa6ora Bemosnena npu nogepskke POOU (poekt 08-01-00213).
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COBOKYIIHOCTDh BCEX IEJIbIX (DYHKIUI 9KCIIOHEHIINAILHOTO THIIA, HEe IIPEBOCXOSINEro o, HMPUHSITO
obosnavars F,. Ilycrs EY = E, () HP — MHOXkKeCTBO 1eJIbIX (DYHKIHHA SKCIIOHEHIMAJIBHOIO THUIIA,
He MPEBOCXOJIAIIEr0 ¢, IPUHAIEKAINX TPpOocTpaHcTBy HP.

Besne nasiee MbI mpejiosiaraeM, 9To mapaMeTp p yaoBieTBopsieT yeiaopusM 1 < p < 0o, 9HCIO0
0 — TOJIOXKUTEIBHOE U N — HATYPAJILHOE.

O6oznaunm uepes Ey(HE)gr namtyuiiee npub/mzenue 1o HopMme IpocTpaHcTsa HP Kiacca
Xapmu — Cobonesa H), menbivm DyHKIUAMH SKCHOHEHIHAILHOTO THIIA, He HPEBOCXOJLAIIETro o,
T. €. BeJINYNHY

Eo(HY)ur = sup eq(f)ur,  eo(f)ur = inf [|f —qllar, (1.2)

feH? qeEs
e HU2KHAA I'PaHb 6epeTC$I II0 BCEM IIEJIBIM d)yHKLLI/IHM (q SKCIIOHEHIINaJIbHOT'O THUIla, HE IITPEBOCXO/IA-
mero o, u3 npocrpancrsa HP. OTHocUTEIbHO BEIUYUHDBI Ea(Hﬁ) Hp B HaCTOAIIEHl cTraTbe I10JIy4YeHO
cjleJiyroniee yTrBepzKiaceHue.

Teopema 1. Jlaa npouseosvnvir 1 < p < oo, o >0, n € N cnpasediuso paserncmeso
Es(HP ) ggp = 07", (1.3)

[ycrs EY(y) = Ey (\LP(R 4 iy), y > 0, ecTh MHOXKECTBO HeNbIX (DYHKIUI SKCIOHEHIMATBHOTO
THIIA, He IPEBOCXOJISIIIErO 0, CJIe]l KOTOPhIX Ha npsiMoii R + iy npunagiexur npocrpancrsy LP. TTpu
mobom y > 0 umeer mecto Baokenue EY C ES(y). dna dyuaxkuun f € Hh nonoxkum

o (f)Lr(Ryiy) = qgiélpf(y) If = dller®yiy), €0 (f)r(Ryiy) = qienEfp 1f = all Lo 1iy)-

Hapsiny ¢ (1.2) B pabore n3yueHbl BeJUMINHBI

Ee(HY) o (riy) = SUP €o(f)romiiy)s  Eo(HR)LoRyiy) = SUP €o(f)Lr®piy) (1.4)
feHy feHy
HaMJIydIIero npubamzKenns 1o Hopme npocrpancrsa LP(R + iy) kmacca Xapau — Cobosesa HY
HEeJbIMU (DYHKIIUSIMUA SKCIIOHEHITUAJIBHOTO THUIIA, HE MPEBOCXOJIAIIEr0 0, U COOTBETCTBEHHO IETBIMU
GYHKIUSIMEI 9KCIIOHEHIINAIBHOTNO THUIA, HE IIPEBOCXOIAIEro o, m3 npocrpanctsa HP. fcmo, uro
BesinauHbl (1.4) CBsI3aHBI HEPABEHCTBOM

Ea(HD) po(mpiy) < Eo(HE) Lo(miy)-

Ha camomMm Jiejie B 9TOM HEpaBEeHCTBE MMEET MECTO PABEHCTBO; TOUHEE I'OBOPsi, B CTAThE JIOKA3AHO
CJIeTyToITee YTBEPKIeHHeE.

Teopema 2. Jlaa npoussosvuvir 1 < p < oo, y >0, 0 >0, n € N cnpasedauso. pasercmesa
Eo(HY) Lo (R1iy) = Eo(HY) Lo(Ryiy) =0 "€ 7. (1.5)

[Ipu nokazarenbcTBe Teopem 1 u 2 GyIyT MOCTPOEHBI JIMHEHHBIE METOBI, PEaTU3yIONNe Hak-
aydiiee npubsinxkenue B 3aaadax (1.2) u (1.4).

[Henbie byHKIUMU SKCIOHEHIUAILHOTO THIIA STBJISTIOTCS KIACCHUIECKIM AMMAPATOM TPUOJIAIKEHUST
byHKIUI Kak BEIECTBEHHOM, TaK U KOMILIEKCHOH mepemMeHHoil. TakuM mpub/ImKeHnnsaM IOCBSIIIeHa
obmupHas jmreparypa (cm., Hanpumep, MoHorpadun [1;2] u npusenenuyio ram 6udanorpaduio).

Xoporo uzBectHo (cM., Hanpumep, |1, wr. 5]), 910 mist HarTy dIero npubINKEHUsT Ha IUCIOBOI
ocn xmacca Cobomesa Q5 = {f € LP(R): f € LP(R), ||fllrpr) < 1} memsnm dynxrmsavm
9KCIIOHEHIATBLHOTO THITA, HE MMPEBOCXOISINErO 0, CIIPABEJJINBO HEPABEHCTBO

. . 4 0 (_1)k(n+1)
Eol@n)irm) < Kno™, mie Ko = ,; (2k + 1)+

B ciyuasix p = oo u p = 1 B moc/ieineM HEPaBEHCTBE MMEET MECTO PABEHCTBO.
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Bruskas k uccienyemMbiM 3aj1a4da Jid DYHKINANA, aHAJIUTHYECKUX B Kpyr'e, XOPOIIO H3y4YeHa.
[Tycrs HP(D) — npocrpanctso Xapam hyHKIWi, aHATUTHIeCKIX B eJuHnaHoM Kpyre D, u HE (D) —
kinacc Xapaun — CoboseBa dynknuit w3 HP (D), y KOTOPBIX MPOM3BOHAs MOPSIIKA 1 TAK¥KE MPU-
nagyiexxutr HP(D) u ee HopMma orpanudena eaunureil. s nanmtydmero npub/imzkeHus 10 HOpMe
npocrpancrsa HP (D) knacca HE (D) anrebpanveckuMyu MHOrOWIeHaMH cTenenu He 6omee uem N — 1
CIPABEJJINBO PABEHCTBO

(N —n)!
N! 7
B ciayuae p = oo 910 sokazano B pabore K. 1. Babenko [3]; B cayuae 1 < p < oo — B pabore

JI. B. Taiikosa [4], re Takzke 1mokazaHo, uro Besundnta (1.6) siBisiercst N-MepHBIM IIOIEPEIHUKOM
kiacca HY (D) B npocrpanctee HP (D), 1 < p < .

EN_l(Hg(D))Hp(D) = n<N, 1<p<occ. (1.6)

2. BcmnomoraresnbHbIe yYTBep2KaeHnu«d

B jganHOM pasjesie BBOIUTCS KOHKDETHBIH omepartop cBeprku B H™(u, cienosarensro, B HP,
1 < p < o) u u3yyarorcs ero cpoiicrea. BriociencrBun GyjieT MOKA3aHO, 9TO 3TOT OIEPATOP OIlpe-
JeqgeT MeTOJ HAIIydInero npubmmkenus kiacca Xapmu — Cobosesa HE nenbmvu byHKImsaMu
SKCIIOHEHIMAJIBHOIO THUlla, He HIPEBOCXOSIIEIO O.

B nanbreiimem norpebyercs cieyoriee uspectaoe (cM., Hanpumep, |5, ri. 6, C|) yreepxienue.

Jlemma 1. ITycmo f € HP, 1 < p < co. Tozda dan nowmu ecex ¢ € R cywecmeyem (nexaca-
meavHoill) npeden

f(Q) = lim f(z),

z—(

npu amom f € LP(R), u das mouex z = x + iy € II cnpasedauso npedcmasarerue

“+oo
_L [ yiQ
flz) = ”_4 C-aC-a % @1

Ina dbynxmum g mepemennoit ¢ € R, ymosmersopstomeit yenosmo g(t)e ™ € LY(R), Gymem
3ajaBaTh npeobpasosanne Pypobe g B Toukax ¢ € R + in caeayromei (hopmyioii:

—+00
1 .
G(¢) = — t) et dt.
30 = 5= [ att)e
—00
Ecm ipu sToM dbyrKIus § mpuaaiteskuT npoctpanctsy L (R+in), To Ha mpsmoit R+-in onpenenena
cBepTKa ¢ * [ pynkmmit g ¢ pyukmuamu [ € H, 3agapaeMas COOTHOIICHUEM
“+oo
GG = [ 3e-0rQ . z=atin
—00
ITpu y > 0 onpeesuM Ha YUCI0BOI IPAMOM PyHKIMIO € = €, dhopMyIIoit

eVt t <0,
aw=am={" 150 22)

Oynxnus €(t)e™™ cymmupyema na npsimoit R npu 0 < n < 2y. [Tosromy npeobpaszosanne Oypbe €
dbyHKImE € onpeneneno B moyoce wy = {z: 0 < ¥z < 2y} u, Kak HETPYIHO IPOBEPUTD,

oy 1 Yy
=) = 7w 2(z — 2iy)

dlewo, wro € npurasyeskut npocrpanctBy L(R + iy).
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Creprka € * f QYHKINU € 1 TPOU3BOJILHON OrPAaHMICHHON aHAJIUTUYIECKON B BEPXHEH MOJIyILIOC-
kocTu (pyHKIuM f B TOUKE 2z = T + iy COBIaaeT ¢ npasoil dactbio opmyisr (2.1). Takum obpasom,
uHTerpasbHoe upezcrasiaenue (2.1) dyukmuit f € H MoxKHO 3ammcaThb B BUJIE

f(z)=(Exf)z), z=z+1iy, y>0. (2.3)

IIycts y > 0, 0 > 0 u n — HarypaybHoe uncio. Oupenenum GyHKnuoo | nepemennoit ¢ € R
COOTHOIIIEHUEM

1—(=t)"(20 +t) e W) 5 <t <0,
I(t) = U(t;y) = 1—t"(20 —t) e W), 0<t<o, (2.4)
0, t ¢ [—o,0]

B cremyrommem yTBepxKieHnn 00OCYKIAIOTC cBoficTBa npeobpasoBanusa Pypwe | dyukiun | u
ee cBepTKu ¢ (yHKImsamu u3 npocrpanctea Xapau HP, 1 < p < co. B uwacrHOCTH, HOKA3aHO, ITO
OTIEPATOP CBEPTKI

Af =1xf, fe€ HP, (2.5)

oTobpazkaer mpoctpanctso HP, 1 < p < oo, B nmpocrpancTso Eb = HP N E,,.

Jlemma 2. Ilpuy >0, 0 >0 un € N cnpagedauso. caedyrouwsue ymaepircoenus:

(a) Ppynryus | asasemes yeaol GyHryuel KCNOHEHUUAALHO20 MUNG, HE NPEBOCTO0AULE20 T

(b) dyrryua I cymmupyema na 1060t npamot R + iv, v € R, napasesvnots sewecmeeniot
ocu, npu amom cyuecmeyem xonemanma M maxas, 4mo cnpasediuso Hepasercmaeo

Ul @iy < Mel?, veR; (2.6)

(c) ceepmra q = Af = e I Pynruyuu Te npoussosvhotl gyruxyuet f € HP, 1 < p < oo, A6-
Agemes ueaolt Gynryuet KCNOHEHUUAALHO20 MUNA, He NPEeSOCTo0AWE20 T, U3 npocmparcmea HP,
m.e. Af € EY;

(d) dopmyaoti (2.5) onpedeaen aunelinwii ozpanuvernul onepamop A e npocmpancmee HP,
1 < p < 00, 04 HOPMBL KOMOPO20 UMEEM MECTO OUEHKA

Al e < |12 my- (2.7)

HJoxkaszareunbcTBo. YTBepkKieHHe (&) HpeACTaBiIsgeT cODON XOPOIIO M3BECTHBIN (aKT,
KOTODBIii ¢ yueTom onpejenenns (2.4) dyHkiuu | caeyer u3 OneHoK

g

1 .
— [ I(t) et dt
5 [

—0

“+o

1
<o /l(t) et <om'ello, z=u+ivecC. (2.8)
s
—0

~

1(2)] =

Hust nokazaresnbersa yrepkierus (b) pacemorpum GyHKIUIO o, ONPEIEISeMy0 PABEHCTBOM

a

1 :
la(z) = . /emdl/(t).

JBark/1bl B3sIB 10 9acTsSIM HHTErpaJ B IIPaBOil 4acTh, YUIUTBIBasi 9€THOCTH | M cBoiicTBO [(0) =
[(—o) = 0, moty<mM IIpejcTaB/IeHIE
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e
c(z) =71 (I'(c = 0) cos oz — I'(+0)),

OTKYy/a nMeeM

~

1(2) = 27 %(c(2) — Ia(2)). (2.9)

QOyuknusg I’ nedernasi, Ha orpeske [0, o] HEMONOKUTETBHAST U HEBO3pACTAIOMAst. [[09TOMY, UCIIOIb-
3yst 0003HAYTEHTE

L =max{[l(t)]: t € 0, o]} = —1'(0 — 0) = 2(no™" +y),

TOJTyaeM CJIeTyIOIIne OIeHKN:

1 g
l2(2)] < = / e Vtdl'(t) < mtello(I'(+0) = I'(0 — 0)) < 7' LelVlo, (2.10)

le(z)] < 7t [I'(o = 0) cosoz+1'(+0)| < 'L (e‘”“’ + 1) <o 'Lell, (2.11)

Ucnonbsyst pasencreo (2.9) u nepasencrsa (2.10), (2.11), nomydaem cieyioniee yTOYHEHHE OICH-
ki (2.8) mis dbyuknun [:
l(u+w)| <7 ' p(u) e, p(u) =min{3Lu"2, o}. (2.12)

Orcrona ciremyer HepaseHCTBO (2.6) ¢ KOHCTAHTOM

“+oo
M= — / pw(u) du = 47~ V/3Lo.

s
—00

Obparumest K J1oKazaTeabeTBy yrBepxkienus (c¢). Tak kak dyHKiuns 1 nenast u YIOBJIETBOPSIET
HepaBeHCTBY (2.12), To jjist nesoit dbyukimu g = Af = [ * f umeer MecTo npejcraBieHue

+oo+ia

9(z) = / =~ QFQ)dC, a>0.

—oo+ix

[Mokazkem, uro ¢ = Af € E,. Ucnons3ysi onpejesenne byHKIME ¢ 1 HepaBeHCTBO (2.6), moty-
YUM OIEHKY MO/IyJisl 3HaYeHus (DYHKIUUA ¢ B IPOU3BOJIbHON TOUKE 2 = u + v :

()] < I oo 1T 2t i) < [1Flproe MV

Yoéemumcst, uro ¢ € HP. Ucnonb3ysi 06061menHoe HepaBeHCTBO MUHKOBCKOTO (CM., Hampumep,
[1, 1. 1, m. 5]), st v > 0 mosryvaem

+oo+1v
gl Lr (R4i0) = (2~ C)f(C)dC / L) f || 2o (R-pin) dw
—oo+iv P(R+iv) oo
= [l Fllze®+iv) / [1(w)] dw < [I£ ]|z 172 ). (2.13)

Tax 4To, JelicTBUTENIbHO, ¢ € HP u, cnegosarensno, ¢ = Af € EY nna moboit bynkmun f € HP,
1<p<oo.
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OrnocuresbHO yTBepxKaeHust (d) 3amernm, 4ro orenka (2.7) comepxkurcs B (2.13); Bupodem, sra
oneHKka, kak u (2.13), xopomio n3sectHsl. Jlemma 2 jnokasaHa. g

B nmanbreitem OyayT MCIob30BaThCst (DYHKITHH U1, U, U3 IIepeMenHon ¢ € R, ompenensembie

COOTHOIICHUSIMU: ®
- ] oelt), t<o,
w() =) ={ P 57 214
eyt t < —o,
up(t) = ua(t;y) = ¢ (=1)"p(—t) + e =1, —0 <t <0, (2.15)
t"uq (1), t > 0;
o (t) — e2vt, t< —o,
us(t) = us(tyy) = 4 t°¢(t) — (=t)"¢(—t) + (1 — e*), —o <t <0, (2.16)
0, t>0,
B KOTOPBIX ¢(t) = (20 — t) ™" e~ (=) Bummo, uro
€(t) —I(t) =u2(t), teR, (2.17)
rie dbyaknun € u | 3aganbl popMystamu (2.2) u (2.4), u
t"uq (t) — U9 (t) = ’ng(t), t e R. (2.18)

anee B pasgene paccMaTpuBalOTCd CBoWcTBa npeobpaszosanuit Pypbe U; dyHKIM uj, j =
1,2, 3, onpejesienabix coorHomenusivu (2.14 )—(2.16).

Jlemma 3. Ilpuy > 0, 0 > 0 un € N das npeobpasosaruti Pypve Uy u Uy Pyrryui uy, us
CNPasedaussl CALIYULUE YMEEPHCOEHUA:

(a) dynryuu Uy u Uz A6AAOMCA AHaIUMUYECKUMU 6 noroce W, = {z: 0 < Sz < 2y} ;

(b) das npouseoavrozo n, 0 < n < 2y, PyHKkyuy Ui, Uy U UT NPOUEOIHBIE CYMMUPYEMBL HA
npamoti R + in u, 6oaee mozo, na NPAMOt cmMpemaAmca ® Hyamo e medaennee, wem |z| 72 npu
z — 00.

Hokasareancrtso. Jokaxem yreepxienue (a). VI3 onpenenennii (2.14), (2.15) caenyer,
gro GyHKIUN uj, j = 1,2, Ha OTPUIATEIBHON HOJIYOCH YIOBIETBOPHIOT HEPABEHCTBY

[y (1) < G, t € (~o0,0),

rjge C' — KOHCTaHTa, M OrPAHUYEHbI Ha HeoTpuiaTesabHol nosyocu [0, +00). [osTomy, Kak Xoporio
U3BeCTHO, peobpazoBanns Pypbe U1, Uo GYHKIUIA 171, Ug ONPEIETIEHBI U SIBIAIOTCA aHATUTHIECKAME
dbynkrmsamu B mosoce wy, = {z: 0 < Sz < 2y}.

Joxazkem yrsepxxienne (b). Obosmatunm u = wj; byHKIuO, 3aKaBaeMyio dbopmyioi u(t) =
uj(t) = tkuj(t), j =12k € Z,. Oyukmusa u — nenpepbiBHasg Ha R, 6eckornedno muddeper-
nupyemasi Ha BCeil mpsiMoii, KpoMe (MoxKeT ObITh) Tpex Touek: t1 = —o, to = 0 u t3 = 0, B KaxKJIoi
13 KOTOPBIX MPOM3BOJHAsT MMeET Pa3pbiB IIEPBOr0 poja ¢ (KOHEYHBIMH) CKadkamu S;, [ = 1,2,3.
Benuuuna

t1 to t3 —+o00

M) = / e~ (1)]dt + / e (1) dt + / e (1) dt + / e~ (1) dt

—00 t1 to t3
KOHeuHa J7Ist Beex 1), 0 < 1 < 2y. Onpegennm B nosoce w, dynxnmo U dopmyoit

t1 to t3 400

U(z) = /eithu/(t)+/emdul(t)+/ei2tdu/(t)—I— / etdu'(t), 2 € wy.

—00 t1 to t3
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JBazk /1l HHTErpUpPy 10 YacTaM, HoIydInM st GyHKiwn U BeIpazkeHne
3
U(z) = Z eZs) — 220(2),
=1
a M3 Hero — IpeJcTaB/eHne s mpeobpasoBanns Pypbe U GyHKIUMA Uu:

i(z) = 272 ( g elizs — U(z)> . (2.19)

CnenoBarenpio, /st z € R 4 in nMeeT MeCTO HEPABEHCTBO
3

[az)] < M=%, M(n) =) |sile™" + M(n). (2.20)
=1

[Tocsieamee HEpaBEHCTBO, B YaCTHOCTH, O3HAYACT, YTO (PyHKIMA U CyMMHUpyeMas Ha npaMoil R + 7).

~ o~ e~k
[ns 3aBepienns Jl0KasaTeabCTBa JeMMbI 3 OCTaJ0Ch OTMETUTb, YTO U = Ujj = (—z)kug- ), O

Jlemma 4. Ilpuy > 0,0 > 0 un € N das npeobpasosarus Qypve Uz Pynruuy uz cnpacedisuc
caedyrouLue YymeepHcoeHUs :

(a) Pynryus Us ABAAENCA GHAAUMUYECKOT 6 NOAYNAOCKOCTIU I, = {z: Sz <2y}

(b) das npoussoavrozo 1, N < 2y, Gynrkyus Uz cymmupyema wa npamot R +in u, Goree moeo,
6 noaynaockocmu I = {z: Iz < n} cmpemumea x nyamo ne medaenmee, wem 12|72 npu z — oo.

JlokazaTesbCTBO JIeMMbBI 4 aHAJOTUYHO JOKA3ATEeIbCTBY JIEMMBI 3. JlomosHITE/IbHOTO 000CHO-
Banus Tpebyer Jsmib yreepxKaenue (b). OyHKIWs 13 paBHA HYJIIO HA HEOTPHUIATEIHHOMN MOJIYOCH,
cJleJIoBaTeNIbHO, HepaBeHCTBO (2.20) mpumer Bu/I

Us(2)| < M(n)|2|%, z=a+in, n<2y,
—0o 0

M(n) = [so| + |s1]e”" + M(n),  M(y) = / e~ (t)|dt + /e_m\ug(t)!dt-
— o —0
ITpu 1o Besanunt M(n) u M (1) He BO3PACTAIOT ¢ POCTOM —1). O
Jlemma 5. Cnpasedauso pasencmeo
U1l o1 (Ryigy = 0 €Y7

JoxasarenanbctTso Dyuxmus ui(t—o)e Y nepementoii t apstercst uernoit. [losTomy

Jyist ipeobpazoBanusi Pypbe U1 QYHKIUE U1 B TOUKE 2z = I + iy UMEET MeCTO IIPeJICTaBJIeHHe
+oo
~ ; 1
ui(z) = e 7" I(x), I(x)=— / (t+ o) " e V) cos ait dt.
™
0

JIBaxKIbl B3$IB 110 9aCTSM IIOCJICIHUI UHTErpaJl, MOy IuM MpecTaBieHne (hyHkimn 7:

1

I(:E)—@

“+oo
/ Y (t 4+ 0) (1 — cosxt) dt.
0

OTKy/a, yunTbiBas HEOTPHUIATEILHOCTL BTOPOit TponssoaHoil dynkmun (t) = t~"e ¥ na nomy-
upsimoit (o, +00), 3akmodaeM, 9To GyHknus Z(z) sBiasercsa HeoTpuiareabHoit. [losromy

400 400
81l o1 (Rtiy) = / |ei”I(x)| dr = /I(;p) dr = o e Y,

JlemMma 5 jokazamna. O
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JIemMma 6. Jlas npoussonvnoti pymnxuyuu f € HE, 1 < p < 0o, umeem mecmo pasercmeo
(al*f(n))(z) =" (ag*f)(Z), Z:.Z'+Zy, y>0

JHokasaTenancrtso. [loaemme 4 pyaknus U3 cymmupyema Ha IpaMoil R+iy u apiasgercs
B nosymiockoern 11 = {21 Sz < y} amamuTiaeckoit dynximeit, crpemsimeiics K HyJTi0 He Me/|TeH-
nee, geM |z| 72 mpu z — oo. VI3 unTerpambHoil Teopembl Komu cieayer (em., manpumep, [6, . 5,
§ 2|), uro ms 060i GyHKIMU f, AHATUTUYIECKON U OrpaHMYEHHOI B BepxHeil mosymiockocTu 11,
BBITTOJTHSIETCST PABEHCTBO

“+oo

(us = f)(z) = /ﬁg(z—a;)f(m)dx:Q z =z +1y. (2.21)

—00

C apyroit cTOpoHsI, 13 paBeHcTBa (2.18) HMMeeM COOTHOIIEHHE
(@5 + )(2) = (078" = @) + £) (2) = (=0"@" * [)(2) = @2+ )(2).
Orciona ¢ ydaerom (2.21) cegyer paBeHcTBO
@« f)(2) =" (G * £)(2), 2= +iy. (2.22)

W3 cBoticTBa cBEPTKH

+oo
= [ 0ar 0 = @Y D)), ke,
IIOJIYYIUM PaBE€HCTBO

@™ % 1)(2) = (@ = FM)(2), 2= +iy.

[Tocnenuee pasercTBo u (2.22) ga0T yTBEpXKIeHUE JTeMMBbI 6.

3. OrmeHnka cBepxy

B nmamuom pasgesie Oyjer BbIYHCICHO (TeopeMa 3 U ciencTBHE 1) mpubimkeHune Kiacca Xap-
1n — CobosteBa JimHeitHbIM orieparopoM A, 3ajaBaembiM hopmyiioii (2.5). Kak ciencrsue, mostydeHs
onenku ceepxy Besmaud (1.2) u (1.4) (caencreue 2).

Teopema 3. IIpu 1l <p<oo,0 >0,y >0,n €N dasr onepamopa ceepmru (2.5) cnpasediuso
PABEHCNE0

sup ||f — Af||Lp(R+iy) =0 "e V. (3.1)
feHy

JlokasaTeabcTBso. Yoemumcs, aro juist ykiaonenus f — Af, rae f — npousBosibHas
dbyuknna n3 kracca Xapan — Cobosnesa HE, crpaseyimBo Ipe/icTaBicHue

(f — Af)(2) = ()" (1 = f)(2), 2 =a+iy. (3.2)

st sroro npumennm K obenm gactsM pasencrsa (2.17) npeobpasosanne Pypoe:

~

e(z) —l(z) =us(2), z=x+1y.
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Hamee, HCIIONB3ys CBEPTKY 0OENX YacTeil IOy YeHHOr0 PAaBeHCTBa C IPON3BOILHOM dbyHukmmeit f € HE
U IpUMeHsIsI JeMMYy 6, IoJrydaem

(@D ) () = @+ ) = (=" (@ + fP)(2), 2= +iy.

Orcrona ¢ yuerom npejcrasierus (2.3) u onpenesnenus (2.5) noaydaum npejicrapiaenue (3.2).
U3 pasencrsa (3.2) u obobimennoro nepasencrBa MunukoBckoro (anasormdso (2.13)) caemyer
OICHKa CBEPXY JIJIsi HOPMbI YKJIOHEHUS

Ilf — Afll o (rpiy) = |1 * f(n)HLP(R—i-iy) < Hﬂ1||L1(R+z'y)Hf(n)HHp-
IToncrapmiss 3HAYCHUE HOPMBI 141, BBIYACICHHOE B JIEMME 5, IMEeeM
If = Afllpr@iy) < 0" e £ | a,

T. e. st Kiacca Xapau — CoboJjieBa clpaBel/InBa OIEHKA,

sup ||f — Afllppaiy) S0 "€
femy

Temneps 151 10Ka3aTeILCTBA paBeHCTBa (3.1) 0CTANIOCh MOy YUTh OIEHKY CHU3Y

sup ||f — Afllpp@aiy) = 0 e (3.3)
feH;,
Pacemorpum bymkmmo f,(z) := o €%, Sleno, uaro f, € HE°. Tax xax (o) = 0, To a1s f,
UMeeT MEeCTO PABEHCTBO
+o0
Af(z) =[x f)(2) =0 " / I(w) G~ du = 67" €% I(5) = 0.

CJIG,ZLOB&TGJH)HO, CIIpaBe/IJInBa OIIECHKa

fselgpoo 1f - Af”LOO(R-i-iy) > | fo - AfU”LOO(R-l-iy) = HfUHLOO(R+iy) =o e

st ob6ocroBanust onenku cuuzy (3.3) mpu 1 < p < 0o paceMorpum ByHKIHIO

o+h

1
fg,h(Z) _ % / o <t ;10'> et gt — ewz/gp(t) ethet dt, h >0,
0

(e

rJe ¢ — HeoTpunareabHas 6eckonedHo muddepennupyemast dynkims ¢ HocuresaeMm B [0, 1]. Herpy-
HO MOHATH, 9TO fop(2) € HP, p > 1, u || fon(2)||Hr — 00 mpu h — 0.
Tak kak zHocuTesaeM (DyHKIUE | SIBJSETCsI OTPE3OK [—0, 0], TO

o+h

1 t— ;
Afon = 7 / I(t)p <T0> etdt = 0.

a
Hna f (") veer mecTo mpencTaBIeHTe
oh pen

o+h
g

) = % / (it)"p <t_T> etdt = ' <(ia)" foi(hz) + fjc,’jhk(z'a)"—’f fé?(hz)).

o k=1
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C.HG,HOB&TG.HBHO, CIIpaBE€/IJINBBI COOTHOIIIECHM A

A . .
sup (1 = Aflogasay) > hhmo | fon ({;hHLP(R-l—zy) _ hhmo Hfa,h|(|nL)P(R+zy)
feH;, —t /5.5 | e =0 S e
—oy .
> lim e H{OJHLP(R—Hyh) _ g
+ _ k
o™ lfoallan + D ko™ F W 158
k=1
Teopema 3 mokaszana. ]

O6o3unaunm vepe3 Ay oneparop cseprku (2.5) B ciiydae y = 0, T.e. onepaTrop CBEpTKHU ¢ Ipeod-
pasoBanuem Pypoe byuximm [(t;0).

Caencteue 1. /lasa npouseosvrozo 1 < p < oo, 0 >0, n € N cnpasedauso pasercmeo

sup ||f — Aofllgr =0 "
feH,

JlokaszaTesqbcTBoO. YOeQuMcs, 9TO JJIsT IPOU3BOJIBHOM dyHKINN f € HP BBINOIHSIETCS
PaBEHCTBO

i 1 = Afllngaay = 1 = Aol (3.4)

Nnmeem

If = AfllLo®eiy) — I1f — Aofllae|
= |IIf = AfllLoresiy) £ I — Aof Lo retiy) — IIf — Aof ||z
< |NAf = Aoflle@iy) + |IIf = Aof | Lo @epiy) — IIf — Aof || b - (3.5)

Temneps J1st jokazaresnbersa (3.4) J0CTATOYHO MOKA3aTh, YTO 064 CJaraeMblX B IPaBOii 4acTu Hepa-
BeHcTBa (3.5) crpemsres K Hyso npu y — +0.
J1J1s1 IepBOro CJIaraeMoro UMeeT MECTO OIeHKa CBEPXY

[Af — AofllLr®tiy)y < 10l rw)llf 2o, (3.6)
rae U — upeobpaszosanue Pypne GyHKIMK v, 3a1aBacMOil hopMyI0i
d(—t) (1 —e oty 5 <t <0,
v(t) = v(t;y) = U1(£0) — It y) = o(t) (1 —e o), 0<t<o,
07 13 € [_07 0]7

B KOTOpO#t (1) = t"(20 — t)~". Anasnormaso (2.19) MOXKHO IIOJIYIUTD IIPE/ICTABICHIE (DYHKIUH U :

O(z) =n 1tz 2 <v/(0’) cos zt — v’ (0) — /v”(t) cos xt dt), x eR.
0

CaenoBarebHO, st ¢ € R clipaBeInBO HEPABEHCTBO
0(2)| < 7' min {My, 27 2M,},

rie
My = o]0 < (1— €720,

My = [0 (0)] 4+ [V (0)] + [V | 10,0y < (20(n — 1) +8no™ ') (1 — e™27) + (8n + 4)y + 4o~ 'y/°.
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OTKya MOJIyIuM OIEHKY
19l () < dn~ /My M,

B KOTOpOIi IpaBast 9acTb (U, cjiegoBaTeabHo, npasas 9acTb (3.6)) crpemurcs K Hysmo npu y — +0.

st Broporo ciaraemoro B (3.5) crpemiyienune K HyJo npu y — +0 cieiyer u3 onpejesieHust
upocrpancrea HP. Tounee, no yreepxkienuto (c¢) jgemmsl 2 eciau f € HP, ro Aygf € HP, a Torja u
Pyukmusa f — Agf € HP u, cnemoBaresbHo,

yl_ig"rlo If — AofllLr®yiy) = [If — Aof e

Ucnonszys (3.4) u (3.1), mist npoussosbHoil dbynkiuu f € HE mosyaum onenky ceepxy

If — Aofllar <07

O1eHKY CHU3Y MOXKHO IOJIYYUTh AHAJOIUIHO OIEHKE CHU3Y B TeopeMe 3, UCIO/b3ys (DyHKIUN f,
fo,ns & IMEHHO:

S0 17 = Aof e = 1o = AoSolliw = ol = o7
eH®

. fon — Aofonllar ) fonllmr _
sup [Lf = Aofllpw = hlimo |- (n) ol _ himo% =0 l=p<oo
JeHy + [y o\l e O S e
Cnencreue 1 gokasamno. O

Caencreue 2. /las npoussosvrunr 1 < p < oo, 0 > 0, n € N cnpasedauev, Hepasercmsa
Eo(HE) to(raiyy S0 e, y >0, (3.7)
E (HP o < o (3.8)

Jokaszarenabctso. [loyrsepxenuto (c) memmer 2 ecin f € HP, o Af € EY, u Toraa
U3 TeopeMmbl 3 JIa npousBosbHOl dynkimu f € Hf BbITekaeT HepaBeHCTBO

eo(F)rrryiy) < If — AfllLr@yiy) <o " e™Y7,
a U3 CjaeJCTBUA 1 — HEPaBEHCTBO
eo(fur < || f — Aofllae <o

Otrryna caemyior (3.7) n (3.8) cOOTBETCTBEHHO.

4. OuneHkKa cHu3y

B srom pazzene Oymer mosydena oreHKa cHu3y Besmaunbl (1.4) n mokasanel TeopeMbl 1 u 2.

Jlemma 7. Jlas npouseoavhvir 1 < p < oo, y >0, o >0, n € N cnpasedaueo nepasencmeso
Eo(HY ) Lo(rpiyy Z 0 "7 (4.1)

HoxaszaTeabcTBo. IlycTth 7 — IPOUBBOJIBHOE YHUCTIO, YJIOBJIECTBOPSIONIEE HEPABEH-
cTBy 0 < T, U 9HCIO § 3aJaeTcs PaBeHCTBOM O = (T — 0)/2. Paccmorpum DyHKIMIO ¢ = gr5.4,
OIIpeIeNIIeEMYIO PABEHCTBOM

, telr—0,7]
gt) =e"' ¢ (r4+ 86—t te(r,m+4),
0, tg[r—461474).
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Hns npoussosibHoit dyukiun f € HP, 1 < p < 0o, cupaBeiinBo (TOUHOE) HEPABEHCTBO

19 * fllze@®+iy) < G121 ®ig) L f | 205 (4.2)

B KOTOpOM mpeobpasosanue Oypoe § GyHKINN ¢ UMEET IPeICTaBIeHue

gz +iy) =2 1= cosox _50;’28 0x
OTKyma ciaemyer paBeHCTBO
+o0
Gl vy = [ i) e 7 = glr) e =1,
s

Kpowme Toro, Tak kak HocuTeseM (DYHKIUA ¢ SIBJISETCS OTPE3OK [T — 0, T + d], He HepeceKaronuicst

C OTpe3KOM [—o, 0], To mist moboit dyHKImu ¢ € E, crupaBeiinBo Toxkaectso g * ¢ = 0.

Yéemumest, 9To B caydae p = 0o s dyukuuu fr(z) = 77" €7 371eMeHTOM HAWJIYYIIero mpu-

OJTM2KeHUs TEJbIMU (PYHKIIUSAMU SKCIIOHEHITUAJIBHOIO TUIIA 0 IIPHU JIIOOOM T > o sBjidgercs HyJib. s
npousBosibHol dyukuuu f uz H® suga f(z) = e'™% — q(z), tae q € E,, uMeeT MeCTO PABEHCTBO

(G f)(z) =€ (4.3)

Ucnonb3yst vepaBencrBo (4.2) u paserctso (4.3), mjist npousBosibHOl byHKIMN ¢ € E, moaydum
COOTHOIIICHU

Ifr = all oo mtiy) = 19 * (fr — Dl poo Rei) = 1 frllLoo@piyy =7 " €747,
CrenoBaTebno, €4 (fr) o (Raiy) = 7" €Y7, UTO BJIEUET OIEHKY CHU3Y:

Es(HP) foorisy > lim e Ry = lim 77 "e VT =g "e Y.
cr( n)L (R+2y)_7—>0+0 O'(fT)L (R+iy) o0

st ob6ocuoBanust (4.1) pu 1 < p < 0o pacemorpum (byHKITHIO

T+h

1
1 t—T1\ . . :
Fa) =3 [ o (5T ) = [t ean,
0

T

rje ¢ — HeoTpunaresibHas GeckoHedHo nuddepenimpyemas dyukims ¢ HocureneMm B [0, 1]. T
moboit dynkmmm f € HP suna f = fr5 — ¢, e q € E,, mMeeT MecTo paBeHCTBO

/g\ * f = /g\ * fT,h-
OTKy/a, UCI0JIL3ysl HepaBeHCTBO (4.2), 1oy daem
e(frn)Lp(Rtiy) = qieng £ — all e Repi) = qieng 19 * (frn — Dl e ®yiy) = 19 * frnllor ®riy)-

Nmeror MecTo apecTaB/ICHUAd:

1
@ fea () =7 [t (15 et au = e (oaths) + 5 fa(h)).
0

T+h

) = % / (z’t)"cp<t_TT>eitht = e”z<(i7')" foi(he) + > CERk(ir)n* fé?(hz)).

i k=1
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Wcnonb3yst aTu peicTaBieHus, i TPOU3BOIbHBIX 1 < p < 00 U T > ¢ HPUXOIUM K HEPABEHCTBAM

. e(frn)Lp(Reiy)
EHY) L (Ryiy) = lim ———————
L A e

e (Il foallr@eiyny — RO o1l @eiyn)) J—

> lim 0 (4.4)
— _ k
7 foalle + 32 Ch 7" B8 £33 e
k=1
ITepexons B (4.4) k upeneny upu 7 — o + 0, noay4um onerky (4.1). O

HJoxkaszarenbctso teopeMm 1 u 2. Hepasencrso (3.7) caencrsust 2 u HepasencTso (4.1)
JIEMMBI 7 JJaIOT LEeIIOYKY HepaBeHCTB

07" eV < E(HE) o(aiy) < EHE) Lo@eiy) S0 "€V,

orkyza cieayer paseHcTBo (1.5) reopembr 2. CoorBercrBeHHO, HepaBeHCTBO (3.8) ciiejicTBust 2 1
HepaBeHCTBO (4.1) jleMMBI 7 JafoT JIUIs TPOU3BOJILHOTO Y > 0 IEMOYKY HEPaBEHCTB

07" eV < E(HE) po(myiy) < E(HD)gr <o

Orcrona cienyer pasencrso (1.3) Teopembr 1. O

ApTop BbIpaxkaer OJsarogapHocTh mpodeccopy B.B.ApecroBy 3a moJiesHble 00CYKIEHUS U
3aMevaHus.
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TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHNUKU YpO PAH
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O CKOPOCTU POCTA IIPOU3BOJIbHBIX IIOCJIEJOBATEJIbHOCTE
JABOMHBIX MPAMOYT'OJIBHBIX CYMM ®YPBHE!

H. I0. AaTonos

Jlokazana TeopeMa O TOM, UTO Jjisi IPOM3BOIBHON TOCTIEAOBATETLHOCTH { Sy ny, (f; T, y) Y72 | ABOMHBIX mpsi-
MoyrosibHBIX cymm Pypbe moboit bynkimu us kiacca L(InT L)2([0,27)2) nmouTn Berofly BBITIONHAETCS COOTHO-
mwenue Smy ny, (f;2,y) = o(Ink).

KiroueBbie ciioBa: KpaTHbIe TPUTI'OHOMETPUYIECCKUE PAIBI @ypbe, CXOAUMOCTDH IIOYTH BCIOIY.

N. Yu. Antonov. On the growth rate of arbitrary sequences of double rectangular Fourier sums.

The theorem is proved that an arbitrary sequence {Sm, n;, (f,,y)}72, of double rectangular Fourier sums of
any function from the class L(In L)?([0, 27)?) satisfies almost everywhere the relation S n, (f,%,y) = o(Ink).

Keywords: multiple trigonometric Fourier series, almost everywhere convergence.

Iycrs d — marypasnbsroe gucio, T = [0, 27T)d — d-MepHBIiT TOp, Z% — Ie/0unCIeHHAsT PEIIeTKA,
B]Rd, k = (k}l,...,k‘d) GZd, X = (xl,...,xd) GRd, kx =Kz + ... + kgxq,

Z akeikx (1)

— KpaTHBI TpuroHoMmeTpudeckuit psii Pypbe 2m-TePUOANIECKON O KarXKI0i MepeMeHHON U CyM-
mupyenmoit na T dbyukiun f u aas n = (ny,na, ..., ng), n; >20,1<j<d,

Sn(f,x) = Z akeikx

k:(klv"'vkd): ‘k?g|<ng,1<]<d

— N-51 IPSIMOYTOJIbHAST YacTHIHAs cymMMa psiga (1).

ycrs : [0, +00) — [0, +00) — neyGuiBaiomas bynkmusa. O6oznaanm gepes o(L)(T?) mioxe-
cTBO BCex onpejesennbix Ha T¢ usmepumMbix 110 JleGery BelmecTBeHHO3HAYHBIX (BDYHKIW f, V0BT
TBOPSIIONIAX YCIOBUIO

/ (| F(E))dt < oo,
Td

Byaem nomarats g u > 0 InTu = In(u + e).

B caygae d = 1 JI. Kapmecon [1] moxaszam, uto ecrm f € L2(T), To TpHroHOMeTpHHeCKHit
psag Pypbe dyukmun f cxomurest nouru Beiomy. P. Xant [2] o6obmmia 910 yTBEpKICHHE O CXO-
JIMMOCTH TI09TH BCiofy panos Oypbe na dyukmum us xaaccos LP(T), p > 1, u L(In™ L)*(T), a
I1. [émn 3] — na dynxmun us kmacca L(Int L)(In™ In™ L)(T). Asropom [4] 6bi10 yeranoseno,
aro yenosue f € L(In™ L)(InT InT In™ L)(T) Takuxe stBstercst 10CTATOMHBIM JIJIst CXOIUMOCTH HOUTH
Beroy psima Oypbe GyHKIMU f.

A. H. Kosmoroposeim [5] 6bw10 mokazano, uro jyist npoussosibHoit dbyukiuu f € L(T) cxomu-
MOCTB IIOYTH BCIOJLy, BOOOIIe ToBOpsi, He umeer Mecta: cymecrsyer dyukius f € L(T) rakas, aro

'PaBora BBINOIHEHA B PAMKAX IIPOrpaMMbl dbyHIaMeHTaIbHbIX ncctenosannit OMH PAH “Cospemenmbie
npobJieMbl TeopeTndeckoit Marematuku’ npu dbunancopoit nomepkke YpO PAH (mpoexr 09-T-1-1004);
a rakxke npu nopgepxkke POPU (npoext 08-01-00320).
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ee pan Oypbe HEOTPAHUIEHHO PACXOIUTCS TOUTH BCioay. C Apyrolt CTOPOHBI, UMEET MECTO TIOJIy-
vyennas [ Xapsu 6] orenka nopsijzika pocta 4aCTHYHBIX CYMM TPHUTOHOMETPUUECKUX DsisioB Pypbe:
qutst sioboit dyrknuu f € L(T) mourn Beiojy BBIIOJIHSIETCST COOTHOIIEHUE

Sn(f,z) = o(lnn). (2)

K. 1. OckonkoBy |7| upunajiexur cieiyoiee o0000menne oneHku (2): st ar000ii byHKImNI
f € L(T) u moboit oc/iejoBaTeIbHOCTH HATYPATbHBIX GHCET {N}) }fe CIPaBeJINBa OI[EHKA

Sy, (fix) =o(lnk) 1mwB.

OrmernM, 9TO HAMJIYYINNHA HA CETOHS PE3YJILTAT O PACXOAUMOCTH psiyioB Pypbe Ha MHOXKe-
crBe nostoxkuTesibHoN Mepbl npunasyiekut C. B. Konsaruny [8]: mist 060t HeybbiBatomeit dbyHKIumn
¢: [0, +00) — [0, +00), yrosaerBopsiomieii ycaosuio ¢(u) = o(uy/Inwu/Inlnw) npn u — oo, Haiiger-
cst dynxims u3 kiacca ¢(L)(T) rakas, aro ee psig Pypbe HeorpaHUUeHHO pacxoaurcs Beony Ha T.

[Tycrs d > 2. Pan (1) masbBaercs cxofgmumes 110 Kybam (B ciyudae d = 2 — 10 KBajpaTtaMm) B
touke X € T, ecim 1mOC/IEI0BATEILHOCTD KyGUHECKIX YACTHYHBIX CYMM, T. €. TIOC/IeI0BATEILHOCT
Sp(